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Abstract—This study presents an ANWSER model (asset and the process where a bank go bankrlipt[8] either. These are
network systemic risk model) to quantify the risk of finan- the issues of the models.

cial contagion which manifests itself in a financial crisis.The .
transmission of financial distress is governed by a heterogeous This study presents an ANWSER model (asset network

interbank credit network and an investment portfolio of banks. SyStemic risk model) to quantify the risk of financial conta-
Bankruptcy reproductive ratio of a financial system is compued gion in a financial crisis. The ANWSER model analyzes the
as a function of the diversity and risk exposure of an investrant  transmission of both categories of financial distress. Tauest
Eg:g?clyger?;obzn'ﬁérzgﬂktré?ec(ij'?rr]lse?ngflf i’:\daﬁgﬁiﬂg;“%”n Cc’)ff a mission of financial distress is governed by a heterogeneous
us i it network. yti u : - : -

the bankruptcy reproductive ratio for a small financial system is interbank credit network and an investment portiolio ofltmn.
derived and a numerical solution for a large financial systemis 1h€ ANWSER model computes a bankruptcy reproductive
obtained. For a large financial system, large diversity amog ratio of a financial system as a function of the diversity
banks in the investment portfolio makes financial contagion and risk exposure of an investment portfolio of banks, and

more damaging on the average. But large diversity is esseafly  the denseness and concentration of a heterogeneous imterba
effective in eliminating the risk of financial contagion in the worst credit network

case of financial crisis scenarios. A bank-unique speciaition

portfolio is more suitable than a uniform diversification portfolio The ANWSER model is described inl Il, including the
and a system-wide specialization portfolio in strengthemig the balance sheet of banks, a interbank credit network, an in-
robustness of a financial system. vestment portfolio of banks, the details of a financial erisi
scenario, and the definition of the bankruptcy reproductive
I. INTRODUCTION ratio. An analytic solution of the bankruptcy reproductiatio

) o _ _for a small financial system is derived[inllll and a numerical

The recent European sovereign debt crisis has impairggl,tion for a large financial system is obtained T IV. Risk
many European banks. The financial distress on some Eughdscape of the bankruptcy reproductive ratio is drawn on
pean banks may transmit to banks in other continents ag plane of the diversity and risk exposure of an investment
cause a catastrophic financial contagion worldwide. Indegghtfolio of banks. The risk landscape can be a basic compass

more than 10 banks in US, UK, and other countries wego| in searching for the optimal portfolio which strengtise
bankrupt in the financial crisis ensuing from the collapse @fie robustness of a financial system.

the subprime mortgage market in 2007. Since then, supesviso

and other relevant authorities have directed a great eéfort

comprehending the systemic risk hidden behind banks and

finding the solution to ellmlnate _f|nanC|aI contagion. A Balance sheet
Recently, Monte-Carlo simulation models were developed to

understand the transmission of distress on banks and §uanti The balance sheet of a bank is represented by a set of five

the risk of financial contagion[2], ]4],19],[[11],[16]. Two quantities in the ANWSER model. The amount of asset of the

categories of financial distress were studied with the mod-th bank isa,. The number of banks i& (1 < n < N).

els. One is a defective investment portfolio of banks whichhe asset include external assetsand interbank loansg,.

weakens the robustness of a financial system when the markie¢ external asset is an investment in general. The total

prices fluctuate[3]. The other is evaporating solvency thifi@ amount of interbank loans is given by = 21]:[:1 ln. The

banks in paying off interbank borrowings[5[.] [7],_[12],_[lL4 liability includes equity capitat,,, interbank borrowing$,,,

Both categories of financial distress transmit simultasgou and depositsd,,. The equity capital means the core tier 1

in the financial crisis although either category may tramsngapital including common stock and disclosed reservessdhe

separately in the peace time. None of the models addresed not be paid off and can be used to absorb the loss from

the compound financial distress of both categories. None tbe distress immediately. An interbank borrowing of onekban

the models are founded solidly on the stylized facts for the an interbank loan of other bank. Fig.1 shows the balance

statistics of the funds transfer between bankis[13]| [158] [ sheet.

