2017 IEEE 56th Annual Conference on Decision and Control (CDC)
December 12-15, 2017, Melbourne, Australia

Compositional abstraction of interconnected control systems under dynamic
interconnection topology
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Abstract—In this work, we derive conditions under which
compositional abstractions of networks of control systems,
interconnected via some dynamic interconnection topology, can
be constructed using the dynamic interconnection and joint
dissipativity-type properties of subsystems and their abstrac-
tions. In the proposed framework, the abstraction, itself a
system (possibly with a lower dimension), can be used as
a substitute of the original system in the controller design
process. Moreover, we derive conditions for the construction of
abstractions for a class of control systems involving nonlineari-
ties satisfying an incremental quadratic inequality. We provide
an example to illustrate the effectiveness of the proposed
dissipativity-type compositional reasoning by reducing a 150-
dimensional nonlinear system to a 3-dimensional one.

I. INTRODUCTION

For large interconnected control systems, controller design
to achieve some complex specifications in a reliable and cost
effective way is a challenging task. One direction which has
been explored to overcome this challenge is to use a simpler
(e.g. lower dimension) (in)finite approximation of the given
system as a replacement in the controller design process. This
allows for a design of a controller for the approximation,
which can be refined to the one for the original complex
system. The error between the output behaviour of the
concrete system and the one of its approximation can be
quantified in this detour controller synthesis approach.

Rather than treating the interconnected system in a mono-
lithic manner, an approach which severely restricts the ca-
pability of existing techniques to deal with many number
of subsystems, compositional schemes provide network-level
certifications from main structural properties of the subsys-
tems and their interconnections. Recently, there have been
several results on the compositional construction of (in)finite
abstractions of deterministic control systems including [1],
[2], [3], [4], and probabilistic control systems [5]. These
results use a small-gain type condition to enable the com-
positional construction of abstractions. However, as shown
in [6], this type of condition is a function of the size of the
network and can be violated as the number of subsystems
Srows.

Recently in [7], a compositional framework for the con-
struction of abstractions of networks of control systems
has been proposed using dissipativity theory. In this result
a notion of storage function is proposed which describes
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joint dissipativity properties of control systems and their
abstractions. This notion is used to derive compositional con-
ditions under which a network of abstractions approximate
a network of the concrete subsystems. Those conditions can
be independent of the number of the subsystems under some
properties on the interconnection topologies.

In this work, we extend the results in [7] to networks
of control systems in which the interconnection topology is
dynamic [8]. In such interconnected systems, the additional
dynamics introduced due to the interconnection/interaction
system has to be taken into account in the compositional
reasoning. We derive conditions under which we can form
compositional abstractions of a given interconnected control
system under dynamic interconnection.

In addition, for a class of control systems which takes
into account a more general class of nonlinearities than
the one considered in [7], we derive a set of linear matrix
(in)equalities facilitating the construction of their abstrac-
tions together with the corresponding storage functions.
We illustrate the effectiveness of the proposed results by
deriving a compositional abstraction for a network of control
systems of this class in which compositionality conditions
are satisfied independent of the number or gains of the
subsystems.

