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Abstract—We maximize the minimum rate of each information source, OFDMA, is limited. Li and Liu studied the capacity
flow in a multi-source, multi-relay, single destination cooperative of OFDM-based relay networks for both amplify-and-forward
network. The relays use the the decode-and-forward protocol (AF) and DF strategies [7] and the problem of maximizing

while all transmissions use OFDM. The key to our approach th m rate with fairn nstraints in a multiole-source
is fractional cooperation wherein not all source subcarriers are e su ate aimess constraints a P

relayed. There may, therefore, be fewer relays than sources. Multiple-relay network using a graph theoretical appro@h
Finding the optimal allocation relay subcarriers to sources is In [9] Ng and Yu solve the general optimization problem for

combinatorial and has exponential complexity. We develop an power allocation and relay selection as well as finding trst be
upper bound on the max-min rate and present an algorithm - gy ateqy for AF relaying or DF) in a cellular OFDM network.
which performs very close_to this upper bound. Our 5|mulat|_on Thev h hed th bl defini t of prici
results show that, accounting for the overhead due to relaying, (_ay ave approa}c e . € pro em efining a set ot pricing
there is an optimal number of relays which is, in general, less vVariables and their basic assumption on the network nodes
than the number of sources. is that each pair of source-destination and possibly a relay
are using their own specific frequency tones. Haml. [11]
investigate resource allocation in OFDMA networks using AF
Cooperative communications incorporates relaying and dor-their work they assume at most one relay may help a user by
operation between nodes in order to increase the perfomnarassigning a portion of its subcarriers to that of the usendei
coverage, and spectral efficiency of data networks [1]-[3}elped. In[12], authors develop the optimal resource atioa
Cooperative communication provides spatial diversityneife for a OFDMA system using DF with multiple source nodes
each individual node in the network does not possess nmailtigind a single destination. The source nodes may allocate a
antennas. Amongst the multiple schemes available, in thsrtion of their subcarriers for relaying other users’ nages.
paper, we will focus on relaying using the decode-and-fodwaThe authors find an allocation for networks with multiple
(DF) scheme [2]. The relay decodes, and then rencodes, soeirces.
source data. An independent choice is to focus on relayingAll the works mentioned so far assume that if a source is
based onselection [4]-[6]. Selection, wherein each sourcehelped, all subcarriers receive help. The general assampti
partners with a single ‘best’ relay’ has been shown to previds that the number of relays is greater than or equal to the
almost all the benefits of cooperation with minimum overheatumber of sources. However, a relay may only be able to
and without issues of synchronization. devote draction of its resources - or there may not be enough
As data rates rise and multipath fading becomes increastays to go around. This entails usifrgctional cooperation
ingly important, orthogonal frequency division multiplex wherein only some, but not all, of the subcarriers of a specifi
ing/multiple access (OFDM/OFDMA) has become the mosburce are relayed. The concept of fractional cooperatias w
likely option for the next generation of wireless networksdeveloped in the context of error control coding in [15]. A
Cooperative OFDM has gained a lot of attention from rechosen fraction of the source’s data is incorporated into th
searchers recently [7]-[12], especially focusing on res®u relay data and encoded for retransmission. With fractional
(subcarrier and power) allocation. As proved several timesoperation, selection can be extended to choosing nailtipl
now, resource allocation is particularly important in OFDMrelays each contributing a fraction of the source data [16].
based systems. For cooperative networks, this includes fteen the a random number of bits from this message are
pairing of source and relay subcarriers, imposing seleaii® chosen, re-encoded and then transmitted to the destination
each subcarrier. The authors of [13] found upper and low€&his fact makes fractional cooperation promising for netgo
bounds on the outage and ergodic capacity of a three nagi¢h a relatively large number of source nodes.
relay system. In [14] the authors investigate resourceation In this paper we consider fractional cooperation based on
in a special case of Gaussian relay channel and show the subcarriers in an OFDM block. Our work is most similar
considerable performance gains available by optimizirg tho the work in [12] wherein the power required to achieve a
resource allocation. set of target rates is investigated. We take a different texck,
Although a lot of work has been done for relaying antbcusing on a mesh network that is rate, not power, limited.
resource allocation, the number of research works on muliihe system comprised’s source nodes being helped with

