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Abstract: Based on the definition of generalized partialy bent functions, using the theory of linear transformation, the

relationship among generalized partially bent functions over ring Z, , generalized bent functions over ring Z, and affine

functions is discussed. When N is a prime number, it is proved that a generalized partially bent function can be decomposed as
the addition of a generalized bent function and an affine function. The result obtained here generalizes the main works
concerning partially bent functions by Claud Carlet in [1].
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Bent functions, a specia class of Boolean functions, are of great interest in the fields of cryptography and communications
due to their nonlinearity and stableness. However, bent functions are rare and they are neither balanced nor correlation-immune.
So partially bent functions, a larger class of Boolean functions, presented by Claud Carlet in [1] to remedy the defects of bent

functions. Now concepts of bent and partially bent functions have been extended onto ring Z,, N is a natural number, called

generalized bent functions and generalized partially bent functions over Z  , respectively.
Based on the definition of generalized partially bent functions, using the theory of linear transformation, the relationship
among generalized partially bent functions over ring Z, generalized bent functions over ring Z, and affine functions is

discussed. When N is a prime number, such as N=2, it is proved that a generalized partially bent function can be decomposed as
the addition of a generalized bent function and an affine function. The result obtained here generalizes the main works
concerning partially bent functions by Claud Carlet in [1]. With these new results, we can easily understand and construct
partially bent functions and generalized partially bent functions.

1. Preliminaries

Let Z, , where N>1 is an integer, be a residue ring. If N is a prime number, then Z, is a Galois field, denoted by F .
Let Zr,ll be the set of all vectors with n coordinates, where each coordinate takes avalue from Z , . If N is a prime number, then
Z}, isalinear space of dimension n over F , denoted by Fy, . Letf: Zy, ® Z beamultivalued logical function.

Let a = (a,,,a,)l Z}\ ad x =(x,,_,x,)| Z}, the inner product of @ and x is defined as a>x =
a,x, ALAa x,.

Definition 1.1. The Chrestenson cyclic spectrum is defined as follows:

S(ry wW)=N"" é u' O u wherewl Z7, u=exp(2p v/~ 1/N);

Az
The self-correlation function is defined as follows:
C, (9= é u 0T “wheresl 27, u=exp(2p V- 1/N).
X Zy
We will denote by |X| the module of X, where X isreal number or complex number.
Definition 1.2. The function f(x) is called generalized bent if

IS(ry WIZ=N"" foral wl zY:
The function f(x) is called generalized partially bent if
(N"-Ng)(N"-N s(f))=N ", whereN o =|{sl Z|C (9=0}|and N S(f):|{5| zy ISty (5)=0} .
The following facts are well known.

. [} 2
Lemma 1.1. For any function f(x): Zr,l, ~Zy, a IS ™IT=1

Az

. >N -n L SW-X _p o N 2

Lemma 1.2. For any functionf(x): Zy—~Z,, N "~ a C;(Xu =NTIS(r W),
Az}

There are similar definitions and |emmas concerning bent functions and partially bent functions.

2. Main theorems
The following theorem 2.1 is needed by other theorems.

Theorem 2.1. Let f(X): Zr,ll —Z\ beamultivalued logical function and A be an inverse matrix over Z , and g(x)=f(xA),
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-1
then C 4 (V)= C ; (VA); Sy W)=S 1) (WA )").
Proof: Let e; (1E£i £n) denote avector of Z}, such that the ith coordinate is 1 while al other coordinates are 0.
2 0
g -
ce +
Cx =

Let (a,,a 5,+, a ) =AG = where a' denotes the transpose of vector «a .
X

Since A is an inverse matrix, ei(l£i£n) can be expressed as alinear combination of (a ;,a ,,=*-,a ), thus(a ;,a 5=,
a ,)isaradixof Zy,.

Lety=(y,.y,.",y,) denotey, a ;+y, a ,+=-+y a onr,ll.

