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Abstract— It is known that the frame error rate of turbo codes Il. SYSTEM MODEL
on quasi-static fading channels can be accurately approxiated
using the convergence threshold of the corresponding iteteve If x is a frame of symbols transmitted over a quasi-static

decoder. This paper considers quasi-static fading channeland
demonstrates that non-iterative schemes can also be chatec
ized by a similar threshold based on which their frame error rate
can be readily estimated. In particular, we show that this thresh-
old is a function of the probability of successful frame detetion y = hx +n. (1)
in additive white Gaussian noise, normalized by the squaredh-

stantaneous signal-to-noise ratio. We apply our approachotun-  The instantaneous fading coefficidntis a zero-mean, circu-

coded binary phase shift keying, convolutional coding andurbo . . - - .
coding and demonstrate that the approximated frame error rae larly symmetric complex Gaussian random variable with-vari

is within 0.4 dB of the simulation results. Finally, we introduce anceo” = 1, whilst n is a sequence of zero-mean, mutually
performance evaluation plots to explore the impact of the fame independent, circularly symmetric complex Gaussian rando
size on the performance of the schemes under investigation. variables with variancé/,. Note thatk is constant for the du-
ration of the transmit frame but changes independently from
frame to frame.

The performance analysis of transmission schemes on quasithe quality of a quasi-static fading channel is character-
static fading channels constitutes an important problemilogv ized by its corresponding average receive signal-to-naise
to the fact that this channel model characterizes pracsieal (SNR). In particular, if€s is the energy per transmit symbol
tings that experience extremely slow fading conditionghsuandy = |h|2E;/ N, is the instantaneous receive SNR, the av-
as fixed wireless access systems [1]. In this context, bagndierage SNR7, at the input of the receiver is given by
techniques for the error rate of various transmission selsem
have been proposed; such schemes include block codes [2,=E[y] = E {|h|2} (E/No) = 02 (Es/No) = E/ Ny, (2)
convolutional codes [3], [4], turbo codes [5], space-timedlis
codes [6], [7] and serially concatenated codes [5], [8].  whereRE[.] denotes the expectation operator.

El Gamal and Hammons [9] have proposed an analytical ap-The average FER on a quasi-static fading channel, denoted
proximation to the frame error rate (FER) of iterative sckem asP? (%), can be computed by integrating the FER in additive

such as turbo codes, on quasi-static fading channels;ighis t hite Gaussian noise (AWGN), represented B (7), over
approximation is made possible owning to a simple charactge fading distribution [10]

ization of an iterative decoder. In this paper, we will demon

fading channel at a particular time instant ané the receive
frame, the input-output relationship of the channel is gibg

|I. INTRODUCTION

strate that non-iterative schemes, both uncoded and coded, 0/~ < G

also be characterized in a similar manner, hence their FER () :/0 P (M5 (7)dy- (3)
performance can be estimated using the same approximation

technique. Now, the fading magnitud¢h| has a Rayleigh distribution,

The rest of the paper is organized as follows. The quask that the instantaneous value~ofs chi-squared distributed
static channel model as well as the standard technique te comith two degrees of freedom [10], i.e.,
pute the FER performance of a scheme on that channel are )
briefly described in Sectionlll. In SectiofslllV, we derive p5(y) = (1/7) e/, fory > 0. 4)
expressions based on which a threshold value, charaiterist
of the system, can be determined that allows the computatiomAlthough [3) is an exact expression f&#< (), its eval-
of a simple yet accurate approximation to the FER. Numeriaadtion could prove difficult depending upon the transmissio
results are presented in Section VI, whilst a method to preduechnique under consideration. In the following sectiondse
performance evaluation plots is discusse@in VII. Findlye scribe a simple approach that is often used to bound the FER
main conclusions of our work are summarized in Sedfion] Vllperformance of a communication scheme.
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I1l. A PPROXIMATION TO THEFRAME ERRORRATE where# can be any nonnegative real number. In the previous
Given an arbitrary SNR threshotd,, we can rewrite the ex- Section we indicated that we expect the approximated FER of a

pression for the average FER on a quasi-static fading chanfi@nsmission scheme on a quasi-static fading channel selglo
as follows represent the actual FER for a very wide rangeyofalues,

