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Span programs and quantum query complexity:
The general adversary bound is nearly tight
for every boolean function

Ben W. Reichardt*

Abstract

The general adversary bound is a semi-definite program (SDP) that lower-bounds the quan-
tum query complexity of a function. We turn this lower bound into an upper bound, by giving a
quantum walk algorithm based on the dual SDP that has query complexity at most the general
adversary bound, up to a logarithmic factor.

In more detail, the proof has two steps, each based on “span programs,” a certain linear-
algebraic model of computation. First, we give an SDP that outputs for any boolean function a
span program computing it that has optimal “witness size.” The optimal witness size is shown
to coincide with the general adversary lower bound. Second, we give a quantum algorithm for
evaluating span programs with only a logarithmic query overhead on the witness size.

The first result is motivated by a quantum algorithm for evaluating composed span programs.
The algorithm is known to be optimal for evaluating a large class of formulas. The allowed gates
include all constant-size functions for which there is an optimal span program. So far, good
span programs have been found in an ad hoc manner, and the SDP automates this procedure.
Surprisingly, the SDP’s value equals the general adversary bound. A corollary is an optimal
quantum algorithm for evaluating “balanced” formulas over any finite boolean gate set.

The second result broadens span programs’ applicability beyond the formula evaluation
problem. We extend the analysis of the quantum algorithm for evaluating span programs. The
previous analysis shows that a corresponding bipartite graph has a large spectral gap, but only
works when applied to the composition of constant-size span programs. We show generally that
properties of eigenvalue-zero eigenvectors in fact imply an “effective” spectral gap around zero.

A strong universality result for span programs follows. A good quantum query algorithm for
a problem implies a good span program, and vice versa. Although nearly tight, this equivalence
is nontrivial. Span programs are a promising model for developing more quantum algorithms.

*School of Computer Science and Institute for Quantum Computing, University of Waterloo.
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1 Introduction

Quantum algorithms for evaluating formulas have developed rapidly since the breakthrough AND-
OR formula-evaluation algorithm [FGGO7]. The set of allowed gates in the formula has increased
from just AND and OR gates to include all boolean functions on up to three bits, e.g., the three-
majority function, and many four-bit functions—with certain technical balance conditions. Op-
erationally, these new algorithms can be interpreted as evaluating “span programs,” a certain
linear-algebraic computational model [KW93]. Discovering an optimal span program for a function
immediately allows it to be added to the gate set [RSOS].
This paper is motivated by three main puzzles:

1. Can the gate set allowed in the formula-evaluation algorithm be extended further? Given
that the search for optimal span programs has been entirely ad hoc, yet still quite successful,
it seems that the answer must be yes. How far can it be extended, though?

2. What is the relationship between span program complexity, or “witness size,” and the adver-
sary lower bounds on quantum query complexity? There are two different adversary bounds,
Adv < Adv*, but the power of the latter is not fully understood. Span program witness size
appears to be closely connected to these bounds. For example, so far all known optimal span
programs are for functions f with Adv(f) = Adv*(f).

3. Aside from their applications to formula evaluation, can span programs be used to derive
other quantum algorithms?

Our first result answers the first two questions. Unexpectedly, we find that for any boolean func-
tion f, the optimal span program has witness size equal to the general adversary bound Advi( f)-
This result is surprising because of its broad scope. It allows us to optimally evaluate formulas over
any finite gate set, quantumly. Classically, optimal formula-evaluation algorithms are known only
for a limited class of formulas using AND and OR gates, and a few other special cases.

This result suggests a new technique for developing quantum algorithms for other problems.
Based on the adversary lower bound, one can construct a span program, and hopefully turn this
into an algorithm, i.e., an upper bound. Unfortunately, it has not been known how to evaluate
general span programs. The second result of this paper is a quantum algorithm for evaluating span
programs, with only a logarithmic query overhead on the witness size. The main technical difficulty
is showing that a corresponding bipartite graph has a large spectral gap. We show that properties
of eigenvalue-zero eigenvectors in fact imply an “effective” spectral gap around zero.

In combination, the two results imply that the general quantum adversary bound, Adv™, is tight
up to a logarithmic factor for every boolean function. This is surprising because Adv* is closely
connected to the nonnegative-weight adversary bound Adv, which has strong limitations. The
results also imply that quantum computers, measured by query complexity, and span programs,
measured by witness size, are equivalent computational models, up to a logarithmic factor.

Some further background material is needed to place the results in context.

Quantum algorithms for evaluating formulas

Farhi, Goldstone and Gutmann in 2007 gave a nearly optimal quantum query algorithm for eval-
uating balanced binary AND-OR formulas [FGGO07, [CCJYQ7]. This was extended by Ambainis et



al. to a nearly optimal quantum algorithm for evaluating all AND-OR, formulas, and an optimal
quantum algorithm for evaluating “approximately balanced” AND-OR formulas [ACRT07].

Reichardt and Spalek gave an optimal quantum algorithm for evaluating “adversary-balanced”
formulas over a considerably extended gate set [RS08], including in particular:

e All functions {0,1}" — {0,1} for n < 3, such as AND, OR, PARITY and MAJs.

e 69 of the 92 inequivalent functions f : {0,1}* — {0,1} with Adv(f) = Adv®(f) (Defini]
fon 2.4).

They derived this result by generalizing the previous approaches to consider span programs,
a computational model introduced by Karchmer and Wigderson [KW93]. They then derived a
quantum algorithm for evaluating certain concatenated span programs, with a query complexity

upper-bounded by the span program witness size Deﬁnition 2.3). Thus in fact the allowed gate
set includes all functions f : {0,1}" — {0,1}, with n = , for Wthh we have a span program P

computing f and with witness size wsize(P) = Adv™ Deﬁmtlon 2.4). A special case of [RS08,
Theorem 4.7] is:

Theorem 1.1 ([RS08]). Fiz a function f : {0,1}" — {0,1}. For k € N, define f* : {0,1}""

{0,1} as follows: f!' = f and f*(z) = f(f* Yar, .. zpn1)se ooy PN @pp_piorgq, - Tpr)) for
k > 1. If span program P computes f, then
Q(f*) = O(wsize(P)") (1.1)

where Q(f*) is the bounded-error quantum query complexity of f*.

[RS08] followed an ad hoc approach to finding optimal span programs for various functions.
Although successful so far, continuing this method seems daunting:

e For most functions f, probably Adv®(f) > Adv(f). Indeed, there are 222 four-bit boolean
functions, up to the natural equivalences, and for only 92 of them does Adv® = Adv hold.
For no function with a gap has a span program matching Advi( f) been found. This suggests
that perhaps span programs can only work well for the rare cases when Advt = Adv.

e Moreover, for all the functions for which we know an optimal span program, it turns out
that an optimal span program can be built just by using AND and OR gates with optimized
weights. (This fact has not been appreciated; see [Appendix Al) On the other hand, there is
no reason to think that optimal span programs will in general have such a limited form.

e Finally, it can be difficult to prove a span program’s optimality. For several functions, we
have found span programs whose witness sizes match Adv numerically, but we lack a proof.

In any case, the natural next step is to try to automate the search for good span programs.
A main difficulty is that there is considerable freedom in the span program definition, e.g., span
programs are naturally continuous, not discrete. The search space needs to be narrowed down.

We show that it suffices to consider span programs written in so-called “canonical” form. This
form was introduced by [KW93], but its significance for developing quantum algorithms was not
at first appreciated. We then find a semi-definite program (SDP) for varying over span programs
written in canonical form, optimizing the witness size. This automates the search for span programs.

Remarkably, the SDP has a value that corresponds exactly to the general adversary bound
Adv™, in a new formulation. Thus we characterize optimal span program witness size:



Theorem 1.2. For any function f:{0,1}" — {0,1},

inf wsize(P) = AdvE(f) (1.2)

where the infimum is over span programs P computing f. Moreover, this infimum is achieved.

This result greatly extends the gate set over which the formula-evaluation algorithm of [RSOSJ
works optimally. In fact, it allows the algorithm to run on formulas with any finite gate set. A
factor is lost that depends on the gates, but for a finite gate set, this will be a constant. As another
corollary, also settles the question of how the general adversary bound behaves under
function composition, and it implies a new upper bound on the sign-degree of boolean functions.

Quantum algorithm for evaluating span programs

Now that we know there are span programs with witness size matching the general adversary bound,
it is of considerable interest to extend the formula-evaluation algorithm to evaluate arbitrary span
programs. Unfortunately, though, a key theorem from [RS08] does not hold general span programs.

The [RS08] algorithm works by plugging together optimal span programs for the individual
gates in a formula ¢ to construct a composed span program P that computes ¢. Then a family of
related graphs Gp(z), one for each input z, is constructed. For an input x, the algorithm starts
at a particular “output vertex” of the graph, and runs a quantum walk for about 1/wsize(P) steps
in order to compute ¢(z). The algorithm’s analysis has two parts. First, for completeness, it is
shown that when ¢(z) = 1, there exists an eigenvalue-zero eigenvector of the weighted adjacency
matrix Ag,(,) with large support on the output vertex. Second, for soundness, it is shown that
if p(z) = 0, then Ag,(,) has a spectral gap of Q(1/wsize(P)) for eigenvectors supported on the
output vertex. This spectral gap determines the algorithm’s query complexity.

The completeness step of the proof comes from relating the definition of Gp(x) to the wit-
ness size definition. Eigenvalue-zero eigenvectors correspond exactly to span program “witnesses,”
with the squared support on the output vertex corresponding to the witness size. This argument
straightforwardly extends to arbitrary span programs.

For soundness, the proof essentially inverts the matrix Ag, ;) — p1 gate by gate, span program
by span program, starting at the inputs and working recursively toward the output vertex. In this
way, it roughly computes the Taylor series about p = 0 of the eigenvalue-p eigenvectors in order
eventually to find a contradiction for |p| small. One would not expect this method to extend to
arbitrary span programs, because it loses a constant factor that depends badly on the individual
span programs used for each gate. Indeed, it fails in general. Span programs can be constructed
for which the associated graphs simply do not have an (1 /wsize(P)) spectral gap in the 0 case.
(For example, take a large span program and add an AND gate to the top whose other input is 0.
The composed span program computes the constant 0 function and has constant witness size, but
the spectral gaps of the associated large graphs need not be €©(1).)

On the other hand, it has not been understood why the [RS08] analysis works so well when
applied to balanced compositions of constant-size optimal span programs. In particular, the corre-
spondence between graphs and span programs by definition relates the witness size to properties of
eigenvalue-zero eigenvectors. Why does the witness size quantity also appear in the spectral gap?

We show that this is not a coincidence, that in general an eigenvalue-zero eigenvector of a
bipartite graph implies an “effective” spectral gap for a perturbed graph. Somewhat more precisely,
the inference is that the total squared overlap on the output vertex of small-eigenvalue eigenvectors



is small. This argument leads to a substantially more general small-eigenvalue spectral analysis.
It also implies simpler proofs of as well as of the AND-OR formula-evaluation result
in [ACRT07].

This small-eigenvalue analysis is the key step that allows us to evaluate span programs on a
quantum computer. Besides showing an effective spectral gap, though, we would also need to bound
|Ag,|| in order to generalize [RS08]. However, recent work by Cleve et al. shows that this norm
does not matter if we are willing to concede a logarithmic factor in the query complexity [CGM™08].
We thus obtain:

Theorem 1.3. Let P be a span program computing f : {0,1}" — {0,1}. Then

log wsize(P)
log log wsize(P) )

Q(f) = O(WSiZG(P) (1.3)

We can now prove the main result of this paper, that for any boolean function f the general
adversary bound on the quantum query complexity is tight up to a logarithmic factor:

Theorem 1.4. For any function f:{0,1}" — {0, 1}, the quantum query complexity of f satisfies

log Adv*(f) )
loglog Adv*(f)

Q) = QANES) and Q) =0(Advi<f> (1.4)

Proof. The lower bound is due to [HLS07] (see [Theorem 2.6). For the upper bound, use the SDP

from [Theorem 1.2] to construct a span program P computing f, with wsize(P) = Adv®(f). Then
apply to obtain a bounded-error quantum query algorithm that evaluates f. O

Thus the Adv® semi-definite program is in fact an SDP for quantum query complexity, up to
a logarithmic factor. Previously, Barnum et al. have already given an SDP for quantum query
complexity [BSS03], and have shown that the nonnegative-weight adversary bound Adv can be
derived by strengthening it, but their SDP is quite different. In particular, the Adv® SDP is
“greedy,” in the sense that it considers only how much information can be learned using a sin-
gle query; see below. The [BSS03] SDP, on the other hand, has separate terms
for every query. It is surprising that a small modification to Adv can not only break the cer-
ticate complexity and property testing barriers [HLSO?], but in fact be nearly optimal always.
For example, for the Element Distinctness problem with the input in [n]™ specified in binary,

Adv(f) = O(y/nlogn) [SS06] but Q(f) = Q(n?/3) by the polynomial method [AS04, [Amb03].
Theorem 1.4]implies that AdvT(f) = Q(n?/3/logn).

2 Definitions

For a natural number n € N, let [n] = {1,2,...,n}. Let B ={0,1}. Forabit b€ B,let b=1—1b
denote its complement. A function f with codomain B is a (total) boolean function if its domain
is B™ for some n € N; f is a partial boolean function if its domain is a subset D C B".

The complex and real numbers are denoted by C and R, respectively. For a finite set X, let
C¥ be the inner product space C/X| with orthonormal basis {|z) : € X}. We assume familiarity
with ket notation, e.g., >,y [z)z| = 1 the identity on C¥. For vector spaces V and W over C,
let £(V, W) denote the set of all linear transformations from V' into W, and let £L(V) = L(V, V).
For A € L(V,W), ||A]| is the operator norm of A.



The union of disjoint sets is sometimes denoted by LI

In the remainder of this section, we will define span programs, from [KW93|, and the “witness
size” span program complexity measure from [RSOSJ. We will then define the quantum adversary
bounds and state some of their basic properties, including composition, lower bounds on quantum
query complexity, and the previously known lower bound on span program witness size.

2.1 Span programs

A span program P is a certain linear-algebraic way of specifying a boolean function fp [KW93|

GP03]. Roughly, a span program consists of a target |t) in a vector space V, and a collection of

subspaces Vj, C V, for j € [n], b € B. For an input v € B", fp(x) = 1 when the target can be

reached using a linear combination of vectors in Ujcp, Vj ;. For our complexity measure on span

programs, however, it will be necessary to fix a set of “input vectors” that span each subspace Vj .

We desire to span the target using a linear combination of these vectors with small coefficients.
Formally we therefore define a span program as follows:

Definition 2.1 (Span program [KWO93]). Let n € N. A span program P consists of a “target”
vector |t) in a finite-dimensional inner-product space V over C, together with “input” vectors
|v;) € V fori € 1. Here the index set I is a disjoint union I = Igee L |_|j€[n]7b€B Lip.

To P corresponds a function fp: B" — B, defined by

(2.1)
0 otherwise

foe) = {1 if |t) € Span({[v:) : i € Iivee UUjep Lie, })

We say that It indexes the set of “free” input vectors, while I;; indexes input vectors “labeled
by” (j,b). We say that P “computes” the function fp. For x € B", fp(z) evaluates to 1, or true,
when the target can be reached using a linear combination of the “available” input vectors, i.e.,
input vectors that are either free or labeled by (j, ;) for j € [n].

Some additional notation will come in handy. Let {|i) : i € I} be an orthonormal basis for Cl/!.
Let A: CHl — V be the linear operator

A=Y il - (2.2)

i€l

Written as a matrix, the columns of A are the input vectors of P. For an input € B", let I(x)
be the set of available input vector indices and II(x) : cll — ¢l the projection thereon,

I(z) = Inee U | Lj, (2.3)
j€(n]
M(z) = liXil - (2.4)
i€l(x)

Lemma 2.2. For a span program P, fp(x) =1 if and only if |t) € Range(All(x)). Equivalently,

fe(z) = 0 if and only if TI(z)Af|t) € Range [H(a:)AT( - %)}

follows from Eq. |(2.1)l Therefore exactly when fp(x) = 1 is there a “witness”
lw) € CHI satisfying AIl(x)|w) = |t). Exactly when fp(z) = 0, there is a witness |w') € V



satisfying (tjw’) # 0 and II(x)AT|w') = 0, i.e., |w’) has nonzero inner product with the target
vector and is orthogonal to the available input vectors.
The complexity measure we use to characterize span programs is the witness size [RS08]:

Definition 2.3 (Witness size with costs [RS08|). Consider a span program P, and a vector s €
[0,00)" of nonnegative “costs.” Let S = Eje[n},beB,z'te,b V/35li)i|. For each input x € B", define
the witness size of P on x with costs s, wsizes(P, x), as follows:

o If fp(x) =1, then |t) € Range(All(x)), so there is a witness |w) € CU! satisfying All(z)|w) =
|t). Then wsizes(P,x) is the minimum squared length of any such witness, weighted by the
costs s:

wsizes(P, x) = min Slw)|* . 2.5
(Po)=  min S| (25)

o If fp(x) = 0, then |t) ¢ Range(All(x)). Therefore there is a witness |w') € V satisfying

(tjw') =1 and T(x)Af|w') = 0. Then

wsizes (P, x) = | )I?Iin> X ISAT|w)|? . (2.6)
w’): (tw')=
(z)Af|w')=0

The witness size of P with costs s, restricted to domain D C B"™, is

wsizes(P, D) = max wsizes(P, ) . (2.7)
z€D

The wsizes(P, D) notation is for handling partial boolean functions. For the common case that
D = B", let wsize,(P) = wsize,(P, B"). For j € [n], s; can intuitively be thought of as the charge
for evaluating the jth input bit. When the subscript s is omitted, the costs are taken to be uniform,
s=1=(1,1,...,1), e.g., wsize(P) = wsizep(P). In this case, note that S =1—3%,.; [i)i|. The
extra generality of allowing nonuniform costs is necessary for considering unbalanced formulas.

Before continuing, let us remark that the above definition of span programs differs slightly
from the original definition due to Karchmer and Wigderson [KW93|. Call a span program strict
if Itree = 0. Ref. [KWO93] considers only strict span programs. For the witness size complexity
measure, we will later prove that span programs and strict span programs are equivalent
. Allowing free input vectors is often convenient for defining and composing span
programs, though, and may be necessary for developing efficient quantum algorithms based on
span programs. Ref. [RSOSJ uses an even more relaxed span program definition than
letting each input vector to be labeled by a subset of [n] x B. This definition is convenient for terse
span program constructions, and is also easily seen to be equivalent to ours.

Classical applications of span programs have used a different complexity measure, the “size” of
P being the number of input vectors, |I|. This measure has been characterized in [GAl01].

Note that replacing the target vector |t) by c|t), for ¢ # 0, changes the witness sizes by a factor
of |¢|* or 1/|¢[*, depending on whether fp(z) = 1 or 0. Thus we might just as well have defined
the witness size as

max wsizes(P,z) max wsizes(P, ) , (2.8)
z:fp(x)=0 z:fp(z)=1
provided that fp is not the constant 0 or constant 1 function on D. Explicit formulas for wsize, (P, x)

can be written in terms of Moore-Penrose pseudoinverses of certain matrices, and are given in [RS0S,
Lemma A.3]. [Theorem 9.3| will give an alternative, related criterion for comparing span programs.



2.2 Adversary lower bounds

There are essentially two techniques, the polynomial and adversary methods, for lower-bounding
quantum query complexity. The polynomial method was introduced in the quantum setting by
Beals et al. [BBCT01]. It is based on the observation that after running a quantum algorithm
for ¢ oracle queries to an input z, the probability of any measurement result is a polynomial of
degree at most 2¢ in the variables z;. The first of the adversary bounds, Adv, was introduced
by Ambainis [Amb02]. Adversary bounds are a generalization of the classical hybrid argument,
that considers the entanglement of the system when run on a superposition of input strings. Both
methods have classical analogs; see [Bei93] and [Aar(6]

The polynomial method and Adv are incomparable. Spalek and Szegedy [SSOGJ proved the
equivalence of a number of formulations for the adversary bound Adv, and also showed that Adv is
subject to a certificate complexity barrier. For example, for f a total boolean function, Adv(f) <

Co(f)Ci(f), where Cy(f) is the best upper bound over those x with f(x) = b of the size of the
smallest certificate for f(x). The polynomial method can surpass this barrier. In particular, for
the Element Distinctness problem, the polynomial method implies an Q(nQ/ 3) lower bound on the
quantum query complexity [AS04, [Amb05], and this is tight [Amb07, [Sze04]. However, displaying
two list elements that are the same is enough to prove that the list does not have distinct elements,
so Co(f) = 2 and Adv(f) = O(y/n). Adv also suffers a “property testing barrier” on partial
functions.