Note that yla 1+y2 a 2+"'+yn a n:(y:I_IyZI"'lyn)(CI :I_lCI 2'""a n)t :(ylxny"',yn)Agx o

ThUSf(yl a 1+y2 a 2+"'+yn a n):f(yA): g(yl:yzx'":yn):
C )= 8 utIm s § TR TN S & T Ty

¥ 23 Ut wi Z§
2 0
Se
¢&+
gx _
In fact, v=(v,,v,,**,v,) denotesv, a ;+v, a , 44V a  =(V;,V,, 0V, JAG T
cx +
Cx ™

-n 8 - -n 8 f(xA) - xw -n 8 f - yA W S14t
Se=N"g uu™=N"g =N g U PuM M =s WA,
Azl A Zh Al
This completes the proof. ll
We now discuss the generalized partially bent functions.

Theorem 2.2. Let f(x):Zy —~Z N ={sl Z{IC; (=0}, N g5y =Kl Z} ISy, (=0}, then

M (N"-Ng)N"-Ng )N

() f(x) is generalized partially bent, namely (N"- N o )(N"- N g1,)=N", if and only if the following conditions are
true:

There exists tl Z},, such that for any sl Z}, C, (=0 or C, (s)=u" "'

N", and[S w)|? is a constant when

wl Z} andS ) (w)? 0.
Proof:
(a). Since | C (9|EN", hence,

N"-Ng=Ksl ZRIC, (9 0} QIC,(I/N"2|§ C (9IN"

4 z3 dzy
2 2 f(x+s)- f(X n 2 - f 2 f(x+s n
=la a u'N"=1gq u g u'*9pN
4z A zy Xz d 7y
2
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f

2 - 2 f 2
=S OFla u'PEsorra u™EN"IS; 0.

Az} Az}
Let f,(x) =f(x)+tXx, then,
Cfl(S): é uf(x+s)-f(x)us>t: usxcf (S),
Az}
- o f t-X- S
Siy®=N"Qq u ™y =8 (s).

Az}
Thus, forany tl Z{ , N"- N =N"-Ng 3 N" IS, (017 =N"[S () (DI*=N"IS(, (D]
Therefore, N"- N ¢ 3 N"max{|S ;, ®*[tl Z}}
SinceN"-Ng 3 & IS (012 maxq|S, . 12 1tl Z" Y= max{|S,, ©]2[t] Z"}
sn° a IS () NTE () N
iz
Thenwehave (N"-Ng )(N"-Ng;,))® N". We have completed the proof of part one.
(b). 1F (N"- N )(N"-Ng))=N", then
2 2
N"-Ng =N"max{|S, (®I°[tl Z\}andN"-Ng =1/ max{|S, 0" |tl Z}}
Supposetl Z,, and IS ;) ()%= max{|S;, (WI*|ul  Z}}, et f,(x) =F(x)+t=x,then

o} 2 2 2 2 o
ac(9=N "1y @I =NTIS(I"=N"(N"-Ng)=N"(N"-Ng)= @ N"
dz3 sC¢,(s) 0

Since| C; (S)/EN", hence C (=0 or N", namely C ; (9)=0 or C (9=u"*N";
: 9 2 2 2 .
Consider N"- Ngy=l{sl Z} IS, (9 O}=@ IS(r) ™7/ max{|S ¢, (1| t] FY}, we know that [S ¢, (W)|* isa
i zy

constant when wl Z§, and S, (w)* 0.

This completes the necessity proof of part two.

(c). Suppose that there existstl ZR‘ , such that for any sl Zr,ll ,C;(9)=00rC; (s):u'S*N " and IS¢r) (W)|2 is a constant
whenwl Z§ and S, (w)?® .

Let E={sl Z}|C(9=u "N"}, f;(x) =f(x)+t=x, then C( (9)=u™ C (9)=0or N", hence E={sl Z}\|C (9=N"}.

Let E" ={ xI Z'\ | forany yl E, y*x=0}, then for any vl E", by Lemma 1.2, we have
1 o w1 o cwe 1

— C. (wyu = u = [E].

N2 m‘azg B R V\Aa'E N"

2
|S(f1) Wm|°=

As f,(x) =f(x)+t*x, so St ()= Sy (st); consider |Sy, (W)|2 is a constant when wl ZR‘ and Sy, (w) 0, hence
|S(fl) (W)|2 is a constant when wl Zr,ll and St w)?t o.

" ] - Wy
Whenvl E | thereal partof @ u " <|E|,
w E

1 o w1 2
a u #* |E|,so|S(f1)(v)| =0.

