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Abstract—Massive Multiple-input Multiple-output (MIMO)
systems serve simultaneously multiple users to increase spec-
tral efficiency in wireless communication systems. Using two
dimension antenna design for massive MIMO systems namely
massive FD-MIMO, the overall system performance is further
improved. For the massive FD-MIMO systems, the availability
of channel state information (CSI) at the base station is essential
to achieve overall performance gain. In this paper, we design
limited feedback link for massive FD-MIMO by designing two
separate codebooks for horizontal and elevation domains to
reduce the feedback load. The simulation results are provided
for the proposed scheme by considering 3-dimension wireless
channel models.

Index Terms—Massive MIMO, Limited Feedback design, Full
Dimension MIMO, Codebook design

I. INTRODUCTION

Massive Multiple-input Multiple-output (MIMO) is one of
the key candidate technologies to satisfy high data rate require-
ments supporting spectrum and energy efficient systems for the
wireless communications [1]. In order to increase the number
of antennas in a limited area, two-dimensional antenna arrays
such as uniform planar arrays (UPAs) and cylindrical arrays,
that put antennas in both vertical and horizontal dimensions are
considered in practice instead of Uniform Linear Array (ULA)
case. Among various two-dimension (2D) array solutions,
UPAs are of great interest since they requires simplified signal
processing than cylindrical arrays. Massive MIMO with a UPA
structure is known as massive full-dimension (FD) MIMO
since it employs beamforming at both vertical and horizontal
domain [2]. For FD-MIMO systems, three-dimensional (3D)
spatial channels are considered as an extension of 2D spatial
channels [3]. In [4], a very comprehensive overview of FD-
MIMO systems in 3GPP LTE Advanced Pro has been given by
focusing on antenna configurations, transceiver architectures,
3D channel model, pilot transmission, and CSI measurement
and feedback schemes.

To fully harvest the benefit of excessive BS antennas, the
knowledge of channel state information (CSI) is an essential
requirement. However, it is challenging to obtain accurate CSI.
Without accurate CSI, the sum data rate of massive MIMO
systems is effected strongly [5]. Therefore, in the multiuser
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massive MIMO systems, one of the challenge is to scale
channel estimation and feedback strategies to provide CSI
at the BS effectively. In order to maintain the same level
of channel quantization error, the codebook size must be
increased proportional to the number of transmit antennas,
which is not feasible for implementation. Therefore, it is
difficult to scale the MIMO codebook design to the multiuser
massive MIMO systems.

In conventional MIMO systems, the CSI quantization code-
books have been designed under the assumption of spa-
tially uncorrelated Rayleigh fading channels [6]. In this case,
the channel direction information (CDI) which is uniformly
distributed on the unit hypersphere, is obtained after nor-
malization of the CSI. For FD-MIMO taking the properties
of realistic channels and the UPA, both narrow-band and
wideband CSI quantizers have been developed by quantizing
a limited number of dominant 2D beams in 3D channel
vectors through DFT codebooks in [7]. In order to reduce the
complexity of CSI quantization in multiuser massive MIMO
systems, in [8], a deep clustering based scheme has been used
for a codebook design. In [9], two-stage quantizers approach
based on Grassmannian codebook has been examined while it
extended to the multi-stage recursive quantization in [10].

In [11], it has been shown that channel correlation in the
frequency domain can be exploited to reduce CSI feedback
overhead via DFT transformation to a sparse delay domain. In
[12], the frequency-domain (FD) basis subset selection in light
of the DFT basis transformation has been examined while [11]
selected the size of the basis while satisfying a given channel
distortion criterion.

In [13] [14], for the FD-MIMO systems, reduced computa-
tional complexity codebook based feedback has been given by
setting an adaptive reporting interval for the vertical precoding
matrix index (PMI) since the angular spread in the vertical
domain is small for a typical urban environment. In [15], CSI
feedback based on spatial and frequency domains compression
using a matrix projection method has been investigated. In
[16], 2-stage codebook designs have been provided for the
multiuser massive MIMO systems. The first stage codebook
provides coarse amplitude quantization information, and the
second stage codebook provides phase quantization as well
as additional amplitude quantization information that fine-
tunes the first-stage quantization. For CSI feedback in massive
MIMO system, deep learning based approaches have been
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used while reducing the computational complexity and feed-
back load [17] [18].

