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Abstract— In this work, we derive conditions under which
compositional abstractions of networks of control systems,
interconnected via some dynamic interconnection topology, can
be constructed using the dynamic interconnection and joint
dissipativity-type properties of subsystems and their abstrac-
tions. In the proposed framework, the abstraction, itself a
system (possibly with a lower dimension), can be used as
a substitute of the original system in the controller design
process. Moreover, we derive conditions for the construction of
abstractions for a class of control systems involving nonlineari-
ties satisfying an incremental quadratic inequality. We provide
an example to illustrate the effectiveness of the proposed
dissipativity-type compositional reasoning by reducing a 150-
dimensional nonlinear system to a 3-dimensional one.

I. INTRODUCTION

For large interconnected control systems, controller design

to achieve some complex specifications in a reliable and cost

effective way is a challenging task. One direction which has

been explored to overcome this challenge is to use a simpler

(e.g. lower dimension) (in)finite approximation of the given

system as a replacement in the controller design process. This

allows for a design of a controller for the approximation,

which can be refined to the one for the original complex

system. The error between the output behaviour of the

concrete system and the one of its approximation can be

quantified in this detour controller synthesis approach.

Rather than treating the interconnected system in a mono-

lithic manner, an approach which severely restricts the ca-

pability of existing techniques to deal with many number

of subsystems, compositional schemes provide network-level

certifications from main structural properties of the subsys-

tems and their interconnections. Recently, there have been

several results on the compositional construction of (in)finite

abstractions of deterministic control systems including [1],

[2], [3], [4], and probabilistic control systems [5]. These

results use a small-gain type condition to enable the com-

positional construction of abstractions. However, as shown

in [6], this type of condition is a function of the size of the

network and can be violated as the number of subsystems

grows.

Recently in [7], a compositional framework for the con-

struction of abstractions of networks of control systems

has been proposed using dissipativity theory. In this result

a notion of storage function is proposed which describes
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joint dissipativity properties of control systems and their

abstractions. This notion is used to derive compositional con-

ditions under which a network of abstractions approximate

a network of the concrete subsystems. Those conditions can

be independent of the number of the subsystems under some

properties on the interconnection topologies.

In this work, we extend the results in [7] to networks

of control systems in which the interconnection topology is

dynamic [8]. In such interconnected systems, the additional

dynamics introduced due to the interconnection/interaction

system has to be taken into account in the compositional

reasoning. We derive conditions under which we can form

compositional abstractions of a given interconnected control

system under dynamic interconnection.

In addition, for a class of control systems which takes

into account a more general class of nonlinearities than

the one considered in [7], we derive a set of linear matrix

(in)equalities facilitating the construction of their abstrac-

tions together with the corresponding storage functions.

We illustrate the effectiveness of the proposed results by

deriving a compositional abstraction for a network of control

systems of this class in which compositionality conditions

are satisfied independent of the number or gains of the

subsystems.

II. CONTROL SYSTEMS

A. Notation

The sets of non-negative integer and real numbers are de-

noted by N and R, respectively. Those symbols are footnoted

with subscripts to restrict them in the usual way, e.g. R>0 de-

notes the positive real numbers. The symbol Rn×m denotes

the vector space of real matrices with n rows and m columns.

The symbols �1n,�0n, In, 0n×m denote the vector in R
n with

all its elements to be one, the zero vector, identity, and zero

matrices in R
n,Rn×n,Rn×m, respectively. For a, b ∈ R with

a ≤ b, the closed, open, and half-open intervals in R are de-

noted by [a, b], ]a, b[, [a, b[, and ]a, b], respectively. For a, b ∈
N and a ≤ b, we use [a; b], ]a; b[, [a; b[, and ]a; b] to denote

the corresponding intervals in N. Given N ∈ N≥1, vectors

xi ∈ R
ni , ni ∈ N≥1 and i ∈ [1;N ], we use x = [x1; . . . ;xN ]

to denote the concatenated vector in R
n with n =

∑N
i=1 ni.

Similarly, we use X = [X1; . . . ;XN ] to denote the matrix

in R
n×m with n =

∑N
i=1 ni, given N ∈ N≥1, matrices

Xi ∈ R
ni×m, ni ∈ N≥1, and i ∈ [1;N ]. Given a vector

x ∈ R
n, we denote by ‖x‖ the Euclidean norm of x.

Given a matrix M = {mij} ∈ R
n×m, we denote by ‖M‖

the Euclidean norm of M . Given matrices M1, . . . ,Mn,

the notation diag(M1, . . . ,Mn) represents a block diagonal
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matrix with diagonal matrix entries M1, . . . ,Mn. Given a

symmetric matrix A, λmin(A) and λmax(A) denote the min-

imum and maximum eigenvalues of A, respectively. Given

a function f : R≥0 → R
n, the (essential) supremum of f is

denoted by ‖f‖∞ := (ess)sup{‖f(t)‖, t ≥ 0}. A continuous

function γ : R≥0 → R≥0, is said to belong to class K if it is

strictly increasing and γ(0) = 0; γ is said to belong to K∞
if γ ∈ K and γ(r) → ∞ as r → ∞. A continuous function

β : R≥0 × R≥0 → R≥0 is said to belong to class KL if,

for each fixed t, the map β(r, t) belongs to class K with

respect to r, and for each fixed nonzero r, the map β(r, t)
is decreasing with respect to t and β(r, t) → 0 as t → ∞.

B. Control Systems

Here, we define the class of control systems being inves-

tigated in this paper.

