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Abstract

Classical theory for quasi-Newton schemes has focused on smooth deterministic uncon-
strained optimization while recent forays into stochastic convex optimization have largely resided
in smooth, unconstrained, and strongly convex regimes. Naturally, there is a compelling need
to address nonsmoothness, the lack of strong convexity, and the presence of constraints. Ac-
cordingly, this paper presents a quasi-Newton framework that can process merely convex and
possibly nonsmooth (but smoothable) stochastic convex problems. We propose a framework
that combines iterative smoothing and regularization with a variance-reduced scheme reliant
on using an increasing sample-size of gradients. We make the following contributions. (i) We
develop a regularized and smoothed variable sample-size BFGS update (rsL-BFGS) that gener-
ates a sequence of Hessian approximations and can accommodate nonsmooth convex objectives
by utilizing iterative regularization and smoothing. (ii) In strongly convex regimes with state-
dependent noise, the proposed variable sample-size stochastic quasi-Newton (VS-SQN) scheme
admits a non-asymptotic linear rate of convergence while the oracle complexity of computing an
e-solution is O(k™*!/€) where k denotes the condition number and m > 1. In nonsmooth (but
smoothable) regimes, using Moreau smoothing retains the linear convergence rate for the re-
sulting smoothed VS-SQN (or sVS-SQN) scheme. Notably, the nonsmooth regime allows for
accommodating convex constraints. To contend with the possible unavailability of Lipschitzian
and strong convexity parameters, we also provide sublinear rates for diminishing steplength vari-
ants that do not rely on the knowledge of such parameters; (iii) In merely convex but smooth
settings, the regularized VS-SQN scheme rVS-SQN displays a rate of O(1/k(*=9)) with an
oracle complexity of O(1/e?). When the smoothness requirements are weakened, the rate for the
regularized and smoothed VS-SQN scheme rsVS-SQN worsens to O(k_l/ 3). Such statements
allow for a state-dependent noise assumption under a quadratic growth property on the objec-
tive. To the best of our knowledge, the rate results are amongst the first available rates for QN
methods in nonsmooth regimes. Preliminary numerical evidence suggests that the schemes com-
pare well with accelerated gradient counterparts on selected problems in stochastic optimization
and machine learning with significant benefits in ill-conditioned regimes.

1 Introduction

We consider the stochastic convex optimization problem

min f(z) = E[F(z,£(w))], (1)
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where £ : Q@ — R° F : R" x R — R, and (92, F,P) denotes the associated probability space.
Such problems have broad applicability in engineering, economics, statistics, and machine learning.
Over the last two decades, two avenues for solving such problems have emerged via sample-average
approximation (SAA) [23] and stochastic approximation (SA) [40]. In this paper, we focus on quasi-
Newton variants of the latter. Traditionally, SA schemes have been afflicted by a key shortcoming
in that such schemes display a markedly poorer convergence rate than their deterministic variants.
For instance, in standard stochastic gradient schemes for strongly convex smooth problems with
Lipschitz continuous gradients, the mean-squared error diminishes at a rate of O(1/k) while deter-
ministic schemes display a geometric rate of convergence. This gap can be reduced by utilizing an
increasing sample-size of gradients, an approach considered in [I'7, 9] [36], 13} 6], and subsequently
refined for gradient-based methods for strongly convex [42] 22}, 21]], convex [20, 14} 22}, 21], and non-
smooth convex regimes [2I]. Variance-reduced techniques have also been considered for stochastic
quasi-Newton (SQN) techniques [27, 51l [5] under twice differentiability and strong convexity re-
quirements. To the best of our knowledge, the only available SQN scheme for merely convex but
smooth problems is the regularized SQN scheme presented in our prior work [48] where an iterative
regularization of the form %ukﬂxk — 20]|? is employed to address the lack of strong convexity while
x is driven to zero at a suitable rate. Furthermore, a sequence of matrices { Hy } is generated using
a regularized L-BFGS update or (rL-BFGS) update. However, much of the extant schemes in this
regime either have gaps in the rates (compared to deterministic counterparts) or cannot contend
with nonsmoothness.

Quasi-Newton schemes for nonsmooth convex prob-

lems. There have been some attempts to apply (L-)BFGS 0509
directly to the deterministic nonsmooth convex problems. But ! | gl iﬂ::?ﬁ:)s'm)
the method may fail as shown in [28 [16], 24]; e.g. in [24], the s - S e
authors consider minimizing % ||z(|> + max{2|z1| + 2,322} in A ) Lo

R2, BFGS takes a null step (steplength is zero) for different
starting points and fails to converge to the optimal solution
(0,—1) (except when initiated from (2,2)) (See Fig. [1). Con- i
tending with nonsmoothness has been considered via a subgra- T es 0 05 1 15 2
dient quasi-Newton method [49] for which global convergence
can be recovered by identifying a descent direction and uti- Figure 1: Lewis-Overton example
lizing a line search. An alternate approach [50] develops a

globally convergent trust region quasi-Newton method in which Moreau smoothing was employed.
Yet, there appear to be neither non-asymptotic rate statements available nor considerations of
stochasticity in nonsmooth regimes.

Gaps. Our research is motivated by several gaps. (i) First, can we develop smoothed generaliza-
tions of (rL-BFGS) that can contend with nonsmooth problems in a seamless fashion? (ii) Second,
can one recover determinstic convergence rates (to the extent possible) by leveraging variance re-
duction techniques? (iii) Third, can one address nonsmoothness on stochastic convex optimization,
which would allow for addressing more general problems as well as accounting for the presence
of constraints? (iv) Finally, much of the prior results have stronger assumptions on the moment
assumptions on the noise which require weakening to allow for wider applicability of the scheme.



1.1 A survey of literature

Before proceeding, we review some relevant prior research in stochastic quasi-Newton methods and
variable sample-size schemes for stochastic optimization. In Table[I] we summarize the key advances
in SQN methods where much of prior work focuses on strongly convex (with a few exceptions).
Furthermore, from Table [2| it can be seen that an assumption of twice continuous differentiability
and boundedness of eigenvalues on the true Hessian is often made. In addition, almost all results
rely on having a uniform bound on the conditional second moment of stochastic gradient error.

[ [ Convexity [ Smooth [ Ny, a7% [ Conver. rate [ Tter. complex. [ Oracle complex.
RES [29] SC v N 1/k O(1/k) - -
Block BFGS [15]
Stoch. L-BFGS [32] sC v N (Full grad v O(ok) . -
periodically)
SQN [44] NC v N k05 O(1/Vk) O(1/€2) -
N(full grad
SALBFGS-VR [44] NC v periodically) v O(1/k) O(1/e) -
r-SQN [48] C v 1 k=2/3+ | O(1/k/3~¢) - -
SA-BFGS [51] SC v N Vi O(pF) O(In(1/€)) O(1/e2(In(1/e))h)
Progressive
Batching [5] NC v ) i O@/k) ) )
Progressive k
Batching [5] SC / B v 0" ) B
[VS-SQN| SC v [p~F ~y O(pF) O(kIn(1/e O(k/e)
( ) P P
EVS-5QN] SC X Pl Y o) O(n(1/9) o(1/9
T
(rVS-SQN) C v (k4] ke O /k~¢) O(1/eT=%) O(1/e(3+e)/(1=e))
(rsVS-SQN) C X (k2] E—1/3+e | O(1/kY/3) O(1/€3) O (1/eB+2)/0U/3)

Table 1: Comparing convergence rate of related schemes (note that a > 1)

[ [ Convexity [ Smooth [ state-dep. noise [ Assumptions
RES [29] SC v I3 A < Hp <A, 0< )<\, fis twice differentiable
Stoch. block BFGS [15] 2 < 5 g . . .
Stoch. L-BFGS [32] SC v X A X VAf(z) A, 0< A<, fis twice differentiable
SQN for non convex [44] NC v X < V2f(z) <M, 0< )<, fis differentiable
SALBFGS-VR [44] NC v X V2f(x) AL, X >0, fis twice differentiable
r-SQN [48] C v X M =< Hp <AL, 0< )<, fis differentiable
fr(z) is standard self-concordant for every possible sam-
SA-BFGS [51] SC v X pling, The Hessian is Lipschit{continuous,
M < V2f(x) <AL 0<A<X, fis C?
Progressive Batching [5] NC v X V2f(z) = M, X > 0, sample size is controlled by the
exact inner product quasi-Newton test, f is C2
Progressive Batching [5] SC v X AM =< V2f(z) <M, 0 < A<\, sample size controlled by
exact inner product quasi-Newton test, f is C2
(VS-SQN scC v v/ M<H, <MI 0<A<)\g, fisCt
(sVS-SQN) SC X 4 NI S Hp 2 AL, 0< ), < X
Z = —
FVS-SQN) C v ﬁ:o;_j Hpi 2 A\L0 < A < A, fis C, has quad. growth
X A < Hy <X, fis C!
v A I X Hp X AL 0 < A < Ak, has quad. growth prop.
(rsVS-SQN]) C X X A=< Hy < I

Table 2: Comparing assumptions of related schemes

(i) Stochastic quasi-Newton (SQN) methods. QN schemes [26, [34] have proved enormously

influential in solving nonlinear programs, motivating the use of stochastic Hessian information [6].




In 2014, Mokhtari and Riberio [29] introduced a regularized stochastic version of the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton method [12] by updating the matrix Hj using
a modified BFGS update rule to ensure convergence while limited-memory variants [7, [30] and
nonconvex generalizations [44] were subsequently introduced. In our prior work [48], an SQN
method was presented for merely convex smooth problems, characterized by rates of O(1/ k‘%_e)
and O(1/k'~¢) for the stochastic and deterministic case, respectively. In [47], via convolution-based
smoothing to address nonsmoothness, we provide a.s. convergence guarantees and rate statements.
(ii) Variance reduction schemes for stochastic optimization. Increasing sample-size schemes
for finite-sum machine learning problems [13, [6] have provided the basis for a range of variance
reduction schemes in machine learning [41], 45], amongst reduction others. By utilizing variable
sample-size (VS) stochastic gradient schemes, linear convergence rates were obtained for strongly
convex problems [42] 22] and these rates were subsequently improved (in a constant factor sense)
through a VS-accelerated proximal method developed by Jalilzadeh et al. [21] (called (VS-APM)).
In convex regimes, Ghadimi and Lan [14] developed an accelerated framework that admits the
optimal rate of O(1/k?) and the optimal oracle complexity (also see [22]), improving the rate
statement presented in [20]. More recently, in [21], Jalilzadeh et al. present a smoothed accelerated
scheme that admits the optimal rate of O(1/k) and optimal oracle complexity for nonsmooth
problems, recovering the findings in [14] in the smooth regime. Finally, more intricate sampling
rules are developed in [4} 37].

(iii) Variance reduced SQN schemes. Linear [27] and superlinear [51] convergence statements
for variance reduced SQN schemes were provided in twice differentiable regimes under suitable
assumptions on the Hessian. A (VS-SQN) scheme with L-BFGS [5] was presented in strongly
convex regimes under suitable bounds on the Hessian.

1.2 Novelty and contributions

In this paper, we consider four variants of our proposed variable sample-size stochastic quasi-
Newton method, distinguished by whether the function F(x,w) is strongly convex/convex and
smooth/nonsmooth. The vanilla scheme is given by
N,
i wk (T, W)
Np, '

Tpy1 = Tk — VeHi (2)
where Hj, denotes an approximation of the inverse of the Hessian, w;; denotes the 4t realization
of w at the k' iteration, N; denotes the sample-size at iteration k, and ug(zk,w; k) is given by
one of the following: (i) (VS-SQN) where F(.,w) is strongly convex and smooth, uy(zg,w;)) =
VoF(xp,wjg); (i) Smoothed (VS-SQN) or (sVS-SQN) where F(.,w) is strongly convex and
nonsmooth and F,, (z,w) is a smooth approximation of F(z,w), ug(wg,wjk) = VeFy, (g, wjk);
(iii) Regularized (VS-SQN) or (rVS-SQN) where F(.,w) is convex and smooth and Fj, (.,w)
is a regularization of F(.,w), ug(zk,wjk) = VaFy, (zk wik); (iv) regularized and smoothed (VS-
SQN) or (rsVS-SQN) where F(.,w) is convex and possibly nonsmooth and £}, ,, (.,w) denotes a
regularized smoothed approximation, uy(zx,wj ) = VaFy . (@k,wjk). We recap these definitions
in the relevant sections. We briefly discuss our contibutions and accentuate the novelty of our work.

(I) A regularized smoothed L-BFGS update. A regularized smoothed L-BFGS update (rsL-BFGS)
is developed in Section extending the realm of L-BFGS scheme to merely convex and possibly



nonsmooth regimes by integrating both regularization and smoothing. As a consequence, SQN
techniques can now contend with merely convex and nonsmooth problems with convex constraints.

(IT) Strongly convex problems. (I1L.i) (VS-SQN). In Section (3] we present a variable sample-size
SQN scheme and prove that the convergence rate is O(p¥) (where p < 1) while the iteration and
oracle complexity are proven to be O(k™!1In(1/€)) and O(1/¢), respectively. Notably, our find-
ings are under a weaker assumption of either state-dependent noise (thereby extending the result
from [5]) and do not necessitate assumptions of twice continuous differentiability [32, [I5] or Lip-
schitz continuity of Hessian [51]. (ILii). (sVS-SQN). By integrating a smoothing parameter, we
extend (VS-SQN) to contend with nonsmooth but smoothable objectives. Via Moreau smooth-
ing, we show that (sVS-SQN) retains the optimal rate and complexity statements of (VS-SQN).
Additionally, in (IL.i) and (II.ii), we derive rates that do not necessitate knowing either strong
convexity or Lipschitzian parameters and rely on employing diminishing steplength sequences.

