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Abstract— The ergodic sum-rate capacity of a single-input
single-output (SISO) OFDM downlink channel, with K ho-
mogenous users scales as loglog K when optimal scheduling
is employed under certain conditions. However, the optimal
schedulingrequiresthat the full channel state information (CSl)
for all users be available to the transmitter utilizing valuable
bandwidth resources.In [1], the authors show that almost the
same capacity growth holds even if the feedback rate from
the usersto the transmitter is reducedto 1-bit per sub-carrier
per fading block for a limited class of channels.In this work,
we present an alternative simple analysis for a more general
class of channelsresulting in a closed form expressionfor the
ergodic achievable sum-rate. The mechanism of setting sub-
optimal thresholds for the 1-bit quantizers is elucidated by
simple lower bound to the sum-rate. Setting these sub-optimal
thresholds ensures the same growth rate and non-interference
limited behavior (at high-SNR regime) as that of the full-CSlI
schemeasymptotically with K.

I. INTRODUCTION

The demandfor ubiquitoushigh rate datacommunication
has motivated the development of efficient wireless com-
munication techniquesover the last decade. Multi-carrier
techniques,and in particular orthogonal frequencydivision
multiplexing (OFDM) techniques,are known for their abil-
ity to combatinter-symbolinterference (I1SI) resulting from
the needto communicateover widebandfrequeng selectve
fading channels.Their relative simple implementationand
the emegenceof low-cost power efficient high performance
digital signalprocessorsturnedOFDM into theideal baseline
for wirelesscommunicatiorstandardsuchas|EEE 802.11a/g
(WiFi) andthe evolving IEEE 802.16(WiMax).

A transmitter serving multi mobile terminals may use
opportunistic schedulingexploiting the multi-user diversity
effect to achieve higher communicationrates. This idea is
easily extendedto multi-carrier systemswhere opportunistic
schedulingmay be done independentlyfor each sub-carrier
[2]. A difficulty in implementingopportunisticschedulingin
the downlink, is the needto track the userschannel state
information (CSI) at the transmitter Since the sub-channels
neededto be estimatedat the recevers and fed back to the
transmitteyforms of limited feedbackhatreducethe overhead
on the systemresourcesre of interest.

Focusingon single-inputsingle-output(SISO) setups,var-
ious methodsto reducethe amountof feedbackhave been
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suggestedecently for flat and frequeng selectve channels
[3][4][5]. Neverthelessthesepartial CSI schemesrebasedon
feedbaclof anO(N) realnumberswhereN denotegshenum-
ber of sub-carriersMaking thesepartial CSI schemesaven
moreeconomicala 1-bit feedbackper sub-carrieischemewnas
recentlyproposedin [1]. Accordingto this scheme for each
sub-carriera thresholdis usedfor the usersto comparetheir
sub-carrierdade power levels to. Then eachuserfeedsback
the comparisonN bits resultto the transmitter It is shavn
in [1] for channelswith uncorrelatedtaps, that with 1-bit
feedbaclkper sub-carrieffor eachof the K usersandcarefully
selectedthresholdsthe achievable sum-ratedemonstrateshe
samegrowth rateof log log K asthe full-CSI OFDM scheme.

The analysis of the 1-bit feedbackschemepresentedin
[1] (which is basedon the analysisof a similar scheme[6]
developedfor single carrier SISO downlink systemscommu-
nicating over flat channels)nvolves order statistics,resulting
in an implicit expressionfor the ergodic sum-rate.Such an
expressionprovideslittle insightinto this problem.Indeed the
authorshave to resortto numericalcalculationgo concludethe
log K asymptotichehaior of the optimal thresholdsIn addi-
tion, the authorsapply tedious probability corvergencetools
to extract the asymptoticbehaior of their result. Moreover,
their approachis limited to the analysisof frequeng selectve
channelswhich provides uncorrelatedsub-channelgains in
thefrequeny domain.This requirementeadsto channelswith
N i.i.d. tapsin the time domain. Hence,long cyclic prefix
shouldbe usedby the transmitterresultingin a large overhead
of bandwidthand power.