On the other hand, the polynomial method can also be loose. Ambainis gave a total boolean
function f*¥ on n = 4* bits that can be represented exactly by a polynomial of degree only 2*, but
for which Adv(f*) = 2.5* [Amb06], and see [HLS07] for other examples.

Thus both lower bound methods are limited. In 2007, though, Hgyer et al. discovered a strict
generalization Adv® of Adv [HLS07|. For example, for Ambainis’s function, Adv®(f¥) > 2.51*%.
AdvT also breaks the certificate complexity and property testing barriers. No similar limits on
its power have been found. In particular, for no function f is it known that the quantum query
complexity of f is w(AdvE(f)).

In this section, we define the two adversary bounds. On account of how their definitions differ,
we call Adv the “nonnegative-weight” adversary bound, and Adv™ the “general” adversary bound.
We also state some previous results.

Definition 2.4 (Adversary bounds with costs [HLS05, HLS07]). For finite sets C' and E, and
DCC™ let f:D— E and let s € [0,00)" be a vector of nonnegative costs. An adversary matrix
for f is a nonzero, |D| x |D| real, symmetric matriz T that satisfies (x|T|y) = 0 for all x,y € D
with f(z) = f(y).

Define the nonnegative-weight adversary bound for f, with costs s, as

Advs(f) = max T (2.9)

adversary matrices I':
Vz,y€D, (z|l'y)>0
Vje[n], ||FOA]'||SS]'

where I' o A; denotes the entry-wise matric product between I' and A; = Exyyepmj#yj |z)Xy|, and
the norm is the operator norm.
The general adversary bound for f, with costs s, is
AdvE(f) = max T . (2.10)

adversary matrices I':
Vje[n], HFOA]'HSSJ‘



In this mazimization, the entries of T' need not be nonnegative. In particular, AdvE(f) > Adv,(f).
Letting T = (1,1,...,1), the nonnegative-weight adversary bound for f is Adv(f) = Advy(f)
and the general adversary bound for f is Adv=(f) = Advffc(f).

One special case is when sj+ = 0 for some j* € [n]. In this case, since I' o Aj« must be zero,
letting s’ = (s1,...,5;+,...,5,) and fj, be the restriction of f to inputs = with z;» = b, we have
Adv(f) = maxpec Advy(fy) and AdvE(f) = maxpec AdvE(f,). Provided s; > 0 for all j € [n],
we can write

. [Tl
Adv(f) — L 2.11
Vs(f) adversarglr%l}étrices I I]nelnn % HF o Aj || ( )
Vz,y€D, (z|I'|y)>0
Iy
Vs (f) adversag}?n}:itrices I I]nEl}Tl % ||F o Aj || ’ ( )

which are the expressions used in Refs. [HLS05, [HLS07]. Furthermore, [Theorem 6.2 and [Theo-|
will state dual semi-definite programs for Adv and Adv*.

The adversary bounds are primarily of interest because, with uniform costs s = I, they give
lower bounds on quantum query complexity.

Definition 2.5. For f : D — E, with D C C", let Q.(f) be the e-bounded-error quantum query
complexity of f, Q(f) = Q110(f), and, when E = {0,1}, let Q' (f) be the one-sided bounded-error
quantum query complexity.

Theorem 2.6 ([BSS03, [HLS07]). For any function f : D — E, with D C C™, the e-bounded-error
quantum query complexity of f is lower-bounded as

0uf) > 122V =9 p o)

2 2.13
Q.(f) > 1—2\/6(;—6)—26Advi(f) ' (2.13)

In particular, Q(f) = Q(AdvE(f)). Moreover, if D = {0,1}, then

1-2e(l—¢)
Qulf) > YT aavk(s) . (2.14)
For boolean functions, the nonnegative-weight adversary bound composes multiplicatively, but

this was not known to hold for the general adversary bound [HLS07]:

Theorem 2.7 (Adversary bound composition [HLS07, [Amb06, LLS06, HLS05]). Let f : {0,1}" —
{0,1} and, for j € [n], let f; : {0,1}™ — {0,1}. Define g : {0,1}™ x --- x {0,1}"" — {0,1} by

Let s € [0,00)™ x -+ x [0,00)"", and let aj = Advg,(f;) and B; = Advgj,(fj) for j € [n]. Then

Advs(g) = Adva(f) (2.16)
Advi(g) > Adv?j[(f) . (2.17)
In particular, if Advs, (f1) = -+ = Advs, (fn) = «, then Advs(g) = a Adv(f), and if Advsi1 (fr) =

o= AdvE (fn) = B, then AdvE(g) > BAdVE().
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Reichardt and Spalek [RS0S] show that the adversary bounds lower-bound the witness size of
a span program:

Theorem 2.8 (|RS08|). For any span program P computing fp : {0,1}"* — {0,1},
wsize(P) > AdvE(fp) > Adv(fp) . (2.18)

There is a direct proof that wsize(P) > Adv(fp) in [RS08, Sec. 5.3], but the inequality
wsize(P) > Adv*(fp) is only implicit in [RS08]. The argument is as follows. Letting f* : {0,1 nt
{0,1} be the k-times-iterated composition of f on itself, Q(fL) = O (wsize(P)¥) by
Now by AdvE(f)F < AdvE(fF) = O(Q(fE)). Putting these results together and let-
ting k — oo gives AdvT(f) < wsize(P). A full and direct proof will be given below in

3 Example: Span programs based on one-sided-error quantum
query algorithms

Span programs have proved useful in [RS08] for evaluating formulas. There, span programs for
constant-size gates are composed to generate a span program for a full formula. In this section,
we give an explicit construction of asymptotically large span programs that are interesting from
the perspective of quantum algorithms and that do not arise from the composition of constant-size
span programs. We relate span program witness size to one-sided bounded-error quantum query
complexity. below will strengthen the results in this section, but the construction
there will be less explicit.
Formally, we show:

Theorem 3.1. Consider a quantum query algorithm A that evaluates f : {0,1}" — {0,1}, with
bounded one-sided error on false inputs, using q queries. Then there exists a span program P
computing fp = f, with

wsize(P) = O(q) . (3.1)

In particular, infp.f,— s wsize(P) = O(Q(f)).

This example should be illustrative for [Definition 2.1] and [Definition 2.3 but is not needed for
the rest of this article. Another nontrivial span program example is given in

Many known quantum query algorithms have one-sided error, as required by
or can be trivially modified to have one-sided error. Examples include algorithms for Search,
Ordered Search, Graph Collision, Triangle Finding, and Element Distinctness. There are excep-
tions, though. For example, the formula-evaluation algorithms discussed above and implicit in
all have bounded two-sided error. In particular, for AND-OR formula evaluation,
the algorithm from |[ACRT07| outputs the formula’s evaluation but not a witness to that evalua-
tion [RSO8, Sec. 5]. For AND-OR formula evaluation, a witness can be extracted from the A\ = 0
graph eigenstate, but it is not known how far this generalizes [ACGT09]. We certainly expect that
there are functions f with bounded two-sided-error quantum query complexity, Q(f), strictly less
than the bounded one-sided-error quantum query complexity, Q*(f).

Proof of|Theorem 3.1 Assume that the quantum algorithm A has a workspace of m qubits, and an
n-dimensional query register. Starting in the state |0, 1), it alternates between applying unitaries

11



independent of the input string x and oracle queries to x. The evolution of the system is given by

Vi . Oy ) .
lpo) = 10", 1) = o) =20l )iy = ) =30 (D% el —
Vo N _ .
T Jezre1) =0y Lo )li) B leer) = Y0 (1) % par 1)) — -
Vogt1
- |902q+1>
(3.2)

Here, for r € [¢ 4 1], Va,_1 is the unitary independent of x that is applied at odd time step 2r — 1,
while Oy : |y)|7) — (—=1)%|y)|j) is the phase-flip input oracle applied at even time steps. (To allow
conditional queries, prepend a constant bit 0 to the input string x.) The state of the system after
s time steps is [p7) = Y7 [s,j) ® |j); for s > 2, these states depend on z.

On inputs z evaluating to f(xz) = 1, the algorithm A does not make errors. Thus for these
x we may assume without loss of generality that |p244+1) = |0™,1), by at most doubling the
number of queries to clean the algorithm’s workspace. On inputs evaluating to f(x) = 0, then,
[(0™, 1]p24+1)| < € for some € bounded away from one.

Recall that B = {0,1}. We construct a span program P as follows:

2¢+2)2™

e The inner product space is V = C( , spanned by the orthonormal basis {|s,y,j) : s €

{0,1,...,2¢+ 1},y € B™,j € [n]}.
e The target vector is |t) = —|0,0™,1) + |2¢ + 1,0™, 1).

e There are free input vectors for each odd time step s: Ifee = {2r —1: 7 € [g+ 1]} x B"™ x [n],
with
|Us,y,j> :_‘5_1ayaj>+‘8>®‘/8‘y>j> (33)

for (S,y,j) € Ifree-
e For je[nJand be B, I, = {2r:r € [¢]} x B™ x [n] x {b}, with, for (s,y,7,b) € I;,

055,300 = —(Is = 1) + (=1)°|s)) @ |y, j) - (3-4)

For analyzing this span program, it will be helpful to set up some additional notation. Let Ug
be the unitary applied at time step s:

U, = Vs ?f s %s odd (3.5)
O, if sis even
For an input z, the available input vectors, i.e., those indexed by I(z), are then
[Vs,p.5) = —18,9, ) + |5 + 1) @ Usi1ly, J) (3.6)

forally € B™, j € [n]and s =0,1,...,2q even or odd. Let A(z) = Zgio y.j [Usy.5)s, 9, j|. Then
fp(x) =1 if and only if |t) € Range(A(x)).

Claim 3.2. If f(xz) =1, then fp(z) =1 and wsize(P,z) < q.

12



Proof. Letting |w) = 3224 |s) @ |gs), then

2q
- Z Z |v$vy:j> <ya j|@s>

s=0 y,j

= " —I5) ®s) + |5+ 1) ® Usyaps)

(3.7)
2q
=" —[5) ®@s) + |5+ 1) ® [0sr1)
s=0
—[0) ® |po) + 2 + 1) ® |p2g+1)
=t) ,

where we have used for the second equality that Z% j ly, 71Xy, 7] is a resolution of the identity, and
for the third equality that Usti|ps) = |ps+1) in order to get a telescoping series. Thus |w) is a
witness to fp(x) = 1. Since the input vectors |vs, ;) for s even are free, the witness size is

2
wsize(P, x) (Z 12k + 1)(2k + 1| ® 1) |w) (3.8)
k=1
! 2
=D 12k +1) ® pars1) |

Claim 3.3. If f(x) =0, then fp(z) = 0 and wsize(P,z) < 4q/(1 — €)%

Proof. Let |w') = Zifol $) @ |ps). Then |(tw')| = |1 — (0™, 1|p2q+1)| > 1 —€ > 0. Moreover, since

—(y, j|g05> ifo=s
<”s,y,j (lo) @ [ps)) = (y, 41U +1|<Ps+1> (Y, jlos) ifo=s+1 (3.9)
0 otherwise
we compute
2q 2q+1
@) =33 1,5, MNvsyil(lo) @ pe)) =0 . (3.10)
s=0 =0 y,j
Thus |w') is a witness to fp(z) = 0. Now the input vectors associated with false inputs are, for
odd s between 1 and 2¢—1, y € {0,1}" and j € [n], |v], ;) = —[s,y,J) — [s + 1) ® Us41ly, j). Now
(Ve y ;10" = =y, dles) — (v, §|U +1]cp5+1> = —2(y, j|¢s). The witness size therefore satisfies
q
(1 — €)*wsize(P, ) ZZ [(vgg 1 4 41w |2 (3.11)
k=1 y.j
q
ZZ Y, ]‘902k+1
k=1 y,j



After scaling the target vector appropriately—see Eq. [(2.8)Claim 3.2| and |[Claim 3.3 together
give wsize(P) < 2¢q/(1 — €), proving [Theorem 3.1 O

4 Span program manipulations

This section presents several useful manipulations of span programs. First, we develop span pro-
gram complementation and composition. The essential ideas for both manipulations have already
been proposed in [RSO8], but the ideas there were not fully translated into the span program
formalism, which we do here. also introduces a new construction of composed span pro-
grams, tensor-product composition, which appears be useful for designing more efficient quantum
algorithms for evaluating formulas [Rei09].

Both techniques take as inputs span programs computing certain functions and output a span
program computing a different function. In we give two ways of simplifying a span
program P that do not change fp nor increase the witness size. will present a more
dramatic simplification, though.

4.1 Span program complementation

Although |Definition 2.1| seems to have asymmetrical conditions conditions for when fp(z) = 1
versus when fp(xz) = 0, this is misleading. In fact, span programs can be complemented freely.

This is important for composing span programs that compute non-monotone functions.

Lemma 4.1. For every span program P, there exists a span program P, said to be “dual” to P,
that computes the negation of fp, fpt(x) = =fp(x), with witness size wsizes(PT, r) = wsizes(P, x)
for all x € B™ and s € [0,00)™.

Proof. There are different constructions of dual span programs [CF02, NNP05, RS08]. Here we
more or less follow [RS08, Sec. 2.3], as the other constructions may not preserve witness size.

As in [Definition 2.1} let P have target vector |t) and input vectors |v;), for i € I = Ifee U

Ujep)pen Ljps in the inner product space V' = C?. Recall that A = Y,/ |vili], I(z) = Ifee U
Ujep) Liw; and () = 375c 1, [i0i]. Let (z) = D il (w)~Ine, |1i]; and fix an orthonormal basis
{|k) : k € [d]} for V.

Definition 4.2. The dual span program P%, with target vector |t') and input vectors |vy.) for k €
I'=1__ 1 Uje[n],beB I]’»’b in the inner product space V', is defined by:

free
o V' = CYI with orthonormal basis {|0)} LI {|i) :i € I}.
e [t') =10).

o I} . = [d], with free input vectors, for k € I .,

[ok) = (10)t] + AT)[k) = [0)tlk) + Y li)wilk) - (4.1)

i€l

o Forj€[n] andb€ B, I}, = I;; with |v;) = |i) fori € I},.
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Fix s € [0,00)", and let A" = Y, [op)Xk| = 10Xt + AT+ 30 p g [i)i]. Let I'(z) = I U
Ujen Le, and IV (@) = 32 1 12X

If fp(x) = 1, then there exists a witness |w) € C!!I such that AIl(x)|w) = |t). Assume that |w)
is an optimal witness, i.e., wsizes(P,z) = ||S|w)||® (see . Let [w') = [0) — II(z)|w).
Then ('|w’) =1 and

Aty = (1Yol + A+ > Jixal ) (0) = T(&)|w))
1€ I\Ifree

= t) — All(2)|w) — Y [i)i[T(z)]w) (4.2)

i€ IIfree

= (1= 3 Il 1)) -

ielfree

Therefore, |w') is orthogonal to the available input vectors of P (IT'(z) A’f|w’) = 0), implying that
|w') is a witness to fpi(z) = 0. Moreover, Eq. also implies wsizes(P,z) = ||SA’T|w’>H2
wsizes (P, z).

Conversely, if fpi(z) = 0, then there is a witness |w’) € V', with (¢'|w’) = 1, orthogonal to
the available input vectors of Pf. Assume that |w') is an optimal witness, i.e., wsizes(PT,z) =
|SA"T|[w’)|[2. The two conditions (0lw’) = 1, and (ilw’) = 0 for all i € Ujeyljz,, imply (1 —
II(z))|w’) = ]0). The condition that |w’) is orthogonal to the free input vectors then implies

(It
= ([¢X0] + A)(!0> () |w’)) (4.3)
i

Thus fp(z) =1, with Wltness lw) = —II(x)|w'). Moreover, the equalities of Eq. [(4.2)] still hold, so
wsize, (P, z) = ||STI(x)|w)||* > wsizey (P, z).

So far we have shown that fpi(z) = —fp(z) for all z € B". It remains to show that
wsizes (P, x) = wsizes(PT, ) in the case fp(z ) 0.
Assume that fp(x) = 0. Then there exists an optimal witness |w') satisfying (t{w') = 1,

(z)Af|w') = 0 and wsizes(P,z) = ||SAT]w’>H2. Let |w) = |w') — (1 — (2))Af|w'). Then |w) is
supported only on the available input vector indices of PT; the first term, |w’), is supported on
I . while the second term is supported only on Ujen){jz;- Furthermore,

free
Ay = (1o + 41+ 5 jiil) () - (0= @) A"
1E€INIfree
= (ol + AN = (3 il = i) ) Al (44)
(ST AN I
=10) = |t)
since > ey .. [0 — I(z) = 1 — II(z). Therefore |w) is a witness to fpt(z) = 0. Moreover, the

squared length of S(1— ., [k)k|)|w) is | S(1 = TI(2))AT[w')|* = |SATw')||* = wsizes(P, ),

free

so wsizes (P!, z) < wsize,(P, z).
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To show the converse statement, wsizes(P,z) < wsizes(PT, ), let I} = Zkeffree |k)Xk| be

the projection onto the free columns of A’. Let |w) be an optimal witness to fpi(z) = 1, i.e.,
wsizeg(P', ) = [|S(1 = o) |w) > Then T (2)[w) = (Wheo + Siepreyrr _ 1i)il)[w) = [w) and

free
[t) =10) = A'w)
= (10Xt + ANMheelw) + Y liXilw) - (4.5)

el (z)\If,

free

This implies that (¢t[II} __|w) = 1 and also A'TI} __|w) + Zjen,z‘e

free free I]-’a—cj |Z><l|w> = 0. Multiplying by
II(z), the latter equation implies that II(z)A'II},  |w) = 0, so |w') = I} |w) is a witness for
fp(x) = 0. Therefore,

wsizes (P, z) < ||SA Y|

S ERD SR
j€lnl i€z, (4.6)
= |S(1 — Tfye)|w)

= wsizes(PT, z) .
Thus wsizes (P, 2) = wsizes(P, ) always. O

4.2 Tensor-product and direct-sum span program composition

We will now show that the best span program witness size for a function composes sub-multiplicatively,
in the following sense:

Theorem 4.3 (Span program composition). Consider functions f : B" — B and, for j € [n],
fj:B™ — B. Let g: B™ — B be defined by

g9(@) = f(fi(@), fa(2),. ., ful2)) - (4.7)

Let P be a span program computing fp = f and, for j € [n], let P; be a span program computing
fp = fj-
Then there exists a span program Q) computing fo = g, and such that, for any s € [0,00)™ and
r; = wsizes(Pj),
wsizes(Q) < wsize,(P) . (4.8)

In particular, wsizes(Q) < wsize(P) max;e,) wsizes(F;).

The ease with which span programs compose is one of their nicest features. To prove [T'heo-
rem 4.3 we will give two constructions of composed span programs, a tensor-product-composed
span program Q% and a direct-sum-composed span program Q%, that each satisfy Eq. The
method of composing span programs used in [RSO8] is a special case of direct-sum composition,
but tensor-product composition is new. Below the proof of we will define a third
composition method, reduced-tensor-product span program composition, that is closely related to
tensor-product composition.
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Of course, only one proof of is needed, so the definitions and proofs for Q%
and Q"® can be safely skipped over. We include here multiple composition methods because
the different constructions have different tradeoffs when it comes to designing efficient quantum
algorithms for formula evaluation. In particular, we believe that an intermediate construction, in
which some inputs are composed in a reduced-tensor-product fashion and other inputs in the direct-
sum fashion, should be useful for designing a slightly faster quantum algorithm for evaluating AND-
OR formulas [Rei09]. gives examples of the three different span program composition
methods for AND-OR, formulas, using the correspondence between span programs and bipartite
graphs that will be developed in

Proof of [Theorem 4.3, Let span program P be in inner-product space V, with target vector [¢) and
input vectors indexed by Ifree and I, for j € [n] and ¢ € B. For j € [n], let P/1 = P; and let P7°

be a span program computing fpjo = —fp;1 with wsizes(P/?) = wsizes(P71). Such span programs
exist by For j € [n] and ¢ € B, let P7¢ be in the inner product space V7¢ with target
vector [t/¢) and input vectors indexed by I and I} for k € [m], b € B.

free
Some more notation will be convenient. For z € B™, let y = y(z) € B™ be given by y(x); =

fpin(x) = fj(z) for j € [n]. Thus g(z) = f(y(x)). Also let I(y)" = I(y) ~\ Itrce = Ujein)ljy;- Define
S I N Ifee — [n] X B by (i) = (j,¢) if i € Ij.. The idea is that ¢ maps 4 to the index of the span
program that must evaluate to true in order for |v;) to be available.

