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Abstract—An AF relay splits an FBMC transmission link into
a two-hop channel. The receiver implements a parallel multistage
FBMC demodulator/equalizer that is suitable for fading channels
whose frequency response cannot be considered flat over the
subcarriers. The signal quality at the output of such a receiver
is characterized in terms of signal-to-noise-plus-distortion ratio
(SNDR), that takes into account the residual interference after
equalization and the effect of the noise collected on both hops.
The SNDR is then used to estimate the spectral efficiency of the
link. The comparison with the direct link shows that the AF-relay
scheme offers some gain, especially in lossy environments with
high path-loss exponent.

I. INTRODUCTION

Lately, a lot of effort has been driven towards the analysis
and specification of Public Protection and Disaster Relief
(PPDR) communications systems [1]. These networks are
based on Private Mobile Radio (PMR) systems and are thought
to be easily and quickly deployed to offer communication
capabilities (both in terms of voice and data) in areas affected
by calamity, where local telecommunications infrastructures
can be damaged or insufficient.

While today’s PPDR systems are based on voice/low data-
rate standards like TETRA, the motivation behind a consid-
erable number of research projects (like, e.g., the EU-funded
projects [2]-[4]) is to find solutions that offer high throughput
for applications such as video conferencing or on-line access
to databases. Apart from hoping for competent authorities to
assign a larger bandwidth to PPDR systems, new approaches
are investigated that exploit the available resources more
efficiently. In this perspective, filter bank multicarrier (FBMC)
modulations show promising characteristics since they are
robust to frequency-selective fading channels and allow a
flexible occupation of the spectrum by a proper allocation
of the subcarriers to the users. Moreover, as compared to
classical orthogonal frequency-division multiplexing (OFDM),
FBMC achieves a better exploitation of the bandwidth, since
no cyclic prefix is needed and since subcarrier bands are better
contained.

Another artifice that may find application in PPDR systems
to improve coverage and/or signal quality is the introduction
of amplify-and-forward (AF) relays. An AF relay [5] is a
simple device that retransmits the received signal with no
processing other than a simple amplification (a multiplication
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by a constant factor). It is then cheap and transparent to the
characteristics of the hosting communications system. These
characteristics are certainly welcome in disaster areas, since
relays may be difficult to recuperate and may be required to
help different services.

In this paper we combine the two strategies, namely FBMC
and AF relaying, and characterize the resulting system in terms
of spectral efficiency. Note that the main drawback of AF
relaying is the fact that, together with the data signal, the
relay amplifies and forwards also the noise collected while
listening to the uplink (i.e., source—relay) channel. Thus, we
will need to describe the contribution of this noise at the
output of the FBMC demodulator/equalizer. In order to be as
general as possible, we assume that we are dealing with highly
frequency selective channels and that a simple equalizer with
a single tap per subcarrier is not optimal. More specifically,
we consider the parallel multistage equalizer proposed in [6],
and we extend the associated concept of signal-to-noise-plus-
distortion ratio (SNDR) to the relay case. Finally, by plugging
the SNDR into the Shannon’s spectral efficiency formula, we
numerically evaluate the performance of the AF scheme and
we compare it to the direct link and to the decode-and-forward
(DF) relay case.

II. SIGNAL MODEL AND ANALYSIS

A. Point-to-Point Case

To start with, let us summarize the main results of [6].
Indeed, the results on the FBMC/AF relay channel are much
easier to explain and understand having at hand those for the
point-to-point link.

Consider a single-antenna, M -subcarrier FBMC/OQAM
system (with M a power of 2). Then, the output of the FBMC
modulator con be written as

x=vec([X1 0]+ [0 X)),

where vec(+) piles the columns of a matrix and

X= [ij = V2(Fy@* (B®[L, 0]+ C[0, 1])@(P®]L, 0]))

is the matrix collecting the modulated symbols. In the last

equation we have also introduced the M x M Fourier matrix
1 .

