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The Conditional Poincaré Inequality for Filter Stability

Jin Won Kim, Prashant G. Mehta and Sean Meyn

Abstract— This paper is concerned with the problem of
nonlinear filter stability of ergodic Markov processes. The main
contribution is the conditional Poincaré inequality (PI), which is
shown to yield filter stability. The proof is based upon a recently
discovered duality which is used to transform the nonlinear
filtering problem into a stochastic optimal control problem for
a backward stochastic differential equation (BSDE). Based on
these dual formalisms, a comparison is drawn between the
stochastic stability of a Markov process and the filter stability.
The latter relies on the conditional PI described in this paper,
whereas the former relies on the standard form of PI.

I. INTRODUCTION

The Poincaré (or spectral gap) inequality (PI) is central
to the subject of stochastic stability of Markov processes [1,
Ch. 4]. The PI is the simplest condition which quantifies
ergodicity and convergence to stationarity: The Poincaré
constant gives the rate of exponential decay. Apart from
stochastic stability, the PI has a rich history. It is the
fundamental inequality in the study of the elliptic PDEs.

The goal of this paper is to propose a generalization of
the PI for the purpose of nonlinear filter stability analysis.
Specifically, a continuous-time filtering model is considered
where (a) the Markov process is ergodic, and (b) the observa-
tions are corrupted by additive white noise. In the study of the
Wonham filter, this model is referred to as the ergodic signal
case. A companion paper, also published in the proceedings
of this conference, tackles the more general non-ergodic
signal case [2].

For the case of ergodic signal, a pioneering early contribu-
tion is [3]. Early work is based on contraction analysis of the
random matrix products arising from recursive application of
the Bayes’ formula [4] (see also [5, Ch. 4.3]). Using related
techniques, the analysis of the Zakai equation leads to useful
formulae for the Lyapunov exponents under assumptions on
model parameters and noise limits [6], [7]. For the ergodic
signal case, a comprehensive account appears in [8] and
the first complete solution is given in [9]. A necessary and
sufficient characterization of the asymptotic properties of
the Wonham filter, for both ergodic and non-ergodic cases,
appears in [10]. For an accessible account of the problem
and the solution methods, see the review papers [11], [12]
and references therein.

Notwithstanding the fundamental importance of the PI for
stochastic stability of Markov processes, it is not a major
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theme in the filter stability literature. The closest is the
appearance of the Brascamp-Lieb (B-L) inequality in [13,
Chapter 4] and [14]. In both these references, the B-L
inequality is employed for the filter stability analysis of the
1t6 diffusions assuming linear observations. The main point
is that the B-L inequality is not central to the convergence
analysis. In particular, the convergence rate relies on the
uniform convexity of the optimal value function in [13] and
(equivalently) the log concavity of the posterior in [14] (and
this is primarily a result of the linear observation model).
The value function and the posterior are related through the
log transformation which is how duality in the nonlinear
filters is historically understood [15], [16], [17]. Apart from
these works, it is known that in the large noise limit, the
top Lyapunov exponent converges to the spectral gap of the
ergodic Markov process [18].

This paper has a single contribution: generalization of
the PI for Markov processes to the proposed conditional
PI for the nonlinear filter. The conditional PI is shown
to play the same role for filter stability as the standard
PI for stochastic stability. The proof technique relies on
a recently discovered duality result whereby the nonlinear
filtering problem is cast as a BSDE-constrained stochastic
optimal control problem [19]. Using these methods, we are
able to derive all the prior results where explicit convergence
rates are obtained. These are pointed in the paper.

The outline of the remainder of this paper is as follows:
The problem formulation appears in Sec. Il The PI and the
conditional PI are introduced in Sec. [l The filter stability
results appear in Sec. [Vl The Appendix contains the proofs.

