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Abstract We show a non-negligible cross-talk between nonlinear modes in Nonlinear Frequency-Division
Multiplexed system when data is modulated over the nonlinear Fourier spectrum and transmitted over a
lumped amplified fiber link. We evaluate the performance loss if the cross-talks are neglected.

Introduction

Nonlinear Frequency-Division Multiplexing (NFDM)
has been proposed to attain a larger spectral effi-
ciency (SE), or to offer a low-complexity equaliza-
tion method for a long-haul optical fiber system by
exploiting the Kerr nonlinearity in system design [1,
2]. Over an ideally lossless fiber link, the pulse
propagation is modeled, up to the first order, by the
nonlinear Schrödinger equation (NLSE). Based on
the well-known inverse scattering method [3], a so-
lution of the “standard” NLSE can be decomposed
into some uncorrelated nonlinear modes. Then, its
temporal evolution maps into a simple linear evo-
lution of its nonlinear modes. These two proper-
ties suggest to modulate data on some nonlinear
modes, and recover them independently.

The nonlinear modes are partitioned into two
parts: the continuous spectrum including the real-
valued frequencies and the discrete spectrum in-
cluding a set of complex nonlinear modes, called
eigenvalues, characterizing the solitonic part of a
pulse. The NFDM concept is experimentally veri-
fied in various scenarios [4–11]; e.g. showing the
net rate of 125Gb/s and the SE of 2.3 bits/s/Hz on
single polarization over 976 km link [10].

To increase the SE, we demonstrated in [11] the
modulation on both spectra as, in principle, both
spectra are uncorrelated. In the presence of ASE
noise of amplifiers, however, the nonlinear modes
become correlated. Existence of such correlation
is discussed in [8, 11–13] for either of spectra in a
particular scenario. Here, we study the correlation
between nonlinear modes in both spectra.

In this paper, we modulate both spectra in a
more general way with 55.3 Gb/s gross rate. On
the continuous spectrum, we modulate 64x0.5
Gbaud OFDM signals with 32-QAM format, pre-
compensated to increase the bit-rate. Each sym-
bol has also 4 eigenvalues with the same imagi-
nary part but different real part. Each eigenvalue
is 8-PSK modulated. We experimentally demon-
strate the transmission over 18x81.3 km in a SMF
fiber loop with EDFAs. Using simulation, we eval-
uate the correlation between nonlinear modes in
presence and absence of eigenvalues. We show

that an eigenvalue interferes with the neighbor-
ing frequencies of the continuous spectrum. Us-
ing mutual information, We estimate the loss in the
achievable rate if the correlation is neglected.

Modulation of Nonlinear Spectrum
The nonlinear spectrum of a pulse q(t) has two
parts: The continuous part, denoted by qc(ω), is
the spectral amplitude for frequencies ω ∈ R. The
discrete part contains a finite set of complex eigen-
values {λk} ⊂ C+ and the corresponding spec-
tral amplitudes qd(λk), defined based on Zakharov-
Shabat system, (see [1]). As depicted in Fig. 1(a),
we modulate data over both spectra as follows:

A. Continuous Spectrum: We modulate 320 bits
over N = 64 overlapping orthogonal sub-channels
(nonlinear modes) in the continuous spectrum in
a similar way as the conventional OFDM signal is
designed in the linear Fourier spectrum. For each
symbol, the continuous spectrum is defined as:

qc(ω) = Ae−2jω2L
∑N/2
k=−N/2 Cksinc(

Tc
π ω + k), (1)

where L is the transmission distance, Ck is drawn
from 32-QAM constellation, A is the power control
parameter, Tc = 2 ns is the useful block duration
defining the baud-rate of 0.5Gbaud. To avoid ISI
during propagation, we need a large enough guard
interval which can be minimized using the pre-
compensation term e−2jω2L [10]. Including guard
intervals, the total symbol duration is Ts = 6 ns re-
sulting the gross rate of 53.3 Gb/s.