Definition 2.1: The class of control systems studied in this

paper is a tuple

Σ = (Rn,Rm,Rp,U ,W, f,Rq1 ,Rq2 , h1, h2, hu1, hu2),

where

• R
n, R

m, R
p, R

q1 , and R
q2 are the state, external

input, internal input, external output, and internal output

spaces, respectively;

• U and W are subsets of sets of all measurable functions

of time taking values in R
m and R

p, respectively;

• f : Rn×R
m×R

p → R
n is a continuous map satisfying

the following Lipshitz assumption: for every compact

set D ⊂ R
n, there exists a constant Z ∈ R>0 such that

‖f(x, u, w)− f(y, u, w)‖ ≤ Z‖x− y‖ for all x, y ∈ D,

all u ∈ R
m, and all w ∈ R

p;

• h1 : Rn → R
q1 is the external output map;

• h2 : Rn → R
q2 is the internal output map.

• hu1 : Rm → R
q1 is the external feedforward map;

• hu2 : Rm → R
q2 is the internal feedforward map.

A control system Σ satisfies

Σ :

⎧⎪⎨⎪⎩
ξ̇(t) = f(ξ(t), υ(t), ω(t)),

ζ1(t) = h1(ξ(t)) + hu1(υ(t)),

ζ2(t) = h2(ξ(t)) + hu2(υ(t)),

(II.1)

for any υ ∈ U and any ω ∈ W , where a locally absolutely

continous curve ξ : R≥0 → R
n is called a state trajectory of

Σ, ζ1 : R≥0 → R
q1 is called an external output trajectory of

Σ, and ζ2 : R≥0 → R
q2 is called an internal output trajectory

of Σ. We call the tuple (ξ, ζ1, ζ2, υ, ω) a trajectory of Σ,

consisting of a state trajectory ξ, output trajectories ζ1 and

ζ2, and input trajectories υ and ω, satisfying (II.1). We also

write ξaυω(t) to denote the value of the state trajectory at

time t ∈ R≥0 under the input trajectories υ and ω from

initial condition ξaυω(0) = a, where a ∈ R
n. We denote by

ζ1aυω and ζ2aυω the external and internal output trajectories

corresponding to the state trajectory ξaυω .

Remark 2.2: If the control system Σ does not have in-

ternal and external feedforward maps, the description of the

system defined in Definition 2.1 reduces to the tuple

Σ = (Rn,Rm,Rp,U ,W, f,Rq1 ,Rq2 , h1, h2).

Correspondingly, equation (II.1) describing the evolution of

state and output trajectories reduces to:

Σ :

⎧⎪⎨⎪⎩
ξ̇(t) = f(ξ(t), υ(t), ω(t)),

ζ1(t) = h1(ξ(t)),

ζ2(t) = h2(ξ(t)).

(II.2)

We use the notion of control system in (II.2) later to refer

to control subsystems in an interconnected system.

Remark 2.3: If the control system Σ does not have inter-

nal inputs and outputs, the description of the control system

in Definition 2.1 reduces to the tuple

Σ = (Rn,Rm,U , f,Rq, h, hu).

Correspondingly, the equation (II.1) describing the evolution

of state and output trajectories reduces to:

Σ :

{
ξ̇(t) = f(ξ(t), υ(t)),

ζ(t) = h(ξ(t)) + hu(υ(t)).
(II.3)

We use the notion of control system in (II.3) later to refer to

a dynamical interconnection topology in an interconnected

system.

Remark 2.4: If the control system Σ does not have inter-

nal inputs and outputs, and external feedforward map, the

definition of the control system in Definition 2.1 reduces to

the tuple

Σ = (Rn,Rm,U , f,Rq, h).

Correspondingly, the equation (II.1) describing the state and

output trajectories reduces to:

Σ :

{
ξ̇(t) = f(ξ(t), υ(t)),

ζ(t) = h(ξ(t)).
(II.4)

We use the notion of control system in (II.4) later to refer

to an overall interconnected control system.

III. STORAGE FUNCTION

In this section, we recall the notion of so-called storage

function introduced in [7] with some modifications to ac-

commodate for dynamic interconnection topology.

Definition 3.1: Let

Σ = (Rn,Rm,Rp,U ,W, f,Rq1 ,Rq2 , h1, h2),

and

Σ̂ = (Rn̂,Rm̂,Rp̂, Û , Ŵ, f̂ ,Rq1 ,Rq̂2 , ĥ1, ĥ2),

be two control subsystems with the same external output

space dimension. A continuously differentiable function V :
R

n × R
n̂ → R≥0 is called a storage function from Σ̂ to

Σ, if there exist functions α, η ∈ K∞, ψext ∈ K∞ ∪ {0},

some matrices W, Ŵ , and H of appropriate dimensions, and

some symmetric matrix X of appropriate dimension with

conformal block partitions Xij , i, j ∈ [1; 2], such that for

any x ∈ R
n and any x̂ ∈ R

n̂, one has

α(‖h1(x)− ĥ1(x̂)‖) ≤ V (x, x̂), (III.1)
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and ∀x ∈ R
n, ∀x̂ ∈ R

n̂, ∀û ∈ R
m̂, ∃u ∈ R

m, such that

∀ŵ ∈ R
p̂ ∀w ∈ R

p, one obtains

∇V (x, x̂)T
[
f(x, u, w)

f̂(x̂, û, ŵ)

]
≤ −η(V (x, x̂)) + ψext(‖û‖)

+ zT
[
X11 X12

X21 X22

]
z, (III.2)

where

z =

[
Ww − Ŵ ŵ

h2(x)−Hĥ2(x̂)

]
.