II. PROBLEM FORMULATION

Notation: The state-space S:={1,2,---} is either finite (with
d elements) or is countable. The set of probability vectors on
S is denoted by P(S): ueP(S) if u(x)>0 and Y gu(x) =
1. The space of functions on S is denoted C(S) and the
space bounded functions on S is denoted as Cj,(S): f € Cy(S)
if [f(x)| < C for some constant C for all x € S. When the
cardinality of S is finite (d), the space of functions on
S is identified with RY. For a measure u € P(S) and a
function f € Cp(S), U(f) =X res H(x) f(x). For two functions
f,h € Cy(S), fh is the function obtained through element-
wise product: (f1)(x) = f(x)h(x) for all xeS and similarly
f2 = ff is the square of the function. The functions of all
ones is denoted as 1, i.e., 1(x) =1 for all xeS.

A. Filtering model

Consider a pair of continuous-time stochastic processes
(X,Z) defined on a probability space (Q,F,P). The state
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process X := {X, € S:7 >0} is a stationary Markov process
with generator A and an everywhere positive invariant mea-
sure [l € P(S): fi(x) >0 forall xeS and ji(Af) =0 for all fe
Cp(S) (this is the case for any irreducible positive recurrent
Markov process). The observation process Z ={Z; e R":¢t >0}
is defined according to the following model:

t
7, = /O h(X,)ds+ W,

where h:S — R"™ is the observation function and W = {W, €

R™:¢ >0} is a Wiener process (w.p.) that is assumed to

be independent of X. The covariance of W is denoted

R which is assumed to be strictly positive-definite. The

filtration generated by Z is denoted Z :={Z;:0<t < T} where
=0({Z;:0<s<1}).

(1

Function spaces: To stress the choice of the initial stationary
prior fi, we write the probability measure P as PH, the
expectation is denoted E”(-), and LP(f1) is the space of
random variables ¥ with E#(|Y|7) < co. The space of square-
integrable deterministic functions on S is denoted as L*(S):
FeLX(S) if ER(|f(Xr)P) = £, f ()2 (x) < 0. The space
of square-integrable Zr-measurable random functions on S
is denoted as LZZT(S): F e LZZT(S) if F is Zr-measurable
and EF(|F(X7)|?) < co. Likewise, the space of Z-adapted
square-integrable S-valued stochastic processes is denoted
L%([0,T7;S). Examples are S=R" for vector-valued and
S=C(S) for function-valued stochastic processes.

The filtering problem is to compute the conditional dis-
tribution (posterior) of the state X; given Z;. The posterior
distribution at time ¢ is denoted 7/ € P(S). For f € Cy(S)

7' (f) = EM(f(X0)|2))
B. Definition of filter stability

For each f € C,(S), the Wonham filter is given by the
stochastic differential equation:

dm (f) = m(Af) dr+ (m (hf) - m (W) 7 (£)R™ (42 7, (h) dr)

(@)
With an initialization 7y = u € P(S), the solution of the
Wonham filter is denoted as 7" := {nl eP(S):t>0}. The
posterior # results from the choice of the initial condition
To=[.

Remark 1: (see also the discussion in [12, Sec. 1].) Sup-
pose 1 € P(S) then (because i is everywhere positive) i << i
and setting the Radon-Nikodym (R-N) derivative

u x)
(@ - E 1 ()
yields a new probability measure P* on the common mea-
surable space (Q,F). With respect to P¥, the expectation
operator is denoted E*(-) and LP(u) is the space of random
variables Y with E#(|Y|") < co. The solution of the Wonham

filter 7/ (f) = EX(f(X)|Z).

Definition 1: The Wonham filter is stable if for each f e
(u) i .
Co(S). mp (f) — 7 (f). e,

(|”T(f)
for all pePycP(S).

T (f)) —0 asT oo 3)

Our goals are as follows: (i) characterize the subset Py c
P(S) for which the filter stability holds (ideally Py =P(S));
and (ii) obtain explicit estimates on the rate of convergence.

Remark 2: Suppose f € Cy(S), u,v € Py such that ()
holds. Then

[ () g
1) Because nT(f) nT(f) and 7} (f) — 7} (f),
by the use of triangle inequality, it also follows that

7 () B ().

2) (see [3, Remark 3.3]) Also 7 (f) G n}’(f) for all
p > 1. This is because, e.g., W1th p=2,

EX(Im7 (f) =77 (F)F) <20 f oo EF (17 () 77 (1)

1, -
3) If m (f) — Ry nT(f) then (owing to Remark [) it also

follows 7y (f) — Lo )nT(f) and therefore, 7, (f)L )
my(f) for all p> 1.

