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problems, denoted by Holant(f), are defined by a symmetric ternary function f that is
invariant under any permutation of the ¥ > 3 domain elements. We prove that
Holant(f) exhibits a complexity dichotomy. The hardness, and thus the dichotomy,
holds even when restricted to planar multigraphs. A special case of this result is that
counting edge «-colorings is #P-hard over planar 3-regular multigraphs for all k > 3.1n
fact, we prove that counting edge k-colorings is #P-hard over planar r-regular
multigraphs for all « > r > 3. The problem is polynomial time computable in all other
parameter settings. The proof of the dichotomy theorem for Holant(f) depends on the
fact that a specific polynomial p(x, y) has an explicitly listed finite set of integer solutions
and the determination of the Galois groups of some specific polynomials. In the
process, we also encounter the Tutte polynomial, medial graphs, Eulerian partitions,
Puiseux series, and a certain lattice condition on the (logarithm of) the roots of
polynomials.

Abstract

1 Introduction

What do Siegel’s theorem and Galois theory have to do with complexity theory? In
this paper, we show that an effective version of Siegel’s theorem on finiteness of inte-
ger solutions for a specific algebraic curve and an application of elementary Galois
theory are key ingredients in a chain of steps that lead to a complexity classification
of some counting problems. More specifically, we consider a certain class of count-
ing problems that are expressible as Holant problems with an arbitrary domain of
size k over 3-regular multigraphs (i.e., self-loops and parallel edges are allowed) and
prove a dichotomy theorem for this class of problems. The hardness, and thus the
dichotomy, holds even when restricted to planar multigraphs. Among other things, the
proof of the dichotomy theorem depends on the following: (A) the specific polynomial
py) = x> — 2x3y — x2y2 — x® + x9® + 93 — 2x% — xy has only the integer solutions
(% 9) = (=1,1),(0,0), (1, —1),(1,2), (3, 3), and (B) the determination of the Galois groups
of some specific polynomials. In the process, we also encounter the Tutte polynomial,
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medial graphs, Eulerian partitions, Puiseux series, and a certain lattice condition on the
(logarithm of) the roots of polynomials such as p(x, ).

A special case of this dichotomy theorem is the problem of counting edge colorings over
planar 3-regular multigraphs using « colors. In this case, the corresponding constraint
function is the ALL-DISTINCT3 . function, which takes value 1 when all three inputs from
[«] are distinct and 0 otherwise. We further prove that the problem using « colors over
r-regular multigraphs is #P-hard for all k > r > 3, even when restricted to planar multi-
graphs. The problem is polynomial time computable in all other parameter settings. This
solves a long-standing open problem.

We give a brief description of the framework of Holant problems [18,20,21,23]. The
problem Holant(F), defined by a set of functions F, takes as input a signature grid Q2 =
(G, ), where G = (V; E) is a multigraph, m assigns each v € V a function f, € F, and

f, maps [«]980) to C for some integer k > 2. An edge k-labeling o : E — [«] gives an
evaluation [ ],y fi(o |g()), where E(v) denotes the incident edges of vand o |g(,) denotes
the restriction of o to E(v). The counting problem on the instance 2 is to compute

Holant(2, F) = Z H o (U |E(V))'

o:E—[k]veV

Counting edge x-colorings over r-regular multigraphs amounts to setting f, =
ALL-DISTINCT,,, for all v. We also use Pl-Holant(F) to denote the restriction of Holant(F)
to planar multigraphs.

Holant problems appear in many areas under a variety of different names. They are
equivalent to counting constraint satisfaction problems (#CSPs) [7,9] with the restriction
that all variables are read twice,! to the contraction of a tensor network [25,41], and to the
partition function of graphical models in Forney normal form [42,47] from artificial intel-
ligence, coding theory, and signal processing. Special cases of Holant problems include
simulating quantum circuits [48,56], counting graph homomorphisms [2,5,12,27,34], and
evaluating the partition function of the edge-coloring model [2, Section 3.6].

An edge «-coloring of a graph G is an edge «-labeling of G such that any two incident
edges have different colors. A fundamental problem in graph theory is to determine how
many colors are required to edge color G. The obvious lower bound is A(G), the maximum
degree of the graph. By Vizing’s theorem [60], an edge coloring using just A(G) + 1 colors
always exists for simple graphs (i.e., graphs without self-loops or parallel edges). Whether
A(G) colors suffice depends on the graph G.

Consider the edge-coloring problem over 3-regular graphs. It follows from the parity
condition (Lemma 4.4) that any graph containing a bridge does not have an edge 3-
coloring. For bridgeless planar simple graphs, Tait [55] showed that the existence of an
edge 3-coloring is equivalent to the four-color theorem. Thus, the answer for the decision
problem over planar 3-regular simple graphs is that there is an edge 3-coloring iff the
graph is bridgeless.

Without the planarity restriction, determining whether a 3-regular (simple) graph
has an edge 3-coloring is NP-complete [39]. This hardness extends to finding an edge
k-coloring over k-regular (simple) graphs for all k > 3 [45]. However, these reductions
are not parsimonious, and, in fact, it is claimed that no parsimonious reduction exists

1 Without this restriction, #CSPs are a special case of Holant problems.
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unless P = NP [62, p. 118]. The counting complexity of this problem has remained
open.
We prove that counting edge colorings over planar regular multigraphs is #P-hard.?

Theorem 1.1 #x-EDGECOLORING is #P-hard over planar r-regular multigraphs if k >
r>3.

This theorem is proved in Theorem 4.8 for x = r and Theorem 4.20 for « > r.

The techniques we develop to prove Theorem 1.1 naturally extend to a class of Holant
problems with domain size k > 3 over planar 3-regular multigraphs. Functions such
as ALL-DISTINCT3 . are symmetric, which means that they are invariant under any per-
mutation of its three inputs. But ALL-DISTINCT3, has another invariance—it is invariant
under any permutation of the x domain elements. We call the second property domain
invariance.

A ternary function that is both symmetric and domain invariant is specified by three
values, which we denote by (a, b, ¢). The output is @ when all inputs are the same, the
output is ¢ when all inputs are distinct, and the output is » when two inputs are the same
but the third input is different.

We prove a dichotomy theorem for such functions with complex weights.

Theorem 1.2 Suppose « > 3 is the domain size and a,b,c € C. Then either
Holant((a, b, ¢)) is computable in polynomial time or Pl-Holant({(a, b, c)) is #P-hard. Fur-
thermore, given a, b, c, there is a polynomial-time algorithm that decides which is the

case.

See Theorem 10.1 for an explicit listing of the tractable cases. Note that counting edge
Kk -colorings over 3-regular multigraphs is the special case when (4, b, ¢) = (0,0, 1).

There is only one previous dichotomy theorem for higher domain Holant prob-
lems [22] (see Theorem 5.1). The important difference is that the present work is
for general domain size k > 3, while the previous result is for domain size x = 3.
When restricted to domain size 3, the result in [22] assumes that all unary functions
are available, while this dichotomy does not assume that; however, it does assume
domain invariance. Dichotomy theorems for an arbitrary domain size are generally dif-
ficult to prove. The Feder-Vardi conjecture for decision constraint satisfaction prob-
lems (CSPs) is still open [32]. It was a major achievement to prove this conjecture for
domain size 3 [6]. The #CSP dichotomy was proved after a long series of papers [4,5,7—
9,11,15,16,24,26,28,35].