(ITI) Convez problems. (II1.i) (rVS-SQN). A regularized (VS-SQN) scheme is presented in Sec-
tion || based on the (rL-BFGS) update and admits a rate of O(1/k!~%) with an oracle complexity

_34e
of O (e i—e ) improving prior rate statements for SQN schemes for smooth convex problems and

obviating prior inductive arguments. In addition, we show that (rVS-SQN) produces sequences
that converge to the solution in an a.s. sense. Under a suitable growth property, these statements
can be extended to the state-dependent noise regime. (IILii) (rsVS-SQN). A regularized smoothed
(VS-SQN) is presented that leverages the (rsL-BFGS) update and allows for developing rate
(’)(l{:_%) amongst the first known rates for SQN schemes for nonsmooth convex programs. Again
imposing a growth assumption allows for weakening the requirements to state-dependent noise.

(IV) Numerics. Finally, in Section |5 we apply the (VS-SQN) schemes on strongly convex/convex
and smooth/nonsmooth stochastic optimization problems. In comparison with variable sample-size
accelerated proximal gradient schemes, we observe that (VS-SQN) schemes compete well and out-
perform gradient schemes for ill-conditioned problems when the number of QN updates increases.
In addition, SQN schemes do far better in computing sparse solutions, in contrast with standard
subgradient and variance-reduced accelerated gradient techniques. Finally, via smoothing, (VS-
SQN) schemes can be seen to resolve both nonsmooth and constrained problems.

Notation. E[e] denotes the expectation with respect to the probability measure P and we
refer to V,F(z,&{(w)) by VoF(z,w). We denote the optimal objective value (or solution) of
by f* (or z*) and the set of the optimal solutions by X*, which is assumed to be nonempty. For
a vector x € R™ and a nonempty set X C R”, the Euclidean distance of x from X is denoted by
dist(x, X'). Throughout the paper, unless specified otherwise, k denotes the iteration counter while
K represents the total number of steps employed in the proposed methods.

2 Background and Assumptions

In Section we provide some background on smoothing techniques and then proceed to define the
reqularized and smoothed L-BFGS method or (rsL-BFGS) update rule employed for generating the
sequence of Hessian approximations Hj in Section We conclude this section with a summary
of the main assumptions in Section [2.3



2.1 Smoothing of nonsmooth convex functions
We begin by defining of L-smoothness and («, 3)-smoothability [1].

Definition 1. A function f : R™ — R is said to be L-smooth if it is differentiable and there exists
an L > 0 such that |V f(z) — Vf(y)|| < L|lz —vy| for all z,y € R™.

Definition 2. [(«, §)-smoothable [1]] A convez function f : R™ — R is («, 3)-smoothable if there
exists a conver C* function f, : R" — R satisfying the following: (i) f,(z) < f(z) < fo(z) +nB
for all x; and (i1) f,(x) is a/n-smooth.

Some instances of (a, 3)-smoothings [I] include the following: (i) If f(z) £ ||z||2 and f,(z)=/||z]]3 + n%—
n, then f is (1,1)—smoothable function; (i) If f(x) £ max{w1,za,...,z,} and f,(z)2nIn(3 1 % /M)~
nln(n), then f is (1,In(n))-smoothable; (iii) If f is a proper, closed, and convex function and

o) 2 min {10+ a2}, 3

(referred to as Moreau proximal smoothing) [31], then f is (1, B%)-smoothable where B denotes a
uniform bound on ||s|| where s € 9f(z).

It may be recalled that Newton’s method is the de-facto standard for computing a zero of a
nonlinear equation [34] while variants such as semismooth Newton methods have been employed for
addressing nonsmooth equations [10, [IT]. More generally, in constrained regimes, such techniques
take the form of interior point schemes which can be viewed as the application of Newton’s method
on the KKT system. Quasi-Newton variants of such techniques can then we applied when second
derivatives are either unavailable or challenging to compute. However, in constrained stochastic
regimes, there has been far less available via a direct application of quasi-Newton schemes. We
consider a smoothing approach that leverages the unconstrained reformulation of a constrained
convex program where X is a closed and convex set and Ix(x) is an indicator function:

mxin f(x) +Ix(x). (P)
Then the smoothed problem can be represented as follows:
min f(2) + Ly ,(x). )

where Ix () denotes the Moreau-smoothed variant of Ix(-) [31] defined as follows.

L(e) 2 iy {10 + 5o = ulP} = 5k (o), dx (o) 2 (@ = pros, (0) = (@ - (o)), (@)

Ix(z) £ argmin,cx{[lz — y||*}, and the second equality follows from [I, Ex. 6.53]. Note that
Ix,, is continuously differentiable with gradient at = given by %Vx (d%(z)) = %(:1; — proxy, (7)) =
%(:c —TIIx(x)). Our interest lies in reducing the smoothing parameter n after every iteration, a class
of techniques (called iterative smoothing schemes) that have been applied for solving stochastic
optimization [47, 2I] and stochastic variational inequality problems [47]. Motivated by our recent
work [2I] in which a smoothed variable sample-size accelerated proximal gradient scheme is proposed
for nonsmooth stochastic convex optimization, we consider a framework where at iteration k, an

ni-smoothed function f;, is utilized where the Lipschitz constant of V f,, (z) is 1/ny.



2.2 Regularized and Smoothed L-BFGS Update

When the function f is strongly convex but possibly nonsmooth, we adapt the standard L-BFGS
scheme (by replacing the true gradient by a sample average) where the approximation of the inverse
Hessian Hj, is defined as follows using pairs (s;, y;) and n; denotes a smoothing parameter:

8; 1= Xy — Ti-1, (5)
ZNl \Y Fz(l‘uwjz 1) ZN1 Vo Fy, (i 1, Wy,i— 1)
yi = =2 N - = N ; (Strongly Convex (SC))
i—1 i—1

yist T yist sis]
HkJ = <I—> Hk,j—l <I— >—|—ZT7“, i:zk—?(m—j), 1<j<m, Vi
yz Sq yz Sq Y; Si

T
S
where Hy o = &Y%
’ Y Yk

there are twice as many sampled gradients generated. Next, we discuss how the sequence of
approximations Hj is generated when f is merely convex and not necessarily smooth. We overlay
the regularized L-BFGS [29, 48] scheme with a smoothing, refering to the proposed scheme as
the (rsL-BFGS) update. As in (rL-BFGS) [48], we update the regularization and smoothing
parameters {7, ux} and matrix Hj at alternate iterations to keep the secant condition satisfied.
We update the regularization parameter u; and smoothing parameter 7 as follows.

I. At iteration i, we generate V F,, (z;, wj;i—1) and V,Fy, (z;—1,w;,i—1), implying

M = ME—1, Nk = Nk—1, if k is odd (6)
Pk < k-1, Mk < Mk—1,  otherwise.

We construct the update in terms of s; and y; for convex problems,

i 1= Tj — Ti-1, (7)

Z VFé(ZE,w 1) Z VFé(CL' 1, W;j 1) =
Yi 1= =1 i 1 il + s, (Convex (C))
szl szl

where 4 is odd and 0 < §,6 < 1 are scalars controlling the level of smoothing and regularization in
updating matrix Hy, respectively. The update policy for Hy is given as follows:
H; ., if kisodd
Hy = k™ , (8)
Hj;._q, otherwise

where m < n (in large scale settings, m << n) is a fixed integer that determines the number of
pairs (z;,y;) to be used to estimate Hj. The matrix Hy,y,, for any k > 2m — 1, is updated using
the following recursive formula:

T

Y;S; T sT s;sT
Hm:_(I— ) Hk,“(I— >+ L =k —2m—j), 1<j<m, ¥, (9)
yl's yl'si)  yl's;

kyk

where Hy g = o I It is important to note that our regularized method inherits the computational

efficiency from (L BFGS). Note that Assumption [3| holds for our choice of smoothing.



2.3 Main assumptions

A subset of our results require smoothness of F(-,w) as formalized by the next assumption.

Assumption 1. (a) The function F(-,w) is convex and continuously differentiable over R™ for any
w € Q. (b) The function f is C* and L-smooth over R™.

We introduce the following assumptions of F'(-,w), parts of which are imposed in a subset of
results.

Assumption 2. (a) For everyw, F(-,w) is T-strongly convex. (b) For everyw, F(-,w) is L-smooth.
(c) f(x) £ g(x) + h(zx), where g(x) £ E[F(z,w)], F(-,w) is L-smooth and T-strongly convex for
every w, and h is a closed, convex, and proper function.

In Sections 3.2 (II) and 4.2, we assume the following on the smoothed functions F;(-,w).

Assumption 3. For any w € Q, F(-,w) is (1,8) smoothable, i.e. for any n > 0, there exists
F,(,w) that is C, convex, %—smooth, and satisfies Fy(z,w) < F(z,w) < Fy(z,w) +nB for any
z € R"™ and any w € (.

Let Fi, = o{wo, {wj,g}év:ol, . .,{wj,k};yz’“l}. Now assume the following on the conditional second
moment on the sampled gradient (in either the smooth or the smoothed regime) produced by the

stochastic first-order oracle.
Assumption 4 (Moment requirements for state-dependent noise).

(Smooth) Suppose wy, N, = Vi f(xr) — 2zt Vg;\l;;( b3k)

(S-M) There exist vi,vs > 0 such that E[||wg n, ||? | Fr] < W a.s. for k> 0.
(S-B) For k >0, E[wy n, | Fir] =0, a.s.

Mk V. F ;
(Nonsmooth) Suppose wg n, = V fp, (21) — 2= Jkk(wk’w]’k), n > 0.

NS-M) There exist vi,vs > 0 such that E[||wg n ||? | Fi] < Azl vy a.s. for k> 0.
IV E Nk}
(NS-B) For k >0, E[wy n, | Fi] =0, a.s.

N Vo F (g w;
(Structured smooth) Suppose uy, = Vzg(zk) — 2=t Nk(xk’wj’k).

(SS-M) There exist vy,vy such that E[|tx N, ||* | Fr] < V%”mf\[i‘f% a.s. for k> 0.
(SS-B) For k>0, Elayn, | Fr] =0, a.s.

Finally, we impose Assumption |Ifon the sequence of Hessian approximations { H;}. These prop-
erties follow when either the regularized update (rL-BFGS), the smoothed update (sL-BFGS),
or the regularized smoothed update (rsL-BFGS) is employed (see Lemmas and [10)).

Property 1 (Properties of Hy). (i) Hy is Fx-measurable; (ii) Hy is symmetric and positive
definite and there exist A\, A, > 0 such that \ I = Hyp < A\gI a.s. for all k > 0.



3 Smooth and nonsmooth strongly convex problems

In this section, we derive the rate and oracle complexity of the (rVS-SQN)] scheme for smooth and
nonsmooth strongly convex problems by considering the (VS-SQN]) and (sVS-SQN]J) schemes.

3.1 Smooth strongly convex optimization

We begin by considering when f is 7—strongly convex and L—smooth. Suppose k is defined
as k = L /7. Throughout, we consider the (VS-SQN) scheme, defined next, where Hy, is generated
by the (L-BFGS) scheme.

Z]V:k VJ?F(xk‘aw,k‘)
Tpr1 = g — Y Hpy =L N, s (VS-SQN)

Next, we derive bounds on the eigenvalues of Hy under strong convexity (see Appendix for proof).

Lemma 1 (Properties of Hy produced by (L-BFGS)). Suppose Assumptions [ and[d (a,b)

hold. Consider the (VS-SQN)|) method. Let s;, y; and Hy be given by , where Iy = F'. Then
— — n+m-—1
Hy, satisfies Property (S), with A\, = A and Ay = A = (tntm) Ly for all k.

_ 1
~ L(m+n) (n—1)l7nFm

Proposition 1 (Convergence in mean). Consider the iterates generated by the (VS-SQN))
scheme. Suppose Assumptions @ (a,b), and (S-M), (S-B) hold. In addition, suppose {Ny} is

an increasing sequence. Then the following inequality holds for all k > 1, where Ny > 2:2%;‘ and
o % for all k.
TA 203 203 ||z*||? + v3
E — N<(1-—= LR ¥ e 2
arn) = ] < (1= T oo ) Bl — ) + 2
Proof. See Appendix. O

We now provide a result pivotal in deriving a rate and complexity statements under diminishing
steplengths, an avenue that obviates knowing strong convexity and Lipschitzian parameters.

Lemma 2. [[39], Lemma 5] Suppose {uy} is a nonnegative sequence, where

uk+1g(1—i)uk+— k>0 (10)

where 0 < s <1, s<t, and ¢,d > 0. Then for k > K,

d 1
Uk < ckt—s to ft—s ’

Theorem 1 (Optimal rate and oracle complexity). Consider the iterates generated by the
(VS-SQN) scheme. Suppose Assumptions @ (a,b) and (S-M), (S-B) hold. In addition, suppose
Ve = % for all k.

2 27y
2v{ 2U{ A

(i) If a = (1 — % + LTN())’ Ni £ [Nop™*] where p < 1 and Ng > 25 - Then for every k > 1
and some scalar C, the following holds: E[f(xx1) — f(z*)] < C(max{a, p})¥.




(i) Suppose v +1 is an e-solution such that E[f (xx11) — f*] < €. Then the iteration and oracle

complezity of (VS-SQN]) are O(k™ ! 1In(1/€)) and O(E=

O <Hm+n+l)

. )

(#ii) Suppose Yk = k™% and Ny = [kP™%] for every k where 0 < s < 1 and s < p. In addition,

and d & ALl |*3)
= 2

i ), respectively implying that 25:1 N, <

suppose ¢ = j . Then for K sufficiently large, we have that

Bl () - S < () +o (i) k2R

Proof. See Appendix. O

We prove a.s. convergence of iterates by using the super-martingale convergence lemma from [39].