Remark 3: The problem of stochastic stability is a special
case when the filtration Z is independent of X (e.g., Z
is trivial). The counterpart of the Wonham filter is the
Kolmogorov’s forward equation

dm (f) = m(Af) ©)

With an initialization 7y = u € P(S), the solution # := {7/ €
P(S):t>0} is now a deterministic process (which serves
to simplify the problem considerably). Adapting (@) to this
case, the basic problem of stochastic stability is to show

7y (f) = B(f) for all feCy(S).
III. MAIN ASSUMPTION: POINCARE INEQUALITY (PI)

A. Standard form of PI

The carré du champ operator is defined as

() (x) = %A(xvj)(f(x)_f(j))zv xeS
je

For a deterministic function f e L*(S), the energy and
variance are defined as

enrf (/) = B (F(N) (1) = DACT() ()
varf () = B ()~ B(NP) = SRS W) - £ (NP

The standard form of the PI relates the two as follows:

enrg(f) >co varg(f) V feL*(S)

where co > 0. The PI is a standard assumption in the theory
of Markov processes to show stochastic stability [20].

PI(f1,A):



B. Conditional form of PI

For a random function F ¢ LZZT (S), the energy and variance
are defined as follows:

(energy)

(variance)

enth (F) = EA(T(F)(Xr))
VarT(F) =ER(|F(Xr) - v/ A (F)| )

Definition 2: A Markov process is said to satisfy the
conditional Poincaré inequality (PT) with a constant ¢ if

PI(fi,A; Z): ean(F)>cvarT(F) VFel% +(S),VT>0

C. Examples

, I
Example 1: Suppose A = [ Ay —As

A1 >0 and A, > 0. Observe that

Ml (1D)(F(1)=F(2))* + damf (2)(F(1) - F(2))
> (A +20) (7 (1D (F(1) -7 (F)) + 7 (2)(F(2) - 7 (F))?)
and therefore upon taking expectations on both sides,

ean(F) > (A +42) varT(F)

] is irreducible. Then

Hence, the conditional PI holds for every irreducible 2-state
Markov chain with a constant ¢ = (A; + A,). Note that the
best constant for standard PT is cg =2(A; +42).

This simple example admits the following generalizations
described in the proposition with proofs in the Appendix [Al

Proposition 1: The conditional PI holds with the follow-
ing constants (provided these are positive)

c= Z min A(i, j), c:Igijn\/A(i,j)\/A(j,i)

i€S: i#j

The first of the two formulae in Prop. [ is related to
the Doeblin type strong mixing condition [5, Assumption
4.3.24]. The second formula is the same as [4, Theorem
6], [9, Theorem 4.3] and [13, Corollary 2.3.2].

In this paper, the constant ¢ of the conditional PI is shown
to play the same role for the filter as the constant ¢ of the
standard PI does for the Markov process. (Both give the
rate of convergence.) Moreover, stronger results are possible
with weaker notions of the conditional PI (see Prop. [2| and
Example 2)).

Remark 4: One may conjecture that the filter “inherits”
the PI from the underlying Markov process. Note that the
definition [2| is stated for a general class of filtrations (not
necessarily defined according to the model (). In the
general settings, the conditional PI holds for deterministic
functions f € L?(S). This is because

enth () > co E(|f(Xr) - R(f)P) > co vark(f)

This shows that the PI and also the constant ¢ is inherited
on the subspace L(S) c LZZT(S) of deterministic functions.
However, with general types of filtrations, it may not hold
for random functions. A counterexample appears in the
Appendix Bl

In the following, a proof of the filter stability is presented
based on the conditional PI. The proof of stochastic stability
arises as a special case, and is included in Appendix [Cl The
two sections are self-contained and may be read indepen-
dently of the other. However, a reader may benefit from
reading the two sections simultaneously.