Our proof of Theorem 1.2 has many components, and a number of new ideas are
introduced in this proof. We discuss some of these ideas and give an outline of our proof
in Sect. 2. In Sect. 3, we review basic terminology and define the notation of a succinct
signature. Section 4 contains our proof of Theorem 1.1 about edge coloring. In Sect. 5, we
discuss the tractable cases of Theorem 1.2. In Sect. 6, we extend our main proof technique
of polynomial interpolation. Then in Sects. 7, 8, and 9, we develop our hardness proof and
tie everything together in Sect. 10.

2Vizing’s theorem is for simple graphs. In Holant problems as well as counting complexity such as graph homomorphism
or #CSP, one typically considers multigraphs (i.e., self-loops and parallel edges are allowed). However, our hardness
result for counting edge 3-colorings over planar 3-regular multigraphs also holds for simple graphs (Theorem 4.9).
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2 Proof outline and techniques

Asusual, the difficult part of a dichotomy theorem is to carve out exactly the tractable prob-
lems in the class and prove all the rest #P-hard. A dichotomy theorem for Holant problems
has the additional difficulty that some tractable problems are only shown to be tractable
under a holographic transformation, which can make the appearance of the problem rather
unexpected. For example, we show in Sect. 5 that the problem Holant({—3—44, 1, —1+2i))
on domain size 4 is tractable. Despite its appearance, this problem is intimately con-
nected with a tractable graph homomorphism problem defined by the Hadamard matrix

1 -1 -1 -1

:} _11 _11 j . In order to understand all problems in a Holant problem class, we

-1 -1 -1 1
must deal with such problems. Dichotomy theorems for graph homomorphisms and for

#CSP do not have to deal with as varied a class of such problems, since they implicitly
assume all EQUALITY functions are available and must be preserved. This restricts the
possible transformations.

After isolating a set of tractable problems, our #P-hardness results in both Theorem 1.1
and Theorem 1.2 are obtained by reducing from evaluations of the Tutte polynomial over
planar graphs. A dichotomy is known for such problems (Theorem 4.1).

The chromatic polynomial, a specialization of the Tutte polynomial (Proposition 4.10),
is concerned with vertex colorings. On domain size «, one starting point of our hard-
ness proofs is the chromatic polynomial, which contains the problem of counting vertex
colorings using at most « colors. By the planar dichotomy for the Tutte polynomial, this
problem is #P-hard for all ¥« > 3.

Another starting point for our hardness reductions is the evaluation of the Tutte poly-
nomial at an integer diagonal point (%, x), which is #P-hard for all x > 3 by the same planar
Tutte dichotomy. These are new starting places for reductions involving Holant problems.
These problems were known to have a so-called state-sum expression (Lemma 4.3), which
is a sum over weighted Eulerian partitions. This sum is not over the original planar graph
but over its directed medial graph, which is always a planar 4-regular graph (Fig. 4). We
show that this state-sum expression is naturally expressed as a Holant problem with a
particular quaternary constraint function (Lemma 4.6).

To reduce from these two problems, we execute the following strategy. First, we attempt
to construct the unary constraint function (1), which takes value 1 on all k¥ inputs
(Lemma 8.1). Second, we attempt to interpolate all succinct binary signatures, assum-
ing that we have (1) (Sect. 9). (See Sect. 3 for the definition of a succinct signature.) Lastly,
we attempt to construct a ternary signature with a special property, assuming that all these
binary signatures are available (Lemma 7.1). At each step, there are some problems spec-
ified by certain signatures (a, b, ¢) for which our attempts fail. In such cases, we directly
obtain a dichotomy without the help of additional signatures. See Fig. 1 for a flowchart of
hardness reductions.

Below we highlight some of our proof techniques.

Interpolation within an orthogonal subspace We develop the ability to interpolate
when faced with some nontrivial null spaces inherently present in interpolation construc-
tions. In any construction involving an initial signature and a recurrence matrix, it is
possible that the initial signature is orthogonal to some row eigenvectors of the recur-
rence matrix. Previous interpolation results always attempt to find a construction that
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Fig. 1 Flowchart of hardness reductions in our proof of Theorem 1.2 going back to our two starting points of
hardness

avoids this. In the present work, this avoidance seems impossible. In Sect. 6, we prove an
interpolation result that can succeed in this situation to the greatest extent possible. We
prove that one can interpolate any signature, provided that it is orthogonal to the same set
of row eigenvectors, and the relevant eigenvalues satisfy a lattice condition (Lemma 6.6).

Satisfy lattice condition via Galois theory A key requirement for this interpolation
to succeed is the lattice condition (Definition 6.3), which involves the roots of the char-
acteristic polynomial of the recurrence matrix. We use Galois theory to prove that our
constructions satisfy this condition. If a polynomial has a large Galois group, such as S,
or A,, and its roots do not all have the same complex norm, then we show that its roots
satisfy the lattice condition (Lemma 6.5).

Effective Siegel’s theorem via Puiseux series We need to determine the Galois groups
for an infinite family of polynomials, one for each domain size. If these polynomials are
irreducible, then we can show they all have the full symmetric group as their Galois group
and hence fulfill the lattice condition. We suspect that these polynomials are all irreducible
but are unable to prove it.
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A necessary condition for irreducibility is the absence of any linear factor. This infinite
family of polynomials, as a single bivariate polynomial in (x, k), defines an algebraic curve,
which has genus 3. By a well-known theorem of Siegel [52], there are only a finite number
of integer values of k for which the corresponding polynomial has a linear factor. However,
this theorem and others like it are not effective in general. There are some effective versions
of Siegel’s theorem that can be applied to the algebraic curve, but the best general effective
bound is over 102%%%0 [61] and hence cannot be checked in practice. Instead, we use
Puiseux series to show that this algebraic curve has exactly five explicitly listed integer
solutions (Lemma 7.6).

Eigenvalue shifted triples For a pair of eigenvalues, the lattice condition is equivalent
to the statement that the ratio of these eigenvalues is not a root of unity. A sufficient
condition is that the eigenvalues have distinct complex norms. We prove three results,
each of which is a different way to satisfy this sufficient condition. Chief among them is
the technique we call an Eigenvalue Shifted Triple (EST). These generalize the technique
of Eigenvalue Shifted Pairs from [43]. In an EST, we have three recurrence matrices, each
of which differs from the other two by a nonzero additive multiple of the identity matrix.
Provided these two multiples are linearly independent over R, we show at least one of
these matrices has eigenvalues with distinct complex norms (Lemma 9.10). (However,
determining which one succeeds is a difficult task, but we need not know that).

E Pluribus Unum When the ratio of a pair of eigenvalues is a root of unity, it is a challenge
to effectively use this failure condition. Direct application of this cyclotomic condition
is often of limited use. We introduce an approach that uses this cyclotomic condition
effectively. A direct recursive construction involving these two eigenvalues only creates
a finite number of different signatures. We reuse all of these signatures in a multitude
of new interpolation constructions (Lemma 9.3), one of which we hope will succeed. If
the eigenvalues in all of these constructions also satisfy a cyclotomic condition, then we
obtain a more useful condition than any of the previous cyclotomic conditions. This idea
generalizes the anti-gadget technique [17], which only reuses the “last” of these signatures.

Local holographic transformation One reason to obtain all succinct binary signatures
is for use in the gadget construction known as a local holographic transformation (Fig. 11).
This construction mimics the effect of a holographic transformation applied on a single
signature. In particular, using this construction, we attempt to obtain a succinct ternary
signature of the form (g, b, b), where a # b (Lemma 7.1). This signature turns out to have
some magical properties in the Bobby Fischer gadget, which we discuss next.