II. CONTROL SYSTEMS
A. Notation

The sets of non-negative integer and real numbers are de-
noted by N and R, respectively. Those symbols are footnoted
with subscripts to restrict them in the usual way, e.g. R+ de-
notes the positive real numbers. The symbol R™*™ denotes
the vector space of real matrices with n rows and m columns.
The symbols fn, 6n, I, 0, %, denote the vector in R” with
all its elements to be one, the zero vector, identity, and zero
matrices in R™, R™*" R"*™ respectively. For a,b € R with
a < b, the closed, open, and half-open intervals in R are de-
noted by [a, ], ]a, b], [a, b], and ]a, ], respectively. For a,b €
N and a < b, we use [a;b],]a; b, [a;b], and ]a;b] to denote
the corresponding intervals in N. Given N € N>, vectors
x; € R™ n; € N>yandi € [1; N], weuse z = [21;...;2N]
to denote the concatenated vector in R™ with n =% "." | n;.
Similarly, we use X = [Xj;...; Xn] to denote the matrix
in R"*™ with n = > ;" n;, given N € N>, matrices
X, € R"*™ n; € N>q, and ¢ € [1; N]. Given a vector
x € R™, we denote by |/z| the Euclidean norm of x.
Given a matrix M = {m;;} € R"*™, we denote by ||M]||
the Euclidean norm of M. Given matrices My,..., M,,
the notation diag(M;, ..., M,) represents a block diagonal
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matrix with diagonal matrix entries My,..., M,. Given a
symmetric matrix A, Apin(A) and Apax(A) denote the min-
imum and maximum eigenvalues of A, respectively. Given
a function f : R>g — R", the (essential) supremum of f is
denoted by || f|co = (ess)sup{||f(¢)||, t > 0}. A continuous
function v : R>9 — R, is said to belong to class K if it is
strictly increasing and v(0) = 0; ~ is said to belong to K
if v € K and v(r) — oo as r — oo. A continuous function
B : R>p x R>g = Ry is said to belong to class KL if,
for each fixed t, the map [(r,t) belongs to class K with
respect to 7, and for each fixed nonzero r, the map [5(r,t)
is decreasing with respect to ¢ and 5(r,t) — 0 as t — co.

B. Control Systems

Here, we define the class of control systems being inves-
tigated in this paper.

Definition 2.1: The class of control systems studied in this
paper is a tuple

Y= (RH7R7”7RP7Z/{7 W7 fa RQlaRq27hl7 h27 h’ulv hu2)7

where

¢ R™ R™, RP, R?%, and R% are the state, external
input, internal input, external output, and internal output
spaces, respectively;

e U and WV are subsets of sets of all measurable functions
of time taking values in R™ and RP?, respectively;

o f:R"XR™xRP — R" is a continuous map satisfying
the following Lipshitz assumption: for every compact
set D C R™, there exists a constant Z € R~ such that
1f (2, u, w) = fy, u, w)|| < Z||z —y]| for all 2,y € D,
all v € R™, and all w € RP;

e hy :R™ — R% is the external output map;

e hy : R” — R is the internal output map.

e hyp : R™ — R is the external feedforward map;

o hys i R™ — R% is the internal feedforward map.

A control system X satisfies

£(t) = f(E(), v(t),w(t)),
209 Gt) = ha(€(t) + hur(v(t)),
G(t) = ha(§(t)) + huz(v(t)),
for any v € U and any w € W, where a locally absolutely
continous curve £ : R>o — R"™ is called a state trajectory of
Y, 1 : R>p — R s called an external output trajectory of
3, and (2 : R>¢ — R% is called an internal output trajectory
of X. We call the tuple (§,¢1,(2,v,w) a trajectory of 3,
consisting of a state trajectory £, output trajectories (; and
(2, and input trajectories v and w, satisfying (II.1). We also
write €4, (t) to denote the value of the state trajectory at
time ¢ € R>o under the input trajectories v and w from
initial condition &,,,,(0) = a, where a € R™. We denote by
(1., and (a2, the external and internal output trajectories
corresponding to the state trajectory &qq.,.
Remark 2.2: 1If the control system Y. does not have in-
ternal and external feedforward maps, the description of the
system defined in Definition 2.1 reduces to the tuple

Y= (Rn7Rm7Rpau7W7f7Rq17Rq27h17h2)-

1)

Correspondingly, equation (II.1) describing the evolution of
state and output trajectories reduces to:

E(t) = fEQ®), v(t),w(D)),
%9 Gilt) = ha(€(t)),
Ga(t) = ha2(&(1))-
We use the notion of control system in (II.2) later to refer
to control subsystems in an interconnected system.
Remark 2.3: If the control system X does not have inter-

nal inputs and outputs, the description of the control system
in Definition 2.1 reduces to the tuple

Y= (Rn’Rmau7 f7 Rq7 h7 h’u)

(IL.2)

Correspondingly, the equation (II.1) describing the evolution
of state and output trajectories reduces to:

. {é(t) = f(&(1), v (),
C(t) = h(E®) + hu(v(t))-

We use the notion of control system in (II.3) later to refer to
a dynamical interconnection topology in an interconnected
system.