IV. FILTER STABILITY
For a random function F € LZZT (S), the conditional energy
and the conditional variance are defined as follows:
(cond. energy) 8’1 (F):=E" (F(F)(XT)|ZT)

(cond. var.) V“(F) =ER(|F (Xr) -7 (F)P|27)

Upon taking expectations

enth (F) =E*(ER(F)),  varh(F) =EF(VE(F))

A. Duality

In our prior work [21], the following backward stochastic
differential equation (BSDE) constrained optimal control
problem is introduced. The significance of the problem is
that it is a dual of the nonlinear filtering problem.

Dual optimal control problem:

Min JE(0) = %0(%) - RO +EF( [ 000,03, o)
(52)

Subj. - d¥;(x) = ((A%) (x) + h(x)(U; + Vi (x)) ) dt =V, (x) dZ;
Yr(x)=F(x) VxeS (given) (5b)

Whereé(y,vux) =T(y) (x) +u+v(x)[x, U:=L% ([0, T;R™),
and F ¢ LZT(S)

The existence and uniqueness of the optimal control
follows from the standard results in the BSDE constrained
optimal control theory [21]. The solution, including the
formula for optimal control, is described in [19, Theorem 1].
Let U := {U™ eR"™:0<r<T} be the optimal control
input and (Y,V):={(Y;,V;) e C(S)xC(S)": 0<t<T} be
the associated Z-adapted (optimal) trajectory (the solution
of the BSDE (Y,V) € L% ([0,T];C(S) x C(S)™)). Then

1. [19, Theorem 2]: The conditional mean

_ T
xf (vr) = £(%) - [ U™z

2. [19, Theorem 5]: Define a Z-adapted process M := {M :
0<t<T} as follows:

v [ (e

Then M is a P*-martingale.

3. Therefore, E*(Mr) = E*(My), which is expressed as

M, = F(Yo)+ Zﬂ“(X)IUOPWVs(X)IR)

varl (Yp) + f enrl (%) + ER (U +V, (X)) de = vark (v7)

T
e varg(Yo)+fO enr, (Y,)dtSvarT(YT)



and using the conditional PI

—T vaI‘Tl(YT) 6)
Equation (6) is the backward inequality for the variance of
the dual process (this is the only place where the conditional
PI is used). The counterpart for a Markov process is the
inequality (0 for the dual process in Appendix [Cl

A more general result, described in the following propo-
sition, is obtained by considering the martingale M directly.
Its proof appears in Appendix

valr0 t(Yp) <e

Proposition 2: Suppose 8 ={f; :7 >0} is any non-negative
Z-adapted process such that

EM) 2B V)

Then the backward inequality is of the form

Ph-as. VY feL*(S), 120 (7)

vaIg(Yo) <EF (e_IOTﬁ’dt Vﬁ(YT)) ®

Consequently, if % foT ﬁ.t dt —»c (a deterrn.inistic. constellnt),
then the backward inequality (&) for the variance is obtained
asymptotically. The following example shows how to choose
B to obtain an asymptotic formula for the convergence rate.

Example 2: 1t is a straightforward calculation to verify
8”(f)>(27r, m1n A(z J)) VE(F), Vi20

Set B, =¥, (i ymin .. ;A(i, j). Using [9, Eq. (5.15)], it is
known that

hm —/ B,dt—Z,u() m1n A(z Jj) as.

The righthand-side then gives the asymptotic constant ¢ for
the variance inequality (G). This formula for the asymptotic
convergence rate of the Wonham filter can be found in [9,
Theorem 4.2].

Remark 5: Inequality (@) is the pathwise version of the
conditional PI. Note the inequality needs to be specified
only for deterministic functions. Because of its pathwise
nature, the inequality then also holds for random functions
Fe Lzzt (S). A formal definition of pathwise PI is stated next.

Definition 3: A Markov process is said to satisfy the
pathwise Poincaré inequality with a constant ¢ if (Z) holds
and

B >c>0 Phoas. >0

The following proposition shows that conditional PI and
pathwise PI are equivalent. Its proof appears in Appendix [El

Proposition 3: The conditional PI holds with a constant ¢
if and only if the pathwise PI holds with a constant c.