Bobby Fischer gadget Typically, any combinatorial construction for higher domain
Holant problems produces very intimidating looking expressions that are nearly impos-
sible to analyze. In our case, it seems necessary to consider a construction that has to
satisfy multiple requirements involving at least nine polynomials. However, we are able
to combine the signature (a, b, b), where a # b, with a succinct binary signature of our
choice in a special construction that we call the Bobby Fischer gadget (Fig. 9). This gadget
is able to satisfy seven conditions using just one degree of freedom (Lemma 4.18). This
ability to satisfy a multitude of constraints simultaneously in one magic stroke reminds us
of some unfathomably brilliant moves by Bobby Fischer, the chess genius extraordinaire.
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3 Preliminaries

3.1 Problems and definitions

The framework of Holant problems is defined for functions mapping any [«]” — R for a
finite ¥ and some commutative semiring R. In this paper, we investigate some complex-
weighted Holant problems on domain size x > 3. A constraint function, or signature, of
arity #» maps from [x]” — C. For consideration of models of computation, functions take
complex algebraic numbers.

Graphs (called multigraphs in Sect. 1) may have self-loops and parallel edges. A graph
without self-loops or parallel edges is a simple graph. A signature grid Q = (G, ) of
Holant(F) consists of a graph G = (V; E), where 7 assigns to each vertex v € V and its
incident edges some f, € F and its input variables. We say 2 is a planar signature grid if
G is planar, where the variables of f, are ordered counterclockwise. The Holant problem
on instance  is to evaluate Holant(22; ) = > [[,cv /(0 |Ew)), @ sum over all edge
assignments o : E — [«], where E(v) denotes the incident edges of v and o |E(,) denotes
the restriction of o to E(v).

A function f, can be represented by listing its values in lexicographical order as in a
truth table, which is a vector in C***", or as a tensor in (C¥)®deglv)  In this paper, we
consider symmetric signatures. An example of which is the EQUALITY signature =, of
arity r. Sometimes we represent f as a matrix My that we call its signature matrix, which
has row index (xy, ..., x;) and column index (xg, ..., x;+1) (in reverse order) for some ¢
that will be clear from context.

A Holant problem is parametrized by a set of signatures.

Definition 3.1 Given a set of signatures F, we define the counting problem Holant(F)
as:

Input: A signature grid Q = (G, 7);
Output: Holant(£2; F).

The problem Pl-Holant(F) is defined similarly using a planar signature grid.

A signature f of arity # is degenerate if there exist unary signatures #; € C* (1 <j < n)
such thatf = u1 ®- - - ® u,,. A symmetric degenerate signature has the form u#®”. For such
signatures, it is equivalent to replace it by # copies of the corresponding unary signature.
Replacing a signature f € F by a constant multiple ¢f, where ¢ # 0, does not change the
complexity of Holant(F). It introduces a global nonzero factor to Holant(£2; F).

We allow F to be an infinite set. For Holant(F) to be tractable, the problem must be
computable in polynomial time even when the description of the signatures in the input €
is included in the input size. In contrast, we say Holant(F) is #P-hard if there exists a finite
subset of F for which the problem is #P-hard. The same definitions apply for P1-Holant(F)
when  is a planar signature grid. We say a signature set F is tractable (resp. #P-hard)
if the corresponding counting problem Holant(F) is tractable (resp. #P-hard). We say F
is tractable (resp. #P-hard) for planar problems if Pl-Holant(F) tractable (resp. #P-hard).
Similarly for a signature f, we say f is tractable (resp. #P-hard) if {f} is.

We follow the usual conventions about polynomial-time Turing reduction <7 and
polynomial-time Turing equivalence =1. We use I, and J,, to denote the n-by-# identity
matrix and n-by-# matrix of all 1’s, respectively.
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3.2 Holographic reduction

To introduce the idea of holographic reductions, it is convenient to consider bipartite
graphs. For a general graph, we can always transform it into a bipartite graph while
preserving the Holant value, as follows. For each edge in the graph, we replace it by a path
oflength two. (This operation is called the 2-stretch of the graph and yields the edge-vertex
incidence graph.) Each new vertex is assigned the binary EQUALITY signature =j.

We use Holant(F | G) to denote the Holant problem on bipartite graphs H = (U, V, E),
where each vertex in U or V is assigned a signature in F or G, respectively. Signatures in
F are considered as row vectors (or covariant tensors); signatures in G are considered as
column vectors (or contravariant tensors) [25]. Similarly, PI-Holant(F | G) denotes the
Holant problem over signature grids with a planar bipartite graph.

For a «-by-x matrix T and a signature set F, define TF = {g | 3If € F of arity
n, g = T®"f}, similarly for FT. Whenever we write T®"f or T F, we view the signatures
as column vectors, similarly for fT®” or FT as row vectors.

Let T be an invertible «-by-«x matrix. The holographic transformation defined by T is
the following operation: given a signature grid 2 = (H, ) of Holant(F | G), for the same
bipartite graph H, we get a new grid Q' = (H, ') of Holant(F T | T~1G) by replacing each
signature in F or G with the corresponding signature in 7T or T~'G. Valiant’s Holant
Theorem [57] (see also [13]) is easily generalized to domain size ¥ > 3.

Theorem 3.2 Suppose k > 3 is the domain size. If T € C*** is an invertible matrix, then
Holant($%; F | G) = Holant(Y; FT | T~1G).

Therefore, an invertible holographic transformation does not change the complexity
of the Holant problem in the bipartite setting. Furthermore, there is a special kind of
holographic transformation, the orthogonal transformation, that preserves the binary
equality and thus can be used freely in the standard setting. For k = 2, this first appeared
in [18] as Theorem 2.2.

Theorem 3.3 Suppose k > 3 is the domain size. If T € C“** is an orthogonal matrix
(i.e, TTT = I.), then Holant(2; F) = Holant(Q'; T F).

Since the complexity of a signature is unchanged by a nonzero constant multiple, we also
call a transformation T such that TTT = Al for some A # 0 an orthogonal transformation.
Such transformations do not change the complexity of a problem.

3.3 Realization

One basic notion used throughout the paper is realization. We say a signature f is realiz-
able or constructible from a signature set F if there is a gadget with some dangling edges
such that each vertex is assigned a signature from F, and the resulting graph, when viewed
as a black-box signature with inputs on the dangling edges, is exactly f. If f is realizable
from a set F, then we can freely add f into F while preserving the complexity.

Formally, such a notion is defined by an F-gate [18,19]. An F-gate is similar to a
signature grid (G, ) for Holant(F) except that G = (V, E, D) is a graph with some dangling
edges D. The dangling edges define external variables for the F-gate. (See Fig. 2 for an
example.) We denote the regular edges in E by 1, 2, . . ., m and the dangling edges in D by
m+1,...,m+ n. Then we can define a function I" for this F-gate as
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Fig.2 An F-gate with 5 dangling edges

F()’b.u:yn)Z Z H(xl)‘-‘;xm;yl)uwyn);

X1, km €K ]

where (y1, ..., y,) € [«]” is an assignment on the dangling edges and H(x1, . . ., Xy Y1, - - -
yn) is the value of the signature grid on an assignment of all edges in G, which is the
product of evaluations at all internal vertices. We also call this function I" the signature of
the F-gate.