Q= _ provided that an appropriate value for the waterfall thodis
Pz (7) = P(errofy < v,) P(y < Yu) (5) chosen. Consequently, #2(7,~,) perfectly coincides with
+ P(errofty > vy)) P(y > Yu).- PR(7), expression[{9) simplifies to
The SNR thresholdy,,, which we refer to as thevaterfall DO/ 50/~ _
threshold, is used to divide the range of SNR values into a e=Pr(3) - P, 1) = 0. (10)

low-SNR region and a high-SNR region. A common approag thjs section we derive an expression for the waterfa#ishr
to simplify (5) is to use a trivial bound of the form old ~,, under the assumption that = 0, while in Section
Perroty < 7,) < 1 (6) [VIlwe compare our _ar_walytic approach tq simulation results in
order to test the validity of our assumption.
for the low-SNR region and a conventional union bound for \we setA = 1/ and expressP?(5) and P2(7,v.,) as
the high-SNR region. This approach has been used to boypflctions of ), i.e., P?()\) and P2(),v,,) respectively. The

the performance of many transmission schemes on quasi-stahange of variable will not have any effect enhence
fading channels, including convolutional codes [4] andbtur

codes [5]. Nevertheless, the value @f needs to be chosen e=P2(\) — P2\, 70) =0, (12)

appropriately to make the bound as tight as possible. The op- )

timization process presented in [4], [5] and [8] produceiequ for all values ofA > 0. Equivalently, the area under the graph

tight bounds but showed that there is room for improvemer®f 2=*(A) should be equal to the area undef (A, ~.,), for
Turbo codes have also been considered in [9] and [11]; theE [0 .- A], whereA — oo. Consequently, we can write

authors further simplified{5) by assuming that

A A
i Q pQ _

Substituting [(¥) into[(5) gives an approximation to the FER

denoted as’? (7, v.). In particular, Using [3) and[{#), we expand the first integral [@l(12) into

A A [eS)
P2(7) = P(y < Yw) / PR(\)d = / / P (7)pa(y)dydx
Yw 0 0 0 (13)
— [ may = oo [t s
0 (8) = / P (v) / e M dAdry.
—1— e /¥ 0 0
ey peQ (7, Yo )- The frame error probability of a transmission scheme over an

AWGN channel can also be expressed§y) = 1- P (),

It has been shown in [9] tha®?(¥,~.,) very accurately de- where PG () is the probability of successful frame detection.

scribes the actual FER of a turbo code using a long interfeaonsequently, we can rewrite {13) as

on a quasi-static fading channel, if the waterfall thredhg]

is set to be equal to the decoder convergence threshgld /A PR(A)A = /°° /A Ne=Md\dry —

The convergence threshold of iterative schemes, such las tur 0 ¢ b Lo 7 (14)

codes, can be determined using extrinsic information (BXIT .

chart analysis [12]. —/ Py (v)
Motivated by the work of Bouzekri and Miller [4], [5], El 0

Gamal and Hammons [9] and Rodrigueesl. [11], we assume Taking into account that [13]

that for any transmission scheme, whose conditional FER can A 1 M

be reasonably described byl (7), there is a valueygffor / e Md\ = — - — (1+Ay) (15)

which the average FERP2 (%), can be accurately approxi- 0 v v

mated byPeQ (¥, 7w ). Based on that assumption, we derive agnd

A
/ e M dAdry.
0

exact expression for the waterfall threshold in the follogyi oo A ey
section. /0 /0 Ae”MdAdy = A, (16)
IV. EVALUATION OF THE WATERFALL THRESHOLD the first integral in[(12) assumes the form

Let ¢ denote the absolute difference between the actual o o
frame error probabilityP<(7) and the approximated frame / PRN\)d\ = A _/ Py () dy +
error probability P2 (7, v,), i.e., 0 o 7 (17)

- ° e M
e = |PO&) - 2. 7)] © + [P = A iy
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The second integral in_(12) can be evaluated as follows \ — P
\ —— P ||

=
™
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A A :
_/ peQ(/\v’yw)d)\: _/ (1—€7>\7w)d/\ 16F \ - -
0 " (18) 5.,
= A= ~ 12}
Yw Yw

-
T

If we substitute [(1]7) and_(18) intd_(112), we observe that
termsA and—A cancel each other out. Furthermore, if we take
the limit asA — oo, all terms containing—* are eliminated
sincee~® — 0. The remaining terms give
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which is equivalent to

00 pdG (7) -1 Fig. 1. Normalized probabilities in AWGN. In this exampleewave con-

= ( ) (20) sidered an input frame length of 512 bits and a system usingcarsive

convolutional code with generator polynomials (1,17/Ib)pctal form.