I. INTRODUCTION



Ngr(< Ng) relays all usingN subcarriers. The relays can Sources Relays Destination
therefore provide help to onlWg x N of Ng x N source

subcarriers. We wish to maximize the minimum rate across

all Ng sources. The contributions here are: (i) we provide

an upper bound on the achievable max-min rate allowing for
subcarrier permutation, i.e., any relay subcarrier cap haly

source subcatrrier, (ii) present a simple and efficient élgor @_
to match subcarriers and allocate power with performance

very close to the upper bound (iii) we show that, in general,
achieving the maximum rate requires the number of relays to
be significantly lower than the number of sources.

The rest of the paper is structured as follows. Section II,
develops the system model for the multiple-source OFDM-
based network under consideration. In Section Il the issfue
resource allocation on a per-subcarrier basis is investigand
an upper bound on the achievable rate as well as an efficient
algorithm are developed. Section IV presents the results Fgg- 1. Cooperative multi-source, multi-relay, and singéstihation network
simulations that illustrate the workings of the theory preed.
Finally, section V concludes this paper.
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key optimization here is, therefore, the allocationéf x N
relay subcarriers tdVg x N source subcarriers.
Il. SYSTEM MODEL Let p; ; denote the power allocated by sourcéo its ;'

The system under consideration is a network\gf source subgirrier and_;m denote_ Fhe power allocated by relayto
nodes attempting to transmit their messages to a single d'&‘.? subcartr}:er. In ad.dltlonhm and hi ; arg the ch_annel
tination. There areNp dedicated relay nodes helping thigga!ns for they supcarner from node or relazyrespegtlvely.
communication. In generaN; < Ng, though this is not Since the channel is assumed to be Raylelgh,andh; ; are

necessary. The decoding strategy is decode-and-forwatd §RMPIEx Gaussian random variables.

we are assuming the relays are fully capable of decoding th_eThe rate?; from source node to the destination node is

received messages from all the sources, i.e., the charorel fdven by

the source nodes to the relay nodes is perfect. Essentially 1 N o )

we are making the fairly common assumption [9], [12] that 1% = Nnt Ns > logy (1+ |15 1°piy + Xij/0%) (1)
all relays can decode all source messages. This should be J=1

especially true for dedicated relays. The source-degtimand Xi;= Z
relay-destination channels are Rayleigh. Fig. 1 illussahe (m,n)eS;,;

nke]:tworkl Iqelf?”bectjh Al transmlzsmllws usisuaci';'e:js';hetwhere the termX;; ; represents the contribution of relay nodes
channelfink irom the source and refay nodes 1o the desamatl, , the j** subcarrier of sourceé. Here o is the variance of

nofcfig 'S ta multc|j—t.a;t3 Ra}('.e igh fzdltr;]g channlclel.rfssurrlngmiglatnaoise ands; ; is the set of subcarriers which are retransmitting
sutlicient guard interva’ 1S used, the overall channe! m subcarrierj of sourcei. The objective is to maximize the

h link is r rallel ian channels. L o
cac s reduced tdv parallel Gaussian channels minimum rate among all the source nodes by assigning relay

Communications occurs over two stages. In Fhe ﬁSt,Sta%%bcarriers to the source subcarriers, i.e., by partitiprihe
the source nodes take turns, ovés OFDM blocks, in sending oy of 4| relay subcarriers into proper sub-sets$of in order
their data to the destination and the relays. During th|sex|mto maximize[min; R;] ’

the relay nodes and the destination node listen and storerg eyt section presents the formulation of the optimiza-

the received signals from all the sources. Since the relays, problem, an upper bound to the solution, and a sub-
have perfect links from the source nodes they can decode Hﬂﬁimal algorithm for the subcarrier assignment.,
messages at this stage. In the second stage the relaysn,n tur