In this paper, we propose a limited feedback design for the
massive FD-MIMO communications systems. In Section II,
we give the massive FD-MIMO system model including
3D channel model. Section III is dedicated to the proposed
feedback design. In Section IV and Section V, the performance
results are illustrated and conclusions are given, respectively.

II. SYSTEM MODEL

We consider a downlink massive FD-MIMO system with
Nt antennas at the BS and K users with one antenna. The BS
is equipped with Ne × Na dimensional uniform rectangular
array having Ne antennas in elevation and Na antennas in
horizontal domains, and NRF = NeNa = Nt radio frequency
(RF) chains.

The transmitted vector, x ∈ CNt×1 is given by:

x = Ws (1)

where W ∈ CNt×K with W = [w1 . . .wk . . .wK ] is the
generalized precoder matrix which is composed of each user
precoder, wk ∈ CNt×1. The data vector is s ∈ CK×1 with
s = [s1 · · · sK ]T . The average transmitted power is E[||s||2] =
P .

The downlink received signal by the kth user is defined as:

yk =
√

Γkhkwksk +
√

Γk

K∑
j=1;j 6=k

hkwjsj + nk, (2)

where Γk is the path loss coefficient for the kth user and nk is
the additive White Gaussian noise (AWGN) whose elements
are modeled by CN (0, σ2).

The overall channel matrix, H ∈ CK×Nt is given by:

H = [h1 h2 · · ·hK ]T (3)

where hk ∈ C1×Nt is the channel vector belonging to kth

user.
The received signal-to-interference-noise ratio (SINR) for

the kth user is expressed as:

γk =
|hkwk|2

(1/ρk) +
K∑
j=1
j 6=k

|hkwj |2
(4)

where ρk = ΓkP/σ
2 is the average signal-to-noise ratio

(SNR). It is assumed that all users are the same path loss,
and then ρk is set to ρ.

The data rate of the kth user is determined by,

Rk = log2(1 + γk) (5)

The downlink sum data rate is given by,

R =

K∑
k=1

Rk (6)

In order to determine the precoding matrix, minimum mean
square error (MMSE) based linear precoding technique is
used:

W̄ = HH [HHH + (1/ρ)IK)]−1 (7)

In order to keep the power constraint, the precoding matrix
is normalized as,

W =
W̄

||W̄||2
(8)

A. Channel Model

The spatial-channel matrix with the dimension of Ne ×Na
is given by [14]:

Hk =
1√
CS

C∑
c=1

S∑
s=1

αk,c,sb(φk,c,s, θk,c,s) (9)

where C is the number of clusters and S is the number of
subpath per cluster. αk,c,s represents an instantaneous complex
coefficient and modeled by complex Gaussian distribution with
zero mean and unit variance. b(φk,c,s, θk,c,s) denotes array
steering matrix with θk,c,s and φk,c,s indicate respectively the
elevation and azimuth angles for cth cluster, sth path and kth

user.
The azimuth Angle of Arrival (AoA) of each ray is modeled

as φk,c,s = φk,c+∆k,c,s where φk,c is the central angle of the
rays of cluster c and ∆k,c,s is the deviation of subpath s from
that central angle. φk,c is a Gaussian distributed with mean
µc and variance σ2

c and ∆k,c,s is a Laplacian distribution with
variance σ2

s . The elevation AoA of each ray is modeled as
θk,c,s = θk,c + δk,c,s where θk,c is the central angle of the
rays of cluster c and δk,c,s is the deviation of subpath s from
that central angle. θk,c is a Laplacian distributed with variance
σ̃2
c centered on 90o and δk,c,s is a Laplacian distribution with

variance σ̃2
s .