An F-gate is planar if the underlying graph G is a planar graph, and the dangling edges,
ordered counterclockwise corresponding to the order of the input variables, are in the
outer face in a planar embedding. A planar F-gate can be used in a planar signature grid
as if it is just a single vertex with the particular signature.

Using the idea of planar JF-gates, we can reduce one planar Holant problem to
another. Suppose g is the signature of some planar F-gate. Then Pl-Holant(F U {g}) <7
Pl-Holant(F). The reduction is simple. Given an instance of Pl-Holant(F U {g}), by replac-
ing every appearance of g by the F-gate, we get an instance of Pl-Holant(F). Since the
signature of the F-gate is g, the Holant values for these two signature grids are identical.

Although our main results are about symmetric signatures (i.e., signatures that are
invariant under any permutation of inputs), some of our proofs utilize asymmetric sig-
natures. When a gadget has an asymmetric signature, we place a diamond on the edge
corresponding to the first input. The remaining inputs are ordered counterclockwise
around the vertex. (See Fig. 5 for an example.)

We note that even for a very simple signature set F, the signatures for all F-gates can
be quite complicated and expressive.

3.4 Succinct signatures

An arity r signature on domain size « is fully specified by k" values. However, some special
cases can be defined using far fewer values. Consider the signature ALL-DISTINCT,, of
arity » on domain size « that outputs 1 when all inputs are distinct and 0 otherwise. We
also denote this signature by AD,,,. In addition to being symmetric, it is also invariant
under any permutation of the ¥ domain elements. We call the second property domain
invariance. The signature of an F-gate in which all signatures in F are domain invariant
is itself domain invariant.

Definition 3.4 (Succinct signature) Let T = (P, Py, ..., Py) be a partition of [«]" listed
in some order. We say that f is a succinct signature of type t if f is constant on each P;. A

set F of signatures is of type t if every f € F has type t. We denote a succinct signature
f of type t by (f(P1), ..., f(Pr)), where f(P) = f(x) for any x € P.
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Furthermore, we may omit 0 entries. If f is a succinct signature of type 7, we also say
f is a succinct signature of type v’ with length ¢/, where 7’ lists £’ parts of the partition 7,
and we write f as (f1, f2, . . ., fi), provided that all nonzero values f (P;) are listed. When
using this notation, we will make it clear which zero entries have been omitted.

For example, a symmetric signature in the Boolean domain (i.e., k = 2) has been denoted
in previous work [14] by [fo, f1, .. ., fr], where f,, is the output on inputs of Hamming
weight w. This corresponds to the succinct signature type (Po, Py, . . ., Py), where Py, is the
set of inputs of Hamming weight w. A similar succinct signature notation was used for
symmetric signatures on domain size 3 [22, p. 1282].

We prove a dichotomy theorem for Pl-Holant(f) when f is a succinct ternary signature
of type 73 on domain size ¥ > 3. For k > 3, the succinct signature of type 13 = (P, Py, P3)
is a partition of [«]3 with P; = {(x,y,2) € [k]® : [{% 5 z}| = i} for 1 < i < 3. The notation
{x, 9, z} denotes a multiset, and |{x;, y, z}| denotes the number of distinct elements in it.
Succinct signatures of type 73 are exactly the symmetric and domain invariant ternary
signatures. In particular, the succinct ternary signature for AD3 . is (0,0, 1).

We use several other succinct signature types as well. For domain invariant unary signa-
tures, there are only two signatures up to a nonzero scalar. Using the trivial partition that
contains all inputs, we denote these two succinct unary signatures as (0) and (1) and say
that they have succinct type t;. We also need a succinct signature type for domain invari-
ant binary signatures. Such signatures are necessarily symmetric. We call their succinct
signature type 7o = (P1, Py), where P; = {(x,y) € [«]®: [{x y}| = i} for 1 <i < 2.

We note that the number of succinct signature types for arity r signatures on domain
size « that are both symmetric and domain invariant is the number of partitions of r into
at most « parts. This is related to the partition function from number theory, which is not
to be confused with the partition function with its origins in statistical mechanics and has
been intensively studied in complexity theory of counting problems.

While there are some other succinct signature types that we define later as needed,
there is one more important type that we define here. Any quaternary signature f that
is domain invariant has a succinct signature of length at most 15. When a signature
has both vertical and horizontal symmetry, there is a shorter succinct signature that has
only length 9. We say a signature f has vertical symmetry if f(w,x,5,2) = f(x w, 2 ¥)
and horizontal symmetry if f(w,x,%,2) = f(z 5 x w). For example, the signature of
the gadget in Fig. 9 has both vertical and horizontal symmetry. Accordingly, let 74 =
(P} L P} 2, P} 2, P} 3 P% 2, P%?, P;; P; L P;g) be a type of succinct quaternary signature
with partitions

Py ={mxy2) el lw=x=y=2),

w=ux= Z)Viw=x=z
P2 =1(wxyz2) € [K]ﬂE/(w:yzyjyé)x)\(/(xzyzziéyl/)]’
Pi; ={wxyz)elkl* lw=x#y=2z}
Py ={wxy2) el |w=xfyfzENV=24wEx#2),
P;ff ={wayz) ekl lw=y#x=2z]
Py ={mayz) el |w=y#a#tz#)Vix=z#w#y#2)
Py ={mayz) el lw=z#x=y)
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={wxyp) ekl |w=z#x#y#2)Vix=y#w#z#) and
4= {w,x,9,2) € [K]* | w, x, , z are all distinct}.

4 Counting edge «-colorings over planar r-regular graphs

In this section, we show that counting edge k-colorings over planar r-regular graphs is
#P-hard provided k > r > 3. When this condition fails to hold, the problem is trivially

tractable. There are two cases depending on whether « = r or not.

4.1 TheCasex =r
When « = r, we reduce from evaluating the Tutte polynomial of a planar graph at the
positive integer points on the diagonal x = y. For x > 3, evaluating the Tutte polynomial

of a planar graph at (x, x) is #P-hard.

Theorem 4.1 (Theorem 5.1 in [59]) For x,y € C, evaluating the Tutte polynomial
at (x,y) is #P-hard over planar graphs unless (x — 1)(y — 1) € {1,2} or (x,y) €
{(1,1), (=1, =1), (&, ®3), (0% @)}, where @ = e*™/3, In each exceptional case, the com-

putation can be done in polynomial time.

To state the connection with the diagonal of the Tutte polynomial, we need to consider
Eulerian subgraphs in directed medial graphs. We say a graph is an Eulerian (di)graph if
every vertex has even degree (resp. in-degree equal to out-degree), but connectedness is
not required. Now recall the definition of a medial graph and its directed variant.

Definition 4.2 (cf Section 4 in [30]) For a connected plane graph G (i.e., a planar embed-
ding of a connected planar graph), its medial graph G, has a vertex on each edge of G and
two vertices in G, are joined by an edge for each face of G in which their corresponding
edges occur consecutively.

The directed medial graph G of G colors the faces of G, black or white depending on
whether they contain or do not contain, respectively, a vertex of G. Then the edges of the
medial graph are directed so that the black face is on the left.

Figures 3 and 4 give examples of a medial graph and a directed medial graph, respectively.
Notice that the (directed) medial graph is always a planar 4-regular graph.

Building on previous work [1,29,49,58], Ellis-Monaghan gave the following connection
with the diagonal of the Tutte polynomial. A monochromatic vertex is a vertex with all its

incident edges having the same color.