Lemma 3 (super-martingale convergence theorem). Let {v;} be a sequence of nonnegative
random variables, where Elvg] < oo and let {xxr} and {Br} be deterministic scalar sequences such
that 0 < xi <1 and B >0 for all k >0, Y27 Xk = 00, D pep Br < 00, and limy_,o0 2 = 0, and

Xk
Elvgs1 | Fi] < (1 — xx)vg + Bi a.s. for all k > 0. Then, vy, — 0 almost surely as k — oo.

Theorem 2 (a.s. convergence under strong convexity). Consider the iterates generated by
the (VS-SQN) scheme. Suppose Assumptions[1, [3 (a,b), and[j (S-M), (S-B) hold. In addition,
suppose Y = LLX for all k > 0. Let {N}i>0 be an increasing sequence such that > ;- Nik < 00
and Ny > % Then limg 00 f(xr) = f(2*) almost surely.

Proof. From Assumption [2] (a,b), f is 7-strongly convex and L-smooth. Recall that in , we
derived the following for k£ > 0.

2v 2t ||lz*|” + v3
E - * <[(1-= A — * i o L L ]
Fonn) = £ | 7 < (1= a2 ) (7o - 50 + 2202
If on 2 _ N — o 2fe Py 1 O b ) 3
v = (k) = (%), Xk & TUA LTNk,B SN, 0 Tk = 755 and {N}r>o be an increasing
2/\

sequence such that » 72 N < 0o where Ny > 72)\, (e.g. N > [Nok'*t€]) the requirements of

Lemma [3| are seen to be satisfied. Hence, f(z))— f(2*) — 0 a.s. as k — oo and by strong convexity
of f, it follows that ||z} — 2*||> — 0 a.s. O

Having presented the variable sample-size SQN method, we now consider the special case where
Nj, = 1. Similar to Proposition [I} the following inequality holds for Ny = 1:
2
VA L@ |Jzk]® + v3)
2

B (o)~ Fa7)] < £~ 16 = (1= 58 ) 1V )P +
7,§X2L(V%ka —z* + 2|2 +v2)
2

221 (902124112 + 2
)<f<ack>—f<m*>>+”’fA L S

2
< (1- 203 - ) ) (o) - ) +

12 L3 222NL
. (1—2w+w2 L 2ARNL
T T

where the second inequality is obtained by using Lipschitz continuity of Vf(x) and the strong
convexity of f(x). Next, to obtain the convergence rate of SQN, we use the following lemma [46].

10



Lemma 4. Suppose egy1 < (1 — 2ayg + yib)er + vic for all k > 1. Let v, = v/k, v > 1/(2a),

2

= |72@’Y_1_| +1 and Q(v,K) = max{W,K@K}. Then Vk > K, e, < %

Now from inequality and Lemma [4] the following proposition follows.

Proposition 2 (Rate of convergence of SQN with N, = 1). Consider the iterates generated

by the (VS-SQN)|) scheme. Suppose Assumptions @ and! (S-M),(S-B) hold. Let a = L?,

+2 <2 +2 N
b = % and ¢ = w Then, v, = 4, v > ﬁ and N = 1 the following
2C *
holds: |E [f(.%'k-_l,_l) — f(l’*)] S %’ where Q(’Y, K) £ max{m,f((f(xz() — f(.%' ))} and
K222 +1.

Qa'y 1

Remark 1. It is worth emphasizing that the proof techniques, while aligned with avenues adopted
in [0, [13, 5], extend results in [5] to the regime of state-dependent noise [13]. We also observe that
in the analysis of deterministic/stochastic first-order methods, any non-asymptotic rate statements
rely on utilizing problem parameters (e.g. the strong convexity modulus, Lipschitz constants, etc.).
Similarly, in the context of QN methods, obtaining non-asymptotic bounds also requires A and X
(cf. [5, Theorem 3.1], [3, Theorem 3.4], and [{4, Lemma 2.2]) since the impact of Hyj needs to
be addressed. One avenue for weakening the dependence on such parameters lies in using line
search schemes. However when the problem is expectation-valued, the steplength arising from a
line search leads to a dependence between the steplength (which is now random) and the direction.
Consequently, standard analysis fails and one has to appeal to more refined analysis (cf. [18, (8, [35,
43]). This remains the focus of future work.

Remark 2. Note that Assumption@ F(-,w) is L-smooth and T-strongly convex for every w and
is commonly employed in stochastic quasi-Newton schemes; cf. [3, [7, [30]. This is necessitated by
the need to provide bounds on the eigenvalues of Hy. While deriving such Lipschitz constants is
challenging, there are instances when this is possible.

(i) Consider the following problem.

gél)l{l f(x) 2 E 2T Q(w)r + Tx].

If one has access to the form of Q(w), then by leveraging Jensen’s inequality and under suitable
integrability requirements, one may be able to prove that f is L-smooth. More generally, if V, f(z) =
E[Vef(z,w)] and V4 f(-,w) is L(w)-Lipschitz where L(w) has finite mean given by L, then one may
conclude that f is L-smooth. We may either derive L (if we have access to the structure of L(w))
or postulate the existence of L if L(w) has finite expectation.

(ii) Suppose we consider the setting when F(-,&) is the fo-squared loss function; i.e. F(x,&) =
%(aiTx —b;)? where a; € R™ and b; € R denote the ith pair of the input and output data, respectively,
and & = (a;;b;) € R We obtain that VF(z,&) = (a;fpzv —bj)a; = (aiaiT):L‘ — ba;. This implies
that VF(-, &) is a Lipschitz continuous mapping with the parameter Le, = |la;al ||2. If € is assumed
to have finite support based on an empirical distribution, we have that

V(@) =E[VF(z,8)] ZVFx{z

11



From the preceding relation and that every sample path function is L(§)-smooth, for any x,y € R™:

SN IVF(2,&) — VF(y, &)
N

IVi(@) =Vl = [E[VF(z,&) = VE(y, &)l <

N
< Zizt llaial 2]z — yll2
—_— N .

This implies that f(z) £ E [F(z,£)] has Lipschitz gradients with the parameter L = < i]\il |a;al ||z
We, however, note that the computation of L may become costly in cases where either N or n are
massive. This can be addressed to some extent by deriving an upper bound on L as follows:

N N N
[ A 2im laial ll2 _ Yoty llaillsollailla _ max; [|ai|o , [ All p max; ||a;]| oo
4 N < N < N > laill2 < — ;
=1 N

where A € RNX™ s defined as A = [al;...;aX] and |A||r denotes the Frobenius norm of A.

3.2 Nonsmooth strongly convex optimization

Consider where f is a strongly convex but nonsmooth function. In this section, we focus on
the case where f(x) 2 h(x) + g(x), h is a deterministic, closed, convex, and proper function, ¢ is
L—smooth and strongly convex, F(-,w) is a convex function for every w, where g(z) 2 E[F(z,w)].
We begin by noting that the Moreau envelope of f, denoted by f, and defined as , retains both
the minimizers of f as well as its strong convexity as captured by the following result based on [38],
Lemma 2.19].

Lemma 5. Consider a convez, closed, and proper function f and its Moreau envelope f,. Then
the following hold: (i) x* is a minimizer of f over R™ if and only if * is a minimizer of f,(x);
(it) f is o-strongly convex on R™ if and only if f, is #-stmngly convex on R™.

Consequently, it suffices to minimize the (smooth) Moreau envelope with a fized smoothing
parameter n, as shown in the next result. For notational simplicity, we choose m = 1 but the rate
results hold for m > 1 and define fy, (z) £ h(z)+ N%c Zjvz’“l F(x,w; ). Throughout this subsection,

we consider the smoothed variant of (VS-SQN)), referred to the (sVS-SQN)] scheme, defined

next, where Hj, is generated by the (sL-BFGS) update rule, V,f;, (x)) denotes the gradient of
the Moreau-smoothed function, given by nik(ack — prox,, ¢(wg)), while V. fy, n, (7x), the gradient

of the Moreau-smoothed and sample-average function fy, (x), is defined as 77%(:3;c — Prox,, r (zx))

and Wy, = Vg fo, N (Tk) — Vafoo (75). Consequently the update rule for zj becomes the following.
Tpy1 = Tk — eHp (Ve fo, (21) + @), (sVS-SQN)
and the update rule of L-BFGS that we use in this section is as follows:

8;i=x; — Ti-1, Yi = Vafp N (%) = Vafp N (@i-1),

y~sT T y~sT sist
H;w-::<I— “) Hk7j_1<1— “>+ =, i=k—=2(m—j), 1<j<m, Vi

T T
Y; Si Y; Si Y; Si

At each iteration of (sVS-SQN)), the error in the gradient is captured by w;. We show that wy
satisfies Assumption E (NS) by utilizing the following assumption on the gradient of function.

12



2 2 2
Assumption 5. Suppose there exists vi,ve > 0 such that for all i > 1, E[||ug||? | Fr] < %

Mk Vo F (g w;
holds almost surely, where uy = Vg(x) — 2= 'Nk(xk’w]’k).

Lemma 6. Suppose Assumptions @ (a,c), and hold. Let f, denote the Moreau smoothed
2 2 2
approzimation of f and n < 2/L. Then, E[||w|? | Fi] < % for all k > 0.

Proof. We begin by noting that fx, (x) is convex. Consider the two problems:
a , 1 2
prose, (i) £ argmin | F(u) + -l — ] (12)
. 1
Prox, p. (z1,) 2 arg min [ka (u) + %ka - uHQ] . (13)

Suppose zj and z}y, denote the optimal unique solutions of and , respectively. From the
definition of Moreau smoothing, it follows that

1 1
W, = V[N (@r) = Vafy(zr) = — (2 — prox, r (z)) — 5(5% — prox;, ;(zx))

=

1
= Proxy ry (zg) — prox,%f(a:k) = ;(:c}k\,k — ),

which implies E[||wy]|? | Fi] = n%E[HxZ — Ty, I? | F&]. The following inequalities are a consequence
of invoking strong convexity of f, convexity of fy, and the optimality conditions of and :

i)+ gk, = onl? 2 flad) + 5l —anl? + 5 (74 ) o~ i P

* 1 * 2 1 2 1 * 2
Iy (zg) + %Hwk —zxl|” = f, () + %ij‘vk — x| +%szvk —ap|”.

Adding the above inequalities, we have that

T 1

Fase) = o) + o) = FGo) > (541 ) o, — ol

From the definition of fu, (z%) and 8 = F + %, and by the convexity of F(-,w) in = for a.e. w and
and L—smoothness of function g, we may prove the following.

Bllay =y, I? < flak,) — e (ak,) + (@) = F(a)
> (9@, ) = Flak, wir) N >k (F (@, wik) — g(a})

Nk Nk
S (9(@h) + Vag@p) (@, — 25) + Sla* — ok |12 — F(a}, win) — Vo (25, win) (v, — 2})
< =1 \ I\ Tk 2\ L) T, — Ty 2 1T — T, L Wik e\ T, Wik )" \ T, — T
< N,
N * * N * * * *
St (Fag,win) —g(ap) 252 (Vag(@p) = VeF(zh,wi) (@8, —28) 1 . o 1o
- - + o — o |
N B N 2 N

= (2, — p) + 5llak — 2k, |

13



Consequently, by taking conditional expectations and using Assumption [5, we have the following.

E[Bllzy — ok, I | Fil = Bl (2, — at) | Fx] + 5Ellak — 2, |° | Fil
< ZE[axl* | Fil + (5 + 5)Elllzy — 2, II* | Fal

2 2 2
= Ellaf — o, | Ful < SE[llagl? | A < S22 ey <2/,

We may then conclude that E[||wg n, ||? | Fi] < % O

Next, we derive bounds on the eigenvalues of Hj, under strong convexity (similar to Lemma [1)).

Lemma 7 (Properties of Hj produced by (sL-BFGS)). Suppose Assumptions[1] and[9 (a,c)
hold. Let s;, y; and Hy be given by . Then Hj satisfies Property with A, = and

%= (52)"" ()

We now show that under Moreau smoothing, a linear rate of convergence is retained.

Nk
(m+n)

Theorem 3. Consider the iterates generated by the (sVS-SQNY|) scheme where mip, = n for all

k. Suppose Assumptzons 11 [A(a,c), [4(SS-M, SS- B) and [ hold. In addition, suppose m = 1,
n < min{2/L, (8(n 4+ 1)2/7)Y/3}, d £ 1 — anm) Ny & [Nog™*) for all k > 1, Ny >
A

S0tn)? () & _m? c1 = max{q,d}, and cz = min{q,d}. (i) (a) Suppose c; > ca. Then

™ A T 4(l4n)’
E[||zki1 — 2*[|%] < DT for all k where where

pa <2E[fn(330) — fo(2)]( + ?77)) N <10(1 1- 2;)]521(/12\@*”2; V%)) _
T 7nNo(c1 — ¢

b) Suppose ¢y = co. Then El||lzg11 — z*||?] < DAE+Y where d € d,1), D> —L— and
+ In(d/d)e

pa (FElhleo = HL ) (10(1+777)(2V%|Iw*\|2+V%)D>.