Remark 6: For the conditional PI to hold, ntﬂ must there-
fore satisfy the standard form of the PI with a uniform
constant c:

Znﬂx (f)(x) >czn,“<x f)-a (NP PH-as.

for all feL?(S) and for all #>0. This is a very stringent
requirement that greatly limits the application of this paper:
It is easy to come up with examples Where the standard
form of the PI holds for fi but not for all z/'. The weaker
form presented in Prop. 2] specifically (8), is more general.
However, 1t is not clear how to obtain useful asymptotic
bounds for ]0 B:dz, beyond the result in Example

B. Y7 as likelihood ratio
In the remainder of this section 7" and n® are the
solutions of the Wonham filter (@), with initialization 7y = it
and my = [, respectively. The likelihood ratio is the random
function u
T (x )

YT(-X) = ng(x)

for xeS

The function is well-defined because 7rT H(x)>0 for all xe
S [9, Remark 3]. Its conditional mean and variance are as
follows:

wf )= Sk (o) =1

vark (yr) = E*(Jyr (Xr) - 117) = E* (i} () - 1)

To derive the formula for the variance note

vary (vr) + 1= E* (jyr (X)) = EF (E* (| (X1 )P 21))
=Ef (n7 (7)) = E* (77 (1))
Useful formulae for 7 (yr) are obtained by setting Y7 =
Yr in the dual optimal control problem. The results are
presented in the following proposition whose proof appears

in the Appendix [El To state the proposition, we need the
exponential P*-martingale
/ D2 ds t>0

where the difference D; := ' (h) - 7r, H(h). ({A:t20}) is
in fact the change of measures between the conditional
laws [22, Theorem 3.1], but we do not make use of this
interpretation here.)

mean :

variance :

A =exp fD(dZ 2P (h)ds) -

Proposition 4: Consider the dual optimal control problem
with Y7 :=yr. Then

1) The optimal control U =0 a.s., and the optimal
trajectory (¥,V) is the solution of the BSDE

~dY(x) = ((AY) () + h()V, () dr - Vi (x) 42,
Yr(x)=yr(x) VxeS ©)
2) The process 7' (¥;) = 1 for all 0 <7< T. Therefore
nh (yr) = A (Yo) = 1

3) The stochastic process {7/ (¥;):0<t<T} is a P¥-mg.
Consequently

E* (7 (vr)) = 1 (Yo)

4) The stochastic process {A,m/ (¥,):0<¢<T} is a PA-
mg. Consequently

EF(Army (vr)) = n(Yo)



Now, using the inequality (6) together with the result from
either part (3) or part (4), it is a straightforward calculation
to derive the following forward inequality for the variance:

cT (10)

Vmﬁ(%)

where R is a factor obtained from either part (3) or part (4)
of the Proposition. The formulae for the two cases are:

e R using part (3):

Rt Varg(’)/]") <e”

e R7 using part (4):

. 2
- (Eﬂ(ATm‘;(m - 1>>)
EA(mr (vr)-1)
The calculation for (IQ) appears in the Appendix [H after the
proof of the Prop. El

C. Filter stability
We are interested in the difference

7 () =77 () =27 (= D(f = 1()))
=R ((rr (Xr) = D) (F(X1) = £(f))|2)

Taking expectations of the absolute value of both sides and
using Cauchy-Schwarz

(BRI (f) - 7 ()))? < vark (yr) varh (f)

Combined with the forward inequality (IQ) for the vari-
ance, we have proved the following main result for filter
stability.

Theorem 1: Suppose the filter satisfies the conditional PI
with constant c. Then

Rr(ER (1 (1) -7 (£)1))* < &7 varh (30) varh ()

Consequently if Ry >a” >0 then

(B (12 () 7 ())? < e varh () varh ()

For equivalent measures, a conservative lower bound for
R is given in the following proposition, whose proof appears
in the Appendix

Proposition 5: Suppose a = min, % >0. Then Ry > a®.