B. Discrete Spectrum: In each 6-ns symbol, we
also modulate further 12 bits over 4 eigenvalues,

λ1 = −3πf0 + jσ, λ2 = −πf0 + jσ

λ4 = +3πf0 + jσ, λ3 = +πf0 + jσ

where σ = 3
2T0

and f0 = 10
πT0

≈ 3.2 GHz af-
ter scaling time by T0 = 1 ns to the physical
units.The spectral amplitude of each eigenvalue
is independently 8-PSK modulated, i.e. qd(λk) =
Rk exp(j

2π
8 mk) with mk ∈ {0, 1, . . . , 7}.

Since the eigenvalues have non-zero real parts,
the solitonic part is dispersive. For simplicity, we
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Fig. 1: (a) The nonlinear spectrum with 4 eigenvalues (b) The Fourier spectrum of a corresponding pulse; (c) A train of 6ns
symbols in transmitter, and (d) in receiver. (e) The BER performance in the experiment and simulation, with/without multiplexing

solitons. The error in the received phase of 4 solitons after removing 8-PSK modulation (f) in simulation and (g) in the experiment.

can imagine that each eigenvalue corresponds to
a “sech” shape pulse and these pulses are non-
linearly superposed in time-domain. During the
transmission, the “sech” component of λk walks off
proportional to Re(λk). Therefore, we should lo-
cate each “sech” pulse such that it stays (with long
enough tails) in the symbol period Ts = 6 ns. Let tk
denote the center position of the “sech” component
corresponding to λk. Controlling tk, Rk = |qd(λk)|
is chosen such that t1 = 2.5 ns, t2 = 4 ns, t3 = 2
ns and t4 = 3.5 ns. By these choices, the 2 “sech”
components of λ2 and λ3 move slowly away from
center of the pulse. The other two moves first to-
ward the center, collide at the center, and then
move away from the center.

The symbols are generated by multiplexing the
discrete spectrum, i.e. {λk, qd(λk)}4k=1 and the
continuous spectrum qc(ω) using the Darboux
transformation as as described in [11]. Fig. 1(b)
illustrates the frequency response of generated
symbols. We can clearly observe the 4-solitonic
components with carrier frequencies ±f0 and
±3f0. Figures 1(c) and 1(d) show the same train
of 6ns-symbols in transmitter and receiver with no
significant ISI between adjacent symbols.

Experimental and Simulation results
The experimental setup with a re-circulating loop
is illustrated in Fig. 2. The time domain signal q(t)
was generated from (linear) multiplexing symbol by
symbol random streams of continuous and discrete
spectrum having the total power, P = Pd + Pc

where Pd is the power of discrete spectrum and Pc

is the power of continuous spectrum. Determined
by the eigenvalues, Pd ≈ 0.065mW is constant but
Pc is controlled by factor A in (1). After resampling
to 88 GSa/s, q(t) is normalized according to the
path-averaged model of lumped amplified links.

The fiber loop consists of 3x81.3 km spans of
standard single mode fiber and EDFAs. At the re-
ceiver, after coherent detection, digital sampling at
80 GSa/s, we applied a data-aided phase and fre-
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Fig. 2: Experimental setup with offline NFT-based detection

quency offset compensation. Then, the received
signal was normalized to the initial power P . For
each symbol, we next recover the nonlinear spec-
trum as follows:

A. Continuous Spectrum: The detection of 64 sub-
channels was carried out according to [9]: After
recovering the received continuous spectrum by a
layer-peeling-type algorithm, the single-tap phase-
shift removal operation is done to remove the in-
terplay of dispersion and nonlinearity as described
in [9]. Next, the detected qc(ω) is first mapped to
the closest 32-QAM point in each sub-channel and
then, mapped to the corresponding 5-bits accord-
ing to an optimized 32-QAM bit-mapping.