T 473nNod

(ii) Suppose 41 is an e-solution such that E[f(xx11) — f*] < €. Then, the iteration and oracle
complexity of computing xx+1 are O(In(1/e)) steps and O (1/€), respectively.
(iii) Suppose v = k= and Ny = [kP] where 0 < s < 1 and s < p. Suppose ¢ =

- -
d= ()‘7 + g) W, and d = w. Then for K sufficiently large, we have that

AT
2(1+n7)’

T

J

1
E [||lzx — 2*|?] < el (M') , for k> K.

14



Proof. (i) From Lipschitz continuity of V f;, and update (sVS-SQN)), we have the following:
1
Fo(@rrn) < fylaer) + V fy(en) (2o — 20) + %Hxlﬂ-l — a||?
i 2 H. (VY — 2
o [H(V fr (k) + W,z |
2
= folaer) =V fy(ar) T HLV fo(xn) =2V fo ()T Hiwg, v, + ;*nllHkan(ﬂka

= fo(@r) + Vio(ee)" (—vHe(V fo(x) + 0 n,)) +

2 2
Y _ vy _
+%||kak7Nk 12+ ?Hkvfn($k)Tkak7Nk

2 2
< falon) =79 o) HR o) - N, P IV o) EIP S HR ) P

Ay 2 72 2 Ay 2
+ o [0k, |l —i-%HHkan(l’k)H + o RN

where in the last inequality, we use the fact that 2a7b < %Haw + %wa From Lemma |§|,

2 2 2
E[||wg|? | Fi] < %. Now by taking conditional expectations with respect to Fy, using
Lemma [7] we obtain the following.

E [fp(@ks1) — fo(zr) | Fl

-2
2+2 A2\ Al + v3)
T 2 1 2
< =V fy(z) Hkvfn(»’ﬁk)JrT’ | HeV fo(xp) || +< ; +t1 722N, (14)
32 9 2 2 2
_ T p71/2 2y o\ /2 ANye o\ Avilzell” +vg)
—’van($k) Hk <_I+Hk)Hk vfn(xk)'F +Z 22N},
n n n
-2
27\ | 1/2 o, (A2 ) 8willak — =*]?)
< (1=22%) 11 d
< (1= 2R) i v e (204 1) AR
72 ¥
L (2 " L (Bt ll=*|* + 4%)
no 4 7212 Ny,
—Y  prl/2 o (o0 8(Willek —x*|1?) | (Bn\ Buvilla*||? + 405)
— g htd hdl
2 I fo (i) +(16> 7212 N, T\ 16 72102 N},
=Y prl/2 o (o0 WEllzk —a*|?) | (50 uilla*|]* +v3)
= — H —_— _— —
v+ () Al D) (1) @)

where the second equality follows from v = %. Since f, is 7/(1 + n7)-strongly convex (Lemma ,
IV fo(zi)lI? = 27/ (L+n7) (fy(2r) — fo(z*)) and fy(zx) = fy(a*) = g llok — ¥ Consequently,
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by subtracting f,(z*) from both sides by invoking Lemma |7, we obtain

E[fo(@r+1) — fo(2®) | Fi]
\ 5(12 )2 5(202 %112 2
< fol@e) — fola™) — %I!an(xk)lﬁ + (Z/l!fsnf\;: = - ( VQLQ;JLV: =

T (1+n7) (57) oy, DR[| + )
<(1- T -
- ( 1+ anyA + T 272N} (Fo(wk) = Fn2")) + 4720 Ny,

T 5v2(1 4 n1) 520 ||z*||? + v3)
< (1 ——p+ 2 — * ! 2 15
< (1- o+ M50 talow) - ey + 221 (15)
By observing the following relations,
T 5v2(1+nT 1 5v2(1 40T 1 7
— YA 1 (3 ) — YA L (3 ) S a ’YA
1+n7 27°1nNo 21—1—777' 271Ny 21497
2 2
N, > 5Vl (}L + 777—)
TNYA

5(1+n7)? (f)

Ao We have that

we may then conclude that if Ng >

T vz 2 v
Elfyoen) — le") | 5] < (1= i) (o) = foa)) + 2T,

Then by taking unconditional expectations, we obtain the following sequence of inequalities:

52via*]? + v3)

BUyonn) ~ e < (1= g 5d ) Bl = fyle] + 2T

G 2 5@ P+ 13)
- (1_ 8(n+1)"+1(1+m)>E[f’7(xk>—fn(x N+ N (19)

where the last equality arises from choosing A = - +n, A = X7 (by Lemma (7| for m = 1), v =

1
% = 4&;1) and using the fact that N > Ny for all K > 0. Let d £ (1 — %) and
nt1\ 1/(n+2)
by & %. Then for n < % (% , we have d < 1. Furthermore, by recalling

that Nj, = [Nog~"], it follows that by < W we obtain the following bound from .

K
E (fy(wrs1) = Fo(a™)] < dXHELfy(20) = fy(@)] + Y _d" b
i=0

K

522 ||z* || + v3) o
< K+1E _ * 1 2 2 K—1 i

We now consider three cases.
Case (1) ¢ < d. If ¢ < d, then S35 dK~ Zqz a5 K (g/d) < d¥ (ﬁ) Since f, retains

the minimizers of f, mek —2*||2 < fy(zr) — f(x*)) by strong convexity of f,, implying the
following.
T 522 ||z* || + v3)
- K K12 < dK+1E _ * K 1 2
2(1 + ,’77_) [”xKJrl Z || ] = [fr](-rO) f’](‘r )] 47_2,,7]\]—0 (1 — (]/d)
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Dividing both sides by T the desired result is obtained.

1+n 7)’

o e (2ELfy(0) = e 0m)\ | 10014 @AR 1P+ 2) e
]SC”( B >+d TP 7 R

<2E[f7,(x0) — fu(a9)](1 +777)> n (10( +7) (207 || |* + v3 )> '

Ellzk1 — 27|

where D £

T 4737 No(d — q)
Case (2) ¢ > d. Similarly, if d < ¢, E[||zx 1 — 2*|?] < D¢+ where

DA <2E[fn(wo) — fo(z)]( + 777)> n <10(1 +4?7§7)7§\27V(12q\\$*!c!; + V%)) _
T 71 No(q —

Case (3) ¢ = d. Then, we have that

K

iy 1 L
S di g = (K +1)d < (K + 1)d*t < IDd"
i=0
where d € (d,1) and D > ln(cil/d)E' Consequently, we have that E[||zx 1 — 2*|?] < DA%+ where

DA <2E[fn(900) — fo(a?)](1 + m)) N (10(1 + mI?gijllrx;Hz - u%)f?> .
T T 0

(ii) To find an 41 such that E[|xx41 — 2*||?] < ¢, suppose d < ¢ with no loss of generality.
Then for some C' > 0, C¢¥ < ¢, implying that K = [logy/4(C/e€)]. 1t follows that

1) (1 bgl/q(%)
K 1+logy /o (F) (6) <5) -1 (9)
NS DY NogF=1N No
k=0

k=0

(Wq—1) < Nog =, =00/e).

(iii) Similar to and we can obtain:

2k XQ 2 (12 2
E [fy(2k41) — folzr) | Fe] < = (1 - T > HHl/Qan(xk)Hz (:k + Z) (Vlﬂf:;zNZ 2.

~2
. (x U n) (el [P + )

n 4 22 Ny,

= Elfy(wre1) = fy(@") | Fi] <

2’}%— A X2 2 8v2 *
b (1 - vﬂ) T + ( a1 ) s | (@) = fa(e)

~2
X ) e+ )
n 4 22Ny, )
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Since 7 is a diminishing sequence and N is an increasing sequence, for sufficiently large K we

2723\ X2 2 :
have that — =227 4 HTm ( nﬁ/"' + Z) S <1 (WAT). Therefore, we obtain:

n(1+n7) 212N, — 2 \ 1497

E [fy(zr1) = f(2") | Fil < (1= en) (f(2x) — f(27) + §-, for k > K,

<2 2 *(|2 2
where we use the fact that v, < 1 and we set ¢ = ﬁ and d = (% + g) %#. Since

Vi = kis and Ny = [kPT5] where 0 < s < 1 and p > 0, by taking unconditional expecations,

E[f,(zx) — fo(z")] < % +o0 (kip) , for k> K.

By leveraging the ﬁ—strong convexity of f,, we may claim that

12 (I +n7)d 1
E [||zx — z*|°] SW-FO w , for k> K.

4 Smooth and nonsmooth convex optimization

In this section, we weaken the strong convexity requirement and analyze the rate and oracle com-

plexity of (rVS-SQN) and (rsVS-SQN) in smooth and nonsmooth regimes, respectively.

4.1 Smooth convex optimization

Consider the setting when f is an L-smooth convex function. In such an instance, a regularization
of f and its gradient can be defined as follows.

Definition 3 (Regularized function and gradient map). Given a sequence {ux} of positive
scalars, the function f,, and its gradient V fi(z) are defined as follows for any xo € R™:

fun) 2 () + B e = w0, or any k>0, V(@) 2 VF) + e — o), for any k > 0.

Then, fu, and V f,, satisfy the following: (i) f., is px-strongly convex; (ii) f,, has Lipschitzian
gradients with parameter L+py; (111) fu, has a unique minimizer over R™, denoted by xj. Moreover,
for any x € R™ [39, sec. 1.5.2],

2pk (Fur (€)= Fu(@2)) < NV Fu (@)1 < 2(L + 1) (frue(2) = fuu (27)) -

We consider the following update rule (rVS-SQN]|), where Hj is generated by rL-BFGS
scheme.

N,
221 Val, (Tr, wjk)

N (rVS-SQN)

Th1 = Tk — Ve

For a subset of the results, we assume quadratic growth property.
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Assumption 6. (Quadratic growth) Suppose that the function f has a nonempty set X* of
minimizers. There exists o > 0 such that f(z) > f(z*) + $dist*(z, X*) holds for all x € R":

In the next lemma the bound for eigenvalues of Hj, is derived (see Lemma 6 in [48]).

Lemma 8 (Properties of Hessian approximations produced by (rL-BFGS)). Consider the

(rVS-SQN)|) method. Let Hy be given by the update rule -@D with mx, = 0 for all k, and s; and
y; are defined in . Suppose i, is updated according to the procedure @ Let Assumption. (a, b)

hold. Then the following hold.

(a) For any odd k > 2m, sky, > 0; (b) For any odd k > 2m, Hyyx = si;

n+m—1

, , _ 1 _ (mAn) (L)
(¢) For any k > 2m, Hy, satisfies Assumptzon(S}, A= IR A= =)

and N\, = )\u,:(s(ner), for scalars 5,0 > 0. Then for all k, we have that H; = H,CT and
E[Hy, | Fi]| = Hx and AXI < Hy, < A\gI both hold in an a.s. fashion.

Lemma 9 (An error bound). Consider the (VS-SQNY|) method and suppose Assumptions (S—
M), [4(S-B), [1(S) and[¢ hold. Suppose {ux} is a non-increasing sequence, and vy, satisfies

Vi < %, for all k > 0. (17)

Then, the following inequality holds for all k:

Mist?(zg, X*)

Elfuepr (@) | Fel = F5 < (0= Apwyi) (e (on) — f5) + T

2
2
(L + )\ (U7 g |)* + v3) o
. 1
+ N, Vi (18)
Proof. By the Lipschitzian property of V f,, , update rule (rVS-SQN) and Def. |3 we obtain
L+
i) < iy () + Ve (o) s — )+
T - (L + pk) o _ 2
< (@) = ¥ g (@) Hio(V frug () + 0n,85) 577 [ HE(V fpu (21) + 0en )1, (19)
Term 1 Term 2

S (Vi Fy, (20(w;.0)) =V fouy (1))

where wy, N, = . Next, we estimate the conditional expectation of

N
Terms 1 and 2. From Assumption [I, we have

Term 1=V fu, (zx) " HyV fu, (25) + V fr (@) Hiwp vy, > AV fup (@6) 1?4 V f, (2r) T Hiwp v, -

Thus, taking conditional expectations, from , we obtain

E[Term 1 | Fi] > AV foup (21) |12 + B[V foup (21) " Hywp v, | Fi
= MV fu @) 1P + Y fuy (1) T HeE[ g, | Fir] = AV fy (20117, (20)
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where Elwy n, | Fi] = 0 and E[H}, | Fi] = Hy, a.s. Similarly, invoking Assumption [I[(S), we may
bound Term 2.

_ _ - 2 _
Term 2 = (V fu, (xk) + Wen, ) HY (V fu (@) + Wreon,) < M 1V fug () + g ||
- 2 _ _
=N (IV fu @) II” + 0,51 + 2V fu (@) T 0r v, ) -

Taking conditional expectations in the preceding inequality and using Assumption 4| (S-M), |4{ (S-B),
we obtain

~2 _
E[Term 2 | Fi] < X (IIV i (@) 7 + Ell 0 1 | Fi]
TR 32 2
+ 2 fuy o) Blan, | 73]) < 5 (VA (el +

By taking conditional expectations in , and by 7,

(L + )
2

Al + ) |

Nk (21)

2 2 2
—92 ville =+ v
Elfu (1) | Fi] < Fun (02) — 9 Vpin () |2 + X 1”’“”2)

o2 (19 o2+ 2122

+A

<2
WA A (Lt ) 52 (L A+ ) R nl® + v3)
< fuule) = 22V ()P (2— e R :

A 2 Ny,

From , Vi < ﬁ for any k£ > 0. Since {ux} is a non-increasing sequence, it follows that
k Ho

~2
A A L
< = 2— Kk (L + ) >

1.
72 -
Ae(L + pix) A

Hence, the following holds.