D. Forward variance inequality and filter stability

Equation (I0) is the key variance inequality to obtain the
filter stability result. Its counterpart for stochastic stability
is (I2). For the ease of reader, these are stated again:

varh (yr) < e~ varh (1)
Rr Var#(’)/]") <e T varg(}/o)

The first of these inequalities is readily verified from a
direct calculation, which in fact is a standard proof to prove
stochastic stability using the PI (see [1, Theorem 4.2.5]):

Markov process:

Wonham filter:

d _ _
avar’ol(%) = —enrg(%)

and using PI, the variance inequality for the Markov process
follows. In contrast, a duality based proof of the variance
inequality, described in Appendix [ is more involved.

For the filter, the variance inequality (I0) is new. One may
ask whether (I0) can also be derived more directly (without
the use of duality)? A direct calculation shows that

dVf (%) = -EF (%) de + G de + (P*-mg. increment)
where the coefficient

A A G AON CAOREAD)

It is not clear how the equation can be simplified to ob-
tain (I0). It may be possible to derive (I0) through a clever
choice of an integrating factor. However, we have not yet
been successful in this endeavor. Because the BSDE (3b)
and the Zakai equation are dual (see [23, Prop. 1]), it will
be helpful to relate this work to the study of the Lyapunov
exponents of the Zakai equation [4], [6], [7].
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APPENDIX

A. Proof of Prop. (Il

Because the formulae are of independent interest, their
proofs are included as part of two examples which are
described below. Together with Examples[Iland 2] they com-
prise the four examples in the paper where the conditional
PI holds.

Example 3: A Markov process is Doeblin if there exist a
state j* €S such that A(x, j*) > ¢ for all xe S\ {;j*}. Then

entf(F) = E*( Y A(Xr. ) (F(Xr) - F (j))?)
JjeS
> cEF((F(Xr)-F(j*))?) > ¢ vark (F)
Therefore, the conditional PI holds for Doeblin chains. This

admits a straightforward generalization that gives the first of
the two formulae in Prop. [It

entlt (F) > E*( Y minA(i, ) (F(Xr) - F(j))?)
jestE
> ( Zmin.A(i,j))Var’;(F)
jeStE

Example 4: Using the tower property of conditional ex-
pectation

entlf(F) = Eﬂ(‘an?u)A(uj)(F(i)—F(j))z)
i,je

varf (F) =E*( 3 wf (07} ) (F (D) - F (j))?)

i,jeS

Because algebraic mean dominates the geometric mean

> mr (DAL (F () - F(j))

i,jeS

- (DG s DAGD)ED-F ()
ije

> Y\ 7O (DVAGDAG D (F () - F(j)?

i,jeS
> c‘zsir’;(i)irg(j)(F(i) ~F(j))?
ije

where we used the fact that \/x > x for 0 <x < 1. Taking
expectations of both sides gives the second of the two
fromulae in Prop. [l

B. A counterexample for conditional Pl

Example 5: This is the famous counterexample of the
filtering theory [18, pp. 9-10]. The state-space S={1,2,3,4}
and the rate matrix

1 1 0 0
0 -1 1 0
A=lo 0 -1 1
1 0 0 -1

whose unique invariant measure fi = [%, %, %, %] The standard
PI holds with a constant ¢ = 2.

Consider a sigma-algebra G = 6([X7 € {1,3}]) along with
a G-measurable function:
0 (11 -1 -1) ifxre{1,3)
F()=
(-1 11 -1) ifxre{2,4)

Then the conditional distribution
0) if Xre{1,3}

1) if Xre{2,4)

1
fi i 2
() =E* (121 19) = (
(o
The conditional mean Th(F) =0, the conditional variance
my(F?) =1, and therefore the variance varf(F) =1. On

the other hand, the energy enr’; (F) = 0. Therefore, the
conditional PI does not hold for this example.
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C. Stochastic stability
In this section, we specialize the results of Sec. [Vl to the
problem of stochastic stability of Markov processes.