We have thus shown that, under assumpfion (10), the waterfal
threshold is inversely proportional to the area under aeunon (22), we can obtain the following equivalent expressim f
which is defined by the probability of successful frame detediscrete SNR values

tion in AWGN normalized by the squared instantaneous SNR. -1
Depending on the expression for the detection probability - o P%(v)

P (v), a closed-form solution foy,, for a particular transmis- T = _ ('Yk Vi 1) Z V2

sion technigue may not exist. In that casg,can be evaluated T 2 =k (23)

either via numerical integration if there is an exact repnés- N pG () -t
tion of P¥ («y) or via Monte Carlo simulation i>$(+) cannot =\ Z 5 -
be accurately evaluated. In the following section we révisi Tt ARG g

(20) to obtain a more practical expression for when Monte - sypstituting[(2B) into[{8) gives us an approximation of thie a

Carlo simulation is required. erage FER of the transmission scheme on a quasi-staticgfadin
channel.
V. PRACTICAL COMPUTATION OF THE Note that the complexity of the threshold-based FER com-
WATERFALL THRESHOLD putation using[(8) and eithdr (20) &r {23) is markedly lesmth

Let 4/ be the actual SNR value for whicRS () = 0 if that of the exact FER computation based loh (3), as we will
v < 4 but P$(y) >0 otherwise. Based on the definition offOW demonstrate. Let us consider the case when the frame er-
~/, we can rewrite[{20) as follows ror probability in AWGN, P (), is known for N values ofy
and our objective is to compute the FER for a quasi-statie fad
B ( > wa)dw) - (21) ing channel,P% (%), for M values ofy. The threshold-based
2

approach involves the evaluation of the waterfall threghol
) which has a computational complexity proportionalXo fol-
or, equivalently, lowed by the calculation of the FER approximation, which has
1  pG(y) -1 a computational complexity proportional fid. Consequently,
Vo = (_ _/ < dw) _ (22) the overall complexity of the threshold-based FER computa-
tion is of orderO(N + M). In contrast, computation of the
It becomes evident in Figd1 that as grows, function exact.FE_R requiresv .muItipIications for each value of,
PS(v)/~2 gradually approaches/~2, which slowly con- resulting in a complexity order ab(NM).
verges towards zero. The advantagel[of (22) dvek (20) is that
P& (v)/~4* converges to zero much faster thd&f’ (v)/~?%,
hence an accurate value fgy, can be obtained by considering In this section we compare analytical to simulation results
only a limited low-SNR range of integration. for transmission over quasi-static fading channels. Wesician
Let us now consider the case when Monte Carlo simulatiddoth uncoded and coded binary phase shift keying (BPSK);
is used to measure the FER performance of a transmissmted transmission uses either a rate 1/2 recursive systema
scheme in AWGN. We assume that the SNR valygswith  convolutional code with octal generator polynomials (1157
i=1,2,..., N, are equally spaced and ordered, while the FE® a rate 1/3 turbo code with generator polynomials (1,%7§,5
is P& (v;)=1fori < k but P& (v;) <1 otherwise. Elaborating The input frame lengttL. is either256 bits or 1024 bits.

VI. NUMERICAL RESULTS



=
o

©

~

- — —L=256
L=1024

o
T

~e
Convolutional ~ <
hcode ~

5
T

Turbo code

IS
T

Frame Error Probability
w
T

=
o
o
T

N
T

Simulation, L=256
+  Simulation, L=1024
— — - FER Approx., L=256
FER Approx., L=1024
T T T

[N
T

Probability of successful frame detection in AWGN normalized ijy2

-3
10 I I I I I I I I I
-2 0 2 4 6 8 10 12 14 16 18 20 0.2 0.4 0.6 0.8 1 12 14

Average SNR (dB) y

o
\
Vo8
\
\
j

=}

Fig. 2. Frame error rate performance of various transmiss@hemes on a Fig. 3. Performance plots for the convolutional and turbdesounder con-
quasi-static fading channel for input frame lengths of 266 4024 bits. sideration.

The waterfall threshold of uncoded BPSK was computdbeir frame error probability can be derived. It is also inte
numerically using [[20), where the probability of succeksf@sting to note that, as expected, the FER performance of the

frame detection is captured by [14] turbo code remains unaffected by the input frame length, or
. equivalently the interleaver size. The same behavior has al
PS(y) = (1 _ Q(\/Z)) _ (24) been reported in [5], [11].
Based on the comparison between analytical and simulation
Here,Q(z) is the tail integral of a standard Gaussian densitgsults, we conclude that the technique presented in tipisrpa
with zero mean and unit variance, defined as accurately estimates the FER performance of BPSK transmis-
- sion schemes over quasi-static fading channels. Simitarite
Qz) = / (1/@) e~ /2 g0, (25) can be easily obtained using the same approach for higher
e order modulations.