YEA 2 (L + ) Wi llzwl” + v3)
Elfu (Ter1) | Fil < foup,(z) — 7“vflik(xk)‘|2 + Ak 5 o N, :
(iii) in Def.[g] (L—i—,uk) ’}/z(l/le:L’k’P +V22)

< o) = Ao () = F () + R —

By using Definition [3| and non-increasing property of {us},

Elf i @rpr) | Fil < Elf (211) | Fi] =

Term 3

(L 20,2 2., 2
Bl (1) | 730 < (020~ Meon (o)~ Fun ) + 2 ) 0T 202)

Next, we derive a lower bound for Term 3. Since z} is the unique minimizer of f,,, we have
fur (%) < fu. (). Therefore, invoking Definition |3} for an arbitrary optimal solution z* € X*,

fue@r) = fu@) = fu(00) = fu @) = fuaw) = 7 = B 2" = o2

(22)

From the preceding relation and , we have

Allz* — @ol|2udvi
2

E[fuk+1 (xk+1) ‘ fk] < ka (xk) - A/Jk’YkE[fuk(xk) - f*] =+

-2
n (L + p) A (V|| + v3) i
2N}, ’
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By subtracting f* from both sides and by noting that this inequality holds for all z* € X* where
X* denotes the solution set, the desired result is obtained. ]

We now derive the rate for sequences produced by (rVS-SQN)] under the following assumption.
Assumption 7. Let the positive sequences { N, Vk, ik, ti} satisfy the following conditions:

(a) {ux},{ v} are non-increasing sequences such that g, v — 0; {tx} is an increasing sequence;

32 2.2 ~ ~
(b) <1 — )\Mk’Yk-l-W) tpr1 < ti, Yk > K for some K > 1;

—26 (n+m)
(C) Zk ():U’k;’thk—‘rl = Cp < 005 (d) ZOO Wtk.ﬁrl =1 <00y

Theorem 4 (Convergence of (rVS-SQN) in mean). Consider the (rVS-SQN|) scheme and
suppose Assumptions |1 l (S-M), [4(S-B), |1(S), @ and@ hold. There exists K > 1 and scalars ¢y, ¢

(defined in Assumption |7) such that the following inequality holds for all K > K +1:
Co+C1

™ (23)

Elf(zx) — f7]

IN

B (o) = )+

Proof. We begin by noting that Assumption (a,b) implies that holds for k > K, where K
is defined in Assumption (b) Since the conditions of Lemma |§| are met, taking expectations on
both sides of :

Adist?(z, X*) o

Elfuea (@) = F7] < (0= M) Bl fp (wr) = T+ == 1w
(L + po) (VR lme — 2 + 2% + V2)’Y;% VE > K.
2Nj

Now by using the quadratic growth property i.e. |z —2*||> < 2 (f(2) — f(2*)) and the fact that
llzg — 2% + 2*||2 < 2|2k — 2¥]|? + 2||2*||?, we obtain the following relationship

~2
. 2(L + po)\v3v? . Adist?(z, X*
Bl (211) — 1] < (1—>\umk+ LIRS ) g, o) — 1)+ 2T

~2
4 L)@ 4 03)
2Ny,

By multiplying both sides by tx41, using Assumption (b) and \, = )\u’;S(ner), we obtain
A —28(n+m)

* * 2
1 Bl fupr (@re1) = 1] < 6B fu (1) — 1]+ Arpfvetiss + kT’w%tkﬂa (24)

where A; £ % and Ay £ (L+“O))‘2(2Z%Hx*||2+yg). By summing from k = K to K — 1,

for K > K + 1, and dividing both sides by tx, we obtain

K-1 K-1 —25(n+ -1
+ 2k A i + 2 iz A2k, o m)'VI%thrlNk
ti tx
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From Assumption (c d), ZkK 1% ( mk’yktkﬂ + Aoy, (n+m)713 t}c\#) < Aicy+ Asci. Therefore,
) < fu

by using the fact that f(x « (TK), we obtain

Elf(zx) — f*] < EE[fuy (wg) — £ + 20, O
We now show that the requirements of Assumption [7] are satisfied under suitable assumptions.

Corollary 1. Let Nj, = [Nok®], Vi = Yok, px = pok™¢ and ty, = to(k—1)" for some a,b,c, h > 0.

Let 25(m+n) = ¢ fore > 0. Then Assumptionﬁholds ifa+2b—ce>b+ec, NOZ%, b+
c<1l,h<1,b+2c—h>1anda+2b—h—ce>1. B

Proof. From Nj, = [Nok®| > Nok®, v = fyok_b and ur = pok™ ¢, the requirements to satisfy
Assumption [7] are as follows:

(a) limp_s00 Y0k ™% = 0,1limy_o0 pok ¢ =0 < b,c >0 ;

— tg41

-2
(b) <1 - AuwarW) < o (1— o+ k) < (1— 1/k)". From the Taylor

expansion of right hand side and assuming h < 1, we get (1 — # + W%CE) <1—M/k for

- ~2
some M > 0 and Vk > K which means <1 — /\uk’yk—l—z(Lﬂj\(}W) S e h<1l b+c<

- k

2,2
1, a+2b—ce>b+cand No:%?#;

(€) DortoHiprther < 00 < Y020 mrrer <00 & b+2c—h > 1

—25(n+m)
Ky o 1
(d) ?OTktk+1<OO<:Zk OW<OO¢>@+2() h—C€>1

O]

One can easily verify that a =2+¢,b=candc=1— %5 and h = 1 — ¢ satisfy these conditions.
We derive complexity statements for (rVS-SQNY|) for a specific choice of parameter sequences.

Theorem 5 (Rate statement and Oracle complexity). Consider the rVS SQN|) scheme and
suppose Assumptions l I(S M), I(S B), I(S) @ and |7 hold. Suppose v = yok™°, ur = pok™,
2t =to(k — 1) and Ny & [Nok®] whereNo—%?#,a—2+€,b—€ andc—l—ge and
h=1-—e¢.

(i) Then the following holds for K > K where K > 1 and C & Jup(xg) — [

B{f(ax) - £1) < CE 0

(ii) Let € > 0 and K > K + 1 such that E[f(xk)] — f* < e. Then, 5o Np < O (ef%z).

(25)

Proof. (i) By choosing the sequence parameters as specified, the result follows immediately from
Theorem (ii) To find an xx such that E[f(xx)] — f* < € we have % < € which implies

. 1
that K = [(%) '"*]. Hence, the following holds.

1 3+¢
K 14+(C/e)1=2 1+(C/€)ﬁ 2N, (1 + (C/e)l%s) .
ZNk < Z 2Nk>te < 2N0/ 227 do = 3 <0 (6*1,5> )
k=0 k=0 0 +e
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One may instead consider the following requirement on the conditional second moment on the
sampled gradient instead of state-dependent noise (Assumption .

Assumption 8. Let wyn, = Vuf(zx) — ;! 1%;\2(% “ik)  Then there exists v > 0 such that
E[||@gn, |1 | Fr] < ]'Q—i and E[wg N, | Fr] = 0 hold almost surely for all k, where Fy, = o{xo,1,...,Tk_1}

By invoking Assumption [8, we can derive the rate result without requiring a quadratic growth
property of objective function.

Corollary 2 (Rate statement and Oracle complexity). Consider (rVS-SQN)|) and suppose

Assumptions (S), @ and@ hold. Suppose v, = ok, pr = pok~¢, tp = to(k — 1)* and
Ni = [k*] wherea=2+¢,b=candc=1—3c andh=1—¢.

(i) Then for K > K where K > 1 and C' & fuz(@g) = Elf(zx) —
and K > K + 1 such that E[f(zx)] — f* < e. Then, YK (N <O (

g St (i) Let e > 0

Remark 3. Although the oracle complexity of is poorer than the canonical O(1/€%),
there are several reasons to consider using the SQN schemes when faced with a choice between
gradient-based counterparts. (a) Sparsity. In many machine learning problems, the sparsity prop-
erties of the estimator are of relevance. However, averaging schemes tend to have a detrimental
impact on the sparsity properties while non-averaging schemes do a far better job in preserving
such properties. Both accelerated and unaccelerated gradient schemes for smooth stochastic convex
optimization rely on averaging and this significantly impacts the sparsity of the estimators. (See
Table |0| in Section @ (b) Ill-conditioning. As is relatively well known, quasi-Newton schemes do
a far better job of contending with ill-conditioning in practice, in comparison with gradient-based

techniques. (See Tables[q and[1(] in Section[5])

4.2 Nonsmooth convex optimization
We now consider problem ({1)) when f is nonsmooth but (¢, 5)-smoothable and consider the (rsVS-SQN))
scheme, defined as follows, where Hj, is generated by rsL-BFGS scheme.

N,
Z , V Fnka#k(xk7wj7k)
Ny, '

Tyt = T — Vi Hy (rsVS-SQN)

Note that in this section, we set m = 1 for the sake of simplicity but the analysis can be extended
to m > 1. Next, we generalize Lemma[§]to show that Assumption [I]is satisfied and both the secant
condition (SC) and the secant equation (SE). (See Appendix for Proof.)

Lemma 10 (Properties of Hessian approximation produced by (rsL-BFGS)). Cons-

ider the (rsVS-SQNY|) method, where Hy, is updated by -@, s; and y; are defined in and M
and py are updated according to procedure @ Let Assumptz’on@ holds. Then the following hold.

(a) For any odd k > 2m, (SC) holds, i.e., sfyk > 0;

(b) For any odd k > 2m, (SE) holds, i.e., Hyyr = Sk.
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(c) For any k > 2m, Hjy, sajfisﬁes Assumption (NS) with A\, = m and

. n+m-—1 5 S \yn+m—1 —=

A\ = o] ( 1)51/(211:5?) , for scalars 6,6 > 0. Then for all k, we have that Hy = H]
n—1)!p,

and E[Hy | Fi] = Hy, and M\ < Hy = A\ I both hold in an a.s. fashion.

We now derive a rate statement for the mean sub-optimality.

Theorem 6 (Convergence in mean). Consider the (rsVS-SQNY|) scheme. Suppose Assumptions
(3 [ (NS-M), [{|] (NS-B), [1] (NS), and [6 hold. Let v, = ~, . = p, and i = n be chosen such

_ — A Xy w(Auy—C/Ni) S
that holds (where L = 1/n). If Tx = S E T (0o —C/Ne) then holds for K > 1 and

-2
O = 20\ viy?
= ST

K-1 .

C _ . . Adist (zg, X*

(K)\M’Y > Nk> Efyu(Zr) = ] < Elfyu(wo) — f*]+ 0B + (ZO)MZ’YK
k=0

= (L4 )X vl + v3)7

2Nin

+ (26)

k=0

Proof. Since Lemma |§| may be invoked, by taking expectations on both sides of , for any
Nk (Vo F, )=V
k > 0 letting wy N, = 521 (Vo Fog vy (x’;\}:]’k) f"k’”k(xk)), and by letting A £

n+m—1 1 5 S\n+m—1 . . .
e (n_1>(mfz+fn§%) , using the quadratic growth property i.e. ||z, —z*||> < 2 (f(z) — f(z))

and the fact that ||z — 2* + 2*[|? < 2||x — 2¥||? + 2||z*||?, we obtain the following

1N A
(m+n)(1/n04us)’

AMdist? (zg, X*)

32,242

aNgn

E[fpu(@rs1) — f7] < <1 — Auy+

72 %
(14 pp) X" uvi]la*||* + v3)~*
2Ngn

_|_

2
2(1 N viq?
N (Am— (L+ pm)A viy

aNgn > Elfou(zr) = f] S Elfpu(@e) — ] = Elfpu(@ee) — ]

Mdist? (20, X"y | (1+ )X 20327 |)% + v3)r?
+ + :
2 2N,

Summing from k£ = 0 to K — 1 and by invoking Jensen’s inequality, we obtain the following

K-1
<K)\,U7_ Z Ji) E[fn,u(jl() - f*] < E[fn,u(fc()) - f*] - E[fn,u(xK) - f*]

k=0
Mist?(zo, X*) &= (14 )X (202 |? + 1)y
R LEDY ’
2 — 2Ngn
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_ 204N vy oA Tig mQu—C/Ny) < 2
where C' = o and T = S ET (V) Since E[f(x)] < E[f,(x)] + n.B* and

ful@) = f(2) + §llz — 20||?, we have that —E[fy . (vx) — f*] < —Elfu(zx) — f*] +nB* < B>
Therefore, we obtain the following:

K-1
<K)\,U'7_ Z Ji) E[fn,u(jl() - f*] < E[fn,u(fUO) - f*] + 7732

k=0
. * K-1 32 *
M0, X o R N @2+ 8)?
2 — 2Ngn

We refine this result for a set of parameter sequences.

Theorem 7 (Rate statement and oracle complexity). Consider (rsVS-SQN)|) and suppose

Assumptions @ (NS-M), |4| (NS-B), |1] (NS), and@ hold, y&c, K=Y/3%¢ yAK-1/3 n & gK=1/3
A a N c 2(1+pm)N 3>

and Ny = [No(k+1)%], where £ = 5, ¢ >0, Ng > 57, C = ="~ and a > 1. Let

(i) For any K > 1, E[f(Zg)] — f* < O(K~/3).
(2+2)
(ii) Let € > 0, a = (1+¢€), and K > 1 such that E[f(Zxk)|— f* < €. Then, Z?:o N, <O (e s )

Proof. (i) First, note that for a > 1 and Ny > ﬁ we have Zf:iol ]\% < 00. Therefore we can let
Cy 2 5:—01 ]\% Dividing both sides of by KApuy—Cjy and by recalling that f,(z) < f(z) <
fn(x) +nB% and f(z) < fu(x), we obtain
* Adi t2 zo,X*
Elfulee) ~J7, 0B | Al
KApy—=Cy KApy—Cy KApuy—=Cy

-2
K—1 (L+pp)X”(2vd|la*]2+v3)y?
ICZO 2Nk’l7

KApy—Cy

Elf(zrx) =[] <

+ +nB2.