Farlicmmen =M ™2 exp[j 2% (m —1)(n—1)], the diagonal

weight matrix & = diag,,_; _y{exp[—jmi5E(m — 1)]}



and the M X k matrix
p(1] pn[M(k—1) +1]

) . - :
L P P L

where py[n],n =1,..., N, is the real-valued prototype pulse
of length N = Mk and « € N is the overlapping factor.
Moreover, the operators ® and ® stand for the Kronecker
product and the row-wise matrix convolution, respectively.
Finally, the M x Ng matrix A = B + jC gathers the N;
complex multiband symbols to transmit. The elements of B
and C are modeled as i.i.d. real random variables with zero
mean and variance Py, /2.

Assume now that the signal x is sent through a frequency-
selective, time-invariant fading channel ho[l],l = 1,..., Lo, to
a K-stage FBMC demodulator/equalizer with prototype pulse
gn[n],m =1,..., N, like the one presented in [6]. Also, the
signal is deteriorated by an additive circularly symmetric white
Gaussian noise process with zero mean and variance 0'3. Then,
[6] shows that the quality of the received signal at subcarrier
m can be represented by the so called signal-to-noise-plus-
distortion ratio (SNDR) as long as the number of subcarriers
M is large enough and the prototype pulses (i.e. py[n| and

~|[n]) satisfy some continuity constraints and the following
reconstruction conditions:

(I ® (Tngy2 + Iniy2) ) R(Pnsan)
= [Onrx(—1) 1 Oprxu—n)]
(L2 @ (Tngy2 — Iny2))S(Pns aN) = Onrx(26-1)-

In the last equation we have introduced the matrices

_ |P1®Ja2Q2

R(p’rqu) - |:P2 @ JM/2Q1 (23)
_ |P2®J/2Q2

S(pru(IN) - I:P1 @ JM/2Q1 ) (zb)

where Q is build from gy[n] as P from py[n] in (1) and
where 1/, Jx and 0, x are the column vector of M ones,
the X x X anti-diagonal matrix and the M x X matrix filled
with zeros, respectively.

More specifically, at the output of a K-stage demodula-
tor/equalizer', the SNDR for subcarrier m is given by

th
P(K)( )+P(K)(m)’

SNDRk o(m) = 3)
where the residual interference power P(0 (m) (due to a
nonperfect equalizer) and the noise power (, )(m) are given
by

_ 2Pt:c
T OM2K+1

(Re2 {Kich, tr| 25U + x{§ U]
+Im? {Kch,, tr| X U™ + xS U] )
4)

IFor K = 1, the equalizer reduces to the classical single-tap per subcarrier
equalizer. For larger K, see [6] for further details.

and
o 202 HE Re (KK,
P, (m) = = ZZ Z A ] Z{ Tt}
)
respectively. We had to introduce the following quantities:
. qj(\l,),l =1,..., K, is the [-th derivative of the prototype
pulse gy
e Xpp = Rpw.ay )RT(px,ay) and x5 =
S(pN,qN NS (pn,gi)), with R(-,-) and S(-,-) de-
fined as in (2);
o the diagonal matrices Ay, = 0,...,K are built

from the channel impulse response hg[l] according to

{Aue}, = 32 (=5 = 1) holl] exp[—j3F (m —
D=1
o the diagonal matrices Kl,l = 1,..., K, are built re-

. 1—1 _ l ’NL
cursively as K; = H<0> > o ((z ol Ago-mKpy,

starting from Ky = I,;;
o the matrices U* =1, ® (Ins/2 £+ Jp/2) and

{R(&.a0)} . - that s the s-th
column of R(q%),q%)) with q(l)[ =

B. Relay Case

Assume now that the signal x is not received by the
destination directly, as explained above, but it rather takes
advantage of an AF relay to improve, hopefully, coverage
and/or signal quality. Note that, in this case, we are simply
interested in the two-hop link source-relay—destination and
that we will assume that the destination does not receive any
signal directly from the source. For this reason, there will be
no gain due to higher diversity.