Dual process: Introduce a deterministic dual process y = {y; €
L*(S):0<t<T} as a solution of the backward ode

d
——y; =Ay;, yr fixed (given)

dr
Then a standard application of Itd product formula gives

T
yr(r) =30(X0)+ [ 3w (x)dn ()

xeS

where {N; :1 >0} is a martingale. Taking an expectation

EF(yr(Xr)) =1 (y0)



and the equation for the variance is

_ T
varg (vo) + /0 enrg (yr)dr = Varo (yT)

Using the PI it follows
—cT

Y

This is counterpart of (G). This inequality is the only place
in the stability proof where the PI is used.

varg (yo) <e™! varg (yr)

yr as likelihood ratio: In the remainder of this section m#
and 7* are the solutions of the Kolmogorov’s equation (@),
with initialization 7y =y and mp = fi, respectlvely

Consider the likelihood ratio yr(x) := “T(( )) for x€S. The
ratio is well-defined because fi(x) >0 for all x€S. The mean
and variance of yr are as follows:

¥r) = > B(x)yr(

varg (yr) = B(17) 1= 7 () = 1

The dual process is used to express 7 " (vr) in terms of the
initial measure (. The counterpart of Prop. [ is as follows:

mean : x)=1

variance :

Proposition 6: Consider the dual process with terminal
condition y7 := yr. Then
a(yr)=a@o), w7 (yr)=H1(y)
Proof: Let {m:0<t<T} be the solution of the
Kolmogorov’s forward equation then
r(yr) = m(yo)
The two formulae follow by using 7y = it and 7y = U. [ ]

Using the inequality (IT)) together with the result of the
proposition, the following counterpart of (I0) is obtained:

A (12)

var, (1) < et VarO M)
The calculation is included at the end of this section.

Stochastic stability: Using Cauchy-Schwarz, the difference
squared

2 () =B (P =18 (= 1) (f=R()))I <varh (v ) vary (f)

Combining this with (I2), we have the following result on
stochastic stability:

Theorem 2: Suppose X is a Markov process with an
everywhere positive invariant measure fI whose generator
satisfies the PI with constant c. Then

|2 (1) = RO < e varf (1) varg (f)

Calculation for (I2): Using the second formula from
Prop. [@

varh (vr) =7 (y) = 1= (vo) -1 = 1 ( (5 = 1) (30— 1))

==

and using Cauchy-Schwarz

(varg () < (5~ 1)) 2(00=1)%) = varg () varg (o)

Finally, use the inequality (I1) for the dual process:

Varo (y()) <e —r Varo (')/T)
. (var0 (vr))? Svar0 (1) varg (yo) <e

varg(}/f) < e_‘TvarO (10)

—C

! Varo (YO)Varo (rr)

The proves the inequality in (I2).

D. Proof of Prop.
Using the definitions for M and f8

M, = V() - / (E(¥.
V(Y- /e“

That is

Zﬂ“ (x)|[UP +V (x)|R)

s<Wm>/m )

_ t _ _
M,gv,“(Y,)—fO BVE(Y,)ds PR—as. for0<i<T (13)

Set &, =e” Jo Bsds and multiply both sides by the integrating
factor B;®; to obtain

Bv, < (VE ) - [ BVE(r) as)

and upon integrating from 0 to 7'

T T _
fo B,d,M, di < Dy fo BYVM(Y,)dr

Because d®, = —f,P, ds

T T _
—cpTMT+M0+fO c1>,dM,gc1>Tf0 BVF (1) de

and because My = V(l)_l(Yo) = VaIg(YO)

_ T T _
varg(Yo)+fO c1>,dM,gc1>T(/o BVE (V) ds+My)
<@V (1r)

where (I3)) is used (with # = T) to obtain the final inequality.
Take expectations of both sides to obtain (8).

E. Proof of Prop.

Taking an expectation of both sides of (), using f; > ¢,
one obtains the conditional PI. Therefore, pathwise PI with
a constant ¢ implies conditional PI with the constant c. Con-
versely, consider a random function F = 1pf where the set
Be Zr and f e L*(S). Using the property of the conditional
expectation &5 (15f) = 13E5 (f) and Vi (1gf) = 13V“(f)
and therefore conditional PI implies

EX(15E8(f)) = cER(1,VE(F))

Since B is arbitrary, pathwise PI follows.



F. Proof of Prop. d and (I0)
1) With Y7 = yr, the conditional expectation

7 (Yr) = 2wy (2 (x) = Y (x) = 1

xeS xeS

Therefore U™ satisfies

T _
1:a(Y0)—f0 U™dz, PP _as.