II. ANWSER MODEL
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Asseta, Liability loans and borrowings of individual banks is determined by

Equity cabital eq.[4) and[(b).
quity capital c, I = Z i @)
External assets e, n'#n
Customer deposits d, b, — Z Wt ()
n#n’
Interbank loans /, Interbank borrowings &, Given 6, the amount of external assets is determined by
eq.[6). A prerequisite that the external assets are no lhess t
Fig. 1. Balance sheet of the-th bank in the ANWSER model. the net interbank borrowings is imposed because the bank has
already gone bankruptcy if this prerequisite is not satisfie
The interbank loan ratié of the financial system is defined 1-6 N Iy
by Eq.00). . en = max(b, — I,,,0) + (TL - ;max(bn — 1, 0))f
Yo On Given~y, ¢,, = v(en + 1) andd,, = (e, + 1) — (¢n + bn)-
The equ|ty Capita' ratio}/ Of individual banks iS defined by The Val.ue Of the f|Ve quantltles n the balance Shem “'A IS
Eq.(). determined.
_ % 2 Two macroscopic indices are defined to summarize the
Tn = . 2 . . .
an denseness and concentration of a interbank credit network.

It is assumed in this study that big banks and small bank§e average degreeis defined by ed.(7)0 <x < N — 1 is
have the same equity capital ratio. This vatygs the minimal satisfied. A more dense interbank credit network has a larger
level of the equity capital ratio required by the bank retaria  value of . It is a function ofT'.

policies. W(T) = N(Nl_ y Z T, )
B. interbank credit network n#n/

An interbank loan is the credit relation between a creditor The share; of the largest five banks in the interbank loans
bank and a debtor bank which appears when the debtor bagkiefined by ed.{8). Herey; refers to the bank which owns
raises money in the interbank market. A interbank credite largest amount of interbank loans, = argmax, (I,),
network describes the all credit relations. It is a directeshdn, refers to the bank which owns thieh largest interbank
graph which consists of banks as vertices, and the interbdokns.0 < p5; < 1 holds. A more concentrated interbank credit
loans as edges from creditor banks to debtor banks. Thetwork has a larger value pf. The indexps is an increasing
interbank credit network is specified by ai x N matrix function of r.

T in the ANWSER model. If then-th bank lendsn’-th
bank, T, = 1 and 0 otherwise. The outgoing degree of ps(r) = ~
the n-th bank is the number of banks which it lends. It is 2=t ln

calculated byko"t = Zf:[,:lT,m,. The incoming degree is C. Investment portfolio

the U“mber of banks from which it borrows. It is calculated The external assets of a bank are the investment in assets

_ N
by k=321 Ton- like securities and government bonds,,,,, is the amount of

Ilt IS foufnd dfrom thfe studies ?E tg%\]stﬁt'St'_CsJOf sorlnigwe m-th asset as a fraction of the external assets which the
electronic Tuncs transler system like -Net in Japan[ -th bank invests. The number of assetslis(1 < m < M).

Fedwire in US[15], CHAPS in UK[13], and e-MID in ltaly[17] <M Xpm — 1 for anyn and0 < X,., < 1 are satisfied
that the distribution of the degree of banks obeys a po Télzir%lvestment portfolio is specifi_ed by anx M matrix X
law. And more importantly, the amount of funds transferrelﬂ the ANWSER model

between banks increases as a power of their degrees. It %o macroscopic indices are defined to summarize the

assumﬁdkijn tr_}% ANWSER rpode_l tha; thE lgenefralize;qé?w Hf\/ersity and risk exposure of the investment portfolio[Bhe
eq.[3) holds. The amount of an interbank loan from index ¢ is the average difference in the fractions between

Zn:n1,n2,n3,n47n5 b (8)

bank to then'-th bank isw;,, [1]. banks, X,,,, — Xm. It is defined by ed.(9). The relation
Ty (KOU k}{})T 0 < 0 <1 is satisfied. A more diverse investment portfolio
Wnn! = Zn#n, Tpnr (KUY /{iln/)rL' ®) has a larger value df. It is a function of X.
In the ANWSER model, the parameter> 0 governs the 1 1 X
heterogeneity of the distribution of interbank loans oves t 0(X) = N(N -1) Z M Z [ Xom = Xl (9)
interbank credit network. The amount of interbank loans is n#n’ - m=l

constant ifr = 0. The distribution becomes more heteroge- The indexe is the average difference betweéfy,,,, and
neous ag increases. Givefl’ andr, the amount of interbank 1/M. X,,,,, = 1/M for any m means uniform diversification



portfolio whose risk tends to be the smallest. The indédx When A = 1, financial contagion does not appear. As the
defined by ed.(9). The relatiah< ¢ < 1 is satisfied. A more value of A increases, the financial contagion becomes more
risk-exposed investment portfolio has a larger value.of damagingA(d, €) for givenx andps is called a risk landscape.