Definition 4.4. The tensor-product-composed span program Q€ is defined by:
e The inner product space is V® =V ® ®je[n] ceB vie,
o The target vector is [t%) = [t) @ @ et cen [/ )vie-

e The free input vectors are indexed by Ifi@ee = Ifree U |—|j6[n] cenLje X Ifjrze) with, fori € Igfee,

’U’i>\/ ® ®je[n],CEB |tjc>\/jc if i € Ifree
) = il s po. . - j 4
[vi7) ’Ui’>V ® |Uz"/>wc ® ®j’e[n],c/eB: |t7¢ >Vj’c/ ifi=(,3") € Ije x Ifjri:e (4.9)
(4",¢)#3e)

o The other input vectors are indexed by I = Ujen),ceB(Lje X I,ZZ) for k € [m], b € B. For
i € L, i' € IS, let

‘v§/> == ”UZ>V ® |Ui/>vjc ® ® ‘t] ¢ >Vj/c/ . (410)
j'€lnl.c'eB:
(7", # ()

Definition 4.5. The direct-sum-composed span program Q¥ is defined by:

e The inner product space is V¥ =V @ @je[n],ceB(Cch ® V7). Any vector in VP can be
uniquely expressed as |u)y, + Ziel\lfmc i) @ |ug), where [u) € V and |u;) € V@),

o The target vector is |t¥) = |t),,.
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e The free input vectors are indexed by IfErBee =1U Uje[n],ceB(ch x I2¢ ) with, for i€ IY

free free’
‘?}Z‘>V ’LfZ € Ifree
[Py = < i)y — i) @ [t7°)  ifi € I, (4.11)
|Z/> & |Ui”> Zfl = (i/,’i//) S ch X Igrie

e The other input vectors are indexed by I}y = Ujepn cen (e X Iig) for k € [m], b € B. For
i € Ije, i € I}y, let
o) = 1) © Jog) (4.12)

For x € B™, the indices of the available input vectors for Q¥ and Q® are

I9(2) = Iee U | Ijex IP(x) (4.13)
j€n],ceB
I®(z)=1U |J ILiexI@a) . (4.14)
j€[n],ceB
Note that if Igee = Ig;e = for j € [n] and ¢ € B, then Q® has no free input vectors either,
2. =0
free

Assume g(x) = fp(y(x)) = 1. Then we have witnesses |w) € C! and |w’¥) € Cljyj, for j € [n],

such that
[ty = wilvi)
1€1(y)
)y = Y w M)
i€ I7Vi (z)
and such that wsize,(P,y) = | R|w)]|? (where, analogous to the definition of S in [Definition 2.3
R =3 cmceniier,. VTiliNi]) and wsizes (P71, x) = ||S|w/¥s) 2.
Let |w®) € CI®(®) be

(4.15)

w; ifie Ifree
w = S wpw\) it i = (i,i") with i € I(y)', i" € I°0) (x) (4.16)
0 otherwise
Then
Z wPlvf) = Z w;|vi)y @ ® ) vse + Z wz‘\vi>v®w;(z)’w>vc<i) ® ® 1t7°) e
1€I®(x) 1€ free j€[n],ceB iel(y)’, j€[n],cEB:
i'els()(z) (4,0)#s(4)
= Z wz‘|vi>v® ® |tjc>vjc
1€1(y) j€[n],ceB
= |t®> , (4.17)

so indeed fge(z) = 1.
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Let [w®) € CT°@) be

w; ifi € I(y)
w® = S wpw\) i i = (i) with i € I(y)', i" € I°0) (x) (4.18)
0 otherwise
Then
ST wf® = S wilvdy + Y wiledy — D@ ED) + 3wl @ o)
iEI@(a:) ie]free ZGI(y)’ lEI(y)
i'GF(i)(z)
= 3wyt 3 i o[-0+ T uO)]
i€1(y) iel(y ieIs()(x)
= [ty = [t®) , (4.19)
so indeed fge(z) = 1.
Moreover,
IS|w®)? = 1S > = 3 splwaw)”
jE€[n], iGIJy ,
ke[m),i teyJ
, , (4.20)
Z wsizes (P52 |w;|
i€l(y)
= wsize,(P,y) ,
so wsizes(Q%, x) = wsizes(QP, x) < wsize, (P, y).
Now assume that g(z) = fp(y) = 0. Then we have witnesses |u) € V and |[u/%) € V%, for

J € [n], such that (t|u) = (tjyﬂ|u]yﬂ> =1, {(vjju) = 0 for i € I(y), (v;|u?%) = 0 for i € 7% (x),

wsize, (P,y) = Zje[n],z’eljgj 7| (v;Ju)|* and wsizes( P79, x) = Zke[m},ielﬁj sp| (vi|ud¥3) |2,
Tk
Let

YN
0) = )y © ) (I @ 2 ) (1.21)
11793}
jE€n]

Then (t2(u®) = 1. For i € Ifee, (V7 |u®) = 0 since (v;|u) = 0, and similarly for i €
il € I7Yi (x), (v [u®) = 0. We also have that for j € [n], i € I and i’ € 7% (z), (v} [u®)
since (vy|ui¥%) = 0. Thus (v7[u®) = 0 for all i € I®(z), so [u®) is a witness for fge(z)
Moreover,

o~
o of

wsizes(Q%, x) < Z 5k‘<”§/|U®>|2

j€[n],c€B,i€lj,
. jc
kE[m],z'Elkik

= Y sl u®)? (4.22)
jelnli€ljz;,
kelmli'el,;?
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where we have used (v5|u®) = 0 for i € I(y), since (v;|u) =0,

- Z Sk [<Uz|v (vir ey ® ® (tjclvjc]

1€INI(y), j€[n],ceB:
kefm), eIl Az
, 2
’t‘]yj>vjyj
u)y, ® U]y O Tz
_ Z Sk|<’[}i”u>|2 . |<’Ui/|u<(i)>|2
ieINI(y), ‘
ke[mli'en)
= Z wsizes(P<D 2)| (v]u)|*
1€INI(y)
= wsize,(P,y) , (4.23)

where we have substituted the definitions of |v5,) and [u®), and used (/% |u7%) = 1. We conclude
that foe = g and wsize,(Q®) < wsize,(P).

Let
W) = )y + D (uilw)]i) @ |u) (4.24)

ieI\I(y)
Then (t®|u®) = 1. For i € I , (v |u®) = 0. Indeed this follows for ¢ € I(y) since (v;|u) = 0,
and it holds for i € I \ I(y) since ((v;]y, — (i| ® (D)) (|Ju)y + (viu)|i) @ |u;)) = 0. |u®) is clearly
orthogonal to the entire subspace |i) @ V) for i € I(y). Finally, for i € I ~ I(y) and i’ € Is®(z),
(v |u®) = 0 since (vy|u;) = 0. Thus (vF|u®) = 0 for all i € I¥(z), so |[u®) is a witness for

Joe (z) = 0. Moreover,

wsizes(Q%, ) < Z 3k\<“§?/|u@>|2
1€\ Ifree

ke[m] g 612;2

= > sl (Gl @ forl) ((wilu)]i) @ Jus)) [
1€INI(y)
ke[m],i’elz(i?;

= > sel(ulu) vl
1€INI(y)

ke[m] g Elz(;li

= ) wsize (PO, 2)| (viu)

1€INI(y)
= wsize, (P, y) . (4.25)

We conclude that foe = g and wsize(Q¥) < wsize,(P). O

Tensor-product composition is somewhat extravagant in the dimension of the final inner product
space. This is not a particular concern theoretically, since a set of m vectors can always be embedded
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isometrically in at most m dimensions. However, it can be convenient to have an explicit isometric
embedding of the composed span program’s vectors into a lower dimensional space. The “reduced”
tensor-product span program composition, which we will define next, is such an embedding. It
is particularly effective when the outer span program has many zero entries in its input vectors.
Canonical span programs, defined below in are good examples.

As in the setup for [Theorem 4.3| consider functions f : B — B and, for k € [n], fx : B™ — B.
Let g : B™ — B be defined by

9(@) = f(fi(@), f2(2), ..., fu(2)) - (4.26)

Let P be a span program computing fp = f and, for j € [n], let P; be a span program computing
fr, = fj-

Let span program P be in inner-product space V, with target vector [t) and input vectors
indexed by Ifee and Ij. for j € [n] and ¢ € B. For j € [n], let P/ = P; and let P7° be a span
program computing fpjo = = fpj with wsizes(P7?) = wsize,(P’!). For j € [n] and ¢ € B, let PJ°
be in the inner product space V7¢ with target vector [t/¢) and input vectors indexed by Ifjrze and
Iig for k € [m], b € B.

Let d = dim(V') and {|l) : I € [d]} be an orthonormal basis for V.

Definition 4.6. The tensor-product-composed span program, reduced with respect to the basis {|l) :
L€ [d]}, is Q"®, defined by:

o Forle([d], let Zy ={(j,c) € [n] x B:Vi€ Ljc, (l|lv;) = 0}, and let m =[] l1£7€)]].

j’C)GZl

e The inner product space of Q™® is V'® = D (®(j,c)¢Zl V7€), Any vector [v) € V'® can
be uniquely expressed as 3 ciq 1) @ |vr), where [vr) € @ ; )¢, Ve,

o The target vector is

) =S (nhme Q) 1)y - (4.27)
leld] (:e)¢ 2
e The free input vectors are indexed by Ifi‘?e = Ig)ee = Ifeo U Uje[n],ceB(ch X Ifjrie) with, for
ieIf®,
o Dieqa v [)m @ @ ¢z, 1) yie | if i € Itvee |
Vi) = e o) Dm @ [vin)yse © @ (rongze [ e if i = (") € Lie x TS,
(4", )£ ()

(4.28)
e The other input vectors are indexed by IP = I}y = Ujepn) cep(Lje X Iig) for k € [m], b e B.

Fori € Ij., i’ € Tls, let

i) = o) Ihm @ vpdyse @ Q) 1) e (4.29)
le[d] (4'.c) ¢
(43".¢)#(Gc)

For example, if P is a canonical span program—see [Definition 5.1| below—with {|z) : = €
B"™, fp(x) = 0} an orthonormal basis for V', then for each « with fp(x) =0, {(j,z;) : j € [n]} C Z,.
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Proposition 4.7. The span program Q"® computes fore = g, and, for any s € [0,00)™,
wsizes(Q"®) < wsize, (P) (4.30)

where oj = wsizes(Pj) for j € [n]. In particular, wsizes(Q"®) < wsize(P) max ¢, wsizes(F;).

Proof. Rather than repeat the proof of it is enough to note that the input vectors of
Q™® are in one-to-one correspondence with the input vectors of Q¥, and that the lengths of, and
angles between, corresponding vectors are preserved. Therefore, fore = fge and for all s € [0, 00)™
and x € B", wsizes(Q"®, x) = wsizes(Q%, ). O

To conclude this section, let us remark that the composed span programs Q¥, Q% and Q"%
from [Theorem 4.3| and |Definition 4.6| are optimal under certain conditions.

Corollary 4.8. In|Theorem 4.5, assume that the functions f;, j € [n], depend on disjoint sets of the
input bits. Assume also that the span programs Pj have witness sizes r; = wsizes(P;) = Adv;t( fi)

and that P has witness size wsize,(P) = Advi(f). (By these witness sizes are

optimal.) Then the composed span program Q satisfies

wsizes(Q) = AdvE(g) = AdvE(f) , (4.31)
which is optimal.
Proof. We have the inequalities

Adv;E(f) < Advi(g)
< wsizes(Q)
< wsize,(P)
— AdvE(S)

(4.32)

where the three inequalities are from [Theorem 2.7] [Theorem 2.8 and [Theorem 4.3| respectively.
Therefore, all inequalities are equalities, and Eq. [(4.31)| follows. O

[Theorem 6.1 below will show that a span program P has optimal witness size with costs s among
all span programs computing fp if and only if wsizes(P) = AdvE(fp). Therefore, [Corollary 4.8

says that () is optimal if the input span programs are optimal and the f; depend on disjoint sets
of the input bits.

4.3 Strict and real span programs

For searching for span programs with optimal witness size, it turns out that [Definition 2.1|is more
general than necessary. In fact, it suffices to consider span programs over the reals R, and without
any free input vectors.

Definition 4.9. Let P be a span program.
e P is strict if it has no free input vectors, i.e., Ipee = 0.

o P isreal if in a basis for V the coefficients of the input and target vectors are all real numbers.
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e P is monotone if I;o =0 for all j € [n].

As remarked in [KW93] considered only strict span programs.

Proposition 4.10. For any span program P, there exists a strict span program P’ with fpr = fp
and wsizes (P, x) = wsizes(P, x) for all s € [0,00)" and x € B™.

Proof. Construct P’ by projecting P’s target vector |t) and input vectors {|v;) : i € I N\ Ifee} tO
the space orthogonal to the span of the free input vectors. That is, let Agee be the projection onto
the space orthogonal to Span({|v;) : i € Iee}). Then the target vector of P’ is Agee|t) and the
input vectors are {Agree|vi) 17 € I\ oo}

Then fpr = fp. Indeed, if fp(x) =1, i.e., |t) = All(x)|w) for some witness |w), then |w) is also
a witness for fp/(x) = 1. Conversely, if fp(z) = 1, i.e., for some |[w), Apee|t) = ApecAll(x)|w),
then |t) — AIl(x)|w) € Range({|vi) : @ € Ifee}), SO fp(x) = 1.

Now fix s € [0,00)". We claim that wsizes(P’, z) = wsizes(P, x) for all z € B™.

First, if fp(x) = 0, then by [Definition 2.3

wsizes(P,z) = min || SAT|w)|”
Jw’y:(t|w’)=1
I(z)Af|w')=0
=  min | SAT)
|w’):(tlw')=1

H(z)Af|w’)=0
Z1‘ree|1ul>:|wl>

= min |SAT Agee|w')|
|’u}l>3<t‘Afree ‘w/>:1
H(I)ATZfree |’LU/>:0

(4.33)

2
|

= wsizes(P', ) ,

where the second equality is because II(z)Af|w’) = 0 implies in particular that (v;|w’) = 0 for all
1 € Ifee-

If fp(z) =1, then let Ilgee = Zz’elfree |i)(i] and TI'(z) = II(x) — Hgree = Zz’el(m)\lﬁee liXi]. We
have

wsizes (P, z) = min ST (z)|w)||?
i i Sl 4.34
|w): I’ (z)|w)=|w) ” ‘ >|| ( )
A‘w>_|t)€Range(AHfree)

. 2
= min S
|w>:AfreeAH,($)|w>:Afree|t>
= wsizes (P, z) . O

Span programs may also be taken to be real without harming the witness size:

Lemma 4.11. For any span program P, there exists a real span program P’ computing the same
function fpr = fp, with wsizes(P', x) < wsizes(P, x) for every cost vector s € [0,00)" and x € B".

Proof. Let i = +/—1. For a complex number ¢ € C, let £(c), I(c) € R denote its real and imaginary
parts, ¢ = R(c) + I(c)i. Extend this definition entry-wise to complex vectors: for v € C!, let
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R(w) = (R(v1),...,R(v)) and I(v) = (3(v1),...,S(v)). Furthermore, define R : C! — R! @ R?

R(v) = R(v) ® 0) + S(v) @ |1) . (4.35)
Note that this map satisfies, for any vector v € C! and any scalar ¢ € C, ||[R(v)| = ||v| and
R(cv) = R(c)R(v) + I(c)R(iv) . (4.36)

Let P have target vector [t), and input vectors |v,) for ¢ € I = Ifee U Uje[n}’beB I;p. Fix an
arbitrary orthonormal basis for P’s inner product space V.

Let the inner product space for P’ be V! =V ® C2. Let P"’s target vector be |[t') = R(|t)), and
its input vectors be indexed by I’ = I x B, such that for any z € B", the set of available input
vectors is indexed by I'(z) = I(x) x B. That is, I} ., = Ifree X B and I]’.’b = I;, x B for j € [n] and

b € B. For (1,b) € I' =1 x B, let the corresponding input vector be

R(lv.) @10) +S(lv)) @ 1) ifb=0

~S(jv)) @ [0) + R(Jjv) @ [1) ifb=1 (4.37)

|UL,b> = R(Zb"UL» = {

Fix a cost vector s € [0,00)". Let A = >° . lu)e|, A" = 32 pep [vep)e,b| and H(z) =
ZLEI(I) |eXel-

The most interesting case to check is when fp/(x) = 0. Let |w’) be an optimal witness, i.e.,
(W't = 1, (I(z) ® 1) AT|w') = 0 and wsizes(P’, ) = ||(II(z) ® 1) A’f|w’)||?. Then since the entries
of P”’s target and input vectors are real, R(|w’)) is also a witness for fp/(x) = 0, with equal or
better witness size, so assume that |w’) = R(Jw')). Let |w) be such that R(Jw)) = |w'). Then
R((w|t)) = (W'|t') = 1 so [(w|t)] > 1; there may be a nonzero imaginary part to (wlt). Also,
Aflw'y = R(AT|w)), so |w) is a witness for fp(z) = 0 and ||(S ® 1)AT|w')||? = ||SAT|w)||>. Hence
wsizes (P, z) < wsizes(P, z)/|{w|t)| < wsizes(P', z).

The arguments in the other cases are similar. In every case, witnesses for P and for P’ have a
simple correspondence. If |w) is a witness for fp(x) = b € B, then |w’') = R(|w)) will be a witness
for fpi(z) =b. If |w') is a witness for fp/(x) = b, then so is R(|w')), and letting |w) be such that
R(|w)) = R(|w')), |w) will be a witness for fp(z) =b. We omit the details. O

implies that there would have been no loss in generality in defining span programs
over R instead of over C. In some cases, though, it is convenient to work over C to have smaller
span programs. For example, [RS08| gives a span program for the three-majority function with
three input vectors and optimal witness size two, and one can verify that this is impossible for span
programs over R.

The idea of the construction in is essentially to replace every entry a of A =
Y icr [vi)i| by the 2 x 2 block (@Z _%(‘:‘l“) to simulate multiplication of complex numbers over the
reals. The proof can be slightly simplified by assuming, without loss of generality, that |t) = |1),
a basis vector for V. We have avoided doing so, though, in order to illustrate a special case of
how span programs can be defined over matrices. For j, k,1 € N, [Definition 2.1 and [Definition 2.3
naturally extend to allowing the target to be a vector of j x [ matrices and the input vectors to
have entries that are j x k matrices. The program evaluates to 1 if there exists a way of summing
available input vectors multiplied by & x [ matrices to reach the target. Provided that an entry-
wise matrix inner product is used in the generalization of such programs can be
simulated over R without changing the witness size. This generalization can be useful for finding
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span programs when we would like to work with a higher-dimensional representation of a function’s
symmetry group. For example, this technique has been used to find an optimal span program for
a Hamming-weight threshold function in [RS08, Example 5.1].

Let us conclude this section with one last span program manipulation:

Lemma 4.12. For P a span program and M any invertible linear transformation on P’s inner
product space V, fp and the witness size of P are invariant under applying M to the target vector
and all input vectors.

Proof. Let P’ be the span program in which M has been applied to P’s target and input vectors.
The claim is that for all z € B and s € [0,00)", fpr(z) = fp(z) and wsizes(P, z) = wsizes(P’, x).
Indeed, the conditions AIl(x)|w) = |t) and (M A)II(x)|w) = M|t) are equivalent. This implies that
fp = fp and, when fp(z) = 1, wsizes(P, z) = wsizes(P’, x), by definition Eq. To finish the
proof, note that when fp(z) =0,

min  [|SAT|w")|? = min |S(M A)|w'y||? (4.38)
[w’):(t|w')=1 |wy: (¢| M T |w’y=1
(z)Af|w')=0 O(z)(MA)T|w)=0
by the change of variables |w') — MT|w'). By Eq. wsizes (P, z) = wsizes(P', z). O

5 Canonical span programs

For every function f : B"™ — B, there exists a span program P computing fp = f. Indeed, one
can, for example, expand f into a circuit that uses OR gates and NOT gates. Each OR gate can
be implemented by a trivial span program with |[t) = |v;) = (1) € C. Appealing to
to negate this span program, and using to compose the span programs following the
circuit, gives a span program for f. However, this naive span program will generally not have
the optimal witness size among all span programs computing f. Moreover, there is considerable
freedom in the definition of span programs, so unless f is very simple, it can be quite difficult to
find an optimal span program.

In this section we prove that it suffices to search over span programs with a restricted form,
so-called canonical span programs. Combined with this implies that it suffices to look
for real, canonical span programs. In[Section 6] we will develop a semi-definite program, inspired by
this reduction, for computing the optimal span program for a function. Canonical span programs
were originally defined by Karchmer and Wigderson [KW93], but their significance for developing
quantum algorithms was not at first appreciated.