We now recall the notion of simulation functions introduced

in [9] with some modification.

Definition 3.2: Let Σ = (Rn,Rm,U , f,Rq, h) and Σ̂ =
(Rn̂,Rm̂, Û , f̂ ,Rq, ĥ), be two interconnected control sys-

tems. A continuously differentiable function V : Rn×R
n̂ →

R≥0 is called a simulation function from Σ̂ to Σ if there exist

α, η ∈ K∞ and ρext ∈ K∞ ∪ {0} such that for any x ∈ R
n,

x̂ ∈ R
n̂, one has

α(‖h(x)− ĥ(x̂)‖) ≤ V (x, x̂), (III.3)

and ∀x ∈ R
n, ∀x̂ ∈ R

n̂, ∀û ∈ R
m̂, ∃u ∈ R

m such that

∇V (x, x̂)
T

[
f(x, u)

f̂(x̂, û)

]
≤ −η(V (x, x̂)) + ρext(‖û‖). (III.4)

The next theorem, borrowed from [7], shows the importance

of the existence of a simulation function by quantifying the

error between the output behaviours of Σ and the ones of its

abstraction Σ̂.

Theorem 3.3: Let Σ = (Rn,Rm,U , f,Rq, h), and Σ̂ =
(Rn̂,Rm̂, Û , f̂ ,Rq, ĥ). Suppose V is a simulation function

from Σ̂ to Σ. Then, there exists a KL function ϑ such that

for any x ∈ R
n, x̂ ∈ R

n̂, υ̂ ∈ Û , there exists υ ∈ U such

that the following inequality holds for any t ∈ R≥0:

‖ζxυ(t)− ζ̂x̂υ̂(t)‖ ≤ α−1(2ϑ (V (x, x̂), t))

+ α−1(2η−1(2ρext(‖υ̂‖∞))). (III.5)

Remark 3.4: If functions α and η in Definition 3.2 satisfy

the triangle inequality, then one can drop coefficients 2 in

inequality (III.5) to get a less conservative upper bound.

IV. INTERCONNECTED SYSTEMS

Here, we define interconnected control systems under

dynamic interconnection topology.

Definition 4.1: Consider N ∈ N≥1 control subsystems

Σi = (Rni ,Rmi ,Rpi ,Ui,Wi, fi,R
q1i ,Rq2i , h1i, h2i),

where i ∈ [1;N ], and a so-called interconnection system

Σo = (Rno ,Rmo ,Uo, fo,R
qo , ho, hou), (IV.1)

where, for any xo ∈ R
no , uo ∈ R

mo ,

fo(xo, uo) := Aoxo +Bouo,

ho(xo) := Coxo,

hou(uo) := Douo,

for some matrices Ao, Bo, Co, and Do of appropriate

dimensions, qo =
∑N

i=1 pi, and mo =
∑N

i=1 q2i. The

interconnected control system

Σ = (Rn,Rm,U , f̃ ,Rq, h),

denoted by IΣo
(Σ1, . . . ,ΣN ), follows by n =

∑N
i=1 ni +

no,m =
∑N

i=1 mi, q =
∑N

i=1 q1i, and the functions

f̃(x, xo, u) =

[
[f1(x1, u1, w1); . . . ; fN (xN , uN , wN )]

fo(xo, uo)

]
,

h(x) = [h11(x); . . . ;h1N (xN )],

where u = [u1; . . . ;uN ], x = [x1; . . . ;xN ], and with the

internal inputs equal to the output of Σo, i.e. [w1; . . . ;wN ] =
ho(xo) + hou(uo), and the input of Σo equal to the internal

outputs, i.e. uo = [h21(x1); . . . ;h2N (xN )].
The next theorem provides a compositional approach on the

construction of abstractions of dynamically interconnected

networks of control systems.

Theorem 4.2: Consider an interconnected control system

Σ = (Rn,Rm,U , f,Rq, h), induced by N ∈ N control

subsystems Σi as in (II.2), and the interconnection system Σo

as in (IV.1). Suppose each subsystem admits an abstraction

Σ̂i with the corresponding storage function Vi. If there exist

μi > 0, i ∈ [1;N ], and positive constant κo such that the

inequality1 (IV.2) and the following equalities

CoΠÂo = CoAoΠ,

CoΠB̂o = CoBoH,

Ŵ D̂o = WDoH,

Ŵ Ĉo = WCoΠ, (IV.3)

hold for some matrices Âo, B̂o, Ĉo, D̂o, and Π of appropriate

dimensions, where

W = diag(W1, . . . ,WN ), Ŵ = diag(Ŵ1, . . . , ŴN ),

H = diag(H1, . . . , HN ),

X(μ1X1, . . . , μNXN ) =⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

μ1X
11
1 μ1X

12
1

. . .
. . .

μNX11
N μ12

N X12
N

μ1X
21
1 μ1X

22
1

. . .
. . .