1 M N 1 IIl. ANALYTIC SOLUTION FORN =2
e(X) =5 D1 Xum = I (10) A Exact formula

m=1 n=1
The ANWSER model i ]l can be solved analytically for a

In C?ie of aduniormAdli)veriifica_ltion portfplilp w_heﬁénm le_ small financial system. The exact formula for the bankruptcy
1/M, & = 0 ande = 0. A bank-unique specialization portfolio reproductive ratio is derived foN = 2 and M = 2. Both

means that individual banks invest in their own unique assef < have the same amount of asseBoth are creditors

— I H i
Xomy(n) = 1. Generally,my(n) # mu(n') it n # 0. In 504 qebtors. The balance sheet becomes by = fa, by —
this case,d = 1 ande = 0. A system-wide speC|aI|zat|0nl —9 o o .
y=10a,e; =exs=(1-0)a, ¢y =c3=7a, andd; = dy =

portfoIE) melani_that any lianks |3veft in the sameth asset, (1 — v — 6)a. The fall in the market prices is a probability
Xnms = 1. In this case) = 0 ande = 1. variable. It is assumed that and v, are independent and

D. Financial crisis scenario obey an exponential distribution in dg.[14).
The trigger of the financial crisis in the ANWSER model %e*vm if v, <0
is the fluctuation of the market prices of the assets. The fall Plom) = %e—mm if v, >0 (14)

in the market price of the unit quantity of the-th asset o ,
is denoted byv,,. The loss which thes-th bank incurs is Eq.(11) can be converted to the criterion for banks going

en Z%;anmvm- If this loss can not be absorbed by thdankrupt on the asset price plang,(vs). Fig[2 shows the

equity capital, the bank goes bankrupt. The set of bankstwhig'it€rion. No banks go bankrupt in the domain. Either of
go bankrupt in this initial stage is denoted By. It is given the two banks goes bankruptin;. Both banks go bankrupt in

by eq.[11). WU,y. The boundarie®; and ®, determine whether individual
. banks go bankrupt or not. They are given by[ed.(15).
Fo={nlcn <en Y Xnmtm}. (11) ©1: oy = (1 -0{Xnuv + (1 - X} (15)
m=1 P, - vy = (1 — 9){X21’U1 + (1 — Xgl)’l)g}

In the next stage, the insolvency of banks iy causes  The probability of two banks going bankrupt is given by
additional loss to the bank which lends any bank&in Any eq.[16) whereA = v\ /(1 — 6).

portions of the interbank loan are not paid off. If the total
loss can not be absorbed by the equity capital, the bank goes p(|Fo| =2) = / P(v1)P(v2)dvydvy
bankrupt too. This is the transmission of financial distiesd o

the basic mechanism of financial contagion. The set of banks _ (X - 1)? T 4 7)(221 ~Xar
which go bankrupt in this stage is denoted By. Similarly, 202Xy, — 1)e 2(2X91 — 1)e

this process goes on working many times until the financial 1 Xi1-1 Xo1—1, _op

contagion comes to a halt in the final stage. The set of banks _Z(QXH 1 2X5 — 1)6 : (16)

which go bankrupt in thg-th stageF'; is given by eql(12).  The probability of one bank going bankrupt is given by

M eq.[17).
F; ={n|c, <e, XnmUm + Lyn' }- (12)
! mz::l ,Z p(|Fo| =1) = P(v1)P(vy)dvy dug
n EFJ,l o,

Formally, the set of banks which ended in bankruptcy in (X —1)? exhoT 4 X7 p——

any stages is given b¥'oc = U, F;. C2(2Xy; - 1) 2(2X11—1)

2 2

E. Bankruptcy reproductive ratio _Mexzfq _ Le—%ﬂ

2(2X2, — 1) 2(2X2;, — 1)