Note that by choosing v = ¢, K~V/3+% s = K~1/3 and n = K~'/3, where & = 5/3¢, inequality
is satisfied for sufficiently small c,. By choosingN}, = [No(k + 1)*] > No(k+2)® for any a > 1 and
Ny > /\L, we have that

ALY
K-1 K-1 1—a
1 K
3 <1 1)z < 1
1) = +/O (x+1)%dx < +1
k=0
C nB° CoM®y K Cs(1+ pm) X’

— E[f(zK) — ] (1+ K7 +0B%

< +
KMiy—=Cy  KMuy—Cy - KMuy—Cy  No(Kpy—Cy)

T2 * *
where C1 = E[fu(zo) — f*], C2 = M and C3 = W Choosing the parame-

1 = —1 - = 6 = _6/3 B\ =
ters v, u alnd 157 aj stateld and noting that A T TGYEES On°) O(K~%°) and A
m+n)ntm—1(1 + n+m— —§(ntm— 5(n+m) o
: : (n—l)(!;L{ZanF)%) =0 okm=1)/n ) =

O(K?/3), where we used the assumption
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that § = —=— and § = 2. Therefore, we obtain E[f(Zx) — f*] < OK~1/375/3 +5/3) +
O(K72/375€/3+5/3) + O(Kfl/B) + O(K72/3+3€) + O(Kfl/?:) — O(Kfl/:}).

(ii) The proof is similar to part (ii) of Theorem O

Remark 4. Note that in Theorem[7] we choose steplength, reqularization, and smoothing parameters
as constant parameters in accordance with the length of the simulation trajectory K, i.e. ~y,u,1n
are constants. This is akin to the avenue chosen by Nemirovski et al. [33] where the steplength is
chosen in accordance with the length of the simulation trajectory K.

Next, we relax Assumption |§| (quadratic growth property) and impose a stronger bound on the
conditional second moment of the sampled gradient.

Assumption 9. Let wy n, = Vo o (k) — Then there exists v > 0 such that

N,
Zj:kl Vank (wkij,k)
N :

E[ll@g 5 |1* | Fi) < E—i and E[wg N, | Fr] = 0 hold almost surely for all k and n > 0, where
.7'—k = J{:Eo,ibl, ce ,l‘k_l}.

Corollary 3 (Rate statement and Oracle complex1ty) Consider the l) scheme
Suppose Assumptions ﬁ I (NS) and@ hold and ~= ey K™ 13+e W AK-Y3 n & K13 and N, 2
[(k+1)"], where £ £ %, >0 and a > 1.

(i) For any K > 1, IE[f( &) — f* < O(K3).

(2+¢)
(i1) Let € > 0, a = (1+¢), and K > 1 such that E[f(Zx)]— f* < €. Then, ZkK:() N, <O <61/3>

Remark 5. It is worth emphasizing that the unavailability of problem parameters such as the Lip-
schitz constant and the strong convexity modulus may render some methods unimplementable. I
fact, this is a prime motivation for utilizing smoothing, reqularization, and diminishing steplengths
in this work; smoothing and regularization address the unavailability of Lipschitz and strong con-
vexity constants, respectively while diminishing steplengths obuviate the need for knowing both sets
of parameters. Remark 2 cover some instances where such constants may indeed be available. We
briefly summarize avenues for contending with the absence of such parameters.

1. Absence/unavailability of Lipschitz constant in strongly-convex regimes (sVS-SQN). In the
absence of a Lipschitz constant but in the presence of strong convexity, we propose two distinct
avenues. We can employ Moreau-smoothing with fized parameter n or iterative smoothing
which relies on a diminishing sequence {ni}. This framework relies on a modified L-BFGS
update, referred to as smoothed L-BFGS and denoted by (sL-BFGS). This case is discussed
in section 3.2 and the main results are provided by Theorem 3.

2. Absence/unavailability of strong convexity constants in smooth regimes (rVS-SQN). If the
problem is either merely convex or has an unknown strong convezity modulus but satisfies L-
smoothness, then we present a reqularization scheme, extending our prior work in this area to
the variance-reduced arena. The resulting scheme, referred to as the reqularized VS-SQN and
denoted by (rVS-SQN ), is reliant on the analogous L-BFGS update. This case is discussed
in section 4.1 and the main results are provided by Theorems 4 and 5.

3. Absence/unavailability of Lipschitz constants and strong convexity constants. If both the
Lipschitz and the strong convexity constants are unavailable, then we may overlay smoothing
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and regularization. This requires a reqularized and smoothed L-BFGS update, referred to as
(rsL-BFGS), and the resulting scheme is referred to as the reqularized smoothed VS-SQN
and denoted by (rsVS-SQN). This case is discussed in section 4.2 and the main results are
provided by Theorems 6 and 7.

4. Addressing unavailability of Lipschitz and strong convexity constants via diminishing steplength
schemes. One may also obviate the need for knowing the constants by utilizing diminishing
steplength sequences. This allows for deriving rate statements for a shifted recursion via some
well known results on deterministic recursions. This has now been added in Theorem 1 (iii)
((VS-SQN) in the smooth and strongly convex regime) and Theorem 3 (iii) ((sVS-SQN)

in the nonsmooth and strongly convez regime).

5. Stochastic line-search techniques. One avenue to contend with the absence of Lipschitzian
guarantees lies in leveraging line-search techniques in stochastic regimes [22, 8, (35, [/3]. This
remains a goal of future work.

5 Numerical results

In this section, we compare the behavior of the proposed VS-SQN schemes with their acceler-
ated /unaccelerated gradient counterparts on a class of strongly convex/convex and smooth /nonsmooth
stochastic optimization problems with the intent of examining empirical error and sparsity of esti-
mators (in machine learning problems) as well as the ability to contend with ill-conditioning.
Example 1. First, we consider the logistic regression problem, defined as follows:

(LRM)

N
) 1
min f(z) = ¥ len (1 +exp (—uf 2v;)) ,
1=
where u; € R™ is the input binary vector associated with article ¢ and v; € {—1, 1} represents the
class of the ith article. A p-regularized variant of such a problem is defined as follows.

N
. 1
nin flz) £ N ; In (1 + exp (—u] zv;)) + %HQZHQ (reg-LRM)
We consider the SIDO0 dataset [25] where N = 12678 and n = 4932.
(1.1) Strongly convex and smooth problems: To apply (VS-SQN]), we consider (Reg-LRM)
where the problem is strongly convex and p = 0.1. We compare the behavior of the scheme with

an accelerated gradient scheme [21] and set the overall sampling buget equal to le4. We observe

that (VS-SQN|) competes well with (VS-APM). (see Table (3| and Fig. [2| (a)).

SC, smooth SC, nonsmooth (Moreau smoothing)
VS-SQN [ VS-APM sVS-SQN [ sVS-APM
sample size: Ny pF pF lq~F] lq~F]
steplength: vz 0.1 0.1 s s
smoothing: g - - 0.1 0.1
flxk) 5.015e-1 5.015e-1 8.905e-1 1.497e4-0

Table 3: sido0: SC, smooth and nonsmooth

27




SC, smooth SC, nonsmooth (Moreau smoothing)
VS-SQN [ VS-SQN | VS-SQN [ sVS-SQN [ sVS-SQN [ sVS-SQN
sample size: Ny, pF k k2 lg~F] k k2
steplength: g 0.1 1/vVk 1/vVk n: 1/Vk 1/Vk
smoothing: ny - - - 0.1 0.1 0.1
f(zr) 5.015e-1 5.019e-1 5.098e-1 8.905e-1 1.358e+0 8.989%e-1

Table 4: sido0: SC, smooth and nonsmooth

Next, in Table we compare the behavior of (VS-SQN) in constant versus diminishing
steplength regimes and observe that the distinctions are modest for these problem instances.
(1.2) Strongly convex and nonsmooth: We consider a nonsmooth variant where an ¢; regu-
larization is added with A = u = 0.1:

N
) 1
;rel%g{r}l : NZ (1+E (—uf 2v;)) —i—%HxH2+)\HmH1. (27)

From [2], a smooth approximation of ||z||; is given by the following

iHn(l“z‘): x2 /2, if |z §77,

prt |zi| —n/2, o.w.
where 7 is a smoothing parameter. The perfomance of is shown in Figure [2[ (b) while
parameter choices are provided in Table [3| and the total sampling budget is 1e5. We see that
empirical behavior of and is similar to (VS-APM) [2I] and (rsVS-
APM) [21], respectively. Note that while in the strongly convex regimes, both schemes display
similar (linear) rates, we do not have a rate statement for smoothed (sVS-APM) [21].

\ —Vs-SaN. 4 —1VS-AQN —rsVS-SQN
\ ~ - VS-APM [ e N SV ) - SVS-APM
pe

N
o
fx,)

1 S 08

05
10" 10% 10° 0 100 200 300 400 500 600 700 10° 10" 10? 10° 10* 10° 0 20 40 60 80 100 120
#of iterations # of iterations #of iterations # of iterations

Figure 2: Left to right: (a) SC smooth, (b) SC nonsmooth, (c) C smooth, (d) C nonsmooth

(1.3) Convex and smooth: We implement on the (LRM) problem and compare the
result with VS-APM [21] and r-SQN [48]. We again consider the SIDO0 dataset with a total budget
of 1eb while the parameters are tuned to ensure good performance. In Figure [2[ (c) we compare
three different methods while the choices of steplength and sample size can be seen in Table bl We
note that (VS-APM) produces slightly better solutions, which is not surprising since it enjoys a rate
of O(1/k?) with an optimal oracle complexity. However, is competitive and appears
to be better than (r-SQN) by a significant margin in terms of the function value. In addition, the
last three columns of Table [4] capture the distinctions in performance between employing constant
versus diminishing steplengths.
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convex, smooth convex, nonsmooth
rVS-SQN [ r-SQN [ VS-APM || rsVS-SQN [ sVS-APM
sample size: Ny k2Fe 1 k2te (k+1)TFe (k+1)TFe
steplength: ~i k—e Ek—2/3 1/(2L) K—1/3+e 1/(2k)
regularizer: g E2/3e—1 E—1/3 - K-1/3 -
smoothing: ny - - - K—1/3 1/k
flzk) 1.38e-1 2.29e-1 9.26e-2 6.99e-1 7.56e-1

Table 5: sido0: C, smooth and nonsmooth
(1.4.) Convex and nonsmooth: Now we consider the nonsmooth problem in which A = 0.1.

min

N
1
min f(x) = N Zln (1+exp (—uZT:wZ)) + Allz||1-

i=1
We implement rsVS-SQN scheme with a total budget of le4. (see Table|5|and Fig. [2[(d)) observe
that it competes well with (sVS-APM) [21], which has a superior convergence rate of O(1/k).
(1.5.) Sparsity We now compare the sparsity of the estimators obtained via scheme
with averaging-based stochastic gradient schemes. Consider the following example where we con-
sider the smooth approximation of ||.||1, leading to a convex and smooth problem.

N n
;rel]% f(z) = %Z In (1 + exp (—u;fxvl)) + )\Z \/ 22+ A,
i=1 i=1

where we set A = le-4. We chose the parameters according to Table[5] total budget is 1e5 and ||z ko
denotes the number of entries in 2 that are greater than le-4. Consequently, ng = n — |lzk||o
denotes the number of “zeros” in the vector. As it can be seen in Table [6] the solution obtained
by is significantly sparser than that obtained by (VS-APM) and standard stochastic
gradient. In fact, SGD produces nearly dense vectors while produces vectors, 10% of
which are sparse for Ay = 1le-6.

(28)

rVS-SQN | (VS-APM) | SGD
Nlc k,2+e k2+e 1

# of iter. 66 66 leb
ng for Ao = le-5 144 31 0
ng for Ao = le-6 497 57 2

Table 6: sido0: Convex, smooth

Example 2. Impact of size and ill-conditioning. In Example 1, we observed that (rVS-SQN)
competes well with VS-APM for a subclass of machine learning problems. We now consider a
stochastic quadratic program over a general probability space and observe similarly competitive

behavior. In fact, (fVS-SQN] often outperforms (VS-APM) [2I] (see Tables [7] and [§). We

consider the following problem.