For the uniform rectangular array (UPA), the antenna array
response is written by [14],

b(θ, φ) = aa(θ, φ)T ⊗ ae(θ, φ) (10)

where ⊗ is the Kronecker product.
The azimuth and elevation array vectors are given, respec-

tively [20]:

aa(θ, φ) = [1, ej2π
da
λ sinθcosφ, . . . , ej2π

(Na−1)da
λ sin θ cosφ]

(11)
ae(θ, φ) = [1, ej2π

de
λ sinθ sinφ, . . . , ej2π

(Ne−1)de
λ sin θ sinφ]

(12)
where da denote the inter-element spacing in horizontal axis
and de denotes the inter-element spacing in elevation axis.

The channel vector of each user is given by hk = vec(Hk).
For both spatial and time correlated 3D channel model is

given by,

Hk(t) =
1√
CS

C∑
c=1

S∑
s=1

αk,c,sb(φk,c,s, θk,c,s)e
j2πΩk,c,st

(13)
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where t is the time, Ωk,c,s is the phase shift due to mobility
and is determined by

Ωk,c,s =
vcos(φk,c,s − φv)cos(θk,c,s − θv)

λ
(14)

with v is the velocity (m/sn), φv and θv are the travel direction
of user in the azimuth and elevation plane respectively.

III. PROPOSED LIMITED FEEDBACK DESIGN

In this scheme, our goal is to reduce the feedback load
without sacrificing the sum data rate in the massive FD-
MIMO. We firstly design codebooks for horizontal and vertical
directions separately by using DFT based designs. The angular
spread in the vertical direction is low and consequently, the
elevation angle is changing slowly for a given time interval. In
this work, instead of constructing the codebook by quantizing
all directions in the elevation direction, we propose to focus
on specific directions to reduce the number of feedback bits.

The codewords of ia and ie belonging to horizontal and
vertical codebooks are respectively given by,

hia =
1√
Na

[1, ej
2π

OaNa
ia , · · · , ej

2π
OaNa

ia(Na−1)]T (15)

vie =
1√
Ne

[1, ej
2π

OeNe
ie , · · · , ej

2π
OeNe

ie(Ne−1)]T (16)

where Oa and Oe are the oversampling factors and
ia ∈ {0, ..., NaOa − 1} and ie ∈ {0, ..., NeOe − 1}.

Then, the horizontal and vertical codebooks are constructed
respectively by,

xa = [h0, · · · ,hNaOa−1]T (17)

xe = [v0, · · · ,vNeOe−1]T (18)

The horizontal codebook includes NaOa precoding entries
and is represented by Ba = log2(NaOa) bits while
the vertical codebook contains NeOe precoding entries and
requires Be = log2(NeOe) bits. As a result, the total of
feedback bits is equal to BFL = Ba +Be.

In order to perform channel quantization to design limited
feedback link, firstly, we apply singular value decomposition
(SVD) for the 2D channel matrix Hk = ESTH with S is
the diagonal matrix consisting of eigenvalues, E is the left
singular matrix and T is the right singular matrix.

Then, we can write the channel matrix by,

Hk =

rk∑
i=1

siei ⊗ tHi (19)

where rk is the rank of the kth user channel matrix, ei and
ti are the ith column of E and T respectively.

The horizontal codebook index based on chordal distance
is determined as:

ia
∗

k = arg min
ia

(1− |tT1 hia |2) (20)

Similarly, the elevation codebook index based on chordal
distance is obtained as:

ie
∗

k = arg min
ie

(1− |eH1 vie |2) (21)

After obtaining the codebook indexes, we construct H̃k

based on ia
∗

k and ie
∗

k :

H̃k = hi
a∗
k ⊗ vi

e∗
k (22)

In this work, since the elevation angle is changing slowly,
we propose to construct a high-resolution vertical codebook
of x̃e by only selecting the most probable 2B

′
e codewords

from the codebook of xe where B′e is less than Be. Then, the
modified high-resolution codebook for the elevation domain is
given as:

x̃e = [ṽ1, · · · , ṽ2B
′
e
]T (23)

After obtaining the codebook indexes for both vertical and
horizontal dimension, H̃ is replaced with H in (7) to perform
MMSE based linear precoding technique to mitigate the inter-
user interference for the massive FD-MIMO systems.