The thresholdy,, was found to be 5.782 dB fat =256 and
7.083 dB forL—1024. VIl. DI1SCUSSION ONPERFORMANCEEVALUATION
In the case of coded transmission, the probability of erro- An insight into the relative performance of two or more
neous frame detection in AWGN was obtained running Monteansmission schemes on quasi-static fading channelslsan a
Carlo simulations for a limited range of low SNR values (e.gbe obtained by plotting their normalized probabilities ats
v € (0,1] for turbo coding) and a small number of channetessful frame detection in AWGN, i.&2¢(v)/~%, and com-
realizations (a few thousands at most). The waterfall tholes paring the areas under the corresponding curves. In pknticu
was then calculated usin@_(23). In particular, when convolthe larger an area is, the smalleris and, consequently, the
tional coding is employed it was found that, = —0.983 better the FER of the scheme under consideration is expected
dB for L = 256, while ~,, = 0.023 dB for L = 1024. When to be, according td_{8) and(R0).
turbo coding is used, however, the frame length appears torhe normalized probabilitieRS () /v of the coded BPSK
have minimal impact on the waterfall threshold; its valueswaschemes that we considered in the previous section, namely
found to bey,,=—4.401 dB whenL =256 and~,,=—4.312 the rate 1/2 convolutional code and the rate 1/3 turbo code,
dB when L = 1024. Hence, we expect that the input framéhave been plotted in Fifl 3. We observe that as the input frame
length will not significantly affect the FER performance ofength of the convolutional code increases, the area utger t
the turbo code. normalized probability graph reduces and, as we have ajread
Once the waterfall threshold of a scheme has been coseen in Fig[R, the FER performance of the convolutionally
puted, we substitute it intd(8) to obtain an analytical @spr coded scheme degrades. As anticipated, the area under the
sion for the approximated average FER for the quasi-staic f normalized probability curve of the turbo code is clearhkgkxr
ing channel. The curves of the approximated FER expressidhan that of the convolutional code, hence the former scheme
for the systems under investigation are compared to simuldelds better FER performance on quasi-static fading cabnn
tion results in FiglR. Observe that the analytic technigeiyv Most importantly however note that, in the case of the turbo
closely approximates (within 0.4 dB) the simulation resutt code, as the length of the input frame increases, the shape of
the various scenarios. Hence, both coded and uncoded, iteéh@ curve changes such that its peak shifts leftward buteat th
tive and non-iterative systems can indeed be charactebigedsame time, moves upward. Férlarge, it is expected that the
waterfall thresholds based on which tight approximatiaors fpeak will reach its maximum value, which is a point bfy?;
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notice that the curve/+? corresponds to the ideal case where
P$(vy)=1 for all values ofy. 7]

This trend is more clearly illustrated in Figl 4, where the
normalized probability of the turbo code has been plotted fo[s]
various input frame lengths or, equivalently, interleasizes.

In all cases, the exact log-MAP algorithm was used, while all
probabilities were measured after 8 decoding iterations.
can infer from Fig[# that the probability of successful feam
detection of the turbo code becomes a step function whifl
very large interleavers are used, i.&.,— oo. In particular, [11]
P (y) =0 for v < 5, whereasP%(y) =1 for v > ~yu;

note thaty;;, corresponds to the convergence threshold of the
iterative decoder [9]. Usind_(20), we can obtain the watbrfa{lz]
threshold of the turbo code fdr — oo, as follows

<1
TYw =
Yth v

[13]

—1
—2d7> = Vth- (26) [14]
Therefore, our approach is in complete agreement with the
findings of El Gamal and Hammons [9], i.e., the approximated
FER expression is an accurate representation of the adfilal F
of a turbo code using a long interleaver on a quasi-statinéad
channel, if the waterfall threshold is set to be equal to the

convergence threshold of the iterative decoder.

VIIl. CONCLUSIONS

In this paper, we have considered various transmission
schemes, both uncoded and coded, iterative or non-iterativ

over quasi-static fading channels and we have demonstrated

that a waterfall threshold can be used to characterize thiéam.
have provided an exact interpretation of the waterfall shre
old, based on which an accurate approximation of the frame
error rate can be obtained. Finally, we have analytically-co
firmed that our approach is in agreement with the literature,
when turbo codes are considered; in particular, we haveshow
that the waterfall threshold indeed coincides with the esnv
gence threshold of the corresponding iterative decodegnwh
long interleavers are used.
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