2

Therefore |S ¢, (V)| =
(f)

PN e N

By Lemma 1.1, é |S(f)(w)|2:l, o) |EA [* — [EI=1, we have|EA |= .
w Z{ ! N |E|
N
n
Thus (N"- N & )=IE|, (N"- Ns(f)):l—

El

This completes the sufficiency proof of part two. ll

,namely (N"- N )(N"- N gy)=N", f(x) is generalized partially bent.

Theorem 2.3. Let f(w): Zr,l, —Z, be generalized partially bent, then there exist a subgroup E in the additive group Zr,l, ,
such that, there existstl z}, and for any x| E, yl Z 3 \E={x|x| Z}, butx| E}, satisfying f(x+y)=f(y)-t*x.
Proof: Since f(x) is generalized partially bent, let E={sl Zr,ll | C; (s):u'S*N "1, heretl Zr,ll and the definition of t is
from theorem 2.2; let f, (x) =f(x)+t*x, then C f, (s)= us*c ¢ (9, E={sl le |C fl (s=N"}.
3
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Since C ¢ ()= é u OB hence o | Eif and only if that
Az}
for any x| Zr,l, , fi(x+a)-f,(x)=0, namely f(x+ a )+te (x+a )- f(x) -t*x=0,50 f(x+ a )+t* a = f(X),
Suppose a,B | E, then for any x| Zy, f(x+a +B)+te(a +B )= f(x+a +B )+t B + t* a = f(x+ a )+ t* a =f(x),thusa +B
| E,
For any kI Z, it is easy to show that ka | E. Since (N-1)a | E and « +(N-1) a =0l E, so the inverse element of «
still belongsto E.
Therefore, E is a subgroup of the additive group Zr,l, . It is obvious that for any x| E, yl Zr,l, \E, satisfying f(x+y)=f(y)-t*x.
This completes the proof. ll

Lemma2.1. Let m,=min{ « ,>0|(a ;,*+,a ;,--,a )| E}, 1£i £n, the definition of E is from theorem 2.3, if m; isnot

defined then let m; = 0. Our conclusion is that if m; isneither 0 nor 1, then m; must be afactor of N but m; isneither N
nor 1.
Proof: Suppose that m; is neither O nor 1,let g=(m; ,N),then g>0 and there exists an integer r and an integer s, such that
g=rm; +sN, namely g=rm; (modN),
From the definition of m,, we have g=m,, thus m; isafactor of N but m; isneither N nor 1.

This completes the proof. ll
For the convenience of discussions, we give a new definition.

Definition 2.1. Let f(w): Z|, ~Z , be generalized partialy bent, E={sl Z[C (5)=u ¥ N"},tl Z}, m =min{a ;>0
[(a g, a0 ) E},1Ei£n,if m, isnot defined thenletm,=0. If m; 1 1for anyi, 1Ei£n, then we call f(w) as pure
generalized partially bent.

If N isaprime number, as N has only factor 1 and N, then if f(w) is pure generalized partially bent, namely m; =0 for any i,

1£i £n, we have E={0}, thus f(w) must be generalized bent.
The following theorem 2.4 is our main result.

Theorem 2.4. f(x): Zr,ll —Z be generalized partially bent, but not pure generalized partially bent, if and only if f(x) is
equivalent to the addition of pure generalized partially bent g(y): Zr,l,'m—>Z n and affine function -t a : Zr,ﬂ —Z, heremisa
positive integer, and f(x) is equivalent to h(x) means that there exists an inverse matrix A over Z  , such that h(x)=f(xA).

Proof: Let f(w): Z§y —~Z , be generalized partially bent, E  ={sl Z},|C, (s=u"**N"},tl Z% andthedefinition of tis

from theorem 2.2. If f(x) is not pure generalized partialy bent, then there exists m; =1 and the definition of m; is from theorem

2.3. That isto say, there exist (a ;,=+, a ;,=-,a )| E4, a ;=1
&l 0 L 09 2l 0 L 05
go 1 L 0- go 1 L 0 -+
G L N L L L L -
LetA,=C ~,thenA "= ~, where a ;=1
ca, a, L aL a -+ ¢c-a, -a, L aL -a,-
‘L L N L L L
éo 0 L 1 éo 0 L 1 4
& 0 L 1L 0¢
81 0 L 0-
G L L-
A,=GC +,
cO 0 L1 oL O+
‘L L
éo 0 L 1y

where A , isobtained by move the ith row of a unit matrix to the top row, then A '21 :At2 :

4
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LetA=A Ay, (B4, B B ) =AC %

where e; (LE£i £n) denotes avector of Z, such that theith coordinate is 1 while al other coordinates are 0.