Let hyfl],l = 1,...,Ly, and hg[l],l = 1,...,Lg4, be
the source-relay (uplink) and relay—destination (downlink)
channels, respectively. Also, let /A, A € R*, the amplifi-
cation factor at the relay, meaning that the relay forwards
the signal of the uplink channel into the downlink channel
after multiplying it by v/A. It is not difficult to see that the
relay has a two-fold effect on the signal model: first, the
equivalent channel seen by the data signal from the source to
the destination is hey[l] = VA(hy*ha)[l],l = 1,..., Leg, with
Ley = L, + Ly — 1. Second, apart from the noise collected
at the destination, the relay also amplifies and forwards the
noise of the uplink channel. In what follows, this latter noise
is modeled as an additive circularly symmetric white Gaussian
noise with zero mean and variance 2. Combining the point-
to-point model of the previous section with these comments,
the following result is quite intuitive.

Proposition 1: Consider the FBMC/AF relay channel de-
scribed above, and recall that we are making assumptions
(As1)—(As4) of [6]. Then, at the output of the parallel K-
stage FBMC demodulator/equalizer, the quality of the signal
at the m-th subcarrier can be represented by

Pta:
PG (m) + P (m) + PR (m)

« the vector r;, =

V[N —n+1].

SNDRk av(m) = (6)



The first and second term of the denominator can be computed
as in (4) and (5), respectively, after substituting the direct
channel ho[l] with the equivalent channel h.,4[l] (recall that
the matrices K; and A~ are also functions of the channel
impulse response and, thus, must be computed with respect to
Req [I]). The last term, instead, corresponds to the power of the
noise that the relay collects in the uplink and forwards to the
destination. It is given by:

s,t
P(K) 2AU2 I(Zl i n= 1 lr}
7 l,r=0s,t= 1Ml+r {AH<0>} |

x Re {ha[s|hj[t]K:©5, (K, ©5,")},, ()
where we have introduced the diagonal matrix ®,; =
diag,,—; _y{exp[—j3Z(m —1)]} and denoted r;’; the (k +

1)-th column of R(q( )( ), qj(\;) (t)), with g (s)[n] = gn[n—

s + 1] a delayed version of gx[n] and, as before, q](\l[)(s) its
[-th derivative, whereas (jg\l,) (s) indicates that time has been
reversed.

Proof: As mentioned before, if we could neglect the noise
introduced by the relay (i.e., 02 = 0), the system would behave
exactly as the point-to-point case introduced in the previous
section. The only difference would be that the data signal now
sees the equivalent channel h,[l] = V/A(h, * hg)[l] instead
of the direct channel hy[l]. Thus, the interference power
Pe(){i)F(m) and the downlink noise power sz)(m) can be
computed as in (4) and (5), respectively, with the appropriate
channel corrections. Then, we only need to prove (7).

Similarly to what it is done in [6] for PI(UI? (m), we start by
writing the expression of the contribution of the uplink noise at
the output of the equalizer, namely W, = W, eyen ® [1,0] +
W odd ® [0, 1], where

—1 Lqg

hd S s—
W= Va3 3 M e e
=0 s=1
(Nu,* ® (InQ"(s )))v * € {even, odd}.
The M x (N, + «) matrices N, , are filled with the elements
i T T T T
of the relay noise vector n, = [n,on;;...n, 2(N3+n)]

according to

N | My,0 Ny2 Ny 2(Ng+k-1)
u,even —
Ny1 MNyg3 Ny 2(N.4+rk)—1
and
Ny 1 My 3 Ny 2(N,+r)—1
Ny,0dd = (Ns+r)
Nyo My4g Ny 2(N.+k)

respectively. Now, denoting by w,, .(r) the r-th column of
W, .., the uplink noise vector component corresponding to
the r-th multicarrier symbol after destaggering can be written
as w, = Re{wy 0dda (")} + 7 Im{Wy even(r +1)}. After some
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Fig. 1. Prototype pulse used in all simulations.

algebra, the covariance matrix of w, can be shown to be

T
K—-1 Ld - s—1
1 Re hd S A Kl@
D DD Dl i e
1,r=0s,t=1 Im hd[S]AHm)Kl@M
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where
D! = ®F} {dlag{U+rl }
+ diag{U_si’ﬁ}(Jg ® IM/Q):| Fy®*,
D;! = oF Y [diag{Ux}! |