L

oy =Or~
b\ // IQ; \|
/N ~7

1 N 1

I A !

\ , N /
AY 7 N 7/
/d\ /b\

(R
AN o QRPX

(a) (©
Fig.3 A plane graph (a), its medial graph (c), and the two graphs superimposed (b)
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(a)

Fig.4 A plane graph (a), its directed medial graph (c), and both superimposed (b)

Lemma 4.3 (Equation (17) in [30]) Suppose G is a connected plane graph and ém is its
directed medial graph. For k € N, let C(G,,) be the set of all edge k-labelings ofém so that
each (possibly empty) set of monochromatic edges forms an Eulerian digraph. Then

kT(Grk+1L,k+1) = Z 27”(0)’ 1)
ce C(@m)

where m(c) is the number of monochromatic vertices in the coloring c.

The Eulerian partitions in C (ém) have the property that the subgraphs induced by each
partition do not intersect (or crossover) each other due to the orientation of the edges in
the medial graph. We call the counting problem defined by the sum on the right-hand side
of (1) counting weighted Eulerian partitions over planar 4-regular graphs. This problem
also has an expression as a Holant problem using a succinct signature. To define this
succinct signature, it helps to know the following basic result about edge colorings.

When the number of available colors coincides with the regularity parameter of the
graph, the cuts in any coloring satisfy a well-known parity condition. This parity condition
follows from a more general parity argument (see (1.2) and the parity argument on page 95
in [54]). We state this simpler parity condition and provide a short proof for completeness.

Lemma 4.4 (Parity Condition) Let G be a «-regular graph and consider a cut C in G. For
any edge «-coloring of G,

aa=c=---=¢ (mod2),
where c; is the number of edges in C colored i for 1 <i < k.

Proof Consider two distinct colors i and j. Remove from G all edges not colored i or j.
The resulting graph is a disjoint union of cycles consisting of alternating colors i and j.
Each cycle in this graph must cross the cut C an even number of times. Therefore, ¢; = ¢;
(mod 2). O

Consider all quaternary {AD, . }-gates on domain size k > 3. These gadgets have a
succinct signature of type Teolor = (Pi L P} 2, P; 2, P; L P; 4 Py), where

P ={wxy72) € kKl*|lw=x=y=2z),
Py ={wxy2) ekl lw=x#y=2z),
Py ={wxyz) ekl |w=y#x=2z),
Py ={wxyz) ekl |w=2z#x=y),
Pra = {(w, % 9, 2) € [k]* | w, %, 9, z are distinct}, and
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P0=[K]4—P11—P% -P -pP

11

2 2 — P 4,
2 1 3

1 11 1
2 22 2
Any quaternary signature of an {AD, , }-gate is constant on the first five parts of 7 o, since
AD, . is domain invariant. Using Lemma 4.4, we can show that the entry corresponding

to Py is 0.

Lemma 4.5 Suppose k > 3 is the domain size and let F be a quaternary {AD,  }-gate
with succinct signature [ of type Tojor- Then f(Py) = 0.

Proof Let op € Py be an edge «-labeling of the external edges of F. Assume for a con-
tradiction that o can be extended to an edge x-coloring of F. We form a graph G from
two copies of F (namely, F; and F,) by connecting their corresponding external edges.
Then G has a coloring o that extends og. Consider the cut C = (Fy, F») in G whose cut
set contains exactly those edges labeled by og. By Lemma 4.4, the counts of the colors
assigned by op must satisfy the parity condition. However, this is a contradiction since no
edge «-labeling in Py satisfies the parity condition. ]

By Lemma 4.5, we denote a quaternary signature f of an {AD, , }-gate by the succinct
signature {f(P} 1 ),f(P} 2 ),f(P; 2 ),f(P; ! ),f(P; s )} of type Tcolor, Which has the entry for Py
omitted.> When x = 3, P14 is empty and we define its entry in the succinct signature to
be 0.

Lemma 4.6 Let G be a connected plane graph and let G, be the medial graph of G. Then
k T(G;k + 1,k + 1) = Pl-Holant(G,;; (2, 1, 0, 1, 0)),

where the Holant problem has domain size k and (2,1,0, 1,0) is a succinct signature of

type Teolor-

Proof Letf = (2,1,0,1,0). By Lemma 4.3, we only need to prove that

> 2™ = Pl-Holant(Gy; f), (2)
ceC(Gp)

where the notation is from Lemma 4.3.

Each ¢ € C(ém) is also an edge k-labeling of G,,. At each vertex v € V(ém), the four
incident edges are assigned at most two distinct colors by c. If all four edges are assigned
the same color, then the constraint f on v contributes a factor of 2 to the total weight.
This is given by the value in the first entry of f. Otherwise, there are two different colors,
say x and y. Because the orientation at v in G is cyclically “in, out, in, out,” the coloring
around v can only be of the form xxyy or xyyx. These correspond to the second and fourth
entries of f. Therefore, every term in the summation on the left-hand side of (2) appears
(with the same nonzero weight) in the summation Pl-Holant(G,,; f).

It is also easy to see that every nonzero term in Pl-Holant(G,,; f) appears in the sum
on the left-hand side of (2) with the same weight of 2 to the power of the number of

3Ifk > 4, then Lemma 4.4 further implies that these signatures are also 0 on P1 4. However, when « = 4, this value
23

might be nonzero. The ADy4 signature is an example of this. Instead of using this observation that depends on « in
our proof, we only construct gadgets such that their signatures are 0 on P1 4 for any value of k.
23
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monochromatic vertices. In particular, any coloring with a vertex that is cyclically colored
xyxy for different colors x and y does not contribute because f(P ! %) =0. O

Remark This result shows that this planar Holant problem is at least as hard as computing
the Tutte polynomial at the point (x + 1, « + 1) over planar graphs, which implies #P-
hardness. Of course they are equally difficult in the sense that both are #P-complete. In
fact, they are more directly related since every 4-regular plane graph is the medial graph
of some plane graph.

By Theorem 4.1 and Lemma 4.6, the problem Pl-Holant((2, 1,0, 1, 0)) is #P-hard. We
state this as a corollary.

Corollary 4.7 Suppose k > 3 is the domain size. Let (2, 1,0, 1, 0) be a succinct quaternary
signature of type T o1, Then Pl-Holant((2, 1, 0, 1, 0)) is #P-hard.

With this connection established, we can now show that counting edge colorings is #P-
hard over planar regular graphs when the number of colors and the regularity parameter

coincide.
Theorem 4.8 #ik-EDGECOLORING is #P-hard over planar k-regular graphs for all k > 3.

Proof Let k be the domain size of all Holant problems in this proof and let (2, 1, 0, 1, 0) be
a succinct quaternary signature of type tolor- We reduce from Pl-Holant((2, 1, 0, 1, 0)) to
Pl-Holant(ADy, ), which denotes the problem of counting edge «-colorings over pla-
nar x-regular graphs as a Holant problem. Then by Corollary 4.7, we conclude that
Pl-Holant(ADy, ) is #P-hard.