Definition 5.1 (Canonical span program [KW93]). Let P be a span program computing fp : B" —
B, with inner product space V', target vector |t) and input vectors |v;) for i € Ifee U Llje[n],beB Lip.
P is canonical if:

o Ifee = 0. Thus P is strict .
o V =C yhere Fy = {x € B" : fp(z) = 0}.
e In the orthonormal basis {|z) : x € Fyo} for V, the target |t) is given by |t) =3 . |z), and

e Forallz € Fy, j € [n] and i € Ij,;, (z|v;) = 0.
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Theorem 5.2. For any cost vector s € [0,00)", a span program P can be converted to a canonical
span program P that computes the same function I[p = fp, with WSiZGS(p,QS‘) < wsizes(P,x) for
all x € B™. In fact, for all x € B™ with fp(x) =0, wsizes(P,x) = wsizes (P, x), with |z) itself an
optimal witness for fs(x) = 0.

Moreover, P uses the same input vector index sets I;y, as P, so in particular if P is monotone
then P is also monotone. If P is real, then so is P.

Proof. This theorem is analogous to [KW93| Theorem 6], and we use the same conversion procedure,
except we additionally analyze the witness size.
Let P have target vector |t) € V and input vectors |v;) for ¢ € I = Ifee U Ujef

the definitions A =Sy [0}, () = Teo UUjep Tz, and 1) = S 0

and let S = Z]G[n],béB,zG]j,b \/7‘ >< |
For x € B™, let |w(x)) or |w'(x)) be optimal witnesses for fp(z) being 1 or 0, respectively, with
costs s. That is, let

n],beB I p. Recall
Fix s € [0,00)"

|w(x)) = arg minyy). ar1(z)jw) s |1S1w)|I if fp(x) =
. . 5.1
! (2)) = argmin .y gpury—1 [SAT|? if fp(z) = 0 (5.1)
(z)At|w')=0

(See [RS08, Lemma A.3] for explicit formulas for lw(x)) and [w'(x)).)
Let Fo = {x € B": fp(z) = 0}. To construct P from P, simply apply to P’s target and input
vectors the map 3 [w)w'(z)| € L(V, , Cf0). Then

e The target vector becomes |f) = Y wer, |2 W (@)[) = D cp, l2) € C as required for a
canonical span program. The input vectors become, for i € I, |0;) = >_ p |2)(w'(z)|vi).

e For any x € Fy and i € I(z), since (w'(x)|v;) = 0, (z|v;) = 0.
e In particular, for i € Ifee, (z|0;) = 0 for all z € Fy. Thus |0;) = 0, so the free input vectors
may be discarded.

Therefore P is a canonical span program. P is monotone if P is monotone, and P is real if P is
real.

Let A=Y i [0i)i] = ¥ pep, 2w (2)|A.
For z € Fjy, note that (t|x) = 1 and
Allz) = Af|w'(z)) . (5.2)

In particular, TI(z)Af|z) = 0, so |z) is a witness for fp(x) = 0. Also, wsizes (P, x) < ||SAtz)|? =
|SAT|w! (z))||? = wsizes(P,x). In fact, |z) is an optimal witness for fs(z) = 0. Indeed, assume
otherwise, and let |4) = 37, ¢ p, 1iy|y) satisfy (o) = yer iy =1, II(z)Af|a) = 0 and || SAT|a)|? <
|SAT|2z)|%. Let ]Au) = > yer Uylw'(y)), so Af|u) = Af|a). Then (t|u) = 1, H(z)Af|u) = 0, and
|SAT|u)||? = ||[SAT|a)||? < wsizes(P, x), a contradiction.

Next consider an z € B™ such that fp(x) = 1. Then

ANl(@)lw(@) = 3 ly)’ ()| AL(z) fw(x))

ST

=) Iy (y)lt) (5:3)

yeFy

— 1) .

26



Thus |w(x)) is a witness for f5(z) = 1, and wsize,(P,z) < ||S|w(z))||* = wsizes(P, z). O

Note that the canonical span program P from [Theorem 5.2 depends on the cost vector s. In
contrast, the strict span program P’ from [Proposition 4.10| has witness size equal to that of P for
all s € [0,00)".

6 Span program witness size and the general adversary bound

In this section, we will use to formulate a semi-definite program (SDP) for the optimal
span program computing a boolean function f. Remarkably, this SDP turns out to be exactly the
dual of the SDP that defines the general adversary bound for f . Thus the optimal
span program witness size is exactly equal to the general adversary bound. This result has several
corollaries, in quantum algorithms and in complexity theory, that we give in

This result may be somewhat surprising, because the optimal span programs known previously
were all for functions f with Adv(f) = Adv*(f) [RS08]. It is not clear why earlier attempts to
find optimal span programs did not succeed for any function f with Adv(f) < AdvE(f).

Theorem 6.1. For any function f : D — B, with D C B™, and any cost vector s € [0,00)",

inf  wsizes(P, D) = AdvE(f) , 6.1
pp (P, D) (f) (6.1)

where the infimum is over span programs P that compute a function agreeing with f on D. More-
over, this infimum is achieved.

Before proving let us show the following dual characterization of the general
adversary bound:

Theorem 6.2. For finite sets D C C", and E, let f : D — E, and let s € [0,00)" be a vector of
nonnegative costs. If either C = {0,1} or E = {0,1}, then the general adversary bound for f, with
costs s, equals

AdvE(f) = )r(n;g max Z six, 71Xz, j) . (6.2)
V(@Y EF, X nlim oy (271X 19:7)=1 J€ln]

Here X is required to be a positive semi-definite, (n|D]) x (n|D|) matriz, with coordinates labeled
by D x [n], and F = {(xz,y) € Dx D : f(x) # f(y)}. The optimum is achieved.

Proof. The proof is by a standard application of duality theory to the semi-definite program given

in [Definition 2.4, Nonetheless, this expression for Advgt( f) is new, and is somewhat simpler than
the expression that was known before, Eq. below. Therefore we include a proof, based on the
following immediate observation:

Claim 6.3. Let M =}, o1, Mjrli)k| € L(C"™)Y be an m x m Hermitian matriz. Assume that
either M is entry-wise nonnegative, i.e., Mj, > 0 for all j, k € [m], or that M is bipartite, i.e., for
some l € [m—1], M =73, o (Mgl jXk| + Mi;|k)Xjl). Then M <1 if and only if || M]| < 1.
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Taking the dual of the SDP on the right-hand side of Eq. [(6.2), we obtain

_ max Zawy such that Zﬁx <1, Vj, T <s Zﬁx|x><x| . (6.3)
F:Z{g 0‘;&/}‘@(“ F T T

Here T; =ToA; = Z%yepzxj#yj |z)(z|T|yXy| as in [Definition 2.4 Also, I'; < s; 3", B,|z)z| means

that the difference (s; Y. ,cp Bz|z)(x|) — T is a positive semi-definite matrix. In particular, this
constraint implies that if s; = 0 then ayy = 0 for all z,y with z; # y;; and that if oy # 0, then
Bz >0 and 3, > 0.

Thus we can change variables, letting I' = 3~ Xy|. Like I, T can vary

azy
,y)EA:azy#0 /ﬁzﬁy|x
over the set of adversary matrices, i.e., symmetric matrices supported only on those |z)y| with

f(x) # f(y). The objective function becomes ), (|I'|y)/Bz0y, and, for j € [n], the constraint

on I'; becomes I'; = 551, where I'; =T 0 Aj.

Now if C' = {0,1}, then the matrices A; are bipartite—perhaps in a permuted basis—so each
I'; is also bipartite. If £ = {0,1}, then I' is bipartite since it is supported only on F. In either
case, by the condition I'; < s;1 is equivalent to ||| < sj. Therefore, after changing
variables, the SDP becomes

max Z (z|T|y)\/Befy such that Zﬁx <1, Vj, |ITy] <s;5 . (6.4)
F T

adversary matrices I'

{B+>0}

Since any negative signs on the coordinates of the principal eigenvector of I' can be absorbed into
the matrix, without affecting the norms of the I';, the objective function in Eq. simplifies
to |T||, so we obtain Adv*(f). Since the dual SDP in Eq. is clearly strictly feasible, by
the duality principle [Lov03, Theorem 3.4] the primal optimum equals the dual optimum and the
primal optimum is achieved. Eq. follows. O

For completeness, we state without proof the dual forms of the adversary bounds for the case
of functions without a binary input alphabet or boolean codomain:

Theorem 6.4. For finite sets D C C", and E, let f : D — E, and let s € [0,00)". Let F =
D owyeD: f)2f(y) TNyl As in [Definition 2.4} let Aj = Zx’yepwj#yj |z)y| for j € [n], and let o

denote entry-wise matriz multiplication.
Then the nonnegative-weight adversary bound for f, with costs s, equals

Advs(f) = )glg(l) max Z sj(x]| Xj|z) . (6.5)
>, XjoAjoF>F j€ln]

The minimization is over |D| x |D| positive semi-definite matrices X;, j € [n], that satisfy the
entry-wise inequality Zj XjoAjoF > F. (Note that Eq. has the same form, except with the
requirement that 3, XjoAjo F = F.)

The general adversary bound for f, with costs s, equals

+ o . ' | |
Advi(f) = min - max ) s @l(X+ X)) (6.6)
> (Xj=Yj)oAjoF=F JEn]
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Proof of [Theorem 6.1]. |[Lemma 6.5| constructs an SDP whose solution is the optimal witness size of
a span program computing f.

Lemma 6.5. Let f : D — B, with D C B"™, be a partial boolean function. For b € B, let
={x €D: f(x) =b}. Then for any cost vector s € [0,00)",

P_fin‘f L wsizes (P, D) = inf. max > sjlllvay)l1?
Rl {Jva;)ER™: 2ED j€[n]} : j€ln] (6.7)

v(x7y)EF0><Flvzj€[n] e #y‘j <Uz]|vyj>:1

Proof. The proof is by establishing a correspondence between solutions to the constraints on
the right-hand side of Eq. and real, canonical span programs computing fp|p = f with
max;eqmoes il < m.

First let us prove the < direction. Given a solution {|v;)}, let P be a span program with target
t) =3 ,em |7) € RF and I, = [m] for all j € [n], b € B. These sets are not disjoint, so for k € Iy,
use [vjpr) to denote the corresponding input vector, defined by [vjer) = 22 c gy, 6 (VajlF)|@). Thus

A= > |vjon)J, b, k|
j€[n],beB,k€[m)]

- Z lz)(7, %] @ (vaj] -

z€Fy,j€[n]

(6.8)

For x € Fy, |w') = |z) is a witness for fp(z) = 0; (z|t) = 1 but (z|vj,;x) = 0 for all j,k. The
witness size is ||Af|z)||> = > 55l |vai) |12

For x € Iy, let |w) = >, |j, x;) @ |vg;). The condition that ijﬁéyj (vyjlug;) = 1 implies that
lw) is a witness, AIl(z)|w) = Alw) = |t), so fp(x) = 1. The witness size is ||[|Jw)|? = > sjll1vei) |12

Thus fp|p = f and wsizes(P,D) < max, Y, s [vas) |-

Now let us prove the > direction. Let P be a span program computing fp, with fp|p = f. By
[Theorem 5.2] and [Lemma 4.11) we may assume that P is real and in canonical form, and that for
each x € Fy, |z) is an optimal witness for fp(x) = 0: wsizes(P, x) = ||SAT|z)|%.

Thus the target vector is [t) = > . |z) and the input vectors lie in the inner product

space Rf0. Let m = maX;cn) pep [1j]- Without loss of generality, we may assume that |I;,| = m
for all j € [n] and b € B. Indeed, if some index set I} is smaller, then we can pad the span program
with zero vectors labeled by (j,b) without affecting the witness size. Therefore, let I, = [m] for all
J € [n] and b € B. These sets are not disjoint, so for k € I, use |v;p;) to denote the corresponding
input vector.

For x € Fy, note that since the span program is canonical, (x|vjs;x) = 0 for all j € [n] and
k€ [m]. For j € [n], let |vg;) = 3 pcpm) (Vjzkl@)|k). Then Eq. [(6.8)| again holds. Moreover,
wsizes (P, x) = ||[SAT|2) || = > jeln] 5;l|ve;)||?. Thus max,e g, > 5l |vei)||? < wsizes (P, D).

For z € Fy, on the other hand, let |w,) be an optimal witness vector, i.e., satisfying |w,) =
(@) |we) = X iem) v e[ 117, @5, k) (7, 25, klwe), Alwg) = [t) and wsizes(P, ) = |S|wz)||?. For j € [n],
let |vg;) = Zke k) (4, 2, k|wg). Then

Alwg) = [t) = VyeFR, Y (vl =1. (6.9)
JTi#Yj
Finally, wsize,(P,2) = 3, 5;/[vz))||?, so maxzer, Y, 5jl[|vaj) | < wsizes(P, D). O
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Now the expression on the right-hand side of Eq. [(6.1)|is just the Cholesky decomposition of
the solution to the SDP in Eq. |(6.2)l We conclude that infp.y,|,— wsizes(P) = AdvE(f), as
claimed. O

Before stating some corollaries of let us make a remark on the proof:

Lemma 6.6. For a function f : D — B, with D C B"™, assume that there is a rank-k optimal

solution X to Eq. for AdvE(f). Note that k < n|D| < n2". Then by the proof 0f

there is an optimal span program computing f with |I;| =k for all j € [n] and b € B.

[HLS07, Theorem 18] states in particular that Eq. always has a rank-one optimal solution.
The proof takes the Cholesky decomposition of a solution X = 37 . [z, jXvzj|vy Xy, '], and
replaces each vector |v;) by the scalar [||vy;)||. That is, let X" =37 . [[[va) [ [[lvyg) Iz, 5)Xy. 5",
a rank-one matrix. Then by the Cauchy-Schwarz inequality, (x,j|X'|y,j) > (x,j|X|y,j), with
equality when y = 2, so X’ is as good a solution to Eq. [(6.5)| as X is. However, note that even
when Adv,(f) = AdvE(f), this argument does not imply that Eq. (6.2)| has a rank-one optimal

solution [Spa09).

7 Consequences of the SDP for optimal witness size

This section will state several corollaries of First of all, we can strengthen
em 3.11

Theorem 7.1. For any function f : D — {0,1}, with D C {0,1}", there exists a span program P
computing fp|p = [ with witness size upper-bounded by the bounded-error quantum query complex-
ity of f,

wsize(P, D) = O(Q(f)) - (7.1)

Proof. By the quantum query complexity of f is lower-bounded by the general ad-
versary bound for f, which by equals the best span program witness size:

Qf) = QAdVE(f) (7.2)
= P:fi:?i:f wsize(P, D)) . O

It is an interesting problem to prove based directly on a quantum query algorithm
that evaluates f, as in the proof of for the one-sided error case.

As an immediate corollary of [Theorem 6.1] and [Theorem 4.3] the general adversary bound com-
poses multiplicatively for boolean functions. That is, the inequality in Eq.|(2.17)} from|Theorem 2.7}
is actually an equality.

Theorem 7.2 (General adversary bound composition). Let f : {0,1}" — {0,1} and, for j € [n], let
fj : {07 1}mj - {Oa 1} Deﬁne g: {07 1}m1 XX {07 1}mn - {Oa 1} by g(:z:) = f(fl(xl)a SER) fn(xn))
Let s € [0,00)™ x --- x [0,00)™", and let 3; = Advgtj(fj) for j € [n]. Then

Advy (9) = Adv(f) - (7.3)

In particular, if Advsj[1 (fi)=--= Advfn(fn) = 3, then AdvE(g) = 8 AdvE(f).
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Proof. [Theorem 2.7| gives the inequality AdvE(g) > Advg( f). To obtain the opposite inequality,
appeal to [Iheorem 6.1] to obtain optimal span programs for the functions, compose these span

programs using [Theorem 4.3] and appeal to [Theorem 6.1|to upper-bound AdvgIE (9)-

This proof is rather indirect. Based on the new formulation of the general adversary bound in

we can also give a direct proof of that does not use span programs.
Recall that B = {0,1}. For z € B™ x --- x B™ let y(x) = (fi(x),..., fa(x)), so g(z) =

fy(@)).

For y € B" and j € [n], fix vectors |vy;) € V that achieve Adv%[(f), L€, D iy by, (Wyiloys) =1

) J

for all y,y/ € B" with f(y) # f(). and Adv3(f) = maxepn e Gylllvgs)|I*. For j € [n], fix
vectors [v], ) € VI for z € B™, k € [m;], that achieve Advg,kj (fj), ie., Zk:zwézg (vl |v!,) =1 for
all z,2" € B™ with f;(z) # f;(2').

Based on these solutions, we construct a feasible solution for the dual formulation of Adv(g).
For x € B™ x ---x B™, j € [n] and k € [m;], let

|wajk) = [vy(z);) ® |vx k) @ 10g(2).1:(25)) €V © (®jenV?) @ C* . (7.4)

Here, the third register is spanned by the orthonormal basis {|0),|1)}, and d,p is 1 if a = b and 0
otherwise.
Consider z,2’ € B™ x --- x B™ such that g(x) # g(2). In particular, y(z) # y(2’). Then

Z <wxjk|w:1:’jk> = Z <Uy(a:)j|vy(x’)j> Z <U;Jk’fui3k>(1 - 5f](zj)7fj(x;))

j€[n],ke[m;]: jeE[n] ke[myl:ajp#aly,

Ijk?’éx}k
= Uy (z)5 | Vy(z") Uj_ Uj/
Z (Uy(a);|Vy(a);) E ( zjk| :rjk> (75)

j€nly(@);£y(x’); ke[m;xjpal,

= > (Vy(a)j Uy (an))

j€ln]:y(x)j#y ('),
=1.

Hence indeed the vectors |w,;) give a feasible solution. We conclude that

+ , A2
AN S L g, ]%[ ol
: 2
=max Y [y 1> Y sillled ol
j€ln] ke[m;] (7.6)
< mg?x Z /Bjmvy(x)j H
Jj€[n]
= Adv(f) -

The last step is clearly an inequality, which is all we actually need to finish the proof. It is in fact
an equality, though, because y(z) varies over all strings in B™ as x varies over B™ x ---x B, []

By substituting [Theorem 6.1| into [Theorem 1.1 we obtain an exact asymptotic expression for
the quantum query complexity of a boolean function f composed on itself.
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Theorem 7.3. For any function f : {0,1}"* — {0, 1}, define f* : {0, 1}”k —{0,1} as the function
f composed on itself repeatedly to a depth of k, as in|Theorem 1.1l Then

Jim Q( FRIVE = AdvE(f) . (7.7)

Proof. By the adversary lower bound [Theorem 2.6, Q(f*) = Q(Adv*(f*)) = Q(Adv*(f)*) by

Theorem 2.7 Hence liminfj_ocQ(f*)"/* > Adv=(f). [Theorem 6.1] together with the formula-
evaluation algorithm [Theorem 1.1| implies Q(f*) = Og(Adv™=(f)*). Hence lim SUPg oo Q(fF)VF <
AdvE(f). O

implies a new asymptotic upper bound on the sign-degree of a boolean function f
composed on itself to a depth of k, as k — oo.

Definition 7.4 (Sign-degree). Given a function f : {0,1}" — {0,1}, a real multivariate polynomial
p(x1,...,x,) s said to be a threshold polynomial that sign-represents f if for all inputs x € {0,1}",
p(x) # 0 and the signs of p(z) and (—1)7@) coincide.

The sign-degree of f, sign-degree(f), is defined as the least degree of a polynomial that sign-
represents f.

By the polynomial method [BBCT01, INCO0], sign-degree(f) = O(Q(f)) for every boolean
function f. (See also Refs. [MNRO7, BVdWOT], which relate the sign-degree of f to the unbounded-
error quantum and classical query complexities of f.) Thus we obtain the following corollary of

Mheorem 7.3t
Corollary 7.5. For any function f:{0,1}" — {0, 1},

lim sup sign-degree(f¥)/*F < klim QUfMVF = AdvE(f) . (7.8)

k—o0

Lee and Servedio have recently shown that sign-degree(f)* < sign-degree(f*) [Lee09], based on
which gives an upper bound of the sign-degree of f itself.

One special case of interest is when f is a read-once AND-OR formula on n variables. In
this case, Adv(f) = Adv*(f) = /n [BS04]. Indeed, these bounds can be computed by show-

sm)(AND,,) = AdvE (ANDp) = /> ieim) sjz-, where AND,,, denotes the AND

(S15ee58m)
gate on m variables, and then using [I'heorem 2.7 and [['heorem 7.2 to compose the nonnegative-

weight and general adversary bounds, respectively. O’Donnell and Servedio [OS03] asked whether
sign-degree(f) = O(y/n)? This question has consequences in learning theory [KS01l, KOS04]. Am-
bainis et al. proved that sign-degree(f) = nl/2+o(1) by oiving a quantum algorithm, and, therefore,
an explicit threshold polynomial [ACRT07]. Combined with the unpublished result of Lee and
Servedio mentioned above, will close this question. In fact, though, [ACRT07] with
Lee and Servedio’s result already suffices; the composed function f* is an “approximately bal-
anced” formula for any fixed AND-OR formula f, and, by another result of [ACR™07], therefore

sign-degree(f¥) = O(vV/nk).

is only a special case of the formula-evaluation result from [RS08|. That article’s
main result, [RSO& Theorem 4.7], can also be extended. For brevity, we will not repeat all the
notation and definitions, but will just state the extension. [RSO8] used the nonnegative-weight
adversary bound Adv instead of the general adversary bound Adv® throughout, because only for

functions f with Adv(f) = Advi( f) had the authors found matching span programs. [Theorem 6.1

S1yeeey

ing Adv(
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however, gives optimal span programs for every boolean function f. Thus if we modify [RSOS,
Def. 4.5], defining adversary-balanced formulas, to refer to Adv™ instead of Adv, and if we let S
be any finite gate set of boolean functions, [RS08, Theorem 4.7] becomes:

Theorem 7.6. There exists a quantum algorithm that evaluates an adversary-balanced formula
©(x) over S using O(Adv*(yp)) input queries. After efficient classical preprocessing independent
of the input x, and assuming O(1)-time coherent access to the preprocessed classical string, the
running time of the algorithm is Adv®(p)(log Adv* ()M,

Aside from changing Adv to Adv®, the proof from [RS08| goes through entirely. Note that
layered formulas, in which gates at the same depth are the same, are a special case of adversary-
balanced formulas.