Remark 2.4: TIf the control system > does not have inter-
nal inputs and outputs, and external feedforward map, the
definition of the control system in Definition 2.1 reduces to
the tuple

(IL3)

Z = (Rn7Rm’u7 f?Rth)'

Correspondingly, the equation (II.1) describing the state and
output trajectories reduces to:

. {é(t) = F(&(), (1),
¢(t) = h(&(t))-
We use the notion of control system in (II.4) later to refer
to an overall interconnected control system.

(IL4)

III. STORAGE FUNCTION

In this section, we recall the notion of so-called storage
function introduced in [7] with some modifications to ac-
commodate for dynamic interconnection topology.

Definition 3.1: Let

Y= (Rn7Rm7Rpau7W7f7qu>Rq27h17h2)7
and
2 = (R’ﬁ?RﬁL?Rﬁ7Z/A{7W>f7 RQ17RQ272L17E2)7

be two control subsystems with the same external output
space dimension. A continuously differentiable function V' :
R™ x R® — Rsq is called a storage function from S to
%, if there exist functions a,n € Koo, ext € Koo U {0},
some matrices W, W, and H of appropriate dimensions, and
some symmetric matrix X of appropriate dimension with
conformal block partitions X% i,j € [1;2], such that for
any € R" and any & € R", one has

a(|lhi(z) — ha(2)])) < V(z, 2), (IIL.1)
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and Vx € R" V1 € R™, V&, € R™, Ju € R™, such that
Vi € R? Yw € RP, one obtains

vvm@f{ﬁgggﬂng@@»+wMNMD
T [ | @)

where

L [ Ww — Wb }
We now recall the notion of simulation functions introduced
in [9] with some modification.

Definition 3.2: Let & = (R™,R™ U, f,R%,h) and ¥ =
(R™,R™ U, f,R?,h), be two interconnected control sys-
tems. A continuously differentiable function V' : R® x R" —
R is called a simulation function from 3 to X if there exist
a,n € Koo and pext € Koo U {0} such that for any x € R”,
% € R™, one has

a(||h(z) = h(@)]) < V(z, ), (IL3)

and Vx € R™",Vz € R”, Vi € R™, Ju € R™ such that

vvu&f{ﬁig < -0V (2.2)) + pexe ([2]). (ULS)

The next theorem, borrowed from [7], shows the importance
of the existence of a simulation function by quantifying the
error between the output behaviours of > and the ones of its
abstraction 3.

Theorem 3.3: Let ¥ = (R™,R™ U, f,R%,h), and 3 =
(Rﬁ,Rm,a,f, ]Rq,ﬁ). Suppose V' is a simulation function
from 3 to X. Then, there exists a KL function ¥ such that
for any x € R, & € R, & € U, there exists v € U such
that the following inequality holds for any ¢ € Rx:

1o (t) = Go (Dl < @7H(20 (V (2, 2),1))
+ o120 (2pext (|9l o0)))- (TILS)
Remark 3.4: If functions « and 7 in Definition 3.2 satisfy
the triangle inequality, then one can drop coefficients 2 in
inequality (ITI.5) to get a less conservative upper bound.

IV. INTERCONNECTED SYSTEMS

Here, we define interconnected control systems under
dynamic interconnection topology.
Definition 4.1: Consider N € N> control subsystems

Zi = (RniyRmi7RPi’Ui,Wi7fiquu’RQQi’ hli,hQi),

where ¢ € [1; N], and a so-called interconnection system

for some matrices A,, B,, C,, and D, of appropriate
. . N N
dimensions, ¢, = > ._;pi, and m, = ) . ;qo. The
interconnected control system

¥ = R",R™U, f,R, h),

denoted by Zyx, (31, .