Consider the gadget in Fig. 5, where the bold edge represents x — 2 parallel edges. We
assign AD, , to both vertices. Up to a nonzero factor of (x — 2)!, this gadget has the
succinct quaternary signature f = (0, 1, 1, 0, 0) of type tcolor- Now consider the recursive
construction in Fig. 6. All vertices are assigned the signature f. Let f; be the succinct
quaternary signature of type 7o, for the sth gadget of the recursive construction. Then
fi =f and f; = M° fy, where

Fig.5 Quaternary gadget used in the interpolation construction below. All vertices are assigned ADy. . The
bold edge represents k — 2 parallel edges

N1 N2

Fig. 6 Recursive construction to interpolate (2, 1,0, 1,0). The vertices are assigned the signature of the
gadget in Fig. 5

Page 14 of 77
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0k—1000 1
1k—2000 0
M=|0 0 010| and fo=10
0 0 100 1
0 0 001 0

The signature fj is simply the succinct quaternary signature of type t.o)or for two parallel
edges. We can express M via the Jordan decomposition M = PAP~!, where

11-«0 0 0
1 1 000
P=]0 0 110
0 0 1-10
0 0 001

and A = diag(k — 1, —1,1, —1, 1). Then for ¢ = 2s, we have
t

k—10000 1 x0000 1 y+1
0 —-100 0 0 01000 0 y
fi=P| 0 o100|P'|o|=Ploo100|P ! |0|=]| 0 |,
0 00-10 1 00010 1 1
0 0001 0 00001 0 0

-1
where x = (k —1)* and y = *=.

Consider an instance Q2 of PI-Holant((2, 1, 0, 1, 0)) on domain size x. Suppose (2, 1, 0, 1, 0)
appears z times in €. We construct from 2 a sequence of instances €2; of Pl-Holant(f)
indexed by ¢, where ¢ = 2s with s > 0. We obtain 2, from 2 by replacing each occurrence
of (2, 1,0, 1, 0) with the gadget f;.

As a polynomial in x = (x — 1), PI-Holant(Q;; f) is independent of ¢ and has degree at
most n with integer coefficients. Using our oracle for Pl-Holant(f), we can evaluate this
polynomial at # + 1 distinct points x = (k — 1)> for 0 < s < n. Then via polynomial
interpolation, we can recover the coefficients of this polynomial efficiently. Evaluating this
polynomial at x = x + 1 (so that y = 1) gives the value of Pl-Holant($2; (2, 1, 0, 1, 0)), as
desired. ]

Remark For k = 3, the interpolation step is actually unnecessary since the succinct
signature of f, happens to be (2,1, 0, 1, 0).

When « = 3, it is easy to extend Theorem 4.8 by further restricting to simple graphs,
i.e., graphs without self-loops or parallel edges.

Theorem 4.9 #3-EDGECOLORING is #P-hard over simple planar 3-regular graphs.

Proof By Theorem 4.8, it suffices to efficiently compute the number of edge 3-colorings
of a planar 3-regular graph G that might have self-loops and parallel edges. Furthermore,
we can assume that G is connected since the number of edge colorings is multiplicative
over connected components. If G contains a self-loop, then there are no edge colorings
in G, so assume G contains no self-loops. If G also contains no parallel edges, then G is
simple and we are done.

Thus, assume that G contains # vertices and parallel edges between some distinct ver-
tices # and v. If u and v are connected by three edges, then this constitutes the whole
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graph, which has six edge 3-colorings. Otherwise, # and v are connected by two edges.
Then there exist vertices 4’ and v such that # and u’ are connected by a single edge, v and
v/ are connected by a single edge, and #' # v'. In any edge 3-coloring of G, it is easy to see
that the edges (1, #’) and (v, v') must be assigned the same color. By removing u, v, and
their incident edges while adding an edge between #' and v/, we have a planar 3-regular
graph G’ on n — 2 vertices with half as many edge colorings as G. Then by induction, we
can efficiently compute the number of edge 3-colorings in G'. ]

In “Appendix 3”, we give an alternative proof of Theorem 4.8, which uses the interpo-
lation techniques we develop in Sect. 6. The purpose of “Appendix 3” is to show how a
recursive construction in an interpolation proof can be used to form a hypothesis about
possible invariance properties. One example of an invariance property is that any planar
{AD, }-gate with a succinct quaternary signature (a, b, ¢, d, e) of type 7¢olor must satisfy
a+c=b+d (Lemma 13.1).

4.2 Thecasek > r

Now we consider k > r > 3. This time, we reduce from the problem of counting vertex
k-colorings over planar graphs. This problem is also #P-hard by the same dichotomy for
the Tutte polynomial (Theorem 4.1) since the chromatic polynomial is a specialization
the Tutte polynomial.

Proposition 4.10 (Proposition 6.3.1 in [3]) Let G = (V, E) be a graph. Then x(G; 1), the
chromatic polynomial of G, is expressed as a specialization of the Tutte polynomial via the
relation

x(Gsn) = (~)VITHEMO TG 1 -2, 0),
where k(G) is the number of connected components of the graph G.

The first step in the proof is to interpolate every possible binary signature that is domain
invariant, which are necessarily symmetric. These signatures have the succinct signature

type 3.

Lemma 4.11 Suppose k > 3 is the domain size and let x,y € C. If we assign the succinct

binary signature {(x, y) of type Ty to every vertex of the recursive construction in Fig. 7, then

x (k—1)y

the corresponding recurrence matrix is [y o+ (—2)

x—9.

y] with eigenvalues x + (kx — 1)y and

Proof Let f; be the signature of the £th gadget in this construction. To obtain f;1; from f,

x (k—=1)y ]

we view f7 as a column vector and multiply it by the recurrence matrix M = [y Tte—2)y

f fo fer1

Fig. 7 Recursive construction to interpolate any succinct binary signature of type t,. All vertices are assigned
the same succinct binary signature of type 1,
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In general, we have f; = M’ f;, where fj is the initial signature, which is just a single edge
and has the succinct binary signature (1, 0) of type 7. The (column) eigenvectors of M
are [H and [11’( ] with eigenvalues x 4+ (x — 1)y and x — y, respectively, as claimed. O

The success of interpolation depends on these eigenvalues and the relationship between
the recurrence matrix and the initial signature of the construction. To show that the
interpolation succeeds, we use a result from [36], the full version of [37]. This result is about
interpolating unary signatures on a Boolean domain for planar Holant problems, but the
same proof applies equally well for higher domains using a binary recursive construction
(like that in Fig. 7) and a succinct signature type with length 2.

Lemma 4.12 (Lemma 4.4 in [36]) Suppose F is a set of signatures and t is a succinct
signature type with length 2. If there exists an infinite sequence of planar F-gates defined by
an initial succinct signature s € C**1 of type © and recurrence matrix M € C*>*? satisfying
the following conditions,

1. det(M) # 0;
2. det([s Ms]) £ O;
3. M has infinite order modulo a scalar;

then
Pl-Holant(F U {{x, y)}) <7 Pl-Holant(F),

forany x,y € C, where (x, y) is a succinct binary signature of type t.

Consider the recursive construction in Fig. 7. To every vertex, we assign the succinct
binary signature (x,y). Since the initial signature is s = (1, 0), the determinant of the
matrix [s Ms] is simply y. In order to interpolate all binary succinct signatures of type 13,
we need to satisfy the second condition of Lemma 4.12, which is y # 0. However, when
y = 0, the recurrence matrix is a scalar multiple of the identity matrix, which implies that
the eigenvalues are the same. For two-dimensional interpolation using a matrix with a full
basis of eigenvectors, as is the case here, the third condition of Lemma 4.12 is equivalent
to the ratio of the eigenvalues not being a root of unity. In particular, the eigenvalues
cannot be the same. Therefore, when using the recursive construction in Fig. 7, it suffices
to satisfy the first and third conditions of Lemma 4.12. We state this as a corollary.