1
min E | =27 Q(w)z + c(w)lz|,
TeR™ 2

where Q(w) € R™ " is a random symmetric matrix such that the eigenvalues are chosen uniformly
at random and the minimum eigenvalue is one and zero for strongly convex and convex problem,
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[VS-SQN) (VS-APM) EVS-SQN) (VS-APM)
n | E[ () f@)] | Ef @) — @) n | B @n) — @] | Bl @) — @]
20 3.28e-6 5.06e-6 20 9.14e-5 1.89e-4
60 9.54e-6 1.57e-5 60 2.67e-4 4.35e-4
100 1.80e-5 2.92e-5 100 5.41e-4 8.29e-4

Table &: Convex:
(rVS-SQN)) vs (VS-APM)

Table 7: Strongly convex:

(VS-SQN) vs (VS-APM)

respectively. Furthermore, ¢, = —Q(w)z?, where z° € R™*! is a vector whose elements are chosen
randomly from the standard Gaussian distribution. In Tables[Jand [10, we compare the behavior of
and (VS-APM) when the problem is ill-conditioned in strongly convex and convex
regimes, respectively. In strongly convex regimes, we set the total budget equal to 2e8 and maintain
the steplength as equal for both schemes. The sample size sequence is chosen to be Nj, = [0.997%],
leading to 1443 steps for both methods. We observe that as m grows, the relative quality of the
solution compared to (VS-APM) improves even further. These findings are reinforced in Table
where for merely convex problems, although the convergence rate for (VS-APM) is O(1/k?)
(superior to O(1/k) for (rVS-SQN]), (rVS-SQN)]) outperforms (VS-APM) in terms of empirical
error. Note that parameters are chosen similar to Table

B an) — 7 ()] Efan) — 7))

K (VS-SQN), m =1 (VS-SQN), m =10 (VS-APM) L (rVS-SQN), m =1 (rVS-SQN), m = 10 (VS-APM)
leb5 9.25e-4 2.656e-4 2.600e-3 le3 4.978e-4 1.268e-4 1.942e-4
le6 9.938e-5 4.182e-5 4.895e-4 led 3.288e-3 2.570e-4 3.612e-2
le7 1.915e-5 1.478e-5 1.079e-4 leb5 8.571e-2 3.075e-3 2.794e+0
1e8 1.688e-5 6.304e-6 4.135e-5 1le6 3.367e-1 3.203e-1 4.293e4-0

Table 9: Strongly convex: Table 10: Convex:
Performance vs Condition number (as m changes) Performance vs Condition number (as m changes)

Example 3. Constrained Problems. We consider the isotonic constrained LASSO problem.

xn}a

where A = [4;]7_, € R™*P is a matrix whose elements are chosen randomly from standard Gaussian
distribution such that the AT A = 0 and b = [b;]}_; € R? such that b = A(xo + o) where o € R" is
chosen such that the first and last % of its elements are chosen from U([-10,0]) and U([0,10]) in
ascending order, respectively, while the other elements are set to zero. Further, ¢ € R" is a random
vector whose elements are independent normally distributed random variables with mean zero and
standard deviation 0.01. Let C' € R"~!1*" be a matrix that captures the constraint, i.e., C(i,i) = 1
and C(i,i+1) = —1 for 1 < i < n—1 and its other components are zero and let X = {z : Cz < 0}.
Hence, we can rewrite the problem as mingepn f(z) := 3 Y0, [|[Aiz — b;||> + Ix (x). We know
that the smooth approximation of the indicator function is Zy , = ﬁdg((:n) Therefore, we apply

(rsVS-SQN) on the following problem

(29)

x=[x;]? | ER" =1

. 1<
min {QZ”A’L':U_bz’HQ\ﬂUl <z <...<

_ 1< 1
min f(z) £ 3 Z | Asz — bi||* + %di(w)- (30)
=1

reR”™

Parameter choices are similar to those in Table [5| and we note from Fig. (3| (Left) that empirical
behavior appears to be favorable.
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Figure 3: Left: (sVS-SQN) Right: (sVS-SQN]|) vs. BEFGS

Example 4. Comparison of (s-QN) with BFGS In [24], the authors show that a nonsmooth
BFGS scheme may take null steps and fails to converge to the optimal solution (See Fig. [1)) and
consider the following problem.

1
min ~||z||* + max{2|z1| + x2, 322}
z€R2 2

In this problem, BFGS takes a null step after two iterations (steplength is zero); however (s-QIN)
(the deterministic version of (sVS-SQN])) converges to the optimal solution. Note that the optimal
solution is (0, —1) and (s-QN) reaches (0, —1.0006) in just 0.095 seconds (see Fig. 3| (Right)).

6 Conclusions

Most SQN schemes can process smooth and strongly convex stochastic optimization problems and
there appears be a gap in the asymptotics and rate statements in addressing merely convex and
possibly nonsmooth settings. Furthermore, a clear difference exists between deterministic rates and
their stochastic counterparts, paving the way for developing variance-reduced schemes. In addition,
much of the available statements rely on a somewhat stronger assumption of uniform boundedness
of the conditional second moment of the noise, which is often difficult to satisfy in unconstrained
regimes. Accordingly, the present paper makes three sets of contributions. First, a regularized
smoothed L-BFGS update is proposed that combines regularization and smoothing, providing a
foundation for addressing nonsmoothness and a lack of strong convexity. Second, we develop a vari-
able sample-size SQN scheme for strongly convex problems and its Moreau smoothed
variant for nonsmooth (but smoothable) variants, both of which attain a linear rate
of convergence and an optimal oracle complexity. To contend with the possible unavailability of
strong convexity and Lipschitzian parameters, we also derive sublinear rates of convergence for
diminishing steplength variants. Third, in merely convex regimes, we develop a regularized VS-
SQN and its smoothed variant for smooth and nonsmooth problems
respectively. The former achieves a rate of O(1/K1¢) while the rate degenerates to O(1/K/3-¢)
in the case of the latter. Finally, numerics suggest that the SQN schemes compare well with their
variable sample-size accelerated gradient counterparts and perform particularly well in comparison
when the problem is afflicted by ill-conditioning.

31



References

1]

[2]

[11]

[12]

[13]

[14]

[15]

[16]

A. BECK, First-Order Methods in Optimization, Society for Industrial and Applied Mathe-
matics, Philadelphia, PA, 2017.

A. BECK AND M. TEBOULLE, Smoothing and first order methods: A unified framework, STAM
Journal on Optimization, 22 (2012), pp. 557-580.

A. S. BERAHAS, J. NOCEDAL, AND M. TAKAC, A multi-batch L-BFGS method for machine
learning, in Advances in Neural Information Processing Systems, 2016, pp. 1055-1063.

R. BOLLAPRAGADA, R. BYRD, AND J. NOCEDAL, Adaptive sampling strategies for stochastic
optimization, STAM Journal on Optimization, 28 (2018), pp. 3312-3343.

R. BOLLAPRAGADA, D. MUDIGERE, J. NOCEDAL, H.-J. M. SHi, AND P. T. P. TaNg, 4
progressive batching L-BFGS method for machine learning, arXiv:1802.05374, (2018).

R. H. ByrD, G. M. CHIN, J. NOCEDAL, AND Y. WU, Sample size selection in optimization
methods for machine learning, Math. Program., 134 (2012), pp. 127-155.

R. H. BYRD, S. L. HANSEN, J. NOCEDAL, AND Y. SINGER, A stochastic quasi-Newton method
for large-scale optimization, STAM Journal on Optimization, 26 (2016), pp. 1008-1031.

C. CARTIS AND K. SCHEINBERG, Global convergence rate analysis of unconstrained optimiza-
tion methods based on probabilistic models, Math. Program., 169 (2018), pp. 337-375.

G. DENG AND M. C. FERRIS, Variable-number sample-path optimization, Mathematical Pro-
gramming, 117 (2009), pp. 81-109.

F. FaccHINEI, A. FISCHER, AND C. KANzOw, Inexact Newton methods for semismooth
equations with applications to variational inequality problems, in Nonlinear Optimization and
Applications, Springer, 1996, pp. 125-139.

F. FACCHINEI, A. FISCHER, AND C. KANZOW, A semismooth Newton method for variational

inequalities: The case of box constraints, Complementarity and Variational Problems: State
of the Art, 92 (1997), p. 76.

R. FLETCHER, Practical Methods of Optimization; (2Nd Ed.), Wiley-Interscience, New York,
NY, USA, 1987.

M. P. FRIEDLANDER AND M. SCHMIDT, Hybrid deterministic-stochastic methods for data
fitting, STAM J. Scientific Computing, 34 (2012), pp. A1380-A1405.

S. GHADIMI AND G. LAN, Accelerated gradient methods for nonconvex nonlinear and stochastic
programming, Mathematical Programming, 156 (2016), pp. 59-99.

R. GOWER, D. GOLDFARB, AND P. RICHTARIK, Stochastic block BFGS: Squeezing more
curvature out of data, in International Conference on Machine Learning, 2016, pp. 1869-1878.

M. HAARALA, Large-scale nonsmooth optimization: Variable metric bundle method with lim-
ited memory, no. 40, University of Jyvaskyla, 2004.

32



[17]

18]

[19]

[20]

[29]

[30]

[31]

T. HoOMEM-DE-MELLO, Variable-sample methods for stochastic optimization, ACM Transac-
tions on Modeling and Computer Simulation (TOMACS), 13 (2003), pp. 108-133.

A. N. Tusem, A. JOFRE, R. I. OLIVEIRA, AND P. THOMPSON, Variance-based extragradient

methods with line search for stochastic variational inequalities, STAM Journal on Optimization,
29 (2019), pp. 175-206.

A. JALILZADEH, A. NEDIC, U. V. SHANBHAG, AND F. YOUSEFIAN, A variable sample-size

stochastic quasi-newton method for smooth and nonsmooth stochastic convex optimization, in
2018 IEEE Conference on Decision and Control (CDC), IEEE, 2018, pp. 4097-4102.

A. JALILZADEH AND U. V. SHANBHAG, eg-VSSA: An extragradient variable sample-size
stochastic approrimation scheme: Error analysis and complexity trade-offs, in Winter Simula-

tion Conference, WSC 2016, Washington, DC, USA, December 11-14, 2016, 2016, pp. 690-701.

A. JaLiLzADEH, U. V. SHANBHAG, J. H. BLANCHET, AND P. W. GLYNN, Optimal
smoothed variable sample-size accelerated proximal methods for structured nonsmooth stochas-
tic convex programs, arXiv:1803.00718, (2018).

A. JOFRE AND P. THOMPSON, On variance reduction for stochastic smooth convex optimiza-
tion with multiplicative noise, Mathematical Programming, 174 (2019), pp. 253-292.

A. J. KLEYWEGT, A. SHAPIRO, AND T. HOMEM-DE MELLO, The sample average approxi-
mation method for stochastic discrete optimization, STAM Journal on Optimization, 12 (2002),
pp. 479-502.

A.S. LEwis AND M. L. OVERTON, Behavior of BFGS with an ezxact line search on nonsmooth
examples, 2008.

D. D. LEwis, Y. YaNnG, T. G. ROSE, AND F. L1, Rcvl: A new benchmark collection for text
categorization research, Journal of machine learning research, 5 (2004), pp. 361-397.

D. C. Liu AND J. NOCEDAL, On the limited memory BFGS method for large scale optimiza-
tion, Mathematical programming, 45 (1989), pp. 503-528.

A. LuccHi, B. McWILLIAMS, AND T. HOFMANN, A wariance reduced stochastic Newton
method, arXiv:1503.08316, (2015).

L. LUKSAN AND J. VLCEK, Globally convergent variable metric method for convex nonsmooth
unconstrained minimization, Journal of Optimization Theory and Applications, 102 (1999),
pp. 593-613.

A. MOKHTARI AND A. RIBEIRO, RES: Regularized stochastic BFGS algorithm, IEEE Trans-
actions on Signal Processing, 62 (2014), pp. 6089-6104.

——, Global convergence of online limited memory BFGS, Journal of Machine Learning Re-
search, 16 (2015), pp. 3151-3181.

J.-J. MOREAU, Proximité et dualité dans un espace hilbertien, Bull. Soc. Math. France, 93
(1965), pp. 273-299.

33



32]

[33]

[34]

[35]

[36]

[37]

[38]

P. MoriTz, R. NISHIHARA, AND M. JORDAN, A linearly-convergent stochastic L-BFGS al-
gorithm, in Artificial Intelligence and Statistics, 2016, pp. 249-258.

A. NEMIROVSKI, A. JUDITSKY, G. LAN, AND A. SHAPIRO, Robust stochastic approximation
approach to stochastic programming, STAM Journal on Optimization, 19 (2009), pp. 1574-1609.

J. NOCEDAL AND S. J. WRIGHT, Numerical optimization, Springer Series in Operations
Research and Financial Engineering, Springer, New York, second ed., 2006.

C. PAQUETTE AND K. SCHEINBERG, A stochastic line search method with expected complexity
analysis, STAM J. Optim., 30 (2020), pp. 349-376.

R. PASUPATHY, On choosing parameters in retrospective-approzimation algorithms for stochas-
tic root finding and simulation optimization, Operations Research, 58 (2010), pp. 889-901.

R. PAsuraTHY, P. GLYNN, S. GHOSH, AND F. S. HASHEMI, On sampling rates in simulation-
based recursions, STAM Journal on Optimization, 28 (2018), pp. 45-73.

C. PLANIDEN AND X. WANG, Strongly convex functions, Moreau envelopes, and the generic

nature of convex functions with strong minimizers, STAM Journal on Optimization, 26 (2016),
pp- 1341-1364.

B. T. PoLYAK, Introduction to optimization. translations series in mathematics and engineer-
ing, Optimization Software, (1987).

H. ROBBINS AND S. MONRO, A stochastic approximation method, Ann. Math. Statistics, 22
(1951), pp. 400—407.

N. L. Roux, M. ScHMIDT, AND F. R. BACH, A stochastic gradient method with an expo-
nential convergence rate for finite training sets, in Advances in Neural Information Processing
Systems, 2012, pp. 2663—2671.

U. V. SHANBHAG AND J. H. BLANCHET, Budget-constrained stochastic approrimation, in Pro-
ceedings of the 2015 Winter Simulation Conference, Huntington Beach, CA, USA, December
6-9, 2015, 2015, pp. 368-379.

S. SHASHAANI, F. S. HASHEMI, AND R. PASUPATHY, ASTRO-DF: A class of adaptive sam-

pling trust-region algorithms for derivative-free stochastic optimization, SIAM J. Optim., 28
(2018), pp. 3145-3176.

X. WANG, S. MA, D. GOLDFARB, AND W. Liu, Stochastic quasi-Newton methods for non-
convex stochastic optimization, SIAM Journal on Optimization, 27 (2017), pp. 927-956.

L. X1A0 AND T. ZHANG, A proximal stochastic gradient method with progressive variance
reduction, STAM Journal on Optimization, 24 (2014), pp. 2057-2075.

Y. X1iE AND U. V. SHANBHAG, SI-ADMM: a stochastic inexact ADMM framework for re-
solving structured stochastic convex programs, in Proceedings of the 2016 Winter Simulation
Conference, IEEE Press, 2016, pp. 714-725.

34



[47] F. YOUSEFIAN, A. NEDIC, AND U. V. SHANBHAG, On smoothing, reqularization, and averag-

ing in stochastic approrimation methods for stochastic variational inequality problems, Math.
Program., 165 (2017), pp. 391-431.

[48] F. YOUSEFIAN, A. NEDICH, AND U. V. SHANBHAG, On stochastic and deterministic quasi-

Newton methods for nonstrongly convex optimization: Asymptotic convergence and rate anal-
ysis, STAM Journal on Optimization, 30 (2020), pp. 1144-1172.