., Xn), follows by n = Zszl n; +
N
No, M = Zi:l m;,q =

Z?;l q1i, and the functions

z A v, w)s e v (@, un, w)]
f(x,a:o,u) = fo(xmuo) s
h(x) = [hll(x); ey th(ZL'N)],
where v = [u1;...;un], © = [z1;...;2N], and with the

internal inputs equal to the output of X, i.e. [wy;...;wy] =
ho(xo) + hou(uo), and the input of X, equal to the internal
outputs, i.e. u, = [ha1(21);...; han(zN)]-

The next theorem provides a compositional approach on the
construction of abstractions of dynamically interconnected
networks of control systems.

Theorem 4.2: Consider an interconnected control system
¥ = (R",R™ U, f,R9,h), induced by N € N control
subsystems X; as in (I1.2), and the interconnection system 3,
as in (IV.1). Suppose each subsystem admits an abstraction
33, with the corresponding storage function V;. If there exist
wi > 0,4 € [1; N], and positive constant k, such that the
inequality' (IV.2) and the following equalities

CLIIA, = C, AL,
C,11B, = C,B,H,
WD, =WD,H,
WC, = WC,II, (IV.3)

hold for some matrices /10, BO, C'o, ﬁo, and II of appropriate
dimensions, where

W = diag(Wi,...,Wy),W = diag(Wy,...,Wy),
H = diag(H4,...,Hn),
XXy, unXn) =
[ X711 i Xq? 1
pN XN pN XN
Xt p X732 ’
! X X3
then

V(z, 20,2, 8,) = V(2,2) 4+ Vo(xo, &),

Yo = (R™,R™ Uy, fo, R, ho, hoy),  (IV.1) is a simulation function from ¥ = Zg, (31,...,Sx) to & =
(7 IS N A
Is (31,...,Xn), where V(z,z2) = i Vi, ),
where, for any z, € R, u, € R™e, z, ( AN N) o NT T( ) Azz—l wiVi(ws, i)
Vol(Zo, o) = (o — UZ,)" CF Co(x, — 11Z,) and
fo(xmuo) = Ao + Bouo, ﬁ]o — (Rﬁ",Rm",ao, meéo’ /Alo, ilou),
ho(xo) = C'omoa
h —D "Matrices 0. and I. in (IV.2) represent zero and identity matrices of
ou (U’O) = Pollo, appropriate dimensions, respectively.
3545

Authorized licensed use limited to: UNIVERSITY OF COLORADO. Downloaded on June 20,2022 at 17:30:21 UTC from IEEE Xplore. Restrictions apply.



CTCodg + ATCIC, CIC,B,)  [WC, WD,
BIcrC, 0, 0. I,

T
} X(,U1X17---,,UNXN){ 0 I

wce, WDO] {—/@'OCZCO 0*]
= 0 0

(IV.2)

where, for any z, € R and any u, € R

Proof: The proof is inspired by that of Theorem 4.2
in [7]. First we show that inequality (III.3) holds for some
Ko function a. For any z = [z1;...;2n5] € R, and & =

[£1;...;2Nn] € R, one gets:
) N
1h(z) = R@)I* < Y llhi(zi) = haa(@)|?

where? & = [s1;...55n] € RY and p = [p1;...;un).
By defining Ko, function a(s) = a~'(s),Vs € Rxq, one
obtains Vz € R, V& € R®, Yz, € R, Vi, € R%,
a([[h(x) = h(@)P) < V(z,2) < V(2,2) + Vo(ao, &)
=V(z, 70,2, 2,),

hence satisfying inequality (II[.3). Now we prove inequal-
ity (IlL4). Consider any = = [z1;...;zny] € R", & =

[#1;...;2N] € R", and 4 = [G1;...;0N] € R™. For any
i € [1; N], there exists u; € R™i, consequently, a vector
u = [ug;...;un] € R™, satisfying (II.2) for each pair of

3, and X;, with the internal inputs given by the outputs of
the interconnection systems Y, and X, respectively, i.e.

[wi;. .. ;wN] = ho(Zo) + Pou(Uo),

[0 ... 0N] = ho(#o) + hou(is),

where the inputs to >, and f]o are the internal outputs of
the subsystems ¥; and X3;, respectively, i.e.

o = [ha1(z1); ... s han(2N)],
o = [ho1(d1); - .5 han (@n))-

We employ the conditions in (IV.2) and (IV.3), which results
in the chain of inequalities in (IV.4), where the functions

2We interpret inequality 5> 0 component-wise.