Corollary 4.13 Suppose F is a set of signatures. Let s = (1,0) of type t2 be the initial
succinct binary signature and let M € C>*? be the recurrence matrix for some infinite
sequence of planar F-gates defined by the recursive construction in Fig. 7. If M satisfies the
following conditions,

1. det(M) # 0;
2. M has infinite order modulo a scalar;

then
Pl-Holant(F U {{x, )}) <7 Pl-Holant(F),

forany x,y € C, where (x,y) is a succinct binary signature of type 7.
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Lemma 4.14 Suppose « is the domain size with k > r for any integer r > 3, and x,y € C.
Let F be a signature set containing AD,... Then

Pl-Holant(F U {{x, y)}) <7 Pl-Holant(F),
where (x,y) is a succinct binary signature of type .

Proof Let (n)y = n(n—1)-- - (n— k + 1) be the kth falling power of n. Consider the gadget
in Fig. 8. We assign AD,, to both vertices. The succinct binary signature of type 7, for
this gadget is f = ((k — 1),—1, (k — 2),—1). Up to a nonzero factor of (k — 2),_2, we have
the signature /' = mf =(k — Lk —r).

Consider the recursive construction in Fig. 7. We assign f’ to all vertices. By Lemma4.11,
the eigenvalues of the corresponding recurrence matrix are (* — 1) > O and (k — 1)(x —
r + 1) > 0. Thus, M is nonsingular. Furthermore, the eigenvalues are not equal since
k ¢ {0, r}. Therefore, we are done by Corollary 4.13. |

Next we show that Pl-Holant(AD,,,. ) is at least as hard as P-Holant(ADs3 ;). To overcome
a difficulty when r is even, we apply the following result, which uses the notion of a planar
pairing.

Definition 4.15 (Definition 11 in [37]) A planar pairing in a graph G = (V, E) is a set of
edges P C V x V such that P is a perfect matching in the graph (V, V x V), and the graph
(V, E U P) is planar.

Lemma 4.16 (Lemma 12 in [37]) For any planar 3-regular graph G, there exists a planar
pairing that can be computed in polynomial time.

Lemma 4.17 Suppose « is the domain size with k > r for any integer r > 3. Then
Pl-Holant(AD3,) <7 Pl-Holant(AD,,).

Proof By Lemma 4.14, we can assume that (1, 1) is available. Take AD,,, and first form
t = ’_%1 self-loops. Then add a new vertex on each self-loop and assign (1, 1) to each
of these new vertices. Up to a nonzero factor of (k — 3)y, the resulting signature is AD3
if 7 is odd and ADy if r is even. To reduce from r = 3 to r = 4, we use a planar pairing,
which can be efficiently computed by Lemma 4.16. We add a new vertex on each edge in a
planar pairing and assign (1, 1) to each of these new vertices. Then up to a nonzero factor
of k — 3, the signature at each vertex of the initial graph is effectively AD3,.. o

The succinct binary signature (1 — «, 1) of type 72 has a special property. Let u be
any constant unary signature, which has a succinct signature of type 7. If (1 — «, 1) is
connected to u, then the resulting unary signature is identically 0.

This observation is the key to what follows. We use it in the next lemma to achieve
what would appear to be an impossible task. The requirements, if duly specified, would
result in multiple conditions to be satisfied by nine separate polynomials pertaining to

—fe—e -

Fig.8 Binary gadget used in the interpolation construction of Fig. 7. Both vertices are assigned AD,, and
the bold edge represents r — 1 parallel edges
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some construction in place of the gadget in Fig. 9. And yet we are able to use just one
degree of freedom to cause seven of the polynomials to vanish, satisfying most of these
conditions. In addition, the other two polynomials are not forgotten. They are nonzero,
and their ratio is not a root of unity, which allows interpolation to succeed.

This ability to satisfy a multitude of constraints simultaneously in one magic stroke
reminds us of some unfathomably brilliant moves by Bobby Fischer, the chess genius
extraordinaire, and so we name this gadget (Fig. 9) the Bobby Fischer gadget.

This gadget is the new idea that allows us to prove Theorem 4.20.

Lemma 4.18 Suppose k > 3 is the domain size and a,b € C. Let F be a signature
set containing the succinct ternary signature {(a, b, b) of type 13 and the succinct binary
signature (1 — «, 1) of type 1. If a # b, then

Pl-Holant(F U {=4}) <7 Pl-Holant(F).

Proof Consider the gadget in Fig. 9. We assign (g, b, b) to the circle vertices and (1 —«, 1)
to the square vertex. This gadget has a succinct quaternary signature of type 74, which has
length 9. However, all but two of the entries in this succinct signature must be 0.

To see this, consider an assignment that assigns different values to the two edges incident
to the circle vertex on top. Since the assignment to these two edges differs, the signature
(a, b, b) contributes a factor of b regardless of the value of its third edge, which is connected
to the square vertex assigned (1 —«, 1). From the perspective of (1 — «, 1), this behavior is
equivalent to connecting it to the succinct unary signature b(1) of type t;. Thus, the sum
over the possible assignments to this third edge is 0. The same argument shows that the
two edges incident to the circle vertex on the bottom do not contribute anything to the
Holant sum when assigned different values.

Thus, any nonzero contribution to the Holant sum comes from assignments where the
top two dangling edges are assigned the same value and the bottom two dangling edges
are assigned the same value. There are only two entries that satisfy this requirement in
the succinct quaternary signature of type t4 for this gadget, which are the entries for P% !
and P 11. To compute those two entries, we use the following trick. Since the two external
edges of each circle vertex must be assigned the same value, we think of them as just a
single edge. Then the effective succinct binary signature of type 1 for the circle vertices
is just (g, b). By connecting the first (g, b) with (1 — «, 1), the result is (a — b)(1 — «, 1)
like it is an eigenvector. Connecting the other copy of (4, b) to (a — b)(1 — «, 1) gives
(a —b)*>(1 —k, 1). This computation is expressed via the matrix multiplication [b], + (a —
b)I Ui — kL 1[b)i + (@ — D)L ] = (a — b)Ux — kL ][b) +(a—D)L] = (a — b)z[]/( — L]
Thus up to a nonzero factor of (@ — b)?, the corresponding succinct quaternary signature
of type 4 for this gadgetis f = (1 — «,0,0,0,0,0, 1,0, 0).

Fig.9 The Bobby Fischer gadget, which achieves many objectives using only a single degree of freedom
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Consider the recursive construction in Fig. 6. We assign f to all vertices. Let f; be the
signature of the sth gadget in this construction. The seven entries that are 0 in the succinct
signature of type 74 for f are also 0 in the succinct signature of type 74 for f;. Thus, we
can express f; via a succinct signature of type 7, with length 2, defined as follows. The
first two parts in 7, are PH and P; ! from the succinct signature type 74. The last part
contains all the remaining assignments. Then the succinct signature for f; of type 7, is
M fo, where M = [16" (1)] and fo = (1, 1), which is just the succinct signature of type 7,
for two parallel edges.