Fig. 1(e) shows the transmission performance of
1460 km link in terms of bit-error-rate (BER). The
BER curves are evaluated in two transmission sce-
narios: without modulation on discrete spectrum,
and with 4 eigenvalues modulated. In all curves,
the launch power is tuned by changing only Pc.

Multiplexing with discrete spectrum, the optimal
power (resulting the minimum BER) is increased
about 3.2 dB almost equal to the additional power
Pd. In fact, both minimum BER is attained at the
same Pc. Although the nonlinear modes are uncor-
related in the noiseless model, adding solitons de-
grades the performance of sub-channels. This indi-
cates a non-negligible cross-talk between modes.

To study the cross-talk, we emulate the transmis-



sion using the split-step Fourier simulation. The re-
sulted BER curves are consistent with the experi-
mental results in Fig. 1(e). Let q̂k = ŷ2k−1+jŷ2k de-
note the detected qc(ω) at sub-channel k. The co-
variance matrix of received {ŷk}128

k=1 illustrates the
correlation between sub-channels. Figures 3(b)
and 3(c) illustrate visually the covariance matrix at
the optimal power in the presence and absence of
solitons. Each entry is computed by

rkm = E [(ŷk − E[ŷk])(ŷm − E[ŷm])]

where the average is taken over 300 different sym-
bols, each transmitted 3000 times. The non-zero
off-diagonal entries in both matrices show the cor-
relation with ±4 adjacent sub-channels in the pres-
ence of ASE noise. By multiplexing solitons, all rkm
are increased, specially the sub-channels close to
±πf0 and ±3πf0. This indicates that the solitons
interfere into the continuous spectrum and in par-
ticular, with the closer frequencies.

Fig. 3(a) shows the achievable rate of each sub-
channel assuming that the noise has the Gaussian
distribution with the above covariance matrix and
each sub-channel is decoded individually. We ob-
serve that in the presence of solitons, the achiev-
able rate of all sub-channels decreases, specially
the ones having the frequencies ±πf0 and ±3πf0.

B. Discrete Spectrum: qd(λk) is usually detected
by an NFT algorithm [5]. If two solitonic com-
ponents (two “sech” shaped) are well separated
in time-domain, or the corresponding eigenvalues
have a relatively large difference in real part, then
we can even estimate qd in time-domain by linear
filtering. In fact, the received pulse is matched fil-
tered by the soliton with the design eigenvalue to
retrieve the phase. The results of this method is
sometimes found more promising than the ones of
applying a numerical NFT algorithm [6].

The detected phases are then followed by
the single-tap phase-shift removal operation per-
formed according to designed eigenvalues. Fig-
ures 1(f) and 1(g) show the phase errors of 4 eigen-
values after removing 8-PSK modulation. The
absolute-value of the rings are chosen arbitrar-
ily. The variance of phase-errors are small for all
eigenvalues resulting a small BER<1e-4 for each
phase. Interestingly, we observed an offset be-
tween the phase-errors of different eigenvalues in
the experiments while no offset was observed in
the simulations.

Conclusion
We demonstrated the full modulation of nonlinear
spectrum with 55.6 Gb/s gross rate over 1460 km
SMF in a loop experiment. The continuous spec-
trum is modulated by 64x0.5 Gbaud OFDM signals
with 32-QAM format, and the discrete spectrum
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Fig. 3: (a) The achievable rate per sub-channel in the
continuous spectrum when there are solitons modulated or not.
The vertical dashed lines indicate ω = ±πf0 and ±3πf0 . The
covarience matrix of the received ŷk of sub-channels: (b) when
there is no soliton (c) when there are 4 eigenvalues modulated.

contains 4 eigenvalues, each 8-PSK modulated.
We numerically characterized the cross-talks be-

tween nonlinear modes and showed that inde-
pendently decoding of nonlinear modes causes a
significant performance loss, particularly, for the
modes closer to the eigenvalues. An important
open question is if the interference can be equal-
ized or it is fully scrambled in the channel noise.
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