The main contrikution of this work is to introducea simple
analysiswhich yieldsa closedform expressiorfor the ergodic
sum-rateof the 1-bit feedbackschemeof [1]. This expression
which is also valid for channelswith taps that may be
correlatedn generaljnvolvespower allocationto sub-carriers
using the long term channelstatistics.Furthermore a simple
lower boundfor this rateis also presentechnd a sub-optimal
selectionof the thresholdds shavn to achiere asymptotically
optimal performanceand non-interferencelimited behaior
when the numberof usersis large. Throughoutthis work, a
homogenousnodelis assumedvhereall userssharethe same
fading pathsdelays. This assumptionwhich is justified for
setupswherethe main scattererarelocatednearthe transmit-
ting antennacan somavhat be relaxed, and non-homogenous
channelswhere usersmay experiencedifferent fading paths



delays,are consideredvith somepracticallimitations.

The rest of the paperis organizedas follows. In Section
Il the systemmodel andthe homogeneoushannelmodelare
presentedThe 1-bit feedbackper sub-carriemper fadingblock

schedulingis describedn Sectionlll. SectionlV summarizes

the results of the full-CSI scheme.An expressionfor the
ergodic sum-rateof the 1-bit feedbackschemeis derived in
SectionB while an asymptoticanalysisof this rate for large
numberof usersandhigh-SNRregimeis presentedn Section
VI. Numerical results are summarizedin SectionVII. The
resultsare extendedto include a non-homogenousnodel in
SectionVIll. Finally, a shortdiscussiorand someconcluding
remarksare elaboratedn SectionlX. Variousderivationsand
proofsareincludedin the Appendices.

Il. SYSTEM MODEL

The downlink channelof a single isolated cell setupin
which single-antennabase station transmitteris communi-
cating with a K single-antennanobile users,is considered.
We adhereto a homogeneousnodel where all the channels
betweenthe transmitterand the different usershave identical
path delays and path gain variances,which are assumedo
be constantand known to both the transmitterand recevers.
The channelsare assumedto be i.i.d. among users, and
their impulse responsesare approximately constantduring
the coherencetime of the channelswhich is assumedo be
much longer than the respectie delay spreadsThe impulse
responsecoeficients of eachchannelare zero-mearcomple
Gaussiamandomvariableswhich maybe correlatedn general
and form an ergodic processin the time index. The reader
is referredto Appendix A for a detailed analysis of the
channel statistics. Lastly, the zero-meancomplex Gaussian
additive noise processe®f the channelsare assumedo be
i.i.d. amongdifferent usersand “white” acrossthe relevant
frequeny band.To combatthe frequeng selectve channels,
OFDM modulationwith N sub-carrierss used.The systemis
properly designedwith adequatecyclic prefix) in a way that
inter-carrier interference(ICI) andISI are avoided.

Accountingfor the underlyingassumptionsand following
proper cyclic prefix removal at the recever and discrete
Fourier transform(DFT) operation the receved vectorof the
kth useris given for an arbitrary OFDM symbol, by

)

where x ~ CN(0,P) is the N x 1 zero-meancomple
Gaussiarvector of the information symbols,with covariance
matrix P and overall power constrainttr{ P} < NP. The
channelfrequenyg responseis the N x N diagonal matrix
denotedby H, with zero-meancomple« Gaussiardiagonal
entries Hy ,, = [Hg,,, ~ CN(0,0%,), correlatedfor each
user in general Due to the homogenousssumptionthe long
term statisticsof each sub-carrieris identical for all users
and cr,%’n =o2. Furthermore,|Hk,n|2 is a chi-squarerandom
variable with two degreesof freedomand expectedvalue of
o2. The frequeny domain additive noise N x 1 vector is
denotedby zj, with zx ~ CN(0,Iy). The usersare fully

yk:ka+Zk7

aware of only their own CSI and use a delaylessreliable
uplink channeko feedbacktheir partial CSl to the basestation
transmitter

1. SCHEDULING SCHEME
Accordingto the 1-bit feedbackper sub-carrierscheme:

1) For each fading block (that could span over several
OFDM symbols),eachuser feedsback N bits, where
the nth feedbackbit of the kth user by ,,, indicatesif

its corresponding:th sub-carrierfade power level has
crosseda certainlevel a,.