8 Correspondence between span programs and bipartite graphs

In this section, we define a correspondence between span programs and weighted bipartite graphs,
slightly generalizing the correspondence from [RSO8]. We also analyze the spectra of these graphs,
focusing on eigenvalues near zero and eigenvectors supported on one particular “output vertex.”
The main result, relates spectral quantities of interest to the span program witness
size. This is the key theorem that allows span programs to be evaluated on a quantum computer.

[Theorem 8.3[s proof has two main steps. The first step, an eigenvalue-zero analysis given in
Section 8.1|7 is essentially the same as the argument in [RS08]. However, the second step, analyzing
small, nonzero eigenvalues, is novel. gives a general argument that relates properties of
eigenvalue-zero eigenvectors of weighted bipartite graphs to what are in a certain sense “effective”
spectral gaps.

This small-eigenvalue analysis substantially extends the proof in [RSOS]. The small-eigenvalue
analysis in [RSO8| only works for span programs that arise from the concatenation of constant-size
span programs with constant entries, with strict balance conditions, and it breaks down when these
conditions are relaxed. For example, [RS08] shows spectral gaps of Q(1/wsize(P)) away from zero,
for a span program P, but the spectral gaps for general span programs cannot be lower-bounded in
terms of the witness size. The small-eigenvalue analysis in [RS08] is also more technically involved.
implies a simpler proof of [Theorem 1.1]and [Theorem 7.6] as well as for the AND-OR
formula-evaluation result in [ACR™07].

Definition 8.1. A finite, weighted, bipartite graph G is specified by finite sets T and U, and
Bg € L(CY,CT) the “biadjacency matriz.” G has vertices {r; : i € T} U{u; : j € U}. For each
i €T and j € U with (i|Bg|j) # 0, G has an edge (74, j1;) weighted by (i|Bg|j). The weighted
adjacency matriz of G, Ag € L(CT & CY), is

T U
0 Bg\T
Ag = <Bg 0 >U (8.1)

Henceforth all graphs will be finite. Recall from that B = {0,1}. For a given
span program, recall also the definitions A = >,/ [viXi|, () = Itree U U epn) Lja; and 1l(z) =
2ici(z) 1] Let

M) =1-M(x)= > [iXi] . (8.2)
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Now the correspondence between span programs and weighted bipartite graphs is given by:

Definition 8.2 (Graphs Gp(z)). Let P be a span program with target vector |t) and input vectors
|vi) fori € I = Ifee U Uje[n],beB Ly, in inner product space V. Fix an arbitrary orthonormal basis
{lk) : k € [dim(V)]} for V.

Let Gp be the weighted bipartite graph with T' = [dim(V')]U I, U = {0} U and the biadjacency

matric
I

Bo, = (‘%ﬁ 1 (53

The vertex g is called the “output vertexr.”

Note that for each input vector index v € I, Gp has two corresponding vertices, with a weight-
one edge between them. For x € B", let Gp(x) be the same as Gp except with these weight-one
edges deleted for all i € I(x). That is, Gp(x) has the biadjacency matriz

0 1
ANV
Bep@) = <‘(t)> H(a;))[ (8.4)

is a modest generalization of the correspondence between span programs and
bipartite graphs given in [RS08| Sec. 2]. The difference is that [RS08| only defines Gp(z) for span

programs with target |t) = (1,0,0,...,0). This is not a very restrictive requirement, though, since
a unitary change of basis can ensure that |t) = (|||t}|],0,...,0).

It will be convenient to establish some more notation. Any vector |¢)) € CT @ CY can be
uniquely expanded as |¢) = (|17), |vv)), with [1p7) € CT and |¢y) € CY. For the graphs Gp(z),
CT =Vvac!and CV = Ci% @ C!, so any |[¢p) € CT @ CY can similarly be written [1)) =
((lrv), [Urn), (oo, [Yur))). Let |0) = (0,1,0) € CT@Cl% ¢ C! be the unit vector on vertex .

With this notation, the eigenvalue-p eigenvector equation of Ag (4,

plv) = Agp@)|¥) (8.5)
is equivalent to the four equations
plvrv) =Yuolt) + Alvu,r) (8.6a)
plvr,r) = () |[Yu,1) (8.6b)
pYupo = (tlYrr) (8.6¢)
plvu1) = Allgry) + () |[Yrr) - (8.6d)

Our main result is:

Theorem 8.3. Let P be a span program and D C B™. Then a span program P’ can be constructed
such that fpr = fp and, for all x € D,

o If fr(z) =1, then there is an eigenvalue-zero eigenvector |¢b) of Ag,, () with

() 1
l)* ~ 2
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o If fp(x) =0, let {|a)} be a complete set of orthonormal eigenvectors of Ag,,(z), with cor-
responding eigenvalues p(«). Then for any ¢ > 0, the squared length of the projection of |0)
onto the span of the eigenvectors o with |p(«a)| < ¢/wsize(P, D) satisfies

1
o |p(a)|<c/wsize(P,D) ( WSlZQ(P, D))

Roughly, Eq. ays that Ag,, o has an effective spectral gap around zero. We will see in
below that this is strong enough for applying quantum phase estimation.

The two main ingredients required for proving an eigenvalue-zero analysis of
Ag,(x) and an analysis relating eigenvalue-zero eigenvectors to the effective spectral gap. These
two ingredients are presented in and below. will put them

together to prove
is quite useful. However, we will see in [Section 9 below that for some applications,

using as a black box can lead to an O(log n) overhead in the quantum query complexity.
will include two quantum query algorithms. The more specialized algorithm does not
incur a logarithmic overhead, but requires that the norm of the adjacency matrix be at most a
constant. However, the span program P’ that outputs will not necessarily satisfy
|Ac,, || = O(1), so only the first algorithm applies. Thus if one cares about saving logarithmic
query overhead factors, cannot be applied as a black box.

It is possible that the first algorithm in can be improved to work without the
logarithmic overhead even when [|Ag,, || = w(1). See|Conjecture 11.1, Even if this turns out to be
the case, though, there will be an important case when we cannot apply [I'heorem 8.3| as a black
box, namely, when we wish to prove upper bounds on the time complexity of the algorithm.

For developing time-efficient quantum algorithms, other properties of the adjacency matrix
besides the norm, such as the maximum degree of a vertex, also matter [CNWQ9]. This article is
concerned primarily with the query complexity of quantum algorithms and not the time complexity.
Investigating the tradeoffs involved in designing span programs for query-optimal and nearly time-
optimal quantum algorithms is an important area for further research, but is beyond our scope.

With an eye toward these applications, though, we give a version of that applies
to the graphs Gp(z) directly instead of to Gp/(x):

Theorem 8.4. Let P be a span program, and for x € B™ let Gp(x) be the weighted bipartite graph
from [Definition 8.2 Then for x € B™:

o If fp(x) =1, let |w) € C! be a witness, i.c., All(x)|w) = |t). Then Agp(x) has an eigenvalue-
zero eigenvector 1) with
[(0l)[* L
7 = 2 -
o™ T+ [[lw)l]
o If fp(x) = 0, let |w') € V be a witness, i.e., (tjw') = 1 and H(z)AT|w') = 0. Let {|a)} be
(

a complete set of orthonormal eigenvectors of Aq,(z), with corresponding eigenvalues p(cv).
Then for any T > 0,

(8.9)

> Halo)? < 8T (llw)? + fAfj)]") - (8.10)

a: [p(@)|<T
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A typical application of will start with a span program having witnesses in the
true and false cases satisfying

2 ny2 'i- 12 2
max max w , Imax w —+ Allw §W7 811
(o )P s () + 14T} 5.11)

for some W. Scale the target vector down by a factor of 1/v/W, and apply |Theorem 8.4|; Eq.|(8.9)
then holds with 1/2 on the right-hand side, and letting Y = ¢/W the right-hand side of Eq. |(8.10)

becomes 8¢2. See [Theorem 9.3
Although the upper bounds in Eqs. |(8.9)|and [(8.10)| depend on quantities, |[|w)]|* and (||]w’)||*+

| AT|w") ||2), similar to the witness size, for two reasons they are not the same as the witness size.

e First, in the case fp(z) = 1, |||w)||* can be greater than wsize(P, z) if P is not strict (Defini-
, because the witness size does not count the portion of |w) supported on Ifee.

e Second, in the case fp(x) = 0, while it is true that ||AT|w’)||? can be bounded by wsize(P, ),
the term [[|w’)||? is not necessarily so-bounded. This is clear because simultancously scaling
the target and all input vectors by ¢ > 0 leaves the witness size invariant
but multiplies |||w’)||* by 1/c2. The effective spectral gap of Agp(x) certainly should not be
invariant under such scaling, and should approach zero as ¢ approaches zero.

Theorem 8.4] therefore motivates using W in Eq. |(8.11)[ as a new span program complexity mea-

sure. This measure is important for developing time-efficient quantum algorithms based on span

programs, as in for example
The proof of will also be given below in

8.1 Eigenvalue-zero spectral analysis of the graphs Gp(z)

We will begin by analyzing Egs. |(8.6)| at eigenvalue p = 0. This theorem is a straightforward
extension of [RS08, Theorems 2.5 and A.7].

Theorem 8.5 ([RS08]). For a span program P and input x € B", consider all the eigenvalue-zero
eigenvector equations of the weighted adjacency matriz Ag, (), except for the constraint al the
output vertex g, i.e., Fgs. except at p=0.

These equations have a solution |¢) with Yy # 0 if and only if fp(x) = 1, and have a solution
[¢) with (t|Yryv) # 0 if and only if fp(z) = 0. More quantitatively, let s € [0,00)" be a vector of

nonnegative costs, and recall from|Definition 2.5 that S = Zje[n],beB,ite , V/371iXi|. Then

o If fp(x) = 1, Ag,(x) has an eigenvalue-zero eigenvector [1h) = (0,vu0, [Yu,1)) € CTeclg
C! with
vl S 1
luol® + 1Sy ||? — 1+ wsizes(P,x)

(8.12)

o If fp(x) = 0, let |[w') € V be an optimal witness, i.e., (tw') = 1, H(x)AT|w') = 0 and
HSA”UJ’)H2 = wsizes (P, z) (seem. Then there is a solution |) = (|Yrv), Y1 1),0) €
Ve c ecl to Egs. a,b,d} at p =0, with

[t v)|? N 1 ‘
Ty )P+ 1S[er)1? ~ [Jw')|? + wsizes(P, z)

(8.13)
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Proof. Let p = 0. Since Gp(z) is bipartite, the 17 terms do not interact with the 1y terms. In
particular, Egs. (8.6,d) (resp. [8.6p,b) can always be satisfied by setting the 17 (resp. 1) terms
to zero. Fix s € [0,00)".

Now Egs. (8.6h,b) are equivalent to —yplt) = Alyyr) and [yr) = I(z)|¢yr). If these
equations have a solution with ¢y 9 # 0, then —|¢y 1) /9u, is a witness for fp(z) = 1. Conversely,
if fp(x) = 1, then let |w) € C! be an optimal witness, satisfying All(z)|w) = |t) and wsizes(P,z) =
|S|w)||*. Let o = —1 and |ty ) = T(z)|w). Then ) = (0,0, [tr1)) satisfies Egs. @ and
Eq. with equality.

Next, assume that |1 solves Eq.|(8.6d)|with (t|1orv) # 0. Then H(x) ATty y) = —(2)T(z) |7 ) =
0, so |[¢r,v)/(t|Yrv) is a witness for fp(x) = 0. Conversely, assume that fp(z) =0 and let |w') be
an optimal witness. Let [17,) = [w') and |¢7 1) = —Af|w'). Then |[¢) = (|¥rv), [¢¥71),0) satisfies
Eqgs. ,b,d), and Eq. with equality. O

Note that if the costs are uniform s = 1, then S =1 — > e, [iXil, so I1S|u.n) 1 < |[1bv) |

and ||S|yYr.n)||> < |l|lorr)||®. If P is also a strict span program, i.c., Iee = 0, then S = 1 so
both these inequalities are equalities, and the denominators on the left-hand sides of Egs. |(8.12)
and are, respectively, ||[¢p)]|? and ||[¢¥7)||?. However, if P is not strict, then Egs. |(8.12)
and do not imply lower bounds on achievable [1yo*/||[¢u)||* or [{t[vrv) /| [br) .

Corollary 8.6. Let P be a span program. Then there exists a span program P that computes
fp = fp, and such that, for all x € B",

o If fp(x) =1, then there is an eigenvalue-zero eigenvector 1) of AGﬁ(z) with

2
[Yuo| S 1

[[9)]]> = 1+ wsize(P,z) (8.14)

o If fp(x) = 0, then there is a solution |1} to all the eigenvalue-zero eigenvector equations of
AGP(,C), except for the constraint at vertex ug, with

) 1

[0y 1+ wsize(P,x) (8.15)

Proof. ALet P be the canonical span program constructed in [Theorem 5.2 for costs s = T, with
wsize(P,x) < wsize(P,z) for all z € B™. P is in particular strict, so Eq. |(8.14)| follows from
Eq.

For showing Eq. recall from Im that an optimal witness |w') for fp(xz) = 0
may be taken to be |z) itself, so |||w')||* = 1 in Eq. !8.13!L O

This completes the eigenvalue-zero analysis of the graphs Gp(x).

8.2 Small-eigenvalue spectral analysis of the graphs Gp(z)

Theorem 8.5(implies in particular that when fp(z) =0, AGp(z) does not have any eigenvalue-zero
eigenvectors supported on the output vertex 9. Therefore Ag,(,) has some spectral gap around

zero for eigenvectors overlapping |0). This spectral gap can be arbitrarily small, though, because
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Gp(z) can be a very large graph and its edge weights are poorly constrained. In fact, though, the
lower bound Eg. can be translated into a good lower bound on an “effective” spectral gap.
That is, we can upper-bound the total squared support of |0) on small-magnitude eigenvalues of
AGp(2)-

The main result of this section is:

Theorem 8.7. Let G be a weighted bipartite graph with biadjacency matriz Bg € L(CY,CT).
Assume that for some 6 > 0 and [t) € CT, the weighted adjacency matriz Ag has an eigenvalue-
zero eigenvector 1) with

[(tlor)[* > sl - (8.16)

Let G’ be the same as G except with a new vertex, ug, added to the U side, and for i € T the new
edge (1;, o) weighted by (i|t). That is, the biadjacency matriz of G' is

0 U
Bgr = (|t> Bg) T (8.17)

Recall that |0) = (0,1,0) € CT @ C{% @ CY. Let {|a)} be a complete set of orthonormal
eigenvectors of Agr, with corresponding eigenvalues p(c). Then for all Y > 0, the squared length
of the projection of |0) onto the span of the eigenvectors o with |p(a)| < Y satisfies

> Helo)? <812/5 . (8.18)

a [p(@)|<T

This theorem applies to the case of a strict span program P with fp(x) = 0, by letting G =
Gp(z) and, from Eq. with s=1,0=1/(|w)|? + wsize(P, z)).

To motivate our approach to proving let us recall some basic properties about the
eigenvalues and eigenvectors of bipartite graphs.

Proposition 8.8. Let G be a weighted bipartite graph with biadjacency matriz Bg and adjacency
matriz Aqg.

Assume that [¢) = ([¥r), [Yr)) € CT@CY is an eigenvalue-p eigenvector of Ag, for some p # 0.
Then (|Yr), —|1u)) is an eigenvector of Ag with eigenvalue —p. Moreover, |¢r) = %B(;|¢U> is an

eigenvector of BgBTG and |[Yy) = %ngﬂ s an eigenvector of Bng, both with corresponding
eigenvalues p?.

Conversely, if |o) € CT is an eigenvalue-\ eigenvector of Bng for X > 0, then Bglp) € CY
is an eigenvalue-\ eigenvector of BI;BG and |1) = (|¢), i%Bg\@) € CT @ CY are eigenvectors

of A with corresponding eigenvalues £v/\.

The proof is immediate.

Thus the spectrum of Ag is symmetrical around zero, and nonzero-eigenvalue eigenvectors
of the positive semi-definite matrix Bng are in exact correspondence to symmetrical pairs of
nonzero-eigenvalue eigenvectors of Agq.

[Proposition 8.8 allows us to translate the claims of into claims on spectral prop-
erties of positive semi-definite matrices. We will start, though, by proving the necessary result for
positive semi-definite matrices, below. After proving we will give the
translation to prove
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Theorem 8.9. Let X € L(V) be a positive semi-definite matriz, [t) € V a vector, and let X' =
X + |t)Xt]. Let {|B)} be a complete set of orthonormal eigenvectors of X', with corresponding
eigenvalues N(B) > 0. Assume that there exists a |@) € Ker(X) with |(t|)|* > 8||@)||>. Then for
any A > 0,

5 Z ) 1(¢]8)]? < 4A . (8.19)
<tlﬁ>7£0

Proof. The sum is well-defined, with no division by zero, because any |3) with (¢|3) # 0 must have
A(B) = (BIX'|8) = (BIX|B) + |13
The key lemma for proving is

Lemma 8.10. Under the conditions of|Theorem 8.9, for any |§) € V
SI(HEN < 1X1&))1% - (8.20)

Moreover, if |£) is a linear combination of eigenvectors with corresponding eigenvalues at most K,

e, |§) = ZB:A(,@)SH (BIE)|B), then
3| < &2 - (8:21)

Proof. We will write the matrices X and X’ out in coordinates. Fixing (¢|¢), we will use straight-
forward calculus to minimize || X’|€)]%.

Let |1),...,|m) be a complete, orthonormal set of eigenvectors for ( - Hl‘?;ﬁlg)X(l - ||‘|?><ﬁ|2)’
with corresponding eigenvalues a1, as, ..., am,. In the coordinates (Hlt ik 1), \m)), X and X’ are
given by

a b1 Bm
b1 al 0
x=|" , (8.22)
by, O am,
a+[l[]° b b
X' = hoom 0 (8.23)
bim 0 Am

where a = (t|X|[t)/|||t)]|* and b; = <aj]X|Ht o for j € [m].

By incorporating any phases into the basis vectors |j), we may assume that all b; > 0. Fur-
thermore, we may assume without loss of generality that all b; > 0. Indeed, if some b; = 0, then
the |j) coordinate lies in a different block of X’ from |t), so removing this coordinate will not affect
minyy [| X'[1)||/|(t]y)]. Since X = 0, all a; > 0. Moreover, if some a; = 0, then since (li boj) is a
(positive semi-definite) submatrix of X, it must be that b; = 0. Hence we may assume that a; > 0
for all j € [m)].