N € Koo, and text € Koo U {0} are defined as

N
Zi:l pini(si) + KoSo

min
n(s) = { 55020
S.t. #Tg_’_ 50 =8,
N
Vo (5) = 4 520 Yoisy Hitbiext (si)

st.  pul's=s.

Hence we conclude that V is a simulation function from 3
to 2.
|

Remark 4.3: Note that the case of static interconnection
and its associated conditions presented in [7] can readily be
recovered by the results here if C, is equal to the zero matrix
and D, is equal to the static interconnection matrix (values
of A, and B, become irrelevant since x, does not affect the
internal input to X).

In the following section, we consider a specific class
of control subsystems ¥, and a specific candidate storage
function V. We derive conditions under which candidate V'
is a storage function from an abstraction ¥ to ¥. Those
conditions facilitate the construction of 3.

V. A CLASS OF NONLINEAR CONTROL SYSTEMS

We consider a specific class of control subsystems given
by

§(t) = AL(t) + Bu(t) + E(t, F§) + Dw(t),
Gi(t) = C1&(1),
C2(t) = C24(1), (V.1)

where A € R"™*" B € R"*™ D ¢ R"™*P E ¢ Rl F ¢
Rixxn ) € R*" and Cy € R%=*", The time-varying
non-linearity is the one considered in [10] satisfying an
incremental quadratic inequality. Similar to [10], we assume
that (¢, Fx) € R% is defined by an implicit relation:

QD(t, FiC) = ¢(t7 k),

where k = Fx + Dy, ¢ is a continuous function, k € Rk,
and Dj, € R**!_ For all M € M, where M is the set of
symmetric matrices referred to as incremental multiplier ma-
trices, the following incremental quadratic constraint holds
for all t € Rx, and all ki, ko € R'*:

kg — k1 }TM{ ky — k1
¢(ta kZ) - ¢(t7 kl) ¢(t7 k?) - ¢(t? kl)
We recall the assumption given in [10] which will be used
in the rest of the paper.
Assumption 1: There is a continuous function ¢ such that,
for all ¢ € R>¢ and z;, = Fz,

> 0.

¥ = §(t, Zk)
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(zi,Z:) + 2(x0 — Hio)TCOTCO(a'EO — H:@o)

Zm

N . .
Wiw; — Wib; X!t oXx)”? Wiw; — Wit
< E il — i (Vi(zi, T4 iext (|| @ PR : E o L
T = K < M(Va(@s, £0)) + e ([18:]]) + |:h2i(mi) - H¢h2i(wz‘)] [Xizl X7? hai(x;) — Hihai (&)

T — i) CY Co(Aotto + Botto — 1A, 20 — I Byis)

N
—pini(Vi(@i, &) + ) sithiexe ([[2:]))

i=1 i=1
_ N oT _ . -
w1 w1 w1 w1
Wl |-w U I U
WN WN WN wN
AT hi(e) = Hiboy(31) XX, s ivEN) | 0 () = Hyhos (31)
L hQN(ZEN)*HNiLQN(:IAjN) | L h2N(iCN)*HNiL2N(§3N) J
+ 2(z0 — o) CF Co(Aotto + Boty — Aolliy — BoHil,)
N N
= =i (Vi(ws, 2:)) + > et (|| ]])
i=1 i=1
Wcomo + WDouo - Wéo-io - Wﬁoﬁo ’ WCO‘ID + WDUU’U - Wéo'%o - Wﬁoao
h1($1)—H1iL21(:ﬁ1) hl(xl)_thﬂ(i'l)
+ . X(,ule,...,,uNXN) .
th(.TN) HNiLQN(:fN) hZN(xN)_HNIimN('%N)
+ 2(zo — Ha:o) C Co(AoZo + Boo — Aollio — BoHlo)
N
<= wami(Vi(ws, ) + text (|| 0]])
i=1
r o — i, 1" zo — Mo
[ hoi(z1) — Hiho1(21) wC, WD, T wC, WD, h21(x1) — Hiho1(21)
+ . X(mX1,...,unXnN) .
: 0. L. 0 L. :
__th(CL‘N)—HNiLQN(i'N)__ h2N($N)_HNiLQN(‘i.N)
I zo — i, 1" xo — I,
. [ hoi(x1) — Hiho1(21) ] cTc,A, + ATCTe, CTC,B, ha1(x1) — Hiha1(31)
: By Cy G, 0x :
| Lhon (zN) — HN}AlQN(i’N)_ ] han(zN) — HN}ALQN(Q%N)