After receving the N K feedbackbits from theusersthe
transmitterrandomlypicks one userk(n) for transmis-
sion with power p,, £ [P],,.,, over the nth sub-carrier
from the setof usersS,, = {k: by, = 1}. In the case
whereS,, = ), no power is allocatedfor this sub-carrier
during the currentfading block?.

Finally, the selectedusersindicesvector {k(n)}"_} is

sentto the usersprior to the datatransmission.

Thethresholdvector{a,, }\'~; andthe power vector{p,, }\
arepredeterminedccordingto thelong termchannekstatistics
{o2}-}, wherethe latter is selectedto satisfy the overall
power constraint.Finally it is noted that since during each
fading block, only one useris active for each sub-carrier
a single user encoding-decodingchemeis emplg/ed across

mary fadingblocks (and mary OFDM symbols).

2)

3)

IV. PRELIMINARIES

Accordingto a similar schemebut with full-CSI availableto
the transmittey for eachfadingblock, all usersfeedbacktheir
receved power level for eachsub-carrier It is well known,
thatthe capacityachierzing schedulingof the full-CSI setupis
for the transmitterto pick, for eachsub-carrierthe userwith
“best” channelfor transmissionwith power p,, (the amount
of power is selectedto meetthe overall power constraint)
using a complex Gaussiancodebook[2]. Next, the selected
user indices vector {k(n)}N=!, and the power allocation
vector p = {p, }2 -}, arefed backto the usersprior to the
datatransmissionUsing the obsenation that the maximumof
K > 1.i.i.d. chi-squarerandomvariableswith two degreesof
freedomis approximatedy log K with high probability [7], it
is shavn in [8], thatfor K > 1, the ergodic sum-ratecapacity
per sub-carrierof the full-CSI OFDM systemis given by

N-1

1
Chesi v 7;] log (1 + pnoy log K)

o~

max
K>1p: [p|<NP

)

The solutionto this standardptimizationproblemis given by
waterfilling

1 1 + iy
Dn=\Y " o7 s.t. |p‘: pn:NP7
</\ 0,%10gK> T;]
3)

2Later on it is argued that by proper selection of the thresholds,the
probability of a sub-carrierto be inactive vanisheswhen K is large. Hence,
the potentialimprovementon performancetaking into accountthe additional
available power, is negligible.



where (z)* £ max(0,z), € R. Examining (3) and

assumingarge numberN of sub-carriersand o(N) number
of sub-carrierswith long term zerofadepower level 02 = 0,
reveals that for a finite P and increasingnumber of users
K, the waterfilling solution converges to a uniform power
allocationp,, = P, Vn

(4)

Rfcsifupa

v 1%

1 N1
NZ 1+PJ logK) .

Now, since
Rfcsifupa
_ —
loglog K K—oo

?

it is concludedthat the emodic sum-rate capacity of the
full-CSI schemegrows as log log K asymptoticallywith the
numberof users.

Examining (3) and adheringto similar agumentationre-
gardingthe channelstatistics,it is concludedthat waterfilling
haslittle effect at the high-SNR regime, and uniform power
allocationis optimal. In this casethe high-SNRermgodic sum-
ratecapacityslope[9] of the optimal full-CSI schemds given
by

Rfcsifupa

fesi
— ljm =Zestmupa _ 4
Sec’ = i b

This resultholdsfor ary K, not necessarilyarge [8].

®)

V. ACHIEVABLE SUM-RATE

Underthe assumption®f Sectionsll, The ergodic achiev-
able sum-rateper sub-carrierof the 1-bit feedbackscheme
describedin Sectionlll, is given by (see Appendix B for
details)

N—-1
. _ 1 9 2 9
Riie(e) = max nga Q(an /02, K)F (an /02, 02py,)
(6)

where
Qz,y) 21— (1—e )"
Fla,y) 2 log(1+ zy) + v )Ei <1+$y> , "

Y

and Ei(z) = f;" € gt is the exponentialintegral function.
The exactexpressmrfor theachievablerate,is valid for ary K
(not necessarilyarge) and ary choiceof the thresholdsae =
{an YN}, The optimal thresholdvector o and optimal power
aIIocat|onvectorp = {pn}N7 that maximizethe achievable
sum-rateRip;t (), are functionsof the numberof usersk,
the total power constraint NP, and the long term channel
statistics{c? }2'_;} andcanbe evaluatednumericallyfrom (6).
Obviously, for large numberof sub-carriers/V, this might be
a complex optimizationproblem.