SinceA isan inverse matrix, e; (1Ei £ n) can be expressed as alinear combination of ( B BB ), thus(B 4, B 5,0,
B ,)isaradix of Z} , whereB ;=a je,++a e ++a e ,B,=e,,, B =€, ;,B =€, B, =€,.

Let g(y)=f(yA),by theorem 2.1, we know that |Sy, (W)|2 is a constant when wl Zr,ll and Sy, w)?t o; C4(9=0 or
C4(9=C (A)= uHN" =0 S N By theorem 2.2, g(y) istill generalized partially bent.

Let t =tA' ,0,(x) :g(x)+t' *X, then Cy (9)= us*v Cqy(9= u%ﬁ Cy(9=N " heresct=set' .

Let E g, ={sl A Cq (9= N"} and Z}\‘ denote the generated subgroup by B ,, since (a ;,*++,a ;,--,a )| E; and

n€n, hence B | Egl,itfollowsthatzhl Eg-

B =a e+ +a e+ +a

n-1

Let (z}) ={ x| z}[for any yl Z7, y*x=0}, then (Z%,)" = Z', it is obvious that Z§, = Z}, ®Z ", where ®

denotes the inner direct product of two subgroups.

n

Forany a | z} andyl Z§*, g;(y+a)- g, (y)=0, namely gly+a )+t *(y+a)- g(y) t *x=0, thus g(y+a )+t * a = g(y).

n-1 n-

We know that there exist t, | Z}\‘ andt, | Z ", such that t= t,+t,, therefore, for any a | Z%\‘ andyl z Nl, a(y)=
gly+a )+t s a =gy a )+ (ty+ty)  a=glyra)rt a,
We have g(y+a )= g(y)-t,* a, and g(y+ a ) is an affine function restricted within Z%\‘ .
Furthermore, we now prove g(y+ a ) is generalized partially bent restricted within Z r,l,'l.
n-1

Take vl z r,l,'l, for any wl Z 7}, there exit x| Z}\‘ and yl Z =, such that w=x+y, hence g(w+v)-g(w)= g(x+y+Vv)-g(x+y)=

g(y+v)- ty=x-g(y)+ t; *x= g(y+v)-g(y). thus,
C,v)= § uowremo 8 8 Iy & 90 em)

i 2§ AZh iz 4 237
[o] - o - V'S - - - -
VA udM W= g w0 = (N=uT N =0 TENT L, |z
2 —>n-1 2~ —>n-1
Y Zy Y Zy

We know that, for any vywl Z},, thereexit v, x| Z7, andv,.yl Z}", such that v=v,+ v, , w=x+y,

gW)-WeV=g(Y)- ty o x-(X+yY) * (Vi V)= g(y)Y Vo -(ty+ vy)x, thus,
S W=N" é TR é é TR e i é g (arwxe g -nil é u 90 y¥e
W Azy Az iz izt

Let v,=-t,, then S(g)(v):N'n+1 é ug(Y)-yWZZS(g)(VZ) restricted within Zr,ll_l.

Wizt
Since [S 4, (v)|2 is a constant when vl ZR‘ and S, w?to,
\ IS (v,)|> restricted within 2" isaconstant when v, | Z%* and Sig(Vy)1 0
From theorem 2.2, we know that g(y) is generalized partially bent restricted within Zr,ll .
Therefore, the equality g(y+a )= g(y)-t;*a means that g is the addition of the generalized partially bent function
restricted within Zr,ll'l and the affine function restricted within Z%\‘ .

If g restricted within Zr,ll'l is not pure generalized partialy bent, then repeat the process above we can obtain another

unitary affine function.
Therefore, we can conclude that after m decompositions, where m is a positive integer, f(x) is equivalent to the addition of

5
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the generalized partially bent function g(y): Zy ™ —Z,, and the affine function -t,* a : Z\\ ~Z .