[49] J. YU, S. VISHWANATHAN, S. GUNTER, AND N. N. SCHRAUDOLPH, A quasi-Newton approach
to nonsmooth convex optimization problems in machine learning, Journal of Machine Learning
Research, 11 (2010), pp. 1145-1200.

[50] G. YUAN, Z. WEIL, AND Z. WANG, Gradient trust region algorithm with limited memory BFGS
update for nonsmooth convex minimization, Computational Optimization and Applications, 54
(2013), pp. 45—64.

[51] C. ZHou, W. GAO, AND D. GOLDFARB, Stochastic adaptive quasi-Newton methods for mini-
mizing expected values, in International Conference on Machine Learning, 2017, pp. 4150-4159.

7 Appendix

Proof of Proposition (1, From Assumption [2| (a,b), f is 7-strongly convex and L-smooth. From
Lipschitz continuity of V f(x) and update rule (VS-SQN)), we have the following;:

Flewn) < Fon) + VA (rn — 20) + ol - al?

= f(ax) + VI ze)" (—wHe(Vf(zx) + W n,) + g'w? | H(V f (k) + g, n,) ]| 2,

Nk (Vo F (g, v
Where Wk, N, = 2 X (VP w’ ©O-V(@n) . By taking expectations conditioned on Fj, using Lemma
and Assumption [4] (S- M and (S-B), we obtain the following.

2*2
VEN L
BR[| @k, N, ||* | F

L
E[f(zrs1) — far) | Fi] < =V f(2r) HiV f (k) + 57]%”Hkvf(l‘k)”2 +
-2
ViX L(wilol|? 4 v3)
2N,
—
VEX L(wi|lw]|? 4 v3)
2N}

L
=V f(zy) H 1/2 <—I + 2’7ka> H;/ZVf(xk) +

vi ||zl + v3
2LN),

L . J—
- (1 B W) 1,9 £ ()12 + = L IH V@)l +

where the last equality follows from v = % for all k. Since f is strongly convex with modulus 7,
IV f(zk)||? > 27 (f(zx) — f(2*)). Therefore by subtracting f(x*) from both sides, we obtain:

villag — 2 + 2| + 14

E [f(mi) — f*) | Fi) < Flaw) — Fa%) — Z200 7o) +

2L Ny
2 vy || 2 7/
< (1-rma+ 24 st - ey + ZELEE
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where the last inequality is a consequence of f(zx) > f(z*) + Z||zx — «*||*>. Taking unconditional

expectations on both sides of , choosing v, = % for all k£ and invoking the assumption that
{Ny} is an increasing sequence, we obtain the following.

TA 202

L 2l + 3
L) LTNy

)L - fn+ 2

E[f (o) — f(a)] < (1

Proof of Theorem From Assumption [2| (a,b), f is 7-strongly convex and L-smooth. (i)
2 2 * (|2 2
Let a = (1 — % + 2 >, by, £ M, and Ny = [Nop~*] > Nop~*. Note that, choosing

LNy LNy,
207 ||z* |2 +v3

Ny > 282 Jeads to a < 1. Consider C 2 E[f(zo) — f(z*)] + ( N L ) 17(min{a,p}%/ma><{a7p})'

T2\
Then by Prop. [Il we obtain the following for every k > 1.

K
E[f(rx+1) = f(a)] < A" T'E[f(w0) = f@)] + D a b
=0

< KU [f(ag) — fat)] o e )< @R + i) i (mm{a,p} )K

2NoL P max{a, p}
V2| x*|?2 + 2 max{a K
< " HE [f (o) — f(a")] + <(2 1H2N’0L+ 2)> T (mi(n{a,i}’/pjllx{a, gy < Clmanxta ob)".

Furthermore, we may derive the number of steps K to obtain an e-solution. Without loss of

. UIZON A
generality, suppose max{a,p} = a. Choose Ny > :gf, then a = (1 - (%)) =1- i, where
2

a = 5. Therefore, since L' — 1 __ by using the definition of A and X in Lemma [1| to get

« T Ly

a= % = O(k™*™), we obtain that

n(€) ~n()) _ (_ m(©/9 \_ (/o WL\ _ oy msnst o
< In(1/a) > B <ln(1/(1— C}ﬁ))) - <—1n((1_a15))> = ( T ) =0( In(C/e)),

where the bound holds when ax > 1. It follows that the iteration complexity of computing an
e-solution is O(k™*! ln(%)) (ii) To compute a vector x4 satisfying E[f (zx+1) — [*] < €, we
consider the case where a > p while the other case follows similarly. Then we have that Ca’® <,
implying that K = [In(;/4)(C/¢)]. To obtain the optimal oracle complexity, we require Zle N,
gradients. If Ny = [Noa™*] < 2Nga™*, we obtain the following since (1 —a) = 1/(ak).

1n<1/a) (C/E)+l

e 2Ny (1\PTham(@9roN 2N, 2NpasC
S ot < 2N (1 < (¢ . .
— (+—1) \a € ) a?(1 —a) a’e

Note that a = 1 — - and o = O(x™*"), implying that

akK

2.2 2 2,.2 2 2
2 9 o9y o @K =20k +1 _ ok’ —2aKk® (o —2a)
a*=1-2/(ak) +1/(a*k*) > 22 > 022 = o2

g1 q)(C/e)+1
2 (1/a) 2 m+n+1
_— S "k _( a2>H:> Z a_kgw_(’)(l%)_

K
a2 = (a? = 2a) a— p (v —2)e €
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(iii) Similar to , using strong convexity of f and choosing Ny = [kP~*] and v, = k~*, we can
obtain the following.
<2
BN LW |zk|® +13)
2N,

Bl (o) — o) | 7 < = (1= k) IHL 91l +

- 272 U2 N 272 U2112* 112 402
— E[f(arn) - f@") | B < (1 (1= By ANL) (faw) — f(a7)) + LA D)

Since 7 is a diminishing sequence and N is an increasing sequence, for sufficiently large K we

L2 232 112 .
have that 72’“*7 + 7’“T Nkyl < %'YkAT. Therefore, we obtain:

E[fare) — £) | Al < (1= 297 (flaw) — fla)) + DO H )
= (1 ) (Flew) — F@) + e, for k> K.

32 2% (12,2
where ¢ £ A—QT and d £ % Then by taking unconditional expectations and recalling

that 0 < s < 1, s < p, we may invoke Lemma [2| to claim that there exists K such that

Bl - f < () +o () k2

Proof of Lemma [I] and Lemma [10] : First we prove Lemma [I0] and then we show that how
the result in Lemma [1| can be proved similarly. Recall that )\, and Ay denote the minimum and
maximum eigenvalues of Hy, respectively. Also, we denote the inverse of matrix Hy by By.

Lemma 11. [/8] Let 0 < a; < as < ... < apn, P and S be positive scalars such that Y\ ;a; < S

and II7_ya; > P . Then, we have a; > (ns_nl_)l!P.

Proof of Lemma It can be seen, by induction on k, that Hj is symmetric and Fg
measurable, assuming that all matrices are well-defined. We use induction on odd values of & > 2m
to show that the statements of part (a), (b) and (c) hold and that the matrices are well-defined.
Suppose k > 2m is odd and for any odd value of t < k, we have sy, > 0, Hyy; = s;, and part
(c) holds for t. We show that these statements also hold for k. First, we prove that the secant
condition holds.

Ni—1
=1 (VFni (mkij,k—l)_VFnz (Ik—lij,k—l))

skuk = (xr —zp-1)" N + up (z — wpo1)

N
Z]-zkl_l (wp—2,—1)T(VF s (xg,wjk—1)—VF é(xk—lywj,k—l))}
T : + ppllee — zpoal® > ook — 2o,

where the inequality follows from the monotonicity of the gradient map VF'(-,w). From the induc-
tion hypothesis, Hj_o is positive definite, since k—2 is odd. Furthermore, since k—2 is odd, we have
Hjy_1 = Hj_o by the update rule . Therefore, Hy,_ is positive definite. Note that since k — 2 is
. . Ny .
odd, the choice of pg_1 is such that ﬁ ijkl ! Van (Th—1,Wj k1) + pp—17k—1 7# O (see the discus-

sion following @) Since Hj,_1 is positive definite, we have Hy_ (ﬁ Z?[:kl’l Van (Tp—1,Wjk—1) + ,uk—1$k—1) %
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0, implying that zy # xx_1. Hence s}y, > ,ui”xk — x5_1||* > 0, where the second inequality is a
consequence of g > 0. Thus, the secant condition holds. Next, we show that part (c¢) holds for
k. Let ), and A\ denote the minimum and maximum eigenvalues of Hy, respectively. Denote the
inverse of matrix Hy in @D by Bj. It is well-known that using the Sherman- Morrison-Woodbury
formula, By, is equal to By, ,, given by

T T
By j_18is; Brj—1 4 Yili
s B j-15i Yi si

By j = B j-1— i=k—2m—j) 1<j<m, (32)

T
where s; and y; are defined by and By o = Z’%;’:I. First, we show that for any 4,
k

I 1
i< T S UM i (33)
; Si

N;_
7=1

this function is strongly convex and has a gradient mapping of the form ﬁ Z i1 VF ; (ie1,wji—1)+

[
Let us consider the function h(z) := Nl > F, 5 (z,wj;i—1)+ 5| 2||? for fixed i and k. Note that

MiI that is Lipschitz with parameter nié + ,ui. For a convex function h with Lipschitz gradlent with
k

parameter 1/ 772 + ui, the following inequality, referred to as co-coercivity property, holds for any
x1, 2 € R™(see [39], Lemma 2): ||[Vh(z2) — Vh(:z:l)H2 (L/n + pd) (w2 — 1) (Vh(22) — Vh(21)).
Substituting xe by x;, 1 by z;—1, and recalling (|7} , the preceding inequality yields

lyill> < (L)1 + p)s] wi- (34)

Note that function h is strongly convex with parameter ,ui. Applying the Cauchy-Schwarz inequal-

ity, we can write
bl o Mwl® Nl o lslllsill o uFsi o s

-_ - - - - k:-
sty lsillllall - llsall = llsall® - llsall?

Combining this relation with , we obtain (33]). Next, we show that the maximum eigenvalue
of By, is bounded. Let T'race(-) denote the trace of a matrix. Taking trace from both sides of
and summing up over index j, we obtain

Bi,j-15i5] Brj1 S Z/zy
Trace(Bym) = Trace(By) Trace ( A Ll + > Trace ! (35)
" Z s] By j—15i ; y!'si
2 B s: |2 2 2 m
— Trace <||Z/z|| ) Z I ky 15i Z il < ||Z/zH -+ Z 1/77 +Mk (m+n)(1/n2 +M2)7
yl si k,j—15i 1 yi si j=1

where the third relation is obtained by positive-definiteness of By, (this can be seen by induction
on k, and using and By > 0). Since By = By, the maximum eigenvalue of the matrix By,
is bounded. As a result,

1

A2 o ) (36)
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In the next part of the proof, we establish the bound for A\;y. From Lemma 3 in [30], we have

det(By, ) = det(Bg) H;” 1 # Multiplying and dividing by s! s;, using the strong convexity

of the function h, and invoking (33]) and the result of ., we obtain

det(By,) = det (ygy’“1> |m| <5?~%’> ( 53 5 ) > <y,’{yk>” ]m[ 3 ( 53 5i )
et(By) = de > i | ——=——
szyk i siTsi siTBkJ_lsi sgyk e s;fFBk,j_lsi

(n+m)o

Yt I . (37)
- H (m+n) 1/77k+uk) (m 4 n)™(1/nd + pd)™

Let a1 < agp < ... < agy be the eigenvalues of By sorted non-decreasingly. Note that since
By = 0, all the eigenvalues are positive. Also, from (35), we know that ay, < (m + n)(L + pd).
Taking and into account, and employing Lemma we obtain

(n . 1)'u(n+m)§

Ok,1 = n+m—1 ‘ k(5 S \n+m—1"
(m+n) (1/mg + p3)

This relation and that oy ;1 = X,;l imply that

Xk (m + n)n+m—1(1/ng + Hi)n-&—m—l

IN

(38)

Therefore, from and and that uy is non-increasing, we conclude that part (c) holds for k
as well. Next, we show that Hyyr = si. From , for j = m we obtain

T T
By m—15k8; Beom—1 . UrYj

Bi,m = Bem—1 —
" " sF Bm—15k ylsk

where we used i = k — 2(m — m) = k. Multiplying both sides of the preceding equation by s,
and using By, = By, we have Bysy = Bim—15; — Bim—15k + Yr = yr- Multiplying both sides of
the preceding relation by Hj and invoking Hj = B, 1 we conclude that Hyy;, = s,. Therefore,
we showed that the statements of (a), (b), and (c) hold for k, assuming that they hold for any
odd 2m < t < k. In a similar fashion to this analysis, it can be seen that the statements hold for
t = 2m + 1. Thus, by induction, we conclude that the statements hold for any odd k > 2m. To
complete the proof, it is enough to show that part (c) holds for any even value of k > 2m. Let
t = k—1. Since t > 2m is odd, relation part (c) holds. Writing it for £ — 1, and taking into account
that Hy = Hy_1, and p < pr—1, we can conclude that part (c¢) holds for any even value of k > 2m
and this completes the proof.

Proof of Lemma [I; We observe that Lemma [I] is the special case of Lemma [I0, where the
objective f function is L-smooth and 7-strongly convex. Similar to , by noting that uir = 0 and
ik = L for all k, we may show that \, = A = m for all k. Furthermore from the 7-strongly

((mAn)L)"+m—1
(n—1)lrnFm

convex nature of f, akin to , we obtain that A =
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