Applying a sub-optimaluniform power allocation, p,, =
P Vn, to (6) yields

N—
Z (an/or, K)F (an/on,00P) .

1
Rlbit—upa = N
n=0
(8)

Examining (8), reveals that the optimal thresholdsfor the
uniform power allocation can be calculatednumerically for
eachsub-carriercontributing term.

V1. SUB-OPTIMAL THRESHOLDS AND ASYMPTOTIC
ANALYSIS

To lower bound the achievable sum-rate(6) we note that
F(xz,y) > log(l + zy), Vz, y > 0. Hence,the sum-rateis
lower boundedby

1 Nl

il 2
» |le|aéXNP N 7;) Q(an/aan) log (1 +pnan) :
C)

Comparingthe lower bound (9), to the asymptotic capac-
ity of the full-CSl scheme(2), it is clear that a “good”
thresholdvector is suchthat for K > 1 the pre-log terms
{Q(an/o?, K)}N-} approachl and the multiuser diversity
gains are closeto o2 log K. By setting the following sub-
optimal thresholdg10]

a® =o2(log K —

n

Rlb(a) =

loglog K)

thesetwo requirementsre fulfilled since,

(10)

Qe /o2, K) = q(K) = <1 — <1 — IOgK>K> — 1
" " K K—oo
(11)
and
20(%0 _ o2(log K —loglog K) L (12)
o2log K o2log K K—o0

Substitutingthe sub-optimalthresholds(10) into (9), the
lower boundboils down to

N-1
q(]{f) > TE&XNP Z log (1 —}—pncr log Iog K ) .

(13)
Thewaterfilling solutionto the standardptimizationproblems
of (13) is given by

1 1 "
=Tk st. |p|=
A ollog Tos K

andfor uniform power allocationthe lower boundis given by

N—-1
Rip-upa(?) = 1) > g (1 + Po? log IOSK) .
"~ (15)
Adhering to similar agumentationregarding the channel
statisticsas madein SectionlV, we claim that for a finite P
andlarge numberof usersK, the waterfilling solutionof (14)
convergesto the uniform power allocation solution of (15).
Now, since

Rlb(aso) _

(14)

Rlb upa(a 0)
loglog K K—oo
andby noting thatthe ergodic sum-ratefor an optimal thresh-
olds selection,a®, is lower boundedby (15) and is upper
boundedby the full-CSI ergodic sum-ratecapacity

Rlb—upa(aso) < Rlbit(ao) < C(fcsi 3

L, (16)

17)



it is concludedhatthe ergodic sum-rateof the 1-bit feedback
schemeayrows aslog log K asymptoticallywith the numberof
userswhich is the samegrowth rate achievzed by the full-CSl
scheme.

Next, we considerthe high-SNRergodic sum-rateslopeof
the 1-bit feedbackschemewhich satisfies

glbit _ |; Rapit(a®) Rip(a®°)
00 Pooe logP  — P—oo logP
Ri—upa(0°) (18)
— lim ‘Mb—upal¥T)
B Plggo log P a(K) K—oo L

wherethe secondequality is justified by adheringto similar

argumentatioras madefor the full-CSI schemeregardingthe
channelstatistics,and claiming that the waterfilling solution
of (14) haslittle effect at the high-SNR regime. Hence,the
uniform power allocation solution of (15) is optimal in the
high-SNRregime. Thethird equalityis derived by applyingthe
limit to (15). Finally, by recalling(11)and(17),it is concluded
thatthe high-SNRergodic sum-rateslopeof the 1-bit feedback
schemeapproacheshe high-SNR sum-ratecapacityslope of

the full-CSI scheme(5) asymptoticallywith the number of

users.