The ANWSER model computes the bankruptcy reproduc-
tive ratio A. This quantifies the strength of a susequent chain +=( — e
effect as a measure of the risk of financial contagidnis 2._2X11 -1 22Xy _.1 o
defined by eq(13), which is the ratio of the final number of The probability of no banks going bankrupt is given by
bankruptcies after the financial contagion to the initiainter eq.[18).
of bankruptcies immediately after the market prices flugtua
It is a function of the macroscopic indices and ps for a P(|Fo| =0) = / - P(v1) P(vz)dvidvy

1, X111 Xo1 —1
11 21 ) _oA (17)

interbank credit network inII-B, andl ande for an investment X2, N (X1 —1)2 _a
. . — _ X1 X311
portfolio of banks if1I-C. 2(2X0: — 1)6 m o+ 2(2X0 — 1)6 2
F 1, X3 -1 Xo1 —1
Ak, ps, 6,¢) = [Fo| (13) - 1 2 e M 4. (18)

|F0| Z 2X11—1_2X21—1



Fig. 2. Criterion for banks going bankrupt fé¢f = 2 and M = 2 on the Fig. 3. Criterion for financial contagion fav = 2 and M = 2 on the asset
asset price planev(, v2). The boundarie®; and ®, determine whether the price plane {1, v2). If one bank went bankrupt, the other bank goes bankrupt
two banks go bankrupt. None go bankrupt in the dom&in Either of the too in the domain¥ . The boundaries o are ®1, ®3, and®(.

two goes in¥;. Both go inWs.

A(S,)

1.0 - 1.270

Eq.(I2) can be converted to the criterion for finan 1 1252

contagion on the asset price plane. Hig.3 shows the crite 03 , I1.234

If one bank goes bankrupt, the other bank goes bankrup ' J1.216

in the domain¥. The boundaries oft are ®;, ®5, and _ _1'198

dc. Oc is given by eq(19). 05 ' “ ' _i:izg
&

v =min((1 = 0){Xo1v1 + (1 = Xo1)va} —7,6) 04 - B | i:i;g

Do - +(1 - 9){X11’U1 +(1- Xll)’vg} if 11 < ﬁ —1.108

“ ) =min((1 - 0){Xv + (1 - Xi)oa} —7,0) 0.2 e

+(1 = 0){X21v1 + (1 = Xop)va} if v1 > 125 1.054

(19) . [ 1.036

The probability of financial contagion is given by €gl(2 00 02 0_'4 06 08 L0 1.018

The exact formula for ed.(20) can be derived although i S Lo

compllcated. Fig. 4. Risk landscape derived analytically by the ANWSERdeio The

bankruptcy reproductive ratid is drawn as a function of the diversityand
p(|Fo| =1,|F1| =2) = // P(v1)P(v2)dvidvg.  (20)  risk exposures when§ = 0.1 andy = 0.05 for N = 2 and M = 2. The
Ve ratio is measured at the average point of the number of bptties.
The exact formula for the bankruptcy reproductive ratio is
derived from the probabilities in e[.(16) throu@hl(20) aligh ) ) o )
it is also complicated. Fol/ = 2, § = |X1; — Xai|, MO'€ suitable than a uniform diversification portfolio and a
e = X1+ Xo1 — 1], and0 < 6 + ¢ < 1 are satisfied The system-wide specialization in strengthening the robsstrod

bankruptcy reproductive ratio is obtained as a functiors of @ finacial system. o
ande, as well as a function oK, and X,. This is the risk ~ F19[8 showsA(d, e) which is measured at the 999th 1000-

landscaped (s, <). quarltile ppint. The pankruptcy reproductive ratio i§ aither
2. Financial contagion disappears wher 0.6. Again, large
B. Risk landscape diversity reduces the risk of financial contagion. Smalk ris

Fig[d shows the risk landscap#(d,s) which is measured exposure is also relevant in eliminating the financial cgiuia.
at the average point of the number of bankruptcies. The
value of \ in eq.[1%) is adjusted so that the probability of . )
bankruptcy of an individual bank having = 0.07 can be A Smulation experiment
10~3. The bankruptcy reproductive ratio becomes large whenThe ANWSER model if]l can be solved numerically with a
the value of$ is 0.2 through 0.4. Although the condition undeMonte-Carlo simulation technique for a large financial eyst
which the risk of financial contagion vanishe4 £ 1) is not Given x and p5;, a humber of samples for a heterogeneous
obtained analytically, Figl4 demonstrates that large rditee interbank credit networkl" are generated randomly. Hiy.6
among banks in the investment portfolio reduces the risk sfiows an example of a heterogeneous interbank credit networ
financial contagion. A bank-unique specialization poitfaé when N = 500. The network is a generalized Barabasi-Albert