forward data to the destination usifg; OFDM blocks. [1l. SUBCARRIER SELECTION

To optimize resources in the second stage, we assume thdased on the system model described above and (1) we
the destination has knowledge of all relevant receiver ohln can formulate the optimization problem which achieves the
state information (CSl), i.e., the source-destination saldy- max-min rate in this cooperative network. The problem can be
destination links. In the following stage, the relays dectth formalized as follows. We define the binary variallg;
their own OFDM symbols to transmit to the destination nodéo denote subcarrier allocation. If; ; . ; = 1 subcarrierj of
Each relay looks for somé&’ subcarriers to re-transmit out ofsource nodé is relayed by subcarridrof relay nodek. Note
all the N x Ng subcarriers received from all the sources. Notihat givenk and !, only one of L; ; ;; can be non-zero for
that since the relays each transmit within their own timeg;sl 1 < i < Ng andl < j < N. Equation set (1) can be rewritten
the optimal power allocation is obtained via waterfillinghel as
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be derived analytically. The Lagrangian for the problem (4)

N s 12 is:
1 s 2pij + Xij

E log, <1 + —| ’j| Pij ’]> (2)

=1

Ri=—
Ngr + Ng o2 Ns
N L= Rpin + ;(R — Ro)Xi + A Z] Xij = Hiotar | (5)
Xij =Y (Lijkaaralhi ) 7
k=11=1 where the positive valueX;.:.; is defined as:
Using (2) the optimization problem can we described as: Nk N
R 2
max Rymin ©) Xtotal = Z Z%,z Bl
{Li kil k=11=1
subject to : At the optimal point, the gradient of the Lagrangian with
R; > Rpin ¥V i€1,2,...,Ng respect to the problem variables is zero. It follows:
Ns N
SN Lijra=1V 1<k<Np1<I<N oL o
= D Dl
Lk €1{0,1} oL Ao
. . . . . =0= ——"————+A=0 6
This problem is a general combinatorial 0-1 programming 0X; ; 02+ Ci i+ X + ©

problem and unfortunately, there is no known efficient mdtho h
to solve it. Therefore we have to look for sub-optimal sang where o,
which are hopefully efficient and more practical. Next wel wil Cij=1|h%i 51" pij- (1)

propose an algorithm and also compatre it with an upper bound i ]
on the solution of (3). Applying (6) for two different subcarriers of the same sa&urc

node we obtain:
. . . . )\7',0'2 o )\7;.0'2

OneT way to g_chle_ve an upper bound is to simply ignore the 2+ Cis+Xi; 02+ Cipt Xin
selection condition in (3) and assunig; ;. ; as a real valued ’ ’ ’ ’
variable in[0,1]. Here we take a more intuitive approach in
finding the upper bound. Looking back at the main optimiza- = Cij+Xij=Cip+ Hig (8)
tion problem, we are trying to divide the relay subcarriets i
Ng subsets in order to achieve the maximum value possi
for the minimum rate among all the source nodes. Then wh
a set of subcarriers is assigned to a certain node, letti
Xi; = Z(m,n)esi_.Qm,nmfn,nP' the upper bound can be
found through the 'following optimization problem:

A. Upper bound

tngch suggests that the solution to the problem follows
I,'i\tefilling. Therefore, the optimal result will be such thia¢
el of C; ; + H; ; is equal for all subcarriers of a source
node, and consequently equal to that of subcarriers of other
nodes. It follows:

max Roin Lavg = Cij + Xij

{Xi,5,Rmin}
= NgNLgy, = Cii+ X
subject to : o 9 ; (Cij + Xij)
N s 12 .
1 \h? 2pi; + X j > i Cij + Xeotal
Ri=——— lo 14+ —2L " | >Roin Loy = =27 »J
N + Ns ; 52 ( o g Ns.N
N Lgy
Xij 20 = Roin,ub (02) = —log (1 + 2g>
Ns N Np N 2 o
2.0 Xy <D D awlhil (4) ()
i=1 j=1 k=1 1=1