The sufficiency of the theorem is obvious. This completes the proof.

If N is a prime number, then F, isa Galois field, and F}, is alinear space of dimension n over F . Since N has only
factor 1 and N, from theorem 2.4, we have the following theorem.

Theorem 2.5. Let N be a prime number, and f(x): Fr,ll —F be generalized partially bent, but not generalized bent, if and

only if f(x) is equivalent to the addition of generalized bent g(y): Fr,l,'m—>F n and affine function -t a: Fr,l} —Fy.,heremisa

positive integer, and f(x) is equivalent to h(x) means that there exists an inverse matrix A over F , such that h(x)=f(xA).
The following is an example of pure generalized partially bent functions.

Example2.1.Let I, 4 (X)= : 1x=13
350,x=0,2
We first show that f(x,y) is a generalized partially bent function.
Here N=4, u=exp(2p \/j./N): exp(p \/I/Z):cosp [2+isinP /2=i.
Obviously, C; (0,0)= é u POy 1Y) _9g.
(xy)N 2%
c, 0,2) = é u f(x+0,y+2)- f(x,y)

(i 23
= f(0,2- 1(0.0) i f(03)- (0.0 i f(00-1(02) i £(0,2)- £(0,3)

,and f(x,Y)= (5 4 ()+ 1q 5 (Y)+XHy.

4 f@2-1@0 L fA3-fan f@o- 1@, faD- 13

4 f22- 120 ;123 12D ; (20 1(22) f(21)- f(2,3)

+i
4 B2 1E0, FBI 13D 1B0-F32) ; 1BD-F(33
.2:0,.0-2,.02 , .20
S R +i
402,20, ;20 .02

+024%04720 402

.2-0 .0-2 .0-2 .20
+i + i + i + i =-16,

Similarly, C ; (2,0)=-16, C  (2,2)=16.
Thus C (9)=u"5"Y 42 sl {0,2} x{0,2}. It is easy to verify that C, (9=0for sl {0,2} X{0,2}.

1 [o] f(x
- ) XY
Sty (L1)= 16 a u u
(i 2§
1 ; . . .
(i f(00)-0 5 f(0D-1, 5 f(0.2-2 . 1(03-3

16

4 @O, 1aD-2 1123, 1130
4 @02 f@)3, 1220, (231
L fBO-3, f@D-0 B2, . f(3,3)-2)

1
.0-0, .21, .22, .0-3
=— (@0 "+i"T+IT+I

16

+i21402403,20

+i224703400,22

03, .20, .21, .02,_1.
i THIT I T )=

Similarly, S ¢, (1,3)= Sy, (3,1)= Sy, (3,3):%1.

Since é 1S (x.y)|?=1, thus S(ry (W=0for vl {1,3} X{1,3}.
(xyi zZ
By definition 1.2, f(x,y) is ageneralized partially bent function.

Due to E={sl Zi| C; (s):u's*42}:{0,2} X{0,2}, and m;=m, =2, thus f(x,y) is a pure generalized partialy bent
function.
Obviously, Zi =({0,2} X{0,2}) @ ({0,1} X{0,1}), for example, (2,3)=(2,2)+(0,1); (3,3)=(2,2)+(1,1).
6
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By theorem 2.3, for any wl Zi , there exist w, | {0,2} X{0,2} and w, | {0,1} X{0,1}, such that w=w +w, and f(w,+
w,)=f(w,)-(1,1) w,.

3. Remarks
Since 2 is aprime number, F, isaGaloisfield, thusthe results obtained here can be applied to partially bent functions, we

have that a partially bent function can be decomposed as the addition of a bent function and an affine function. So the result has
generalized the main works concerning partially bent functions by Claud Carlet.
Based on the definition of generalized partially bent functions, using the theory of linear transformation, the relationship

between generalized partially bent functions over ring Z , and generalized bent functions over ring Z , is discussed. As there

have been many results about bent functions and generalized bent functions, and the structure of affine functionsis very simple,
so it is easy to analyse or construct partially bent functions and generalized partialy bent functions with the results obtained
here.

A method to decompose the non-pure generalized partially bent function is introduced. However, how to decompose the
pure generalized partialy bent function, or how to analyse the structure of pure generalized partially bent function, is till an
open problem.
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