μNX21
N μ22

N X22
N

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

then

V (x, xo, x̂, x̂o) = V̄ (x, x̂) + Vo(xo, x̂o),

is a simulation function from Σ̂ = IΣ̂o
(Σ̂1, . . . , Σ̂N ) to Σ =

IΣo
(Σ1, . . . ,ΣN ), where V̄ (x, x̂) =

∑N
i=1 μiVi(xi, x̂i),

Vo(xo, x̂o) = (xo −Πx̂o)
TCT

o Co(xo −Πx̂o) and

Σ̂o = (Rn̂o ,Rm̂o , Ûo, f̂o,R
q̂o , ĥo, ĥou),

1Matrices 0∗ and I∗ in (IV.2) represent zero and identity matrices of
appropriate dimensions, respectively.
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[
CT

o CoAo +AT
o C

T
o Co CT

o CoBo

BT
o C

T
o Co 0∗

]
+

[
WCo WDo

0∗ I∗

]T
X(μ1X1, . . . , μNXN )

[
WCo WDo

0∗ I∗

]



[−κoC
T
o Co 0∗

0∗ 0∗

]
(IV.2)

where, for any x̂o ∈ R
n̂o and any ûo ∈ R

m̂o ,

f̂(x̂o, ûo) := Âox̂o + B̂oûo,

ĥo(x̂o) := Ĉox̂o,

ĥou(ûo) := D̂oûo.

Proof: The proof is inspired by that of Theorem 4.2

in [7]. First we show that inequality (III.3) holds for some

K∞ function α. For any x = [x1; . . . ;xN ] ∈ R
n, and x̂ =

[x̂1; . . . ; x̂N ] ∈ R
n̂, one gets:

‖h(x)− ĥ(x̂)‖2 ≤
N∑
i=1

‖h1i(xi)− ĥ1i(x̂i)‖2

≤
N∑
i=1

α−1
i (Vi(xi, x̂i)) ≤ α(V̄ (x, x̂)),

where α is a K∞ function defined as

α(s) :=

⎧⎨⎩max
�s≥0

∑N
i=1 α

−1
i (si)

s.t. μT�s = s,

where2 �s = [s1; . . . ; sN ] ∈ R
N and μ = [μ1; . . . ;μN ].

By defining K∞ function α(s) = α−1(s), ∀s ∈ R≥0, one

obtains ∀x ∈ R
n, ∀x̂ ∈ R

n̂, ∀xo ∈ R
no , ∀x̂o ∈ R

n̂o ,

α(‖h(x)− ĥ(x̂)‖2) ≤ V̄ (x, x̂) ≤ V̄ (x, x̂) + Vo(xo, x̂o)

= V (x, xo, x̂, x̂o),

hence satisfying inequality (III.3). Now we prove inequal-

ity (III.4). Consider any x = [x1; . . . ;xN ] ∈ R
n, x̂ =

[x̂1; . . . ; x̂N ] ∈ R
n̂, and û = [û1; . . . ; ûN ] ∈ R

m̂. For any

i ∈ [1;N ], there exists ui ∈ R
mi , consequently, a vector

u = [u1; . . . ;uN ] ∈ R
m, satisfying (III.2) for each pair of

Σi and Σ̂i, with the internal inputs given by the outputs of

the interconnection systems Σo and Σ̂o, respectively, i.e.

[w1; . . . ;wN ] = ho(xo) + hou(uo),

[ŵ1; . . . ; ŵN ] = ĥo(x̂o) + ĥou(ûo),

where the inputs to Σo and Σ̂o are the internal outputs of

the subsystems Σi and Σ̂i, respectively, i.e.

uo = [h21(x1); . . . ;h2N (xN )],

ûo = [ĥ21(x̂1); . . . ; ĥ2N (x̂N )].

We employ the conditions in (IV.2) and (IV.3), which results

in the chain of inequalities in (IV.4), where the functions

2We interpret inequality �s ≥ 0 component-wise.

η ∈ K∞, and ψext ∈ K∞ ∪ {0} are defined as

η(s) :=

⎧⎨⎩ min
[�s;so]≥0

∑N
i=1 μiηi(si) + κoso

s.t. μT�s+ so = s,

ψext(s) :=

⎧⎨⎩max
�s≥0

∑N
i=1 μiψiext(si)

s.t. μT�s = s.

Hence we conclude that V is a simulation function from Σ̂
to Σ.

Remark 4.3: Note that the case of static interconnection

and its associated conditions presented in [7] can readily be

recovered by the results here if Co is equal to the zero matrix

and Do is equal to the static interconnection matrix (values

of Ao and Bo become irrelevant since xo does not affect the

internal input to Σ).
In the following section, we consider a specific class

of control subsystems Σ, and a specific candidate storage

function V . We derive conditions under which candidate V
is a storage function from an abstraction Σ̂ to Σ. Those

conditions facilitate the construction of Σ̂.

V. A CLASS OF NONLINEAR CONTROL SYSTEMS

We consider a specific class of control subsystems given

by

ξ̇(t) = Aξ(t) +Bυ(t) + Eϕ(t, F ξ) +Dω(t),

ζ1(t) = C1ξ(t),

ζ2(t) = C2ξ(t), (V.1)

where A ∈ R
n×n, B ∈ R

n×m, D ∈ R
n×p, E ∈ R

n×lk , F ∈
R

lk×n, C1 ∈ R
q1×n, and C2 ∈ R

q2×n. The time-varying

non-linearity is the one considered in [10] satisfying an

incremental quadratic inequality. Similar to [10], we assume

that ϕ(t, Fx) ∈ R
lk is defined by an implicit relation:

ϕ(t, Fx) = φ(t, k),

where k = Fx+Dkϕ, φ is a continuous function, k ∈ R
lk ,

and Dk ∈ R
lk×lk . For all M̃ ∈ M, where M is the set of

symmetric matrices referred to as incremental multiplier ma-

trices, the following incremental quadratic constraint holds

for all t ∈ R≥0, and all k1, k2 ∈ R
lk :[

k2 − k1
φ(t, k2)− φ(t, k1)

]T
M̃

[
k2 − k1

φ(t, k2)− φ(t, k1)

]
≥ 0.