We are given the existence of a |p) € Ker(X) with |(t|¢)|* > d]||¢)||*>. Let us write out this
condition in coordinates. By scaling |¢), we may assume that (¢t|¢) = |||t)||]. Thus, written in
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coordinates, |p) = (1, -2 ...,—2—2) and (t|X|¢) = 0 implies that

ay’
m
a=> ba; . (8.24)
j=1
The condition |(£|¢)]? > 8[|, in coordinates, is

1 = s(1+ 35 (2)7) (8.25)
j=1

We can now solve the minimization problem:
Claim 8.11. A
~ 2 il
111111 XN = D
1€): ¢ElE)=I12) 1 1+ Zj (afj)
J

Proof. Since X' is a symmetric matrix, we may assume that |£) has real coordinates. Introduce
variables c1,..., ¢y and let |£) = (1,¢q,...,¢p). For j € [m], let v; = aj(g—jcj +1). Then

> o||e)]* - (8.26)

I X = (a+ )1 +Zbcg +Zb + aj¢5)’
:<a+|||t [§ +Z ( —1)> +Z(G§W>Q
:(mt>uz+2(a§) v) +3(2) (827

where we have substituted ¢; = % (22 —1) and then used Eq.|(8.24)|to cancel a from the first term.
J J

A global minimum exists and will satisfy, for all j € [m)],

0 2
= 877»”XI|£>”
j
8.28)
_ ()2 2 by \ 2 (
=2(2) (s + 00+ > (i) )
Thus we should set all y; equal, ; = 7 for j € [m], where v = —|||t)||*/(1 + S) and S = > ( )
Substituting back into Eq. m | X'|€)]1* at the minimum is
IXIN = (M) + 57)° + 547
=IO/ +9) , (8.29)
as claimed. O

(8.20)|follows. Eq. 8 21)|is an immediate consequence of Eq.[(8.20)] since |¢) = 2_pa)<n (BIEYB)
1mphes HX 11 < &l[I€)]- ThlS completes the proof of [Lemma 8.10} O
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Now let us derive Eq.|(8.19)| by bootstrapping [Lemma 8.10, We aim to bound

1 1 )
55.2 Am“ﬂﬁ _52 Z WWWH

(t18)#0

2R (t|te) (8.30)

where [tg) =3 5 2 e
eigenvalues in (2,§+1, 4. Therefore (tlte) = (trltr) = |Et)?/|l|te)|* when |tg) # 0, so Eq.|(8.21)
can be applied with |£) = |t;) and x = A/2F to continue:

s X s g ()

MDA A (B|t)|5), the projection of |t) onto the span of the eigenvectors with

(t|ﬁ>7é0
1
=20 o
k=0
=4A (8.31)
as claimed. O

With in hand, we can now apply [Proposition 8.8|to prove

Proof of[Theorem 8.7 We are given an eigenvalue-zero eigenvector of Ag, (|¢r),0) € CT @ CY
with [(t[7)|* > 6|[¢7) ||, In particular, th/)T) = 0.
An eigenvalue-zero eigenvector |¢) = (|¢7), ¢, |¢v)) € CT @ Cl% @ CV has to satisfy

0 = Ber(Co, [Cv))
= Colt) + BalCu) -
Since |(t[¢r)|* > 0 and Bg]d}T} = 0, |t) cannot lie in the range of Bg, so (p must be zero. Thus
follows the claim for T = 0, that A has no eigenvalue-zero eigenvectors supported on .

Now to show Eq. [(8.18) for ¥ > 0, note that for each eigenvector |a) of Ag/, p(a)(0|a) =
(0|Agr|a) = (t|ar). Therefore

S jeor= Y () . (8.33)

a:lp(a) T as0<totmi<r P

(8.32)

Let X' = BG/BTG/. Let {|3)} be a complete set of orthonormal eigenvectors of X', with correspond-
ing eigenvalues A(/3). By [Proposition 8.8 each eigenvector |3) with A(3) # 0 corresponds to a pair
of eigenvectors of Ags with eigenvalues j:\/ A(B). The above sum therefore equals

S A(lﬁ)|<tw>|2 . (8.34)

B:0<A(B)<T?
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Now apply [Theorem 8.9 with X = X' — |t)t| = BB}, = 0, |¢) = [1r) and A = T2, to obtain
the claimed upper bound of 8Y?2/4. O

8.3 Proofs of [’heorem 8.3/ and [T’heorem 8.4

Let us now combine [Theorem 8.5| and [Theorem 8.7| to prove [Theorem 8.3| and [Theorem 8.4l The
proof of will also use the canonical span program reduction,

Proof of[Theorem 8.3, Let P be the canonical span program constructed in for costs
s = 1, with wsize(P,z) < wsize(P,z) for all z € B". In particular, recall that when fp(z) =0, an
optimal witness |w’) may be taken to be |z) itself. Also, P is strict, i.e., has Ipee = 0, so S is the
identity on C'.

Let P’ be the same as P except with the the target vector scaled by a factor of 1/+/wsize(P, D).
Thus fpr = fp still, and, for all x € D,

1 if fp(z) =

wsize(P, D) if fp(z) (8.35)

1
0

wsize(P', z) < {

Now, when fp/(x) = 0, an optimal witness is |w') = y/wsize(P, D)|z). This scaling step is known
as amplification. It was introduced by ﬂm and also applied in [ACRT07, m

For the case fp(x) = 1, the first part of [Theorem 8.3] Eq.|(8.7)} now follows from Egs. |(8.12)]
and [(3:35)} since S = 1, 612 = vl + |1STou, ™

For the case fp(x) = 0, let G be the graph Gp(x) with the output vertex o and all incident
edges deleted. Thus G’s biadjacency matrix is the same as Bg,(,) from Eq. except with
the pp column deleted. implies that Ag has an eigenvalue-zero eigenvector [¢)) =
(|¢T,V>, |¢T,I>7 0)eVe cloc! satisfying

|(try)] S 1

[1Eo T +Wsizle(P’,fﬂ) (8.36)

>
— wsize(P, D)(wsize(P,D) + 1)

by Egs. [(8.13)[ and |(8.35)l Eq. now follows by Eq. |(8.18)| in [Theorem 8.7| with G’ = Gp(z),
T = c¢/wsize(P, D) and § = 1/(wsize(P, D)(wsize(P, D) + 1)). O

Proof of[Theorem 8. The idea is that we want to charge for the free input vectors of P. Let
P’ be a strict span program that is the same as P except with one extra input bit, and with the
free input vectors of P now labeled by (n + 1,1). That is, I]'-,b = I for j € [n] and b € B, but
Itee = Ii1o = 0 and I}, | = Ifee- Then for all z € B", fpi(x,1) = fp(z), with the same
witnesses, and Gpr(x,1) = Gp(x). The only difference is that in the case fp(x) = 1, wsize(P’,z) =
MmN y): ATT(2) [0y =8) | |w)||* counts the portion of |w) on indices in Ifee, while wsize(P, ) does not.
The proof now follows the same steps as the proof of except with § = 1/(|||w’)||* +
| AT|w’)||?) in the case fp(z) = 0. O
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9 Quantum algorithm for evaluating span programs

In this section, we will connect quantum query algorithms to the graph spectral properties that
are the conclusions of [['heorem 8.3 and [I'heorem 8.4] The following theorem gives two quantum
algorithms for evaluating a total or partial boolean function f based on promised spectral properties
of a family of graphs {G(z) : © € D}, with D C B".

Theorem 9.1. Let G = (V, E) be a complex-weighted graph with Hermitian weighted adjacency
matriz Ag € L(CV) satisfying (v|Aglv) > 0 for all v € V. Let Vigpur be a subset of degree-one
vertices of G whose incident edges have weight one, and partition Vippus as Vipput = |_|j€[n]7b€B Vip.
For x € B", define G(x) from G by deleting all edges to vertices in Ujc(nVjz;- Let Ag(y) € L(CY)
be the weighted adjacency of matriz of G(x).

Let f : D — B, with D C B", n € V N\ Vinput, € = Q1) and A > 0. Assume that for all x € D
the graphs G(x) satisfy:

o If f(x) =1, then Ag(x) has an eigenvalue-zero eigenvector |v) € CV with

[(uleo)?
)]

Y

¢ . (9-1)

o If f(z) = 0, let {|a)} be a complete set of orthonormal eigenvectors of Ag(y), with corre-
sponding eigenvalues p(a). Assume that the squared length of the projection of |u) onto the
span of the eigenvectors o with |p(a)| < A satisfies

Y. KalwP<e2. (9-2)

a: p(a)| <A

Let abs(Ag) be the entry-wise absolute value of Ag, and let ||abs(Ag)|| be its operator norm.
Then f can be evaluated with error probability at most 1/3 using at most

0 ( in { | abs(Ag)|| i log% }) (9.3)
m ’ 1 .
A AlOg log A

quantum queries.

The intuition behind this theorem is that f can be evaluated by starting at |u) and “measuring”
Ag(e) to precision A. (More precisely, this is implemented by applying phase estimation to a
certain unitary operator.) Output 1 if and only if the measurement returns 0. Eq. implies
completeness when f(z) = 1, because the initial state has large overlap with an eigenvalue-zero
eigenstate. Eq. implies soundness when f(x) = 0.

In fact, the proof of requires two quantum algorithms, one for each of the bounds

in Eq. [(0.3)

1. The proof that Q(f) = O(| abs(Ag)||/A) is based on Szegedy’s correspondence between
continuous- and discrete-time quantum walks [Sze04]. The proof is nearly the same as
in [RS08, Appendix B.2]. The differences are that we are only assuming an effective spectral

gap in the case f(z) = 0, and that the graph G in|Theorem 9.1|is not required to be bipartite.
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The graphs to which we apply below will be bipartite, though, since they will
be derived from span programs.

This algorithm applies to the formula-evaluation applications, [Iheorem 1.1} [Theorem 7.3|and

In each case, a span program P is given and the algorithm run with G = Gp.
In addition to lower-bounding A, the query and time complexity bounds require showing that

labs(Ag) = O(1).

2. The second bound, Q(f) = O(1/A), is applicable in the more typical case when we do not
know an upper bound on || abs(Ag)||. The idea is to apply phase estimation to e*4¢@). Since
Ag is independent of the input z, recent work by Cleve et al. shows that its norm does
not matter if we can concede a logarithmic factor in the query complexity |[CGM™08]. For
applying phase estimation, there is still the problem that eigenvalues can wrap around the
circle, e.g., €2™ = % leading to false positives. To avoid such errors, we scale Ag@) by a
uniformly random number R € (0,144 /¢?).

Although refers only to query complexity, and not time complexity, the first
algorithm’s time complexity can also often be bounded under reasonable assumptions on G. See

Refs. [RS08, [ACRT07, [CNWQO9] for details.

For a span program P, the graphs Gp and Gp(x) from [Definition 8.2are of the form required by
Theorem 9.1 The assumptions Egs.|[(9.1)|and [(9.2)|for |Theorem 9.1|are also of the same type as the
conclusions of [Theorem 8.3 and [Theorem 8.4l Therefore, assuming for the moment
as corollaries we obtain quantum algorithms for evaluating span programs:

Theorem 9.2. Let P be a span program and D C B™. Then the quantum query complexity of fp
restricted to D satisfies

(9.4)

Q(frlp) = O<WSiZ€(P’ D) log wsize(P, D) )

log log wsize(P, D)

Proof. Set ¢ = 1/8 in [Theorem 8.3| and apply [Theorem 9.1| with p the output vertex pg of Gp,
€ =1/2 and A = ¢/wsize(P, D). O

Theorem 9.3. Let P be a span program with target vector |ty and input vectors |v;) for i € I =
Ttree U Uje[n] ven Ly, in inner product space V. Let D C B™ and assume that for some Wy, Wa > 1,

max min  |[|Jw)|* < W,
z€D:fp(x)=1 |w)eCl:
ATl(z)|w)=t)

2 (9.5)

min  (|||Jw)]® + AT | < Wa .

max
2€D:fp(x)=0 |[w)EV: (t|lw')=1,
I(z) At |w’')=0

Let P’ be the same as P, except with the target vector |t)/\/W1. Then fp can be evaluated on

mputs in D using
O(\/ W1W2H abS(AGP,)H) = O(\/ W1W2H abs(AGP)H) (96)

quantum queries, with error probability at most 1/3.
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Proof. Apply [Theorem 8.4 to P’ with T = 4\% /VW1Ws. Then [Theorem 9.1fs assumptions
Eqgs. [(9.1)| and [(9.2)[ hold with € = 1/2 and A = T. An O(vVWiWa| abs(Aq,,)|)-query quan-
tum algorithm follows.

Finally, since W1 > 1, ||abs(Ag,,)|| < [|abs(Ag,)]- O

In the rest of this section, we will prove [Theorem 9.1| relying heavily on [RS08] and [CGMT0S].
As sketched above, there are two parts to the proof, given in [Section 9.1] and [Section 9.2| below.

For x € B™, let O, be the phase-flip input oracle defined by
Ou [0, ) = (=1)°%7[b, j) (9.7)

for b € B and j € [n].

9.1 Algorithm using the Szegedy correspondence

Proposition 9.4 (JRS08]). Under the assumptions of|Theorem 9.1, f can be evaluated with error
probability at most 1/3 using O(|| abs(Ag)||/A) queries to the input oracle O.

The proof is basically the same as for the algorithm in [RSOS, Appendix B.2], which in turn
was closely based on the algorithms in [CRSZ07, [ACRT07]. However, the arguments in [RS0S]
were tied to the formula-evaluation application, whereas [Proposition 9.4]is in a more general set-
ting. In particular, [RS08] could assume a spectral gap in the case f(z) = 0, whereas we only
have Eq. an “effective” spectral gap. This weaker assumption means that establishing the
algorithm’s soundness requires somewhat more care.

The key technical ingredient in the proof is a theorem due to Szegedy [Sze04] that we apply
to relate the spectrum and eigenvectors of Ag(,) to those of a discrete-time coined quantum walk
unitary. We use a formulation of the theorem essentially the same as given in [ACRT07]. However,
the statement there had a minor typo (in |a, £) below). This typo did not affect their application
or the application in [RS08], but would matter for us here. Therefore, after stating the corrected
theorem, we also repeat the proof from [ACRT07], which was correct.

Theorem 9.5 ([Sze04]). Let V be a finite set. For each v € V, let |¢,) € CV be a length-one
vector. Define T € L(CYV,CY @ C), S,U € L(CY @ CV) and M € L(CV) by

T =3 (lv) ® lpu){v] S= > |v,wfw,vl (9-8)
veV v,weV
U= (217t — 1)S M=TST = 3" (polw){v]pw)|v)uw] (9.9)

v,weV

Since TTT = 1, U is a unitary. (U is a swap followed by the reflection about the span of the vectors
{|v) ® |¢v) : v € V}.) M is a Hermitian matriz with |[M] < 1. Let {|a)} be a complete set of
orthonormal eigenvectors of M with respective eigenvalues p(c).

Then the spectral decomposition of U corresponds to that of M as follows: Let R, = Span{T|a), ST |c)}.
Then Ry L Ry for o # o/; let R = ®qRo. U is —S on R*, and U preserves each subspace Ry, .

If |p(a)| < 1, then R, is two-dimensional, and within it the eigenvectors and corresponding
eigenvalues of U are given by

o, %) = (1= (p(a) 7 iv/T = p(@)?)$ ) Tla)
Ma, ) = p(a) £iy/1 — p(a)? .
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If p(a) € {1,—1}, then ST|a) = p(a)T|a), so Ry is one-dimensional; let |a,+) = T|a) and
AMa, +) = p(a) be the corresponding eigenvalue of U.

Proof. This proof is taken from [ACRT07].

First assume a # o/, and let us show R, L Ry . Indeed, (a|TTT|a’) = (a|o/) =0, as TTT = 1.
Since S? = 1, similarly, ST|a) is orthogonal to ST|a/). Finally, (a|TTST|a/) = (a|M|a/) = 0.
Therefore, the decomposition C¥ ® CV = (P, Ra) ® Rt is well-defined.

R is the span of the images of ST and T. 27T — 1 is +1 on the image of T and —1 on its
complement; therefore U is —S on R™.

Finally, TT'T = T and TTTST = TM, so

U(ST|a)) = 2TT"T — 1)T|a) = T|a)
U(T|a)) = TT" = 1)ST|a) = (2p(a) = S)T|a) ;

U fixes the subspaces R,,.

For the case that |p(a)| < 1, let |3) = (1 +ﬁS)T|a> Then U]B> ( ( )+ 8)T o) — ST|ev) is
proportional to |B) if B(2p(a) + B) = —1; i.e., B = —p(a) £i\/1 — q-/(9.10)| follows.

If p(a) € {—1,1}, then since (<a|TT)(ST|a)) <a]M\a) = p(a ) T|a> = p( )ST'|v). Therefore
R, is one-dimensional, corresponding to a single eigenvector of U with eigenvalue p(«). ]

We will need slightly more control over the eigenvectors |a, £):

Lemma 9.6. With the setup of [Theorem 9.5, for any |¢p) € CV, the eigenvectors |, £) with
Ip(e)] < 1 satisfy [l £)| = 1/2(1 — p(a)?) and

o, 4V 2
Il = il o.11)

When |p(a)] = 1, llo, H)ll = 1 and ([T|or, +) = (ule).

Proof. Fix an eigenvector |a) of Ag(,) and let p = p(a). Assume that [p| < 1. We have

”|C¥,:|:>H2 — <Oé|TT(1 o e:tiarccosps)(l o 6¥iarccospS)T|a>

T'2(1 — pS)T|a
= {alT'2(1 - 8)T]a) 012
=2(1 — p(a|TTST|a))
=2(1-p%) ,
where we have used S? = T1T =1, |||a)|| = 1, and TTST = M. Also, then, we compute
(W[ e, £) = (YT (1 — TP G)Ta)
TTT|a) — ¥/ 2P (| TTST |
= (VT Tla) = ¥ TSl 019
= (¢la)(1 —pe ?)
= (Y]a)(1 = p* +ipy/1 - p?
o |(IT |, £)” = [($la)[*(1 — p?). Eq. [(9.11)] follows.
When |p(a)| = 1, the claims are immediate from |o, +) = T|a) and TTT = 1. O
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We can now prove [Proposition 9.4}

Proof of [Proposition 9.4 Notice that if we scale Ag, Ag(,) and A all by 1/[[abs(Ag)]|, then both
assumptions Eq. and Eq. still hold. Therefore we will assume below that || abs(Ag)|| = 1.
Our goal is to evaluate f using O(1/A) queries to the phase-flip input oracle of Eq.

Assume that G is a connected graph; otherwise, discard all components other than the one
containing the vertex p. Therefore abs(A¢) has a single principal eigenvector |J), abs(Ag)|d) = |9),
with (v[d) > 0 for all v € V.

Put an arbitrary total order “<” on the vertices in V. For each v € V|, let

(w[Ag|v)
V) = Ag|v)(v|d)|v v|Ag|w)| {(w|d)|w w
) = s (VOAGRIER . S VIR s 3 Sl

(v[Ag|w)#0

(9.14)
Then

llenl” = 7y 3o (vl abs(Ac) ) ()
weV

(9.15)

Therefore [Theorem 9.5| will apply; define T, S, U and M from Egs. and Also let O,

be the unitary

Ol w) = {—\U,w> if v € Vjz; € Vinput for some j € [n] (9.16)

lv,w)  otherwise

One controlled call to O, can be implemented using one call to the standard phase-flip oracle O,
of Fa. [(0.7)

The algorithm has three steps:

1. Prepare the initial state T|u).
2. Run phase estimation on W, = i O,U, with precision 9§, = %A and error rate 6, = €/6.

3. Output 1 if the measured phase is 0 or w. Otherwise output 0.

Phase estimation on a unitary W with precision 6, and error rate é. requires O(1/(6,0¢))
controlled applications of W [CEMM9§|. Since e = (1), the query complexity of this algorithm is
therefore O(1/A). It remains to prove completeness and soundness.

Fix an input x € B". For v € V, let

o7 = {]v) if v € Vj, for some j € [n] (9.17)

lpy)  otherwise

Apply [Theorem 9.5| using the vectors |¢?) to define T, U, and M,.
Lemma 9.7. M = Ag and M, = Ag(y). Morecover, letting C* = Span({|v,w) : (v,w) € E}) C
CV @ CV be the span of the edges of G, Uy|ce = O.U|ce and Ty|p) = T)u) € CE.
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Proof. First, note that for any vertices v,w € V, from Eq. and Eq.|(9.14)|

(v|M|w) = (po|w)(v]ew)

— (wlAclw) (918)

= (v|Aglw) .

Therefore M = Agq.

Recall that G(z) is the same as G except with the edges to vertices in Ujg), V)2, removed.
Consider a v € Vj ;. By assumption, v has a single neighbor w # v, so it must be that |p,) = |w).
Since |¢?) = |v), (v|Mg|w) = (@} |w)(v|¢L) = 0. However, for all pairs (v, w) that do not make an
edge leaving some Vj ., (v|M;|w) = (v|M|w). Therefore M, = Ag(y)-

Next, we aim to show that U,S and ONIU S are the same when restricted to C¥. Note that

US =2TT" — 1gvgev

— 21; [v)Xv] @ [pu)e] — Leveey (9.19)

=3 Jo)ol ® @leu)o] — 1ev) -

veV

Similarly U,S = >, [v)v| ® (2]¢5X¢5| — 1ov). Therefore,
(US)1U:S =Y o)l ® [(2leu)wnl = D(2leEXe| - 1)]

= Y lwlei+s Y |u)ul® (1= 2ju)v] - 2lw)w]) (9.20)

'U¢Ujvj,xj jE[n],UEVj,xj
wn~v

where in the second term w is v’s single neighbor in G. On the other hand, from its definition in

Fa. [(9.16] )
Op =lgvger —2 Y |o)v|@1gv . (9.21)
J€n],veVj 2,
By inspection, this is the same as Eq. on C¥.