+ dlag{U+sl 7n}(Jg ® IM/2)} Fr @7,

o] @edwo),,
. M2
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The power of the uplink noise component at the m-th sub-

carrier, that is PTE,I,;) (m), is hence the m-th element of the

diagonal of C,,. ]
IT1I. NUMERICAL RESULTS

with

To assess the results presented above, we consider a system
where the relay is placed on the source—destination line of
unitary length. We take 128 subcarriers separated by 15 kHz,
so that the sampling frequency is 1.920 MHz. The chosen
prototype pulse (at both the transmitter and the receiver side)
is the one proposed by the PHYDYAS ICT project [7], with
overlapping factor xk = 4, depicted in Fig. 1.

The uplink (source to relay) and downlink (relay to des-
tination) channels are generated according to the Extended
Vehicular A (EVA) model [8]. In order to have a fair com-
parison between the AF relay channel and the direct link, we



proceed as follows: the direct channel is obtained by taking
the convolution of the uplink and downlink channels of the
relay after having normalized their path loss to 1. Moreover,
the path losses of the uplink channel and of the downlink
channel are given by d~¢ and (1 — d)~“, respectively, where
d € (0,1) is the distance from the source to the relay and «
is the path-loss exponent. Also, we assume that the additive
white Gaussian noise on both channels has the same variance,
namely 02 = 02 = o2

Finally, note that we focus on full-duplex relays that can
transmit and receive at the same time. For simplicity, we
assume an ideal/perfect electromagnetic separation between
the receiving and the transmitting RF chains at the relay, thus
neglecting all self-interference issues. Denoting by P the total
available power in the system, we fix P, = P. = P,/2.
Note that relay transmitted power P, is obtained by taking
A =P /2= SN p2 ] S (RGP 4 02). Conversely,
we have P, = Ps when the direct link with no relay is
considered.

To start with, in Fig. 2 and Fig. 3, we compare the
theoretical results of the previous section with empirical ones,
obtained by averaging the measured SNDR of Ny = 1000
multicarrier 4-QAM symbols transmitted over the same chan-
nel. The SNR, defined as the ratio between the total power
P, and the noise variance o2, is set to 20 dB and 40 dB,
respectively. First of all, in Fig. 3, we note that the difference
between the empirical results and the theoretical ones increases
as we increase the number of equalization stages K. This
is due to the fact that the chosen pulse does not perfectly
fulfill reconstruction constraints (and the assumptions on its
derivatives required by [6]) and, thus, the expression (4) of the
residual interference power is not exact anymore. This fact can
only be noticed at high SNR (e.g., Fig. 3, 40 dB), where the
residual interference after equalization is the most significant
source of error. On the other hand, at lower and more practical
SNR values (e.g., Fig. 2, 20 dB), the approximation is tighter,
since the noise is the dominating impairment. As a final
remark, note that at SNR=20 dB, there is a noticeable gain of
almost 5 dB when going from K =1 to K = 2 equalization
stages, while adding a third stage brings almost no benefits.

Having verified that the empirical results fit to the theoretical
ones, we now use the latter to compare the AF relay channel
to the direct point-to-point channel. More specifically, for a
relay placed half way from the source to destination (that is
d = 0.5), we investigate the mean spectral efficiency over the
M subcarriers, namely

1 M
I=+- > In(1 + SNDRx s (m)) (8)

m=1

where SNDR i ar(m) is given by (6). The curves in Fig. 4
and Fig. 5 are obtained averaging 500 different channel
realizations. Apart from the spectral efficiency of the AF
relay channel, the figures also report the results of the
direct link and of two different flavors of DF relay. More
specifically, the spectral efficiency of the direct link is
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Fig. 2. Comparison of simulated (dots) and theoretical (lines) values of
SNDR at SNR = Ps/ o2 = 20 dB and for different numbers of equalization
stages.
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Fig. 3. Comparison of simulated (dots) and theoretical (lines) values of
SNDR at SNR = P,/ 02 = 40 dB and for different numbers of equalization
stages.

computed as in (8) but using the SNDR expression for
a point-to-point channel in (3). On the other hand, a DF
relay splits the channel into two separate hops and each
one of them can be seen as a point-to-point link. The
end-to-end spectral efficiency is hence the minimum between
the spectral efficiency of the two hops. We can consider two
different encoding schemes: the first scheme (the DF-1 curve)
encodes each subcarrier stream independently of the others
and, then, the spectral efficiency is computed as Ipp_1 =

Ly lngl + min{SNDRgm(m),SNDR(,?"w") (m)}).