At the threshold point where relaying and non-relaying sys-

Essentially, the upper bound relaxes the constraint/tbn tems are equal we have:

stated before this equation. The optimization in (4) is over

only Ng x N + 1 variables whereas in (3) this number was Ronin.up(0?) = min R;(c?) (20)

Ng x Ng x N2 +1. Furthermore, this is a convex optimization !

problem. Therefore, this optimization problem for findifget Now the solution to (10) is a lower bound (upper bound) on

upper bound is numerically more practical than that of thtae variance of noise (signal-to-noise ratio : SNR) at which

relaxed optimization problem (3). relaying is not useful anymore. In Section IV, we compare the
If we further relax the condition on positiveness Hf ; upper bound, i.e., solution to (4) and the simplified aldwnit

in (4), we can find a looser upper bound which can actualyiven below in Section IlI-B for different scenarios.



B. Selection Algorithm

The original optimization problem described in (3) is no
solvable in reasonable time. While the upper bound c:
be obtained for small values aVg, Nz and N, it too is
intractable for reasonable values. We therefore need th Ic
for a practical sub-optimal algorithm. Instead of lookirtcafl
the subcarrier of all the relays at the same time and trying
find the optimum mapping method out of th&¥g x N)NRXN
possible ways, we try to assign some rules based on wh
a reasonably close-to-optimal solution result is achieWd
describe below a fairly straightforward and intuitive aggoch. o

We define a subcarrier with largg;|h; ;| or p; ;|h*S; ;> sl
term, for a relay or a source respectively, as a strong stibrar o . - - = = -
A subcarrier for which these terms are small is called SNR(@®)
weak subcarrier. We also refer to the mentioned quantities
as subcarrier values. Clearly the goal is to help the weaig. 2. Comparison of the upper bound, proposed algorithmrétey
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o Proposed Algorithm
4 = = = Upperbound
=0~ ' Relay Selection

O No Relaying

Min Rate (bits/transmission)

subcarriers and not the strong ones. selection and no relaying.

In order to make the assignment problem simple we divide
it into a sequential assignment procedure. Our goal is —
increase the minimum rate among the source nodes at e TR Upperbound - 508

No Relaying - 5dB
=—©— Algorithm - 10dB ||
O Upperbound - 10dB
== No Relaying - 10dB

=+ Algorithm - 20dB
+ Upperbound - 20dB
= = = No Relaying - 20dB

step. Initially, when no subcarriers have already beeryassi,

the node with the least rate will be assigned a subcarrier. C
second goal is to make the largest possible change in rate
each step. As we know the rate function is a concave functi
of the subcarrier channel gains and allocated power. Toeref
helping a weaker subcarrier results in greater increase
the overall rate. Hence, the strongest relay subcarriereis
assigned to the weakest subcarrier of the node with the le
rate. After this assignment, the rate value for the weake
node as well as its weakest subcarrier value (which is nc
the previous value plus the value taken from the stronge

Minimum Rate (bits/time slot)

relay subcarrier) is updated. The rest of the assignmerdris d 2« © 8 0 12 1w 1 18 2 2

1 L L L L L

Number of Relays

similarly. In short the algorithm works based on the follogi
rules:

1) Look for the node with the least rate so far.
2) Assign the largest subcarrier among all the relays which

is not previously assigned to any other source subcarrier-l-he first example used, — 10 source nodes and/y — 2
.= =

to the weakest subcarrier of the chosen node. relay nodes. Figure 2 presents performance of the proposed
Steps 1 and 2 are repeated until all the subcarriers of all tﬁ@orithm, the upper bound, re|aying based on Se|ectioth(wi
relays are assigned. As it is obvious the complexity of thisut power allocation), and no relaying for a wide range of
method is hugely reduced than that of the solution to (3) @NR. Since the number of relays is limited, and only the
even (4). The complexity is essentially that of sortiNg x N two nodes with the minimum rate need relaying, the optimum
numbers. This method is not optimal but our numerical resulielection pattern is simply found through a brute forcectear
later will show that the result achieved by this method iselo As the figure suggests, the performance of 5imp|e a|gorithm
to optimal. presented in Section IlI-B is extremely close to that of the
upper bound. Essentially, the upper bound is extremelyt tigh
and the algorithm extremely efficient..