Finally, since by assumption y ¢ Vinput, Ti|p) = |1) @ |0f) = 1) @ [pp) = T|p). T|p) € CF by
Eq. [(9.14) O

The initial state T'|u) = Ty|u) lies in Range(T,) € C¥. Also, U, fixes C¥; in fact, it even fixes
the join of the ranges of T, and ST}, which could be smaller than C¥. By O,U and
U, are the same restricted to CF. Therefore, the algorithm behaves the same as if it were running
phase estimation on iU, instead of W, = iO~xU .

Based on Eq. [(9.1) the algorithm is complete:

Lemma 9.8. If x € D and f(x) = 1, then the algorithm outputs 1 with probability at least € — §, =
%e, where §. = €/6 is the phase estimation error parameter.
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Proof. Assume that f(x) = 1. From Eq.|(9.1)} Ag(,) has an eigenvalue-zero eigenvector |a) € cv

with |||a)|| = 1 and |(u|a)|* > e. By [Theorem 9.5 with p(a) = 0, U, has eigenvectors |a, £) =

(1 £4S)Ty|a) with respective eigenvalues +i. By these satisfy

2 2

(T, 1) [T, )]
e, H)1 e, =)l

= [(ula)|* > e . (9-22)

Thus the algorithm measures a phase of 0 or 7w, and outputs 1, with probability at least € — §.. [

Based on Eq.|(9.2)] since the phase estimation precision is §, = %A, the algorithm is sound:

Lemma 9.9. If x € D and f(x) = 0, then the algorithm outputs 1 with probability at most
6/2 + 56 = %6.

Proof. Let {|a)} be a complete set of orthonormal eigenvectors of Ag/,), with corresponding eigen-
values p(«). The initial state T'|u) = T|p) lies in the range of T, and therefore is in the span of

the eigenvectors {|a, £)}, i.e., the space R = @4 R, from [Theorem 9.5 The probability that the
algorithm outputs 1 is therefore at most . plus

o, bl o+ | o, —lw)
$ fosbll” 5~ <\< )7 o Py o)
|a,b): |||Oé,b>|| ou:|arcsin p(a)|<dp H’a’+>” |||O[7_>”

ars (@ D) el 05,5+, 5~ +5,)

where in the first sum b can be either + or —, and we have used A(a,+) = eFiarccosp(a) - gq
arg(A(a, +)) = £(5 — arcsin p(a)).

Since |arcsin p(a)| < §|p(cv)|, and by the above sum is at most

Y Kadml (9.24)

az|p(a)|<A
which is at most €/2 by Eq. [(9.2) O
Therefore, the algorithm is correct. The constant gap €/6 between its completeness and sound-
ness parameters can be amplified as usual. O

9.2 Discrete-time simulation of a continuous-time algorithm

Proposition 9.10. Under the assumptions of[Theorem 9.1], f can be evaluated with error probability
at most 1/3 using O(+ log(4)/loglog %) queries to the input oracle O,.

[Proposition 9.4] and [Proposition 9.10] together prove

To prove |Proposition 9.10, we will first give an algorithm in the continuous-time query model.
This algorithm uses the same idea as the algorithm from [Proposition 9.4] Namely, we run phase
estimation on a certain unitary. Completeness of the algorithm is derived from Eq. and
soundness derived from Eq.

Then we simulate this continuous-query algorithm in the discrete-query model. The key tech-
nical step is a recent result due to Cleve, Gottesman, Mosca, Somma and Yonge-Mallo, [CGM™0§],
that states that continuous-query algorithms can be simulated by discrete-query algorithms with
only a logarithmic overhead. We quote here a weak version of their theorem.
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Theorem 9.11 ([CGM™08|). Suppose we are given a continuous-time query algorithm with any
driving Hamiltonian D(t) whose operator norm || D(t)|| is bounded above by any L1 function with
respect to t. (The size of |D(t)|| as a function of the input size N does not matter.) Then there
exists a discrete-time query algorithm that makes

T
O(%) (9.25)
dloglog 5

full queries and whose answer has fidelity 1 — & with the output of the continuous-time algorithm.

We will not define the continuous-time query model here; see [CGM™08] for details. For other
applications of the model, see, e.g., [FG98, Moc07, FGGOT, (CCDT03].

Proof of |Proposition 9.10, We start by presenting and analyzing the continuous-time query algo-
rithm.

The rough idea is to run phase estimation with precision A on the unitary ¢"c@ . Output 1
if the estimated phase is zero, and otherwise output 0. This algorithm belongs in the continuous-
query model, because Ag(;) is the sum of an input-independent term Ag and an oracle-dependent
term

Ay —Ac=— > (lv)Xw| +w)v]) . (9.26)
J€[n],veVja;
wn~v

However, this algorithm would not be sound. When f(z) = 0, the problem is that even though
Ag(x) has an effective spectral gap, that does not imply that there is an effective gap in the phases
of the eigenvalues of ¢'4¢@) . Each eigenvalue p € R of Ag(z) corresponds to the eigenvalue e'r
of e"4¢@ | and therefore large eigenvalues can wrap all the way around the circle. For example,
an eigenvalue-(27) eigenvector of Aq(r) 1s an eigenvalue-one eigenvector of ¢"4c@) | which phase
estimation will not distinguish from an eigenvalue-zero eigenvector of Ag ).

We solve this issue by scaling Ag(,) by a uniformly random 7' €g (0,7), where 7 is a large
enough constant. Intuitively, this means that for any eigenvector |a) of Ag(,) with eigenvector
p(a), |p(a)| > A, there is only a small chance that Tp(a)) wraps around into the interval [—A, A].

We will analyze the following concrete algorithm:

1. Let M = [12/€] = O(1). Let 7 = M?/A. Let T be a random variable chosen uniformly from
the interval (0, 7).

2. Prepare the initial state

L (% M o oV
m<2|m>)®|u>60 ®CV . (9.27)

3. Apply ¢T3 46@) to the second register, controlled by the value m in the first register. That
is, apply the unitary

S mifm| © e HAc) = exp (iT 3 %\mxm@AG(I)) . (9.28)
me[M] me[M]
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The resulting state is
1 m
—— > )T (9.29)
M me[M]

4. Project the first register onto the uniform superposition ﬁ Y menm |m). Output 1 if the
projection succeeds, and output 0 otherwise.

This algorithm is essentially running a slightly simplified version of phase estimation. We have
chosen to write it out concretely, instead of using phase estimation as a black box, partly in order
to illustrate that full phase estimation is unnecessary when the objective is just to decide whether
or not the phase is zero. When there is a large gap between the parameter on the right-hand side
of Eq. and that on the right-hand side of Eq. the procedure becomes especially simple.
(In fact, for our application of to span programs, the gap can be made a constant
arbitrarily close to one.) A similar simplification can be made in the proof of [Proposition 9.4}

Lemma 9.12. When run with input x € D, the above procedure satisfies:
o If f(x) =1, then it outputs 1 with probability at least €.
o If f(x) =0, then it outputs 1 with probability at most 3¢/4.

Proof. Let {|a)} be a complete set of orthonormal eigenvectors of Ag(,), with corresponding eigen-
values p(«). The probability that the procedure outputs 1 is the expectation versus 7' of

Pr [output 1\T—t M2H Z e’ MAG(x>|M)H

me[M]

M2HZ Y et a\u>la>H (9.30)
o me[M]

=m 2| T e HOf
o me[M]

When f(z) = 1, we have from Eq. that 2 ap(a)=0 [{e|p)|? > €, so Pr [output 1|T = t] > ¢,
regardless of t.

For the case f(x) = 0, we split the sum over « into a sum over those a with |[p(a)] < A and a
sum over those a with |p(a)| > A. By Eq. the first sum is at most M26/2:

1
Pr[output 1|T" =¢] < % Ve Z ‘ Z etirrle alm\ . (9.31)
a:|p(a)[>A me[M]
Now use )
| e e Y i (9.32)
me[M] l,me[M]
l#m
and, for p(a) # 0,
e iri5p(e) _
Er [elTlWP(a)} — 6_M—1 . (9.33)
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Substituting back into Eq. [(9.31)| gives

€ 1 () 2
Prfoutput 1] < = + — Z (M+ Z >|<04|M>
2 M a: |p(a)|>A l,me[M irt M p(Oé)
l;ém
-_l—m ;_l—m
i 1 1 e”ﬁp(a) _ 8—177;)(0:) 5
S R 9.34
D S (R D o (030
a: |p(a)|>A l,me[M]
I>m
e 1 2M? 2
< -4+ — 14 ——~
<trr 3 (120 et
a Jp(e)|>A

where in the last step we have (loosely) bounded the sum over I and m. Now use 3, |(a|u)|* = 1,
7= M?/A and M > 12/¢ to conclude

Pr [output 1] < %
(9.35)

IA
|

as claimed. O

Therefore, the above procedure is correct. It remains to show that it can be simulated using
O(tlog 7/ loglog T) queries to the input oracle O, from Eq. The difficulty is simulating e**H (@)
for a t € (0,7), where

m
H(z)= > 17 mKm| ® Ag) - (9.36)
me[M]

In the language of physics, e!*H (@)

for a time t.
Let

corresponds to applying the time-independent Hamiltonian H(x)

m
D= — A 9.37
> o miml © Ac | (937)
me[M]
the “driving Hamiltonian.” D is independent of the input z, so e®*”
querying O,. Let the “query Hamiltonian” be

can be implemented without

Hy= Y —lmim| ® (Agq — Ac)

9.38
= - Z —lm)ml@ Y (o)w| + [w)e])
me M] 'Ueuje[n]vj,zj

wn~v

where we have used that G(z) differs from G only in the deletion of the weight-one edges leaving
the vertices v € Uj¢cpp)Vjo;. For an arbitrary ¢ € R, eHz can be implemented using at most two
queries to the oracle O,.
Then
H(zx)=D+ H, . (9.39)
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The problem for taking the exponential is that the two terms D and H, do not commute.

We will now apply which very roughly can be thought of as an asymmetric
Lie-Trotter expansion of the exponential. A minor difference between our setting and the one
in [CGM™08], though, is that they assume a more restricted form for the query Hamiltonian. For
querying a k-bit string y with the first bit fixed to y; = 0, they assume the query Hamiltonian is

Hy=> gl = > 16Xl - (9.40)

JE[K] JElk] y;=1

Unfortunately, our query Hamiltonian H, is not of this required form. In order to apply
as a black box, we need to put H, into this form for some string y. Each bit of y will
be a fixed function of exactly one bit of x, and therefore a discrete phase-flip query on y can be
simulated with one application of O,.

First of all, note that still holds if the query Hamiltonian is of the form

Hy =" vl (9.41)

JElk]

where ¢ is any fixed function [k] — {—1,1}. That is, signs are allowed. Indeed, then

=3 b+ Y wliul+ Y a—y)lil (9.42)

JElk]: g(j)=—1 Jelk]: g()=1 Jjelkl:g(5)=-1

The first term can be moved into the driving Hamiltonian, since it does not depend on y, and
the remaining terms are of the form of lEIy/ on an input 3’ that equals y except with the bits
{j € [k] : g(j) = —1} complemented.

Let us now translate our query Hamiltonian H, into the form of Eq. For m € [M], let

D™ = [m)m| @ Ag (9.43)

HP = —|m)m[® Y (Jo)w|+ [w)v]) (9.44)
UGUje[n]Vj,:cj

Hm(l') =DM+ H;n = \m>(m\ & Ag(x) . (945)

Then H(z) =3 e 37 H™ (@), so

et (@) — H exp(it%Hm(az)) (9.46)
me[M]

since the different terms H™(x) commute pairwise.
The term H" is nearly of the form Eq.|(9.41)l It can be put in that form by changing basis.
For j € [n], b€ B and v € Vj3 C Vipput, with neighbor w, write

[o){w] + Jw)v] = JvwtNvw+| = Jvw—)Nvw—| , (9.47)

where |vwt) = %(h}} +|w)). Use two bits of y, with values x; and Z;, to get the terms F|m)(m|®

lvwE ) vw=| from Eq.|(9.44)| into the form of Eq. |(9.41)}
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Overall, therefore y has |Vj| copies of bit x; and |Vj| copies of the complement z;, for all
j € [n], b € B. Thus k, the length of y, is 2|Vinput|-

Finally, apply m with accuracy parameter § = 77 = §2(1), M times, once
for each of the terms in Eq. |(9.46), The total query complexity is O(MTlog(7)/loglogT) =
O(4log(5)/loglog t), as desired. The total error introduced in the simulation is at most M,
so the gap between the completeness and soundness parameters of the final algorithm is at least
€/4—2-€/12 = ¢/12. This constant gap can be amplified as usual. O

10 The general quantum adversary bound is nearly tight for every
boolean function

We can now prove the main result of this paper, that for any total or partial boolean function f
the general adversary bound on the quantum query complexity is tight up to a logarithmic factor.

Theorem 10.1. For any function f : D — {0,1}, with D C {0,1}", the bounded-error quantum
query complexity of f, Q(f), satisfies

Q(f) = Q(AdVE(f)) (10.1)

and

log Adv*(f) ) (10.2)

Q) = O<AdVi(f) loglog Advi(f)

Proof. The lower bound is a special case of[Theorem 2.6| and is due to Hgyer, Lee and Spalek [HLSO? ].
As already sketched in for the upper bound, use the semi-definite program from

Theorem 6.1) with uniform costs s = 1 to construct a span program P computing fplp = f,

with wsize(P, D) = Adv®(f). Then apply [Theorem 9.2| to obtain a bounded-error quantum query
algorithm that evaluates f. O

By using binary search and standard error reduction, can be extended to cover
functions with larger codomain [Lee(09]:

Theorem 10.2. For any function f: D — [m], with D C {0,1}", Q(f) satisfies
QUf) = Q(AdVE(S)) (10.3)

and

log AdvE(f)
log log Adv™(f)

Q(f) = O<Advi(f) log(m) log log m> . (10.4)

Proof. The lower bound is again due to [HLSO?J. To derive the upper bound, first let us show:

Lemma 10.3. For finite sets D C C™, E and F, let f : D — F and g: E — F. Let s € [0,00)".
Then

Advs(go f) < Advs(f) (10.5)
AdvE(go f) < AdvE(Y) . (10.6)
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Proof. For z,y € D, f(x) = f(y) implies g(f(x)) = g(f(y)). Therefore if I" is an adversary matrix
for gof : D — F, then I is also an adversary matrix for f. The conclusions follow by [Definition 2.4]
for the adversary bounds. O

In order to evaluate f, apply standard binary search using [logy, m| steps. In each step, there
is some division of the range g : [m] — {0,1}. By [Lemma 10.3| Adv*(go f) < Adv*(f). Therefore
by [Theorem 10.1} g o f can be evaluated with error at most 1/3, using

log AdvE(f)
log log Adv™(f) >

0<Advi(f) (10.7)
queries. Repeat this O(loglogm) times in order to reduce the error probability to 1/(3[logm]).
Then by the union bound, the entire procedure has a probability of error at most 1/3. O

We do not have a result for the case of a non-binary input alphabet. Of course the input can be
encoded into binary, so that [Theorem 10.1] applies. However, this encoding might increase Adv*
significantly.

11 Open problems

We have shown that for any boolean function f, the general adversary bound Adv¥(f) is a tight
lower bound on the bounded-error quantum query complexity Q(f), up to a logarithmic factor. In
proving this statement, we have also shown that quantum algorithms, judged by query complexity,
and span programs, judged by witness size, are equivalent computational models for evaluating
boolean functions, again up to a logarithmic factor.

Among the corollaries, [Theorem 7.6|gives an optimal quantum algorithm for evaluating adversary-
balanced formulas over any finite boolean gate set. For example, the formula’s gate set may be
taken to be all functions {0, 1}" — {0, 1} with n < 1000. This formula-evaluation algorithm exploits
the ease of composing span programs. The main unresolved problem here is how best to evaluate
unbalanced formulas, aiming for optimal query complexity and near-optimal time complexity.

Span programs may also be useful for developing other quantum algorithms. They have a
rich mathematical structure, and their potential has not been fully explored. One possible ap-
proach is to study the general adversary bound for more problems. For example, studying the
Barnum/Saks/Szegedy semi-definite program for quantum query complexity [BSS03] has led to
improved zero-error algorithms for Ordered Search [CLP07]. The Adv* SDP is simpler than the
SDP in [BSS03], and gives a new, simpler form for the dual SDP, for boolean func-
tions. Although this SDP is still exponentially large, the simplifications may ease the inference
of structure from numerical investigations. For the Ordered Search problem in particular, Childs
and Lee have closely characterized Adv® [CLOS|. This result will not necessarily be useful for
developing an Ordered Search algorithm because the codomain is not boolean and
has a logarithmic overhead. A variation of this problem, Least-Significant-Bit Ordered Search, has
boolean codomain, but is of less practical interest.

The nonnegative-weight adversary bound Adv is often easy to approximate. If this bound is
close to Adv™, then perhaps a solution to Eq. the SDP dual to the Adv SDP, can also be
turned into a quantum walk algorithm. However, the span program framework will not apply for
the analysis.
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This article has focused on query complexity, but is more than an information-
theoretic statement. It gives explicit algorithms whose time complexity can be analyzed, as in
for formula evaluation. [Proposition 4.7] [Theorem 8.4] and [Theorem 9.3| are pertinent
results, but more techniques are needed for developing span programs P such that || abs(Ag, )| =
O(1) and for which the quantum walk reflections from Szegedy’s can be implemented
efficiently.

It is an interesting problem to consider functions with non-binary input alphabet and non-
boolean codomain. The three main theorems, [['heorem 6.1} [Theorem 8.3| and [Theorem 9.1 may
extend to cover partial functions with domain in [k]” and £k = O(1). When the codomain is not
boolean, we would like to strengthen The natural approach is to define generalized
canonical span programs and extend to characterize the optimal generalized witness
size of f : C" — E [RS09]. Although this may lead to new quantum query algorithms, it will
be insufficient for obtaining provably optimal or near-optimal algorithms for non-binary input
alphabets, since the SDP in Eq. is not always equal to Adv®; see Eq. Moreover, there
are functions [3]2 — [3] for which both Adv® and the SDP in Eq. compose strictly sub-
multiplicatively, which indicates that the formula-evaluation problem for non-boolean gate sets is
more complicated.

One might ask whether the classical query complexity of evaluating a span program P on
inputs in D can be related to the witness size wsize(P, D). A polynomial dependence is not pos-
sible, though, since there is only a polynomial relationship between quantum and classical query
complexities for total functions [Sim97, BBC™01].

Finally, we conjecture that the logarithmic overhead can be removed from An
analogous conjecture may hold in the continuous-time query model [FG98, Moc(O7, (CGM™08|.

Conjecture 11.1. For any function f : D — {0,1}, with D C {0,1}", the general quantum
adversary bound is tight:

Q(f) = ©(AdvE(f)) . (11.1)
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A Optimal span programs for the Hamming-weight threshold
functions

In this appendix, span programs with optimal witness size are given for the Hamming-weight
threshold functions. Additionally, optimal span programs are given for those Hamming-weight
interval functions for which the nonnegative-weight adversary bound equals the general adversary
bound. The motivation is to show an explicit and nontrivial span program construction. The
main technique, recursive composition of symmetrized span programs, may be useful for other
constructions.

Surprisingly, the optimal span programs are simply derived from span programs for AND and
OR gates, composed in a certain symmetrical manner and with optimized weights. The optimal
span programs for Threshold 2 of 3 and Threshold 2 of 4 given in [RS08| did not have this form.
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The proofs are simple calculations. After presenting the span programs, we compute their
witness sizes, compute the best nonnegative-weight adversary bounds (by giving adversary matrices
and solutions to the dual formulation), and show by perturbations of these matrices that the general
adversary bound is strictly greater in those cases where the span program witness size does not
match the nonnegative-weight adversary bound.

Definition A.1. The Hamming-weight threshold function T}* : {0,1}" — {0,1} is defined by

TP (x) = {1 a2 1 (A1)

0 otherwise

where |z| = > | x; is the Hamming weight of x.
The Hamming-weight interval function I, : {0,1}" — {0,1} is defined by

Il (7) = (A.2)

0 otherwise

{1 if1<la] <m

Note that T;* = I}, and, for all € {0,1}", I]* (x) is the conjunction T}*(x) AT}, (Z), where
Z is the bitwise complement of z. Also, I, (z) = I}, (), which allows us to assume without
loss of generality that |5 —m| <[5 —1].

Theorem A.2. For the interval function I, , assume that |5 —m| < |5 —1|. Then

1 _ m(n—Il+1) .
Adv(F) = \/ (m+1)(n—m) + PR if1>0 (A3)
’ V(m+1)(n —m) if 1=0
If1 € {0,1,m}, then Advi(lﬁm) = Adv({},,); otherwise Advi(lﬁm) > Adv(1},,)-
There exists a span program Pl”m computing fplnm =1 l’:‘m, with witness size
wsize(PlL ) < \/(m+ Dn—m)+ 2=t (A.4)
Lm/ = m-—1+1 '

This witness size matches Adv(I]" ), and hence is optimal, for I € {0,1,m}, i.e., in those cases

where Advi(Iﬁm) = Adv({],)-

Our span program construction for the case [ = 0 and m = n — 2 has been influenced by a
family of constructions due to Ambainis that come arbitrarily close to optimality [Amb0§].