The proposed PMI method is described in Algorithm (1) in
detail.

Algorithm 1 Proposed PMI Algorithm
1: Obtain the horizontal codebook of xa as in (17) having
Ba bits.

2: Obtain the vertical codebook of xe as in (18) having Be
bits.

3: Construct x̃e as in (23) having B′e bits.
4: for k = 1 : K do
5: Obtain the horizontal codebook index by using xa as

in (20).
6: Obtain the elevation codebook index by using x̃e as

in (21).
7: end for
8: Construct H̃ as in (22) and perform MMSE as in (7) and

(8).

IV. PERFORMANCE RESULTS

In this section, we provide the simulation results for the
massive FD-MIMO systems based on the parameters given in
Table I.

By large number of channel realizations, we examine the
distribution of selected codebook indexes in the elevation
direction for different number of quantization bits. For Be = 6
and and Nt = 16, the distribution of elevation codebook
indexes is shown in Figure 1. It is observed that few indexes
selected since the variations of elevation angle is slow. Similar
behavior is observed when the number of bits is increased to
Be = 10 as shown in Figure 2 and the number of antennas is
increased to Nt = 64 as illustrated in Figure 3. Therefore, we
can construct the high-resolution codebook by using B′e bits
rather than Be bits.

For the case of Be = 6 for Nt = 16, the most selected
codebook indexes are between 20 and 35 for elevation domain
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TABLE I
SIMULATION PARAMETERS.

Parameter Value
Carrier frequency, fc 3.5 GHz

TTI duration 1ms
TTI 100

Velocity 10km/h
Number of clusters, C 6

Number of paths, S 20
de, da λ/2

Azimuth cluster angle mean µc 0 deg
Azimuth cluster angle σc, 20 deg
Azimuth subpath angle σs 10 deg

Elevation cluster angle mean µ̃c 90 deg
Elevation cluster angle σ̃c 5 deg
Elevation subpath angle σ̃s 2 deg

Fig. 1. Distribution of selected codebook indexes in the elevation dimension
for Be = 6, Ne = 4 and Na = 4.

for the case of Be = 6 for Nt = 16. By choosing 16 most
probable codebook indexes, the feedback link is represented
by 4 bits instead of 6 bits, which reduces the feedback load
significantly.

The distribution of codebook indexes in the horizontal
direction is shown in Figure 4 for Ba = 12 and Nt = 64. It
is observed that the codebook indexes of horizontal direction
span almost all codewords. Based on the observation through
different number of bits and different number of antennas, the
DFT based codebooks for horizontal direction are employed
while for elevation direction, the codebook that includes only
most probable codeword indexes rather than all codeworda is
constructed in order to reduce the feedback load.

We provide the average sum data rate results of different
limited feedback schemes in Figure 5. The proposed codebook
design improves the sum data rate up to 0.3bps/Hz compared
to the case of DFT based codebook with same number of
feedback bits. Besides, the proposed algorithm with BFL = 10
gives the same sum data rate with with BFL = 12 while
reducing the feedback load with 15%.

Fig. 2. Distribution of selected codebook indexes in the elevation dimension
for Be = 10, Ne = 4 and Na = 4.

Fig. 3. Distribution of selected codebook indexes in the elevation dimension
for Be = 12, Ne = 8 and Na = 8.

V. CONCLUSION

In this paper, we have improved average sum data rate
for the massive FD-MIMO systems through the proposed
limited feedback design. The goal of the algorithm is to
reduce the feedback load with higher resolution codebook for
elevation dimension. Since the selected indexes do not spread
over all codewords for, we have designed high resolution
codebook to reduce feedback load. We have compared the
sum data rate results considering different number of bits
in the limited feedback channel. We have illustrated that the
proposed scheme reduces the feedback load by providing the
same average sum data rate.
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Fig. 4. Distribution of selected codebook indexes in the horizontal dimension
for Ba = 12, Na = 8 and Ne = 8.

Fig. 5. Comparison on average sum data rate results for Nt = 16 transmit
antennas and K = 2 users.
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