VIl. NUMERICAL RESULTS

In figure 1, cunes of the averagespectal efiicienciesper
sub-carriet of theanalyzedsetupsasa functionof the average
transmittedE}, /Ny, for K = 100 and N = 256, are shavn.
In addition, a truncatedand shifted raised cosine pulse with
spanof 9 [samples]and rolloff factorof § = 0.3 is usedto
shapethe transmittedsignals.The testedchannelis composed
of N, = 3 pathswith averagepowers {0.6, 0.3, 0.1} and
pathsdelaysof {0.57;, 16.5T;, 40.5T7;} (T is the sample
duration).The overall paths’power gainsis normalizedto 1 in
orderto provide a propercomparisorto the referenceAWGN
channel.This channelprovides a worst-casescenario(for a
given rolloff factor), sinceits averagegains decreaseo zero
for sub-carriersndicesabove the cutoff frequeny (for rolloff
factorof 5 = 0.3 and N = 256 sub-carrierghe cutoff index
is aroundthe 90th sub-carrier).

Figure 1 includesthe following spectralefficienciescurves:
(a) full-CSl schemawith optimal power allocation(expression
(2)), (b) full-CSI schemewith uniform power allocation (ex-
pression(4)), (c) 1-bit feedbackschemewith uniform power
allocationandoptimal thresholdgexpression(8)), and(d) ref-
erenceAWGN channel.lt is obsened that the 1-bit feedback
schemedemonstratea smallloss (lessthan 0.5 [bit/sec/Hz]),
due to the limited 1-bit feedback,when comparedto the
sum-ratecapacity of full-CSI scheme.Note that the actual
loss may be smallersincethe spectralefficiengy of the 1-bit
feedbackschemewith uniform power and optimal thresholds
is obviously a lower boundto the ultimate sum-rateachieved

3The averagespectralefficiency per sub-carrierin [bits/sec/Hz],expressed
as a function of the systemaveragetransmit E;, /N, Elf /No, is evaluated
No | No’
where C(E}/Ng) = C(P) standsfor the averagespectralefficiency per
sub-carrierof the differentsetups.

by solving the implicit equationobtainedby substituting? = C

by the 1-bit feedbackscheme.lt is also obsered that the
optimal pawer allocationby waterfilling is beneficialonly in
the low-SNR regime. Finally, both schemewwith full-CSI and
1-bit feedback,demonstratea multiuser diversity gain when
comparedto the spectralefficiency of the referenceAWGN
channel.

VIII. NONHOMOGENEOUS CHANNEL MODEL

In previous sectionsa homogenousnodel was considered
(seeAppendix A). According to this model, all usersexpe-
rience identical fading paths delays. Moreover, the average
powers of the pathsgains are also identical for all users.In
this section,the strict assumptiongrerelaxed, and both paths
delaysand gains are no longer assumedo be equal for all
users.However, the total averagepower of the pathsgains
remainsequalfor all users,i.e.,

Np (k)
Jz(l, k)
=1

o2 & vk | (19)

where N, (k) is the numberof fading paths experiencedby

the kth userand {o2(l, k) fV:Pl(k) are its correspondingyains
averagepowers. It is noted that althoughthe paths’ delays
are no longer identical, it is expectedthat they do not vary
significantly sinceit is assumedhat the main scatterersare
locatednearthe transmittingantenna.

Since in real life scenariosdifferent systemsshare adja-
cent frequengy bands,emepging OFDM basedsystemssuch
as IEEE 802.16 basedsystems,do not allocate power to
near Nyquist sub-carriers,in order to reduce the mutual
interference. One of the conclusionsof Appendix A, is that
regardlessof the actual path delay and assumingthat the
shapingpulse spanis properly chosen,each path provides
a “flat” contribution to the overall sub-carrieraveragepower
gain vectorover the pass-bandrequenciesHence by utilizing
sub-carriersvhich lie in the pass-bananly, the effective sub-
carriersaveragegain powersare practicallyconstantandequal

2 2 (20)

O, = 0g4 ;

n=0,1, ..., Neo ,

whereo? is definedin (19), andtheindex of the highestactive
sub-carrier N, , canbe adjustedby a properselectionof the
rolloff factorof the raised-cosinehapingpulse.