In this section we compare the performance of the algorithmFigure 3 shows an interesting result obtained from our
presented with that of (4) the proposed upper bound on thwerk. Note that in this figure, Ny varies from 1 to 25
solution to (3). We sefN = 32 subcarriers. The channel forwith N, = 16. While in the theory presented above was
all the links is a six-tap Rayleigh fading channel. For a givedesigned forNp < Ng, this is not a requirement. This
number of source and relay nodes and a fixed SNR, we rigure shows that for a given number of source nodes and
average the results over 100 different channel realizatidi SNR, there is a certain number of relays which on average
channels have equal average power. Finally, all schemes @sults in highest max-min rate among the source nodes.
compared in terms of the achievable max-min rate. Interestingly, this number is lower than the number of sesiyc

Fig. 3. The optimal number of relays for a given network and mi&A\R.

IV. NUMERICAL RESULTS
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shown that better performance can be achieved than that of
selection method. The optimal subcarrier assignment probl

is formulated and an upper bound to the solution in the form of
a convex optimization problem is presented. In additioova |
complexity and efficient algorithm for sub-optimal subézrr
assignment is discussed. Numerical results show that #te pr
sented upper-bound is very close to the results obtained fro
the algorithm which indicates the efficiency of the algarith

as well as the tightness of the upper-bound. In addition it is
observed that subcarrier level selection greatly outperche
conventional relay selection methods.

Our results also show that for a fixed SNR, there is a certain
number of relays which maximizes the overall rate, or in
other words, for a fixed network, there is a SNR threshold
for which and the SNR values above the non-relayed network
outperforms the relayed one. An upper bound on that thrdshol

Fig. 4. The threshold of SNR at which the relayed system pe$cas well
as the non-relayed system vs. number of relay nodes.

. - . . 1]
i.e., to maximize the minimum rate, in general we must pick

Ng < Ng. This is because adding relays carries the overhqu]
of requiring additional time slots for transmission. Foe th
stronger subcarriers, the improvement in rate (the ingide-

log factor) does not compensate for this overhead (the prél
log factor). This is consistent with the fact that the optimu
number of relays is is lower for networks with high SNR and[4]
higher for networks with low SNR.

As described in Section lI-A, for some given networks withg
sufficiently high SNR, on average it is better not to relayliat a
In Fig. 2 there is a certain SNR at which the relayed syster&]
(upper bound on rate) and the non-relayed system perfor
similarly. Therefore for the higher SNR levels it is bettet to
relay in this system. Also in Fig. 3, for each given SNR, therd’]
is a certain number of relays at which the upper bound crossegg
the rate obtained from non-relayed system and increasing th
number of relays more will result into loss of data rate.

For a given network, the SNR at which the relayed and non-
relayed systems become equal (using the max-min rate metric
is approximately found by solving (10). Fig. 4 depicts th&"]
validity of the analysis. Here simulation over differenacmel [11;
instances has been run for a network of 16 source nodes and
different number of relay nodes. For each case the threshold
has been found both through simulation and analysis baseg]
on (10). The threshold is almost inversely proportionaltte t
number of relay nodes in the network. Also, the graph suggeﬁ%]
that the approximation made in (10) is good and for higher
number of relays is very close to the actual value. (141

V. CONCLUSIONS

This paper discusses subcarrier allocation for maximizirg]g5]
the minimum rate in a multiple-source, multiple-relay, and
single destination cooperative network with OFDM as thi6l
underlying transmission scheme. Subcarriers of a relay may
be assigned to different source nodes which is suggestive
of fractional cooperation. Through fractional relayingist

is also presented through solution of a non-linear equation
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