We will use the following notation. For i € [n] = {1,2,...,n}, let ¢’ = 0°"110"¢ € {0,1}" be
the bit string with a 1 only in position 4, and for = € {0,1}", let i €  mean z; = 1 and ¢ ¢ x mean
x; = 0. Let & denote the bitwise exor operation.

For computing the nonnegative-weight adversary bounds, we will use a dual formulation that

is a simplified version of Eq. [(6.5)|
Theorem A.3 ([SS06]). Let f:{0,1}" — {0,1}. Then
1

Adv(f) =min  max , =, (A.5)
{pe} 2y F@AFW) D502y V/ P2 (1)Dy(4)

where the first minimization is over distributions p, on [n| for each x € {0,1}".
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A.1 Span programs for the threshold functions 7;"

Proposition A.4. Forl € [n], there exists a span program PJ* computing fpln =T", with witness
size

wsize(P') < \/l(n—1+1) . (A.6)

Proof. The proof is by induction in [. For the base case, [ = 1, T]" is the OR function, for which
an optimal span program has V = C, target vector |[t) = 1 and, for i € I = [n], input vector
|v;) = 1 labeled by (4,1). For this span program, the witness size for inputs z of Hamming weight
|| =j > 11is 1/j, achieved by |w) = %Zzex |i), and the witness size for z = 0" is n.

For i € [n],let x_; = x1...%;...2, € {0,1}""! be the string = with the ith bit removed. For
[ > 1, the span program for T}" can be built recursively, by expanding out the formula

n
T (%1, . ., Tn \/ zi AT N asy) (A.7)

By induction, let Pl”__l1 be an optimal span program for Tln__ll, over a vector space of dimension
d with target vector [t') = (1,0,...,0), and with witness sizes 1 for inputs of Hamming weight
[ — 1 and witness sizes (I — 1)(n — [ + 1) for inputs of Hamming weight { — 2. We construct span
program P/* over the vector space V = C @ (C" ® C%), of dimension 1 + nd. Let the target
vector be |[t) = (1,0). For the ith term in Eq. |(A.7), add the following “block” of input vectors:
(1,VI—1|i) ® |t')) labeled by (i, 1), and (0, ]i) ® |v;)) for each input vector |v;) of P"7' on z_;.

The span program F;* indeed computes 7}". For computing the witness size of P, note that
all input bits are symmetrical, so it suffices to consider inputs of the form x = 17077,

e In the true case, j > [, consider the witness |w) with weight 1/j on each of the input
vectors (1,v/1 — 1]i) @ |[t')) for i € [j] and then an optimal witness, of squared length at most
(VI —1/4)? - wsize(P";',z_;) within each of those T]";' span program blocks. The witness
size is

l[w)|]* = = Z (1+ (I — Vwsize(P" ' 2-;)) <1 . (A.8)

1€Ex

e In the false case, j < [, let the witness vector |w’) € V orthogonal to the available input
vectors be ') = (1, —\/% >ics 1) @ [w))). Here |w)) is an optimal witness vector for the

span program Pl"__l1 on z_;, i.e., orthogonal to the available input vectors and with (#'|w]) = 1.
Then (t|w') =1 and

A ) 1" = D 1+ HATIw )’

i¢x i€x

(n—j —i—%l wsize( P/ ll,x i)
<(n—j)+jn—-1+1)
=n+jn-1I)
<ln—-101+1), (A.9)

where in the two inequalities we have used wsize(P" ', z_;) < (I—1)(n—j+1) and j <1-1,
respectively.
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Thus wsize(P/*) < /l(n —1+1). O

Letting size(P) be the number of input vectors of a span program P [KW93], note that
size(P]) = n and size(P") = n(l + size(P";")), which is exponential in I. For example, for
the three-majority function T3, size(Ps) = 9. This size is not optimal, even among span programs
with optimal witness size.

In [Proposition A.6|below, we will require slightly finer control over the threshold span program
witness sizes:

Claim A.5. On an input x of Hamming weight |x| = j > 1, the span program P]* constructed in
[Proposition A.J) satisfies

1
wsize(P*, z) <

Proof. By induction in [. The base case, | = 1, was already considered as the base case for the
induction in the proof of [Proposition A.4] For [ > 1, apply Eq. [(A.8)|and the induction assumption
to get

1
wsize(P",r) < — E (1+ (- l)wsize(Pl?:l,a:_i)) (A.11)
€T
1 -1
< -(1+
T ( j—1l+ 1)
1
= O]
j—=1l+1
A.2 Span programs for the interval functions I},
Proposition A.6. There exists a span program P, computing fpr = I}, , with witness size
) Iln—14+1)
P’ < \/ 1)(n— - A12
wize(Pl) <\ (m+ 1)(n —m) + = (A.12)

when |5 —m| < |5 —1|.

Proof. We use I, (z) = T]"(z) AT}, (%) and combine the span programs P/ for T]" and P;_,,
for T}, from |[Proposition A.4}

Let V/ and V" be the vector spaces for P* and P}_,,, with target vectors [t') and |t”), respec-
tively. As in [Proposition A.4] scale the target vectors so that witness sizes in the true cases are
at most 1 and in the false cases are at most I(n — [ + 1) or (n —m)(m + 1) for P* and P}

n—m?»
respectively. Let V' =V’ @ V" be the vector space for P, , with target vector

) = (VI(n— 1+ 1)t'), V/(n—m)(m + D)) € V . (A.13)

The input vectors for B/, are exactly the input vectors of P* on input x in the first component of
V and the input vectors of P’ . on input Z in the second component of V. This way, fplffm =1if
and only if both component span programs evaluate to true, so indeed fp;}m =1,

Note that all input bits are symmetrical, so the witness size of Pl"m on an input x depends only
on j = |xz|.
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e In the true case, [ < j < m, the witness size is the sum of the squared lengths for witnesses
for the two component span programs, from

wsize(D),, r) = l(n — | + 1)wsize(P", ) + (n — m)(m + 1)wsize(P,_,,, T)
In=14+1) (n—m)(m+1)
J—l+1 m—j+1

(A.14)

As the above expression is convex up in j € [l,m], it is maximized for j € {l,m}. Since
|5 —m| < |5 =1, l(n—=1+1) < (m+1)(n—m),soj=m is the worst case:

Iln—1+1)

< g A Dm—m) (A.15)

wsize(D),,, T)

x) < 1. Take first the
case j > [. Consider a witness vector (\/%]w’% 0) € V where |w') is an optimal witness
I(n—1+1)

e In the false case, either j < [ or 5 > m, and we aim to show wsize(Pl”m,

vector to fpr(x) = 1. The witness size is ﬁwsize(ﬁ",x) < 1. The case j > m is dealt
with symmetrically. O
A.3 Adversary bounds for the interval functions I,

Proposition A.7. For the interval function I}, with |3 —m| < |3 =1,

Adv(IP ) = \/(m—i-l)(n—m)—i—% if 1 >0 (A.16)
Y m T D —m) ifl=0

In particular, Adv(T}]*) = \/l(n — 1+ 1).

Proof. There are two steps to the proof. First we give an adversary matrix I' that achieves for

%miﬂ]MWMwAﬂ:¢m+U(—m+%%%%ﬁhw¢m¢m+DM—MEZ:Q
By 4 this lowers bounds AdV(I ). Second, we give a matching solution to the dual
formulation of the nonnegative-weight adversary bound of in order to upper-bound
Adv(L]%,)-

Let

r= ¥ i Teodie ¥ <y\>, (17

z:|z|=m i¢x y:ly|=l—1
le®y|=m—1+1

where c¢ is to be determined. For the case [ = 0, the second term above is zero, so set ¢ = 0.
Then for each i € [n], let T'; =T o A, so

I = Z (z|Tly)

= > leedite Yo D eyl - (A.15)
z:|z|=m zi|z|=m  y:ly|=l-1
i¢x € |z@y|=m—I+1

i¢y
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Then
T = > Jyyl+¢ > ly)y| - (A.19)

yly|=m+1 BT
i€y lyl=ly'|=l—-1,]z|=m
lz@y|=|z®y |=m—I+1
i€w,idy,i¢y’

Thus FZTTZ- is the direct sum of two matrices, for [ > 0. The first term above clearly has norm
one, and we want to choose c as large as possible so the second term also has norm one. Now the
eigenvector with largest eigenvalue for the second sum is, by symmetry, [¢)) = Zz:|x|:l—1 ids |},

with eigenvalue ¢? ( n—l ) (71”:11). Thus let

m—I1
e=[(nh) (1)) (A.20)
so [T = 1.
Let us determine the norm of I'. We have
t
ITH = M ’ A21
T (tm|tm) (4.2
where [¢m) = 3 iaj2m 12); [l[m)]I* = (7). Then
Mon) = ¥ [Tlodte ¥ W)
zi|lz|=m - i¢x yily|=l—-1
|zdy|=m—I+1 (A.22)
= > mEDy+ec D> () )
yilyl=m+1 yily|=l-1
S0
1
It = s (4 02 o)+ 0 (i1)°)
(A.23)

Cfmt D) —m) + P i 1> 0
(m+1)(n —m) ifl=0
This gives the desired lower bound on Adv(I}" ).

Next, we need to show a matching upper Hound on Adv(I},,), using [Theorem A.3| For each z,
we need a distribution p, on [n]. For a function f that is symmetrical under permuting the input
bits, we look for distributions such that p,(i) depends only on whether x; = 0 or 1 and moreover
its values in these cases depends only on |z|. Thus for i = 0,1,...,n, we fix a p;, 0 < p; < 1/i (with
po = 0) and set p, = (1 —ip;)/(n—1i) > 0 (with p/, = 0). Letting p; and p) be the probabilities of 1
and 0 bits, respectively, when |z| = i, Eq. |(A.5)| gives
-1
s / /
s <min mex (3 e X ) - a2
f(x);ﬁf(y) vx;=1,y;,=0 1:x;=0,y;=1

Fixing |z| = i and |y| = j, the inner maximum is achieved by x = 190"~ and y = 170"7 because

these strings have the fewest differing bits. Thus the above bound simplifies to

Adv(f) < min max ((j - i)@) o (A.25)

i} , a<j ]
FArOnTHFEf(1I0" )
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Now specialize from symmetrical functions down to the Hamming-weight interval function f =
Iﬁm. For i > m + 1, we should clearly set p; as large as possible, i.e., set p; = 1/i, while for i < [
we should set p) as large as possible, i.e., p, = 1/(n —i).

First consider the case | = 0. Then we should set p, = 1/(n — i) for all ¢ < m in order to
minimize the expression in Eq. This gives

AdV(If,,) < max Vin=ij
mflzfjrgn I (A.26)
=V(m+1)(n—m) ,

where the maximum is achieved at ¢ =m, j = m + 1.
Now assume [ > 0. It turns out that there is some freedom in the choice of p; for I < i < m.
For ¢ =1,...,m, choose p; to balance the (I —1,4) and (i,m + 1) terms above, i.e., setting

—~1 -1
<(z —1+1), /pf_lpi> = ((m — i+ 1)y /pgpmﬂ) . (A.27)
Since p;_; =1/(n —1+41) and pp1 = 1/(m + 1), this gives
1

pi = - - .
: ) (mA1)(n—1) [ i—141 \2
v+ mnflfl : (;HH)

(A.28)

Substituting this value for p; back in, the (I —1,7) and (i,m + 1) terms are both the square root of

iln—1+1) (n—i)(m+1)

f(n,l,m,i) = (i—l+1)2 (m—i+1)2

(A.29)

The case i = m gives the bound we are aiming for. We claim that this is the worst case, i.e., that
f(n,l,m,i) < f(n,l,m,m) when |5 —m| < |5 —1].
First note that

0? n—Il+1)@GE+20-2) _(m+1)(3n—i—2m—2)

52/ (nlm,i) =2 EESL +2 CEE >0 . (A.30)
Thus it suffices to check that f(n,l,m,l) < f(n,l,m,m). Indeed,
—m =) ((m—1+1)% -1
f(n,l,m,m) — f(n,l,m,l) = (n—m = ((m ) ) (A.31)

(m—1+1)2

Note that [ < m. The above difference is clearly > 0 if m < 5. If m > 3, then the assumption
|5 —m| < |5 — ] implies that [ < § and m—5 < § -1, i.e., m+I < n; so again the above difference
is > 0. 0

Proposition A.8. For the interval function I'' . Adv(I]' ) < AdvE=(I} ) if and only if | ¢
{0,1,m,n — 1,n}.
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Proof. For I € {0,1,m,n — 1,n}, Adv(I},,) = Advi( I'..) because [Proposition A.6| gave a span
program P, with witness size WSlze(Pl ) = Adv(I], ) and by [Theorem 2.8 wsize(F),) >
AdvE(ID). |

Otherwise, assume that 2 <1 < m— 1 and |5 —m| < |5 — 1. We will show that a perturbation
of the adversary matrix I" from Egs. |[(A.17)| and [(A.20)[ in the proof of [Proposition A.7| increases
IT|I/IIT o Aj|| for each i € [n]. The perturbation we consider will be in the direction of

p= X e X e Xl (A.32)

z:|z|=m—1 yily|=l—-1 yily|=l—-1
lz®y|=m~—I le@y|=m—1+2

where § > 0 will be determined later. Let T(©) =T + eA. Let A; = Ao A; and T =T 0 A,
First of all, note that Z[|T)[|/|T{”]|| _, = 0. Indeed,

0

1 )T
re 1 : A.33

oIy = g 5T T g (A3)

However, TOTT© = DIT 4 2ATA since ITA = ATT = 0. Thus %HF(E)HL:O = 0, and similarly

ST o =

86’ i e=0

Therefore, we need to compute %HF(E)H/HF,EG)H L:O. Now

O 1@ L9 i L et
1 8 T T (A.34)
= o —|TTT + eATA|l| _,

By the Perron-Frobenius theorem, I''T" has a unique eigenvalue of largest magnitude, and it is non-
degenerate. Letting |1)) be the corresponding eigenvector, we have by nondegenerate perturbation
theory

0 1o L A2 -
g Mo = 107 o (4.35)

For j =0,1,...,n,let [¢;) =3, -, |z), with 14i)]1? = (F). By Eq. |(A.21)} we may take

() = T yom)
= Z (Z|x@ei>+c Z |y>>
z:|lz|=m \ i¢z y:ly|=l—1
|lz®y|=m—I1+1
= (m A+ D)[tmir) + e (2750) [via) (A.36)
Aly) = e (m2ith) Wm-1) [ (21) =0 (miity) (n=m+1)] (A.37)

66



Substituting this into Eq.
1 62(2_—11—:11)2(771711) [(m l) _5(m — 1)(n—m+1)]2

I Z = 753
0! Moo = I e 12 (o) e (2t P )
m n—I+1 _ _ 2
% S mgl 1) (i) (1_( l)(nl m+1)6> Cass)
Bl H( e N (S FEME z)(n—m+1)

Unlike T'TT, FZTFi has a degenerate principal eigenspace. This principal eigenspace is spanned
by [¢) = Y aijej=i—1 |z) and [¢') = > ojej=mt1 |z). Since Aj|¢) = 0, we have by degenerate

i¢x €T
perturbation theory
0? 1
2 I = Tl 2 HFTF + AT Al
(A.39)
_ 1Al
Il 1)1
Recall that ||T;]| = 1, and note that [[|¢)[|> = (77} ). Then
Ailg) = [(2)) =0 () (n=—m 41D Y |a) (A.40)
z|=m—1
e
Substituting into Eq. [(A.35)|
82 (€) (VTrLL 12) — — 2
@”Fz |He:0 = (n 1) [(mﬂilzl) -0 (mnilEQ) (n—m+ 1)]
-1
2
m—2 n—l (l — 1)(n_m+ 1)
= 1-— 1) . A4l
(1) (et (1- =2 = (A1)
Now set 6 = % recall that [ > 2 so the denominator is nonzero. We get 55 HI‘(E ]H
0 while 25| _, > 0. Thus 25T @||/r \|\ >0, 50 Adv(I}" ) < Adv=(I}). O

B Examples of composed span programs

In order to illustrate the different methods of span program composition used in
and |[Proposition 4.7] in this appendix we give examples of span program direct-sum composition
(Definition 4.5), tensor-product composition , and reduced-tensor-product compo-
sition (Definition 4.6)). For presenting the examples, we use the correspondence from

between span programs and bipartite graphs.
Our examples will use the following monotone span programs for fan-in-two AND and OR gates:

Definition B.1. Define span programs Panp and Por computing AND and OR, B> — B, respec-
tively, by
Pax = (2). o= (). w=(g) ®D
[6%) 0 /82
POR . ’t> = (5, "01> = €1, "U2> = €2 (B2)
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for parameters o, B,0,€¢; > 0, j € {1,2}. Both span programs have I 1 = {1}, Ioq = {2} and
Ttree = Il’(] = 1270 =0. Let « = \/OZ% + Oé%.

Now let ¢ : B"™ — B be a size-n AND-OR formula in which all gates have fan-in two. By
composing the span programs of according to ¢, we obtain a span program P,
computing ¢. The particular composed span program P, will depend on what composition method
is used. gives several examples of tensor-product and reduced-tensor-product composition.
Much like a canonical span program, the structure of the reduced-tensor-product-composed span
program is related to the set of “maximal false” inputs to ¢. compares reduced-tensor-
product composition to direct-sum composition, as well as to the graphs used in the AND-OR
formula-evaluation algorithms of Refs. [ACRT07, [FGGO07]. Although these algorithms did not use
the span program framework, the graphs they use do correspond to span programs, built essentially
according to direct-sum composition of Panp and Por. The small-eigenvalue spectral analysis in
simplifies their proofs.

Although not shown here, the different composition methods can also be combined. Hybrid-
composed span programs will be analyzed in [Rei09].

Typical parameter choices for Panp and Pogr are given by:

Claim B.2. With the parameters in|Definition B.1| set to

a; = (sj/sp)"/* B =1 (B.3)
o0=1 e = (sj/sp)"/* (B.4)

where s, = s1 + S2, the span programs Panxp and Por satisfy:

V3 if © € {11,10,01}

wsize( /st /55 (PAND, ) = -
(51.v/52) (PAND, ) {{ o 00

{ } (B.5)
‘ S if © € {00, 10,01
5 =

It can be seen as a consequence of De Morgan’s laws and span program duality (Lemma 4.1J)
that WSiZG(\/gﬂ/g) (PAND,IL’) = WSiZe(\/g’\/g) (POR,LE) in [Claim B.2
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Figure 1: In (a) and (b) are given the graphs Gp,, and Gp,,,, respectively, according to
Parts (c) and (d) show tensor-product compositions of these span programs, which are also
the reduced-tensor-product compositions. Part (e) shows the reduced-tensor-product composition
of the span programs for a larger formula. Notice that for reduced-tensor-product composition,
the structure of the graph changes locally as each additional gate is composed onto the end of the
formula, e.g., going from (d) to (e). However, composing additional gates has a nonlocal effect
on edge weights. In each graph, the output vertex is labeled 0 and the input vertices are labeled
by [n]. Similarly to canonical span programs, the other vertices are labeled by the
maximal false inputs to the formula; notice in each example that a vertex labeled with input x is
connected exactly to those input bits j € [n] with 2; = 0. Part (f) shows a span program for the
same formula as part (e), except built using tensor-product composition. The vertex 1110 has been
unnecessarily duplicated. In (e) and (f), there are two AND gates; the primed variables refer to
the Panp span program coefficients for x1 A xs.
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Figure 2: Consider the AND-OR formula ¢(z) = ([(z1 Az2) Vas]|Azq) V (25 A[z6V 27]), represented
as a tree in (a). Part (b) shows the graph on which [ACR™07] runs a quantum walk in order to
evaluate . The graph is essentially the same as the formula tree. The weight of an edge from
child v to parent p is the 1/4 power of the ratio s,/s, of sizes of the subformula rooted at v to that
rooted at p, as in The only exception is the weight of the edge to the root, which is
set to 1/n'/* for amplification, as in [Theorem 8.3 and [Theorem 9.3, Part (c) shows the graph one
obtains by from direct-sum composition of Panp and Por. It is the same as in (b), except with
two weight-one edges inserted above each internal gate. These edges can be interpreted as pairs
of NOT gates that cancel out. Including them would slow the [ACRT07] algorithm down only by
a constant factor. Part (d) shows a span program derived from the same formula using reduced-
tensor-product composition only. Vertices are labeled using the same convention as in
Even though every gate has fan-in two, graph vertices can have exponentially large degree.
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