We recall the assumption given in [10] which will be used

in the rest of the paper.
Assumption 1: There is a continuous function ς such that,

for all t ∈ R≥0 and zk = Fx,

ϕ = ς(t, zk)
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V̇ (x, xo, x̂, x̂o) =
N∑
i=1

μiV̇i(xi, x̂i) + 2(xo −Πx̂o)
TCT

o Co(ẋo −Π ˙̂xo)

≤
N∑
i=1

μi

(
− ηi(Vi(xi, x̂i)) + ψiext(‖ûi‖) +

[
Wiwi − Ŵiŵi

h2i(xi)−Hiĥ2i(x̂i)

]T [
X11

i X12
i

X21
i X22

i

] [
Wiwi − Ŵiŵi

h2i(xi)−Hiĥ2i(x̂i)

])

+ 2(xo −Πx̂o)
TCT

o Co(Aoxo +Bouo −ΠÂox̂o −ΠB̂oûo)

=

N∑
i=1

−μiηi(Vi(xi, x̂i)) +

N∑
i=1

μiψiext(‖ûi‖)

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

W

⎡
⎢⎣
w1

...
wN

⎤
⎥⎦− Ŵ

⎡
⎢⎣
ŵ1

...
ŵN

⎤
⎥⎦

⎡
⎢⎣

h1(x1)−H1ĥ21(x̂1)
...

h2N (xN )−HN ĥ2N (x̂N )

⎤
⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

X(μ1X1, . . . , μNXN )

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

W

⎡
⎢⎣
w1

...
wN

⎤
⎥⎦− Ŵ

⎡
⎢⎣
ŵ1

...
ŵN

⎤
⎥⎦

⎡
⎢⎣

h1(x1)−H1ĥ21(x̂1)
...

h2N (xN )−HN ĥ2N (x̂N )

⎤
⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 2(xo −Πx̂o)
TCT

o Co(Aoxo +Bouo −AoΠx̂o −BoHûo)

=

N∑
i=1

−μiηi(Vi(xi, x̂i)) +
N∑
i=1

μiψiext(‖ûi‖)

+

⎡
⎢⎢⎢⎣

WCoxo +WDouo − Ŵ Ĉox̂o − Ŵ D̂oûo⎡
⎢⎣

h1(x1)−H1ĥ21(x̂1)
...

h2N (xN )−HN ĥ2N (x̂N )

⎤
⎥⎦

⎤
⎥⎥⎥⎦

T

X(μ1X1, . . . , μNXN )

⎡
⎢⎢⎢⎣

WCoxo +WDouo − Ŵ Ĉox̂o − Ŵ D̂oûo⎡
⎢⎣

h1(x1)−H1ĥ21(x̂1)
...

h2N (xN )−HN ĥ2N (x̂N )

⎤
⎥⎦

⎤
⎥⎥⎥⎦

+ 2(xo −Πx̂o)
TCT

o Co(Aoxo +Bouo −AoΠx̂o −BoHûo)

≤ −
N∑
i=1

μiηi(Vi(xi, x̂i)) + ψext(‖û‖)

+

⎡
⎢⎢⎢⎣

xo −Πx̂o⎡
⎢⎣

h21(x1)−H1ĥ21(x̂1)
...

h2N (xN )−HN ĥ2N (x̂N )

⎤
⎥⎦

⎤
⎥⎥⎥⎦

T

[
WCo WDo

0∗ I∗

]T
X(μ1X1, . . . , μNXN )

[
WCo WDo

0∗ I∗

]
⎡
⎢⎢⎢⎣

xo −Πx̂o⎡
⎢⎣

h21(x1)−H1ĥ21(x̂1)
...

h2N (xN )−HN ĥ2N (x̂N )

⎤
⎥⎦

⎤
⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎣

xo −Πx̂o⎡
⎢⎣

h21(x1)−H1ĥ21(x̂1)
...

h2N (xN )−HN ĥ2N (x̂N )

⎤
⎥⎦

⎤
⎥⎥⎥⎦

T

[
CT

o CoAo +AT
o C

T
o Co CT

o CoBo

BT
o C

T
o Co 0∗

]
⎡
⎢⎢⎢⎣

xo −Πx̂o⎡
⎢⎣

h21(x1)−H1ĥ21(x̂1)
...

h2N (xN )−HN ĥ2N (x̂N )

⎤
⎥⎦

⎤
⎥⎥⎥⎦

≤ −
N∑
i=1

μiηi(Vi(xi, x̂i))− κo(xo −Πx̂o)
TCT

o Co(xo −Πx̂o) + ψext(‖û‖)

= −
N∑
i=1

μiηi(Vi(xi, x̂i))− κoVo(xo, x̂o) + ψext(‖û‖)

≤ −η(V (x, xo, x̂, x̂o)) + ψext(‖û‖) (IV.4)

uniquely solves the implicit relationship ϕ = φ(t, zk+Dkϕ).
To facilitate subsequent analysis, we write the incremental

multiplier matrix M̃ in the following conformal partitioned

form

M̃ =

[
M11 M12

M12 M22

]
.