Wi, 4)) = Koo — o) " O Colwo — 1io) + Yexe([1a])

<- Z pimi (Vi
- Z pini (Vi

< —n(V(I,mo,w, o)) + Yext ([l l])

(@i, 24)) — KoVo(To, £o) + text (|| ]])

(IV.4)

to refer to the class of system of the form (V.1). We now
consider a candidate function and derive conditions under
which it is a storage function from a ¥ to 3.

uniquely solves the implicit relationship ¢ = ¢(t, zi, + Dyp).
To facilitate subseguent analysis, we write the incremental
multiplier matrix M in the following conformal partitioned
form

v |:M11 A. Storage function

M
N = .
M ]

Maa . . .
Here, we consider a candidate storage function of the form
We use the tuple

:(A5B701a027D7E5F7g0)5 (V2)

V(z,&) = (z — P2)TM(z — P#),
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where P and M - 0, are matrices of appropriate dimensions.
In order to show that V(z, ) in (V.2) is a storage function
from an abstraction 3 to the concrete system X, we require
the following assumptions on the concrete system .

Assumption 2: Let ¥ = (A, B,C1,C2, D, E, F, ¢). There
exist matrices M = 0, K, W, X', X2 X2 X22 [ L.,
and Z of appropriate dimensions, and positive constant &,
such that the following (in)equalities hold:

D= ZW,
A MZ M(BL, + E)
ZTM 0 0
(BLi+E)YM 0 0
—AM + CTX2Cy — &y, CTX? —y,
j X1202 Xll 0 ,
—o7, 0 —dy

where

A= (A+ BK)'M + M(A + BK),

&1y = (F + L))" M (F + L), (V.3)
B1g i= (F + L) " M1y Dy + (F + L) " Mya,  (VA4)

Boy := Dj, M11 Dy + M12 Dy + D Myz + Mas. (V.5)

The next theorem provides the main result of this section.

Theorem 5.1: Let ¥ = (A,B,C1,Cy, D, E,F,p), and

Y o= (A7B7C’1,C‘2,ﬁ,E7F,<p) with the same external

output dimension. Suppose Assumptions 1 and 2 hold and

there exist matrices @, H, W, Lo, and Lj of appropriate
dimensions such that:

AP =PA— BQ (V.62)
C\P=0Cy (V.6b)
CoP = HC» (V.6¢)

FP=F (V.6d)

E=B(Ly, — Ly) (V.6e)
BLs = PE (V.6f)
PD = ZW. (V.62)

Then function V' defined in (V.2) is a storage function from
Y to X, where X in Definition 2.1 is given by:
Xll X12
X = X211  x22
Proof: Note that frqm (V.6b), and for all x € R", and
& € R", we have ||Cyz—C1 2> = (z—P2)T CT C1 (2 —P3).
It can be readily verified that A,:TC(%V[C)Q”CW — 122 <
V(z,2) implying that inequality (IIL.1) holds with a(r) =
)\AT(%rz for any r € R>(, which is a K, function.
We proceed to prove inequality (IIL.2). By the definition of
V', one has

VT = |2(z — P#)TM —2(z — P2)TMP|.