Accountingfor the abore assumptionsindrestrictions,it is
ohvious that uniform power allocation (over the active sub-
carriers) p, = P ¥Yn € [0,N.] and uniform thresholds
an, = a ¥n € [0, N, areoptimal. Respectiely, the ergodic
achivablesum-rateperactivesub-carrieiof the 1-bit feedback
schemejs derived by substituting(20) into (8), andis given
by

Ripit_nn(@) = Q(a /o, K)F (a/aﬁ,agP) , (21)

whereQ(-) and F(-) aredefinedby (7). It is notedthat (21)
is the sameasthe rate of the single-carriersetupanalyzedin
[11]. In addition,it is easilyverified that (21) shareghe same
asymptoticbehaior of the rate achieved for the homogenous
model (seeSectionVI).



IX. CONCLUSIONS

In this paperwe analyzethe ergodic sum-rateof the 1-bit
feedbackper fading block per sub-carrierschemepresented
in [1] for a SISO downlink channel.lt is concludedthat
the schemewhich significantly reducesthe feedbackneeded
when comparedto the feedback neededfor the full-CSI
schemeachiezesasymptoticallywith the numberof users,op-
timal sum-rategrowth and non-interferencdimited behavior.
Achieving the samehigh-SNR sum-ratecapacityslopeasthe
oneachieved by the optimal schemegdemonstratethe special
case encompassedy the SISO setup,in which the high-
SNR sum-ratecapacityslope(or degreesof freedom)may not
decreasavhenpartial CSl is availableto the transmitter This
factcomesin contrastio the behaior of aMIMO setup,where
it hasbeenrecentlyshavn that partial CSl reducesgthe high-
SNR sum-ratecapacityslope[12]. Finally, numericalresults
shav that for an appropriatethresholdsselection,and even
for a moderatenumber of users,the schemedemonstrates
a spectral efficiengy loss of fraction of [bit/sec/Hz] when
comparedto the fully informed scheme,and that optimal
power allocation provides little benefit (only at low-SNR
values)for the channelmodel considered.

APPENDIX
A. ChannelStatistics

The equialentchannelimpulseresponsdassumingperfect
symbolandblock synchronizatiorbetweerthe transmitterand
recevers)is given for an arbitrary userand fading block by

N,
hm = Y_ais(mTy —7) (22)
=1

where T is the sample duration, N, is the number of
independentfading paths, {n}lN:"1 are the respectie paths
dela[)\/fs(much smallerthanthe OFDM symbol duration),and
{a;},, are the statistically independentpaths gains a; ~
CN(0,02(1)). In addition,

s(t) = {

where s2.(t) is a raised-cosindunction with a rolloff factor
£ and a bandwidthof 1/T; [13]. Hence,s(t) is a truncated
and shifted raised-cosindunction, which spansover 2Lg + 1
samples(Ls < N). It is noted,that the delay spreadof the
equivalentchannelis Ty < Ty + 2(Ls + 1)T, (WhereTy, is
the original delay spreadof the channel)andthe cyclic prefix
should be set accordingly It is notedthat signal shapingis
usedby OFDM systemin order to reducethe transmission
side-lobesand to mitigate the interferenceto other systems
operatingover adjacenfrequeny bandsAt thereceversend,
the samepulseis usedfor match-filteringtheincomingsignal.
Accordingly, in the current setup, a truncatedand shifted
square-rootraised-cosinefunction is used, resulting in the
equivalenttruncatedandshiftedraised-cosinéunction of (23).

sP(t— LTy), 0<t<2LT,
0, otherwise

, (29

It is easily verified that the coeficients of the equivalent
channelimpulse responseare zero meancomplex Gaussian
r.v.'s, andtheir covariancecoeficients are given by

Np
Tq1,q2 = E{hthhj;g} - Zo—g(l)g(qlTs - Tl)S(QQTs - Tl) .
=1

(24)
Now, the groundis setto calculatethe nth sub-carriergain
averagepower for an arbitrary user which is given by