We use the tuple

Σ = (A,B,C1, C2, D,E, F, ϕ),

to refer to the class of system of the form (V.1). We now

consider a candidate function and derive conditions under

which it is a storage function from a Σ̂ to Σ.

A. Storage function

Here, we consider a candidate storage function of the form

V (x, x̂) = (x− Px̂)T M̂(x− Px̂), (V.2)

3547

Authorized licensed use limited to: UNIVERSITY OF COLORADO. Downloaded on June 20,2022 at 17:30:21 UTC from IEEE Xplore.  Restrictions apply. 



where P and M̂ � 0, are matrices of appropriate dimensions.

In order to show that V (x, x̂) in (V.2) is a storage function

from an abstraction Σ̂ to the concrete system Σ, we require

the following assumptions on the concrete system Σ.

Assumption 2: Let Σ = (A,B,C1, C2, D,E, F, ϕ). There

exist matrices M̂ � 0,K,W,X11, X12, X21, X22, Ln, L1,

and Z of appropriate dimensions, and positive constant κ̂,

such that the following (in)equalities hold:

D = ZW,

⎡⎢⎣ Δ M̂Z M̂(BL1 + E)

ZT M̂ 0 0

(BL1 + E)T M̂ 0 0

⎤⎥⎦



⎡⎣−κ̂M̂ + CT
2 X

22C2 − Φ11 CT
2 X

21 −Φ12

X12C2 X11 0
−ΦT

12 0 −Φ22

⎤⎦ ,

where

Δ := (A+BK)T M̂ + M̂(A+BK),

Φ11 := (F + Ln)
TM11(F + Ln), (V.3)

Φ12 := (F + Ln)
TM11Dk + (F + Ln)

TM12, (V.4)

Φ22 := DT
k M11Dk +M12Dk +DT

k M12 +M22. (V.5)

The next theorem provides the main result of this section.

Theorem 5.1: Let Σ = (A,B,C1, C2, D,E, F, ϕ), and

Σ̂ = (Â, B̂, Ĉ1, Ĉ2, D̂, Ê, F̂ , ϕ) with the same external

output dimension. Suppose Assumptions 1 and 2 hold and

there exist matrices Q, H , Ŵ , L2, and L3 of appropriate

dimensions such that:

AP = PÂ−BQ (V.6a)

C1P = Ĉ1 (V.6b)

C2P = HĈ2 (V.6c)

FP = F̂ (V.6d)

E = B(L2 − L1) (V.6e)

BL3 = PÊ (V.6f)

PD̂ = ZŴ . (V.6g)

Then function V defined in (V.2) is a storage function from

Σ̂ to Σ, where X in Definition 2.1 is given by:

X =

[
X11 X12

X21 X22

]
.

Proof: Note that from (V.6b), and for all x ∈ R
n, and

x̂ ∈ R
n̂, we have ‖C1x−Ĉ1x̂‖2 = (x−Px̂)TCT

1 C1(x−Px̂).

It can be readily verified that
λmin(̂M)

λmax(CT
1 C1)

‖C1x − Ĉ1x̂‖2 ≤
V (x, x̂) implying that inequality (III.1) holds with α(r) =

λmin(̂M)

λmax(CT
1 C1)

r2 for any r ∈ R≥0, which is a K∞ function.

We proceed to prove inequality (III.2). By the definition of

V , one has

∇V T =
[
2(x− Px̂)T M̂ −2(x− Px̂)T M̂P

]
.

For any x ∈ R
n, x̂ ∈ R

n̂, one obtains:

V̇ (x, x̂) = 2(x− Px̂)T M̂(Ax+ Eϕ(t, Fx) +Bu+Dw)

− 2(x− Px̂)T M̂P (Âx̂+ Êϕ(t, F̂ x̂) + B̂û+ D̂ŵ).

Given any x ∈ R
n, x̂ ∈ R

n̂, and û ∈ R
m̂, we use the

following interface function providing u ∈ R
m:

u = K(x− Px̂) +Qx̂+ R̃û+ L1ϕ(t, Fx)− L2ϕ̂

+ L3ϕ(t, F̂ x̂), (V.7)

where

ϕ̂ = ς(t, F̂ x̂+ Ln(x− Px̂)),

and R̃ is a matrix of appropriate dimension. Using the

interface function in (V.7), and the conditions (V.6a), (V.6d),

(V.6e), (V.6f), and (V.6g), one obtains:

V̇ (x, x̂) = 2(x− Px̂)T M̂
(
A(x− Px̂) +BK(x− Px̂)

+ ZWw − ZŴŵ + (BR̃− PB̂)û+ (BL1 + E)δϕ
)
,

where δϕ = ς(t, Fx) − ς (t, Fx+ (F + Ln)(x− Px̂)).
Using Young’s inequality [11], Cauchy-Schwarz inequality,

(V.3), (V.4), (V.5), and (V.6c), one obtains the upper bound

for V̇ (x, x̂) in (V.8) for any positive π < κ̂. Remark that

we used the following inequality [10] for any x ∈ R
n and

x̂ ∈ R
n̂ to show inequality (V.8):[

x− Px̂
δϕ

]T [
F + Ln Dk

0lk Ilk

]T
M̃

[
F + Ln Dk

0lk Ilk

] [
x− Px̂

δϕ

]
≥ 0.

Using the upper bound in (V.8), the inequality (III.2)

is readily satisfied with η(s) = (κ̂ − π)s, and

ψext(s) = ‖
√

̂M(BR̃−PB̂)‖2

π s2, ∀s ∈ R≥0, and matrix X =[
X11 X12

X21 X22

]
.