For any = € R™, # € R™, one obtains:
V(x,2) =2z — Pi‘)T]/\Z(AJU + Ep(t, Fx) + Bu + Dw)

—2(x — P2)TMP(A# + Eg(t, ) + Bi + D).
Given any z € R", & € R”, and & € R™, we use the
following interface function providing v € R™:

u= K(x — P3)+ Qi + Ri+ Lip(t, Fx) — Lo

+ Lsp(t, F7), (V.7)

where
¢ = s(t, F2 + Ly (z — P%)),

and R is a matrix of appropriate dimension. Using the
interface function in (V.7), and the conditions (V.6a), (V.6d),
(V.6e), (V.6f), and (V.6g), one obtains:

Viz, i) =2(z — P;@)TH(A(x — P#)+ BK(z — P#)
+ ZWw — ZWi + (BR — PB)i+ (BLy + E)&p),

where d¢ = ¢(t,Fx) — ¢(t, Fx+ (F + L,)(x — P%)).
Using Young’s inequality [11], Cauchy-Schwarz inequality,
(V.3), (V4), (V.5), and (V.6¢c), one obtains the upper bound
for V(sr:,f) in (V.8) for any positive 7 < A. Remark that
we used the following inequality [10] for any x € R™ and
# € R™ to show inequality (V.8):

[x_p@r {F+Ln Dkr

i {F +L, Dk} {x - Pﬁ]
dp 0y, I 0, I dp

> 0.

k k

Using the upper bound in (V.8), the inequality (IIL.2)
is readily satisfied with n(s) = (& — m)s, and
1Z)ext(s) = H\/ﬁ(Bf_PB)”Z
Xll X12

X21 X22 :

In the next section, we provide a practical example for
compositional abstraction of an interconnected system with
dynamic interconnection topology.

52, Vs € R>g, and matrix X =

VI. EXAMPLE

Consider n first order resistance-capacitance (R-C) cir-
cuits, interconnected via resistance-inductance (R-L) series
branches. The i-th R-C circuit has the dynamics given by:
. 1 1
Y O e
where i € [1;n], vs, € R represents the input source voltage
(external input), v., € R the voltage across capacitor, C; the
capacitance, R; the resistance, and w; € R the total current
inflow from other R-L branches connected to the R-C circuit.
Assuming identical values of the resistance and inductance
in all R-L branches, one can write the dynamics of the total
current inflow for the i-th R-C circuit as:

(VL1)

Wi = Ao, W; + by, v,
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. c—pri " A MZ MBL+E)| [ z-pri |7 o
Viz,z) = |Ww— Wb ZTM 0 0 Ww—Ww| +2(x— P2)" M(BR— PB)i
dp |((BLi+E)"M 0 0 dp
JJ—P? r -—/%]/\Z—I-CQTXMCQ—@H CVQTAX21 —Pq5 [ $_P£i' e _ .
< |Ww— Wi X120, Xt 0 Ww —Ww| +2(x — P#)" M(BR — PB)a
dp L -7, 0 —Pp| | O
T p_ pR)|I2
< (4 — (e — P3) " M(w — Pa) + YMBRZ PRI 50
™
_[a=PE|" [F+Ln D" [F+Le D] [e—Pa]  [Wo-Wi| [ Ww-Wa
%) 0z, 1y, 0z, 1y, op |Cox — HCo% Cox — HCo3
—_—
AT D _ pR\|2
< —(k —7)(x — P2)"M(z — P&) + I M(B]j“r PB)| lal® + 2" X 2

< —n(V(x,2)) + Yexs (0]]) + 27 X 2.

(V.8)

where v = [ve,;...;0.,], and a,, € R, and b,, € R1*"
represent the parameters of dynamics of the R-L series
branch(es) connected to the i-th R-C circuit. We consider
the above interconnected system as an interconnection of N
concrete subsystems X, ¢ € [1; N], wherein each subsystem
>; is formed by clustering n; R-C circuits (n; < n). Each
subsystem, X; = (Ai,Bi,C’li,Im,Im,fm,Tgi,gp), gener-
ates a scalar (external) output. We also add a nonlinearity
belonging to the class of nonlinearities presented in this
paper. We have:

éi = Azfz + Byu; + Dyw; + Tni(p(iZigi)a

2i 14 G = Cui&,
<2i = giv
where & = Liv, L = [ei1;...;€in;), €i; € RY™ is a row

vector whose k-th element is defined as

{

A;, Bi, D; € R™>" are readily obtained from (VI.1), Cy; €
R uy = Livg, vs = [Ug)5.--30s,], wi = Lib , @
[W1;. .5

Wy], and ¢ : R — R is defined as

1 if k-th R-C circuit is part of the i-th cluster
0 otherwise,

(k) _
€ =

o(z) = sin(x).