If Z was a w.p. then it follows from the representation
theorem [24, Theorem 5.18] that U,Opt =0 a.s. for
0<t<T and [._L(Y()) = 1. Moreover, the representation
is unique in L% ([0,7]). We can not apply the rep-
resentation theorem directly because Z is not a PA-
w.p. However, it is w.p. under the Girsanov change
of measure [25, p. 85]. Since the two measures are
equivalent, the representation also holds for PH.

2) In [19, Theorem 2], it is proved that along the optimal
trajectory

_ t
n,“(Y,):a(Yo)—f Udz,, for 0<i<T

Therefore, 7" (¥;) = fi(Yy) = 1.

3) Using the equation of the Wonham filter @) for 7
and the BSDE (@) for Y, a direct calculation (included
in Appendix H)) shows

d(7' (%)) =G (dz -l (h)dt), 0<t<T (14)
where the coefficient
=a'(hy) -7 () rl (h) + 7 (V;), 0<t<T

4) This part also follows from a direct calculation (in-
cluded in Appendix [H)) to show that

P (h)dr)
(15)

where C; is as defined in the proof of part 3. This
completes the proof of the four parts of the Proposition.

d(Am! (7)) =Ad(Dim (%) + G ) (dZ, -

We next derive the inequality in (IQ). Two derivations are
provided starting from results in part 3 and part 4:

Derivation of (I0) from part 3 of Prop. @& Since {7/ (Y;):
0<t<T} is P*-mg

B (' (1) - 1) =A((G-D0%-1)
and therefore using Cauchy-Schwarz

[E¥* (xf (yr) = 1) < varg (3) varg (Yo)

Now we use the inequality (6) for the dual process

=u((Yo-1))

Val‘g(Yo) <e T var’}(yf)
o [ER (g () = DI < e varg (1) vary (vr)
which is expressed as

cT

R vary () < e varg (1)

with
(25000
EA (a7 (vr)-1)
Derivation of (I0) from part 4 of Prop. 4 Since
{Am! (Y,):0<t<T} is PA-mg

E*(Ar (a7 (vr) - 1)) = u((Yo-1)) = u((

and therefore using Cauchy-Schwarz

E* (A7 (f (vr) = 1) < varg (1) varg (Yo)

Now we use the inequality (6) for the dual process

-D(¥%-1))

==

Var’;(yT)
ﬂ#()’r) - 1))|2 <e T var, (yO)vaIT(yT)

which is expressed as

varg (Yo)<e™!
S |Eﬁ (AT(

—cT

Ry Var’;(yT) <e varg(}’o)

with

Ry (E%}T(n';(m 1) )2
EA (a7 (vr)-1)
G. Proof of Prop. 3l
Consider the random variable S7 :=

7k (yr) - 1. The ratio
EXST) )\ oy .
Rr = ( T ) . Using the law of total probability

EX(ST)
EX(S) = Y E>(Sr)u(x), EF(S7) = E*(Sr)i(x)
Therefore,
E4(Sr) - B (51 B (x) > aBR(51)

T A (x)
The bound follows.

H. Additional calculations

Calculation for (I4): For this and the next calculation, 7* is
a solution of the Wonham filter (2)) and Y is a solution of the
BSDE (). Using the Itd-Wentzell formula for measures [26,
Theorem 1.1]:

dmf' (%) = nf* (hY +V; ) dZ, - = (V) mf* (h) dZ,
+mf (V) (h)w! (h) dt - mif (hY; + V; ) mf* (h) dt
= (n () - = (Y) ! (h) + 7f (V) ) (dZ, - mf' () dr)
=G/(dz - nf' (h)dr)
Calculation for (I3): The exponentlal martingale A, is the

Doléans exponential of [0 D,(dZs—nf (h)ds), and therefore
its differential form is given by

dA; =A,D,(dZ, - (h) dr)
Applying It6’s lemma together with (I4) yields
d(A ! (%)) =ADy (%) (dZ, - o (h)dr)
+A,G(dZ - /' (h)dt) + A,C, Dy dt
=AD" (Y,)+c,)(dz, " (h)dr)
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