N-1 2 N—1N-1 - :
2 _ j2mkn _ j2n(g2—q1)n
U’n =FE E hke N - E E : T‘Ily‘he N
k=0 q1=0g2=0
Ny N-1N-1 o )
2 Jem(gp —4q3)n
- Ua(l) E E S(qlTs - Tl)S(qQTS - Tl)e N
=1 q1=0g2=0
N,

p

03(1) |Sn(7l)|2 )
1

)

(25)
wherethe third equality is achiesed by substituting(24), and
changingthe summationorder In addition, {S,,(7;)} is the
DFT of the sampledshapingsignalwith offset 7y,

N-1
Su(n) 2 3 s(kTy —m)e R
k=0
(26)
It is noted that {|S,(n)|*} is actually a function of the
differencebetweenthe path delay and the nearestleft-most
sampler; = 77 — 7; mod T, andnot of the actualvalue of 7;.
In Figure 2, {|S,(7)|?} is plotted for N = 256, raised
cosine rolloff factor of 0.3, raised-cosinespan of
2(Ls + 1) = 9T, and several valuesof 7. It is obsered
thatthe casewhere7; = 0.5T; providesa worst-casescenario
in terms of the sub-channelgjains, while the case where
7, = 0 (meaningthat the path delay coincides with the
samplingprocess) provides a flat contrikution to the overall
sub-carriersaveragegain vector The latter is easily verified
from (25) andthe fact that the raisedcosinefunction satisfies
the Nyquist pulse shapingcriterion. Another obsenationsis
a cutof phenomenonfor 7; > 0, resulting from the fact
that {|S,,(7)|*} is closely relatedto the Fourier transformof
the raised-cosindunction. Accordingly, the cutoff frequeng
decreasesvith increasingvaluesof the raised-cosingolloff
factor 5. In addition, a windowing effect is obsered across
thepass-bandrequencieswheretheripple of thesub-channels
gainsincreasedor decreasingpanvalues[8]. It is notedthat
for a properselectionof the raised-cosinespan, {|S,,(7;)|*}
practically provides a “flat” contritution to the over all sub-
channelgyainswithin the pass-bandrequenciesregardlessof
the actualvalue of 7;.

B. Ergodic Sum-RateéDerivation

According to the 1-bit feedbackschemedescribedin Sec-
tion Ill, the power allocation and thresholdvectors depend
on the long term statisticsof the channel(and not on the
instantaneou<CSl), and are predeterminedIn addition, at



ary time instance,no more than one useris active in each
sub-carrier Assuming an independentingle user encoding-
decodingschemdor eachuseron eachsub-carrierover mary
OFDM symbols(and mary fading blocks), the ergodic sum-
rate achiezed whenthe nth sub-carrieris activeis given by

Ru(anpa) = B {log (14wl Ha?) } . @7)
where |H,,|? is an arbitrary fade power level which is con-
ditionally distributed above a certain level «,,, and p,, is
the allocatedpower. It is easyto verify that the probability
distribution function of |H,,|? is given by

ZLW%%LQ; £ € fom o), (28)

with meanvalue E{|H,|?} = a,, + o2. Applying the integra-
tion by part formulato (27) it is easily verified that

Rn(anupn):f(an/a'?wa}%pn) 3

where F(-) is definedby (7). Since, the nth sub-carrieris

active only if thereis at leastone userwith fadepower level

above thethresholdthe ergodic sum-rateof the nth sub-carrier
is given by multiplying (29) by the averagefraction of time

in which the sub-carrieris active

PNy > 0) = 1= Po(N, =0) = 1 — (Po(|Ha? < an))©

e

where N,, is the numberof userswith fade powers abore
the thresholdey,, and|H,,|* is anarbitrary chi-squarerandom
variablewith two degreesof freedomand expectedvalue of
o2. Hence,the ergodic sum-rateof the nth channelis given

by

(29)

Ry(an,pn) = Pr(Np > 0) Ry (an, pr)
= Q(an/oy, K)F (an/o},00pn)

where Q(-) is definedby (7). Finally, summingover all the
rates of all sub-carriersand maximizing the total sum-rate
by allocatingthe constrainedpowver N P to the sub-carriers,
completethe derivation.

(1)
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