The dynamic of the interconnection topology ¥, is given by

Yo {
Yo = C’0370 + D0U7

where A, = diag(ao,,-.-,00,), Bo = [boy;---5b0,], Co =
I,, and D, = 0,. We aggregate each ; into a scalar
abstraction ; (Ai,Bi,éu,l,l,l,l,cp) given by the
following dynamics

To = Ao + Bov

. & = Ai&i + Byt + Wi + p(&),
it G = Cuéi,
Coi = &,

where A; satisfies Aifni Afm A;, 31 is chosen arbitrarily
(in this example we choose B; = 1), C; = Cy;1,,. For R; =
C; = 1in (VL1), Vj € [1;n], the function V(z;, Z;) = (x;—

Tp,@0)7T (2 — TAnfcz) (i.e. M; = I,., P, = 1,,) is a storage
function from X; to ¥;, with the following parameters

K; = 72[“1‘3 Zi = Iﬂia W, = InmXiu = On,,
Xi22 = _2IniaX1‘12 = X121 = Inia/%i = 2,Qi = Onia

Hy =W; =1,,,Lyn; =0,

and with «;(r) = mﬂ, Ni(r) = 2r, Yiext(r) =
0,Vr € R>(. The interface function in (V.7) is given here
by

u; = —2(z; — Inziz) + fmﬁﬁ - Tnﬂo(ﬁ;xﬂ + Inﬁo(@)
By selecting w9y = --- = uny = 1, the function
V(2,20 &, 80) = Yoiey wiVilwi, &) + (26 — i) (o —

—

Ii%,), where II = diag(lnl,...,TnN is a simulation
function from 3 to Y., where 3 is the interconnection of
the abstract subsystems with the dynamic interconnection
topology R satisfying conditions (IV.2) and (IV.3). For

(mo
);

this example, we choose Cp; = [1 0 0], and the
dynamic interconnection system as follows
A, = -3,
(-2 1 0 0 1]
1 -2 1 0 0
0o 1 -2 1 0
B, =
11 0 0 1 —2]

For this dynamic interconnection, there always exists X,
satisfying conditions (IV.2) and (IV.3) for any even n. Using
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» Ciz(f) D&AQE({) .

Calt) & Gun(8)

Fig. 1: Evolution of the external outputs of the concrete and
abstract interconnected systems.

\ —lGi(8) = G (@)l

— -Theoretical bound| ]

bl Y =
1.5 2 25 3
Time (sec)

Fig. 2: The evolution of the norm of error, ie. [|C1(t) —
C1(t))|l, along with the theoretical bound given in (IIL5).

(IV.3), the abstract interconnection system is given by

Ay=-3In,Bo=|1 -2 1

For the sake of simulation, we choose N = 3,n = 150,
and n; = 50,Vi € [1; N]. The simulation results are shown
in Figures 1 and 2. The initial condition of &; is chosen as
[1 0 0}, while éq;, T,, and I, are initialized from
zero. The input to the abstract interconnected system S is
chosen as 0(t) = [10cos(t) 10sin(2¢) 10 cos(4t)}T.

VII. CONCLUSION

In this paper, we derived conditions under which com-
positional abstractions of networks of control systems under
dynamic interconnection topologies can be constructed using
abstractions of components. The approximation errors are
quantified using the notion of simulation function. For a
class of nonlinear control systems, we derived a set of
linear matrix (in)equalities facilitating the construction of
their abstractions. Finally, we showed the effectiveness of

>

Abstraction
s

<>

Fig. 3: 150-dimensional interconnected system is reduced to
a 3-dimensional interconnected system.

the results on a 150-dimensional network of R-C circuits by
reducing it to a 3-dimensional abstraction.
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