In the next section, we provide a practical example for

compositional abstraction of an interconnected system with

dynamic interconnection topology.

VI. EXAMPLE

Consider n first order resistance-capacitance (R-C) cir-

cuits, interconnected via resistance-inductance (R-L) series

branches. The i-th R-C circuit has the dynamics given by:

v̇ci = − 1

RiCi
vci +

1

RiCi
vsi +

1

Ci
w̃i, (VI.1)

where i ∈ [1;n], vsi ∈ R represents the input source voltage

(external input), vci ∈ R the voltage across capacitor, Ci the

capacitance, Ri the resistance, and w̃i ∈ R the total current

inflow from other R-L branches connected to the R-C circuit.

Assuming identical values of the resistance and inductance

in all R-L branches, one can write the dynamics of the total

current inflow for the i-th R-C circuit as:

˙̃wi = aoiw̃i + boiv,
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V̇ (x, x̂) =

⎡
⎣ x− P x̂
Ww − Ŵ ŵ

δϕ

⎤
⎦

T
⎡
⎢⎣

Δ M̂Z M̂(BL1 + E)

ZT M̂ 0 0

(BL1 + E)T M̂ 0 0

⎤
⎥⎦
⎡
⎣ x− P x̂
Ww − Ŵ ŵ

δϕ

⎤
⎦

T

+ 2(x− P x̂)T M̂(BR̃− PB̂)û

≤
⎡
⎣ x− P x̂
Ww − Ŵ ŵ

δϕ

⎤
⎦

T ⎡
⎣−κ̂M̂ + CT

2 X
22C2 − Φ11 CT

2 X
21 −Φ12

X12C2 X11 0
−ΦT

12 0 −Φ22

⎤
⎦
⎡
⎣ x− P x̂
Ww − Ŵ ŵ

δϕ

⎤
⎦+ 2(x− P x̂)T M̂(BR̃− PB̂)û

≤ −(κ̂− π)(x− P x̂)T M̂(x− P x̂) + ‖
√
M̂(BR̃− PB̂)‖2

π
‖û‖2

−
[
x− P x̂
δϕ

]T [
F + Ln Dk

0lk Ilk

]T
M̃

[
F + Ln Dk

0lk Ilk

] [
x− P x̂
δϕ

]
+

[
Ww − Ŵ ŵ

C2x−HĈ2x̂

]

︸ ︷︷ ︸
z:=

T

X

[
Ww − Ŵ ŵ

C2x−HĈ2x̂

]

≤ −(κ̂− π)(x− P x̂)T M̂(x− P x̂) + ‖
√
M̂(BR̃− PB̂)‖2

π
‖û‖2 + zTXz

≤ −η(V (x, x̂)) + ψext(‖û‖) + zTXz. (V.8)

where v = [vc1 ; . . . ; vcn ], and aoi ∈ R, and boi ∈ R
1×n

represent the parameters of dynamics of the R-L series

branch(es) connected to the i-th R-C circuit. We consider

the above interconnected system as an interconnection of N
concrete subsystems Σi, i ∈ [1;N ], wherein each subsystem

Σi is formed by clustering ni R-C circuits (ni ≤ n). Each

subsystem, Σi = (Ai, Bi, C1i, Ini, Ini,�1ni,�1
T
ni, ϕ), gener-

ates a scalar (external) output. We also add a nonlinearity

belonging to the class of nonlinearities presented in this

paper. We have:

Σi :

⎧⎪⎨⎪⎩
ξ̇i = Aiξi +Biui +Diwi +�1niϕ(�1

T
niξi),

ζ1i = C1iξi,

ζ2i = ξi,

where ξi = Liv, Li := [ei1; . . . ; eini
], eij ∈ R

1×n is a row

vector whose k-th element is defined as

e
(k)
ij =

{
1 if k-th R-C circuit is part of the i-th cluster

0 otherwise,

Ai, Bi, Di ∈ R
ni×ni are readily obtained from (VI.1), C1i ∈

R
1×ni , ui = Livs, vs = [vs1 ; . . . ; vsn ], wi = Liw̃ , w̃ =

[w̃1; . . . ; w̃n], and ϕ : R → R is defined as

ϕ(x) = sin(x).

The dynamic of the interconnection topology Σo is given by

Σo :

{
ẋo = Aoxo +Bov

yo = Coxo +Dov,

where Ao = diag(ao1 , . . . , aon), Bo = [bo1 ; . . . ; bon ], Co =
In, and Do = 0n. We aggregate each Σi into a scalar

abstraction Σ̂i = (Âi, B̂i, Ĉ1i, 1, 1, 1, 1, ϕ) given by the

following dynamics

Σ̂i :

⎧⎪⎨⎪⎩
˙̂
ξi = Âiξ̂i + B̂iûi + ŵi + ϕ(ξ̂i),

ζ̂1i = Ĉ1iξ̂i,

ζ̂2i = ξ̂i,

where Âi satisfies Ai
�1ni

= �1ni
Âi, B̂i is chosen arbitrarily

(in this example we choose B̂i = 1), Ĉ1i = C1i
�1ni

. For Rj =
Cj = 1 in (VI.1), ∀j ∈ [1;n], the function Vi(xi, x̂i) = (xi−
�1ni

x̂i)
T (xi − �1ni

x̂i) (i.e. M̂i = Ini
, Pi = �1ni

) is a storage

function from Σ̂i to Σi, with the following parameters

Ki = −2Ini
, Zi = Ini

,Wi = Ini
, X11

i = 0ni
,

X22
i = −2Ini

, X12
i = X21

i = Ini
, κ̂i = 2, Qi = 0ni

,

Hi = Ŵi = �1ni
, Lni = 0,

and with αi(r) = 1
λmax(CT

1iC1i)
r2, ηi(r) = 2r, ψiext(r) =

0, ∀r ∈ R≥0. The interface function in (V.7) is given here

by

ui = −2(xi −�1ni x̂i) +�1ni ûi −�1niϕ(�1
T
ni
xi) +�1niϕ(x̂i).