IV. NUMERICAL SOLUTION FORN = 500
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Fig. 5. Risk landscape derived analytically by the ANWSERdeioTh:  Fig. 7. Risk landscape obtained numerically by the ANWSERIehoThe
bankruptcy reproductive ratid is drawn as a function of the diversityand bankruptcy reproductive ratid is drawn as a function of the diversityand
risk exposures whené = 0.1 and~y = 0.05 for N = 2 and M = 2. The risk exposures when6 = 0.1, v = 0.07, K = 25, and p5 = 0.25 for
ratio is measured at the 999th 1000-quantile point (the wwomse) of the N = 500 and M = 2. The ratio is measured at the average point of the
number of bankruptcies. number of bankruptcies.

1.0

B. Risk landscape

Fig[@ shows the risk landscap&(d, ) which is measured
at the average point of the number of bankruptcies. The
conditionsN = 500, x = 25, andp; = 0.25 are equivalent to
those for BOJ-Net. The bankruptcy reproductive ratio bezem
larger aso approaches 1. The largest value Afis 1.9. This
landscape is quite different from that in [Eip.4. Risk expesu
does not have a strong impact on the bankruptcy reproductive
ratio.

Fig[8 showsA(d, ) which is measured at the 999th 1000-
guantile point. The bankruptcy reproductive ratio becomes
quite large when the value @fis 0.2. The largest value ot
is 4.4. Large diversity among banks in the investment pbotfo
o 6 Het erbank credit network 16— 500. The si reduces the risk of financial contagion essentially. Thaltgs
o;gé vértex?eeprr(:egsiﬁgﬁemagoﬁzt o(;rgslsert]%f grbanlz._‘l'he \bfdﬂmeeiiléf:‘ are Str_lklng' Large d'Ve,rS'ty among banks mak‘?s fmaqual
represents the amount of an interbank loan between the laritssends. contagion more damaging on the average. A uniform diver-

sification portfolio and a system-wide specialization fuitd

are more suitable than a bank-unique specialization gartfo

But large diversity is essentially effective in eliminagitthe
model[19], [20]. This is a random graph with the mechanisisk of financial contagion in the worst case of financial
of growth and preferential attachment, which becomes scalgisjs scenarios. A bank-unique specialization portfiimore
free as\V goes to infinity, that is, the distribution of the degregyjtable than a uniform diversification portfolio and a syst

k obeys the power law’(k) o k~* wherea > 2. There is a wide specialization portfolio in strengthening the rolests
significant probability of the presence of very big banksisThof a financial system.

is the origin of heterogeneity.

Given ¢ and e, a number of samples for an investment V. CONCLUSION

portfolio X are generated randomly. It is assumed that theOne of the lessons of the financial crisis in 2007 is that
fall in the market pricesv,, are independent and obey asupervisors and other relevant authorities failed to captue
Student t-distribution whose degree of freedom is 1.5. Thégstemic risk hidden behind banks just by keeping a close eye
is a long-tailed distribution. It is suitable to describeualden on individual banks and economic fundamentals. The scope
large fluctuation of market prices. A number of samples faf the recent arguments on the capital surcharge is stiltehe
vy, are generated randomly. The number of bankruptciessilience of individual global systemically important banihe

the average point and the 999th 1000-quantile point can &ealysis with the ANWSER model, however, demonstrates that
obtained from the frequency distribution of those samples. the risk of financial contagion depends on the macroscopic



A(5.€)

risk of a financial system may be founded on the facts which

N I [ 443 are obtained by observing individual banks and inferring th
- 420 interbank credit network and the investment porfolio. Such
0.8 ggz prediction aids the supervisors and other relevant autbsri
g J”z in designing the financial system theoretically and in mgkin
0.6 - - | ‘ 1320 rggulatory policies in pra<_:tice. This is the goal of an errerg
N | —13.06 field of systems economics.
& —{2.83
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number of patients with a statistical analysis[6],/[10]efhan

impending epidemic outbreak may be predicted with a Monte-

Carlo simulation technique. Similarly, the prediction dfet
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