The secon scheme (the DF-2 curve), instead,
corresponds to the case where all the subcarriers
streams are encoded jointly to exploit the diversity
offered by the FBMC modulation. The resulting

spectral efficiency is Ipp_o = Al/[min{zg_l ln(l +

SNDR“) (m)) M (1 + SNDRw™ (m))
that, according to the idea that the relay should be a simple

Note
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Fig. 4. Mean per-subcarrier spectral efficiency as function of the SNR for
o = 2.5 and averaged over 500 channel realizations.
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Fig. 5. Mean per-subcarrier spectral efficiency as function of the SNR for
a = 3.5 and averaged over 500 channel realizations.

device, the number of equalization stages at the DF relay has
been fixed to one, as opposed to K = 2 for the equalizer at
the destination.

Both Fig. 4 and Fig. 5 show that the AF relay improves
the spectral efficiency of the link for a wide range of SNR
values. Moreover, the gain over the direct link increases with
the path-loss exponent. For example, for a spectral efficiency
of 4 nat/s/Hz, the gain is around 2 dB for a = 2.5 (Fig. 4)
and around 5 dB for a = 3.5 (Fig. 5). A higher gain for larger
path-loss exponents was expected, since the channel quality of
short links—as compared to a long one—is higher when the
path-loss exponent takes large values.

From the two figures one can also realize that the spectral
efficiency of both the AF relay channel and the direct link
saturate at a common value around 8 nat/s/Hz as the SNR
grows large. The reason for this is that the residual interference
power Pe(fi)F (m) in (4) does not depend on the SNR. Actually,

the ratio P,/ Pe(fi)F(m) only depends on the shape (and not on
the amplitude) of the channel. Then, as the noise power tends

to zero, the SNDR tends to P,/ Pe(f\)p(m). In our simulations,
this ratio takes the same value for both protocols, since we
have built the direct link as a normalized version of the AF
relay channel.

As for the DF relay, we see that its spectral efficiency
saturates to a much lower value (just above 5 nat/s/Hz) at
high SNR. One should recall that the number of equalization
stages at the relay has been fixed to one, in order to contain
complexity. This is indeed the bottleneck of the DF relay
channel, as it can be readily guessed from Fig. 2 and Fig. 3.
Conversely, for medium values of SNR, the per-subcarrier DF
relay (DF-1) gains 1 dB over the AF relay as a result for not
forwarding noise. By further increasing complexity, an extra
decibel can be gained if all the subcarriers are jointly encoded
(DF-2).

I'V. CONCLUSIONS

In this paper we have considered a two-hop FBMC/OQAM
link with an AF relay. For a nontrivial equalizer with K paral-
lel stages, the quality of the signal at the m-th subcarrier has
been characterized in terms of signal-to-noise-plus-distortion
ratio, which takes into account the residual interference after
equalization and the effect of the noise collected on both
the source-relay channel and the relay—destination channel.
The resulting theoretical expression of the SNDR fits with the
numerical results.

In order to evaluate whether the relay improves the quality
of the link, the AF scheme has been compared, in terms of
spectral efficiency, to the direct source—destination link and
to another relay solution employing decode and forward. In
the considered scenario we have seen that relaying shows
its highest gain for practical SNR values between 0 dB and
30 dB, especially in lossy environments with high path-loss
exponents. On the other hand, further investigation is needed
in the low-SNR regime, where there is little to no gain over
the direct link. Intuitively, a possible explanation is that the
equivalent channel seen by the data symbols depends on the
relay transmitted power through the amplification factor A.
Thus, at low SNR, the channel inversion realized by the
equalizer is an undetermined operation.
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