By selecting μ1 = · · · = μN = 1, the function

V (x, xo, x̂, x̂o) =
∑N

i=1 μiVi(xi, x̂i) + (xo − Πx̂o)
T (xo −

Πx̂o), where Π = diag(�1n1
, . . . ,�1nN

), is a simulation

function from Σ̂ to Σ, where Σ̂ is the interconnection of

the abstract subsystems with the dynamic interconnection

topology Σ̂o satisfying conditions (IV.2) and (IV.3). For

this example, we choose C1i =
[
1 0 . . . 0

]
, and the

dynamic interconnection system as follows

Ao = −3In

Bo =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2 1 0 0 . . . 1
1 −2 1 0 . . . 0
0 1 −2 1 . . . 0
...

. . .

. . .

1 0 0 . . . 1 −2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

For this dynamic interconnection, there always exists Σ̂o

satisfying conditions (IV.2) and (IV.3) for any even n. Using

3549

Authorized licensed use limited to: UNIVERSITY OF COLORADO. Downloaded on June 20,2022 at 17:30:21 UTC from IEEE Xplore.  Restrictions apply. 



5

4

3

2

1-3

6 0
4

-2

-1
2

-2

-1

0
-3

-2
-4

0

-4
-5-6

1

2

3

4

Fig. 1: Evolution of the external outputs of the concrete and

abstract interconnected systems.
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Fig. 2: The evolution of the norm of error, i.e. ‖ζ1(t) −
ζ̂1(t))‖, along with the theoretical bound given in (III.5).

(IV.3), the abstract interconnection system is given by

Âo = −3IN , B̂o =

⎡⎣−2 1 1
1 −2 1
1 1 −2

⎤⎦ , Ĉo = IN , D̂o = 0N .

For the sake of simulation, we choose N = 3, n = 150,

and ni = 50, ∀i ∈ [1;N ]. The simulation results are shown

in Figures 1 and 2. The initial condition of ξi is chosen as[
1 0 . . . 0

]
, while ξ̂i, xo, and x̂o are initialized from

zero. The input to the abstract interconnected system Σ̂ is

chosen as υ̂(t) =
[
10 cos(t) 10 sin(2t) 10 cos(4t)

]T
.

VII. CONCLUSION

In this paper, we derived conditions under which com-

positional abstractions of networks of control systems under

dynamic interconnection topologies can be constructed using

abstractions of components. The approximation errors are

quantified using the notion of simulation function. For a

class of nonlinear control systems, we derived a set of

linear matrix (in)equalities facilitating the construction of

their abstractions. Finally, we showed the effectiveness of

u

y

Abstraction

ŷ

û

Fig. 3: 150-dimensional interconnected system is reduced to

a 3-dimensional interconnected system.

the results on a 150-dimensional network of R-C circuits by

reducing it to a 3-dimensional abstraction.

REFERENCES

[1] G. Pola, P. Pepe, and M. D. Di Benedetto, “Symbolic models for net-
works of control systems,” IEEE Transactions on Automatic Control,
vol. 61, no. 11, pp. 3663–3668, November 2016.

[2] Y. Tazaki and J.-i. Imura, “Bisimilar finite abstractions of intercon-
nected systems,” in Proceedings of the 11th International Conference
on Hybrid Systems: Computation and Control, April 2008, pp. 514–
527.

[3] M. Rungger and M. Zamani, “Compositional construction of ap-
proximate abstractions,” in Proceedings of the 18th International
Conference on Hybrid Systems: Computation and Control, April 2015,
pp. 68–77.

[4] ——, “Compositional construction of approximate abstractions of
interconnected control systems,” IEEE Transactions on Control of
Network Systems, 2016 (DOI: 10.1109/TCNS.2016.2583063).

[5] M. Zamani, M. Rungger, and P. M. Esfahani, “Approximations of
stochastic hybrid systems: A compositional approach,” IEEE Trans-
actions on Automatic Control, vol. 62, no. 3, pp. 2838–2853,, June
2017.

[6] K. C. Das and P. Kumar, “Some new bounds on the spectral radius of
graphs,” Discrete Mathematics, vol. 281, no. 1, pp. 149–161, 2004.

[7] M. Zamani and M. Arcak, “Compositional abstraction for networks of
control systems: A dissipativity approach,” IEEE Transactions on Con-
trol of Network Systems, 2017 (DOI: 10.1109/TCNS.2017.2670330).

[8] A. Linnemann, “Decentralized control of dynamically interconnected
systems,” IEEE Transactions on Automatic Control, vol. 29, no. 11,
pp. 1052–1054, Nov 1984.

[9] A. Girard and G. J. Pappas, “Hierarchical control system design using
approximate simulation,” Automatica, vol. 45, no. 2, pp. 566–571,
2009.
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