Clearly the conditions in Lemma 4.12 hold, so we can interpolate any succinct signature
of type 7. In particular, we can interpolate our target signature =4, which is (1, 0) when
expressed as a succinct signature of type tzi. O

Remark The nine polynomials mentioned before Lemma 4.18 correspond to the nine
entries of some quaternary gadget with a succinct signature of type t4. In light of
Lemma 4.14, this gadget might involve many succinct binary signatures (x,y) of type
7y for various choices of x, ¥ € C. Each distinct binary signature provides an additional
degree of freedom to these polynomials. Our construction in Fig. 9 only requires one
binary signature (x, y), and we use our one degree of freedom to set § =1—«.

With the aid of the succinct unary signature (1) of type 71 and the succinct binary
signature (0, 1) of type 12, the assumptions in the previous lemma are sufficient to prove
#P-hardness.

Corollary 4.19 Suppose k > 3 is the domain size and a,b € C. Let F be a signature set
containing the succinct ternary signature (a, b, b) of type ts, the succinct unary signature
(1) of type t1, and the succinct binary signatures (1 — «, 1) and (0, 1) of type 3. If a # b,
then Pl-Holant(F) is #P-hard.

Proof By Lemma 4.18, we have =4. Connecting (1) to =4 gives =3. With =3, we can
construct the equality signatures of every arity. Along with the binary disequality signature
#9, which is the succinct binary signature (0, 1) of type 12, we can express the problem of
counting the number of vertex «-colorings over planar graphs. By Proposition 4.10, this
is, up to a nonzero factor, the problem of evaluating the Tutte polynomial at (1 — «, 0),
which is #P-hard by Theorem 4.1. |

Now we can show that counting edge colorings is #P-hard over planar regular graphs
when there are more colors than the regularity parameter.

Theorem 4.20 #x-EDGECOLORING is #P-hard over planar r-regular graphs for all k >

r>3.

Proof By Lemma 4.17, it suffices to consider r = 3. By Lemma 4.14, we can assume that
any succinct binary signature of type 1, is available.

Consider the gadget in Fig. 10. We assign AD3,, to the circle vertex and (3 — k, 1) to the
square vertices. By Lemma 11.6, the succinct ternary signature of type t3 for this gadget
isf =2k —2)(—(k —3)(k — 1), 1, 1).

Now take two edges of AD3, and connect them to the two edges of (1,1). Up to a
nonzero factor of (k — 1)(k — 2), this gadget has the succinct unary signature (1) of type
71. Then we are done by Corollary 4.19. |
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Fig. 10 Local holographic transformation gadget construction for a ternary signature

5 Tractable problems

In the rest of the paper, we adapt and extend our previous proof techniques to obtain a
dichotomy for Pl-Holant({a, b, c)), where (g, b, c) is a succinct ternary signature of type 3
on domain size k > 3, for any a4, b, ¢ € C. In this section, we show how to compute a few

of these problems in polynomial time.

5.1 Previous dichotomy theorem

There is only one previous dichotomy theorem for higher domain Holant problems. It
is a dichotomy for a single symmetric ternary signature on domain size x = 3 in the
framework of Holant* problems, which means that all unary signatures are assumed to be
freely available.

In Theorem 5.1, the notation f g denotes the signature that results from connecting
one edge incident to a vertex assigned the signature f to one edge incident to a vertex
assigned the signature g. When f and g are both unary signatures, which are represented
by vectors, then the resulting 0-ary signature is just a scalar.

Theorem 5.1 (Theorem 3.1 in [22]) Let f be a symmetric ternary signature on domain
size 3. Then Holant™(f) is #P-hard unless f is of one of the following forms, in which case,
the problem is computable in polynomial time.

1. Thereexistsa, B, y € C3 that are mutually orthogonal (i.e, ™ p =a "y = 7y =
0) and

= a® 4 BB 4 @3
2. There exists o, B1, B2 € C3 such thata ™ p1 = a ™ B = B BL= B3 B2 =0and
f=a® B 4 B
3. Thereexists B,y € C2 and fz € (C?)®3 such that p #0, B~ B =0, fﬁA,B =0, and

f=f+B"®y+B®y®p+y @™
Some domain invariant signatures are tractable by Theorem 5.1.

Corollary 5.2 Suppose the domain size is 3 and a, b, . € C. Let f be a succinct ternary
signature of type t3. Then Holant(f) is computable in polynomial time when f has one of
the following forms:

L f=x(1,0,0) = A[(1,0,0%% + (0, 1,0)* + (0,0, 1)®?];
2. f=3M-5-24) =A[(1, -2, —2)%3 + (=2,1, —2)®3 + (-2, —-2,1)®3];
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3. f=(aba)="2(111%+52[(100*)® + 1 0% )],
where w is a primitive third root of unity.

In Corollary 5.2, form 1 is the ternary equality signature =3, which is trivially tractable
for any domain size. Then form 2 is just form 1 after a holographic transformation by the
matrix T = [ :1% :12 :1% ], which is orthogonal after scaling by % This is an example of
two problems that must have the same complexity by Theorem 3.3.

The tractability of these two problems for higher domain sizes is stated in the following

corollary.

Corollary 5.3 Suppose k > 3 is the domain size and \ € C. Let f be a succinct ternary
signature of type t3. Then Holant(f) is computable in polynomial time if f has one of the
Sfollowing forms:

1. f =1(1,0,0);
2. f =AT®31,0,0) = Ak (k2 — 6K + 4, —2(k — 2), 4),

where T = kI, — 2J,.

Note that T = « 1, — 2], is an orthogonal matrix after scaling by %

5.2 Affine signatures

Let w be a primitive third root of unity. Consider the ternary signature f(x, y, z) with
succinct ternary signature (1,0, ¢) of type r3 on domain size 3, where ¢> = 1. Its support
is an affine subspace of Z3 defined by x + y 4+ z = 0. Furthermore, consider the quadratic
polynomial g.(x,%, z) = Ac(xy + xz + yz), where .1 = 0, A, = 2, and 4,2 = 1. Then
w?®%?) agrees with f when x + y + z = 0. This function f is an example of a ternary

domain affine signature.

Definition 5.4 A k-ary function f(x1, . . ., x¢) is affine on domain size 3 if it has the form

i
A XAx=0 * e%q(x),

where A € C, x = (%1, %2, ..., % 1)T, A is a matrix over Z3, g(x) € Zs is a quadratic
polynomial, and x is a 0-1 indicator function such that ya,—¢ is 1 iff Ax = 0. We use &/
to denote the set of all affine functions.

The ternary domain affine signatures are tractable just as those in the Boolean domain
are [10].

Lemma 5.5 Suppose the domain size is 3. Then Holant(<7) is computable in polynomial

time.

Proof Given an instance of Holant(<7), the output can be expressed as the summation of
a single function F = xax—o e aw1x2%) gince of is closed under multiplication. In
polynomial time, we can solve the linear system Ax = 0 over Z3 and decide whether it is
feasible. If the linear system is infeasible, then the function is the identically O function, so
the output is just 0.

Otherwise, the linear system is feasible (including possibly vacuous). Without loss of
generality, we can assume that yy, yo, . . ., ys are independent variables over Z3 while all oth-
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ers are dependent variables, where 0 < s < k. Each dependent variable can be expressed
by an affine linear form of yy, y3, . . ., 5. We can substitute for all of the dependent vari-
ables in g(x1, %y, . . ., x%), which gives a new quadratic polynomial g'(y1, ¥, . . ., ¥s). Thus,
we have
z HAxe0 * e%Q(xbxzwrxk) — z e%iq/()/byb--w)’s)‘ (3)
X1y..0Xk EZL3 V1se-nYsE€EL3
Then the right-hand side of (3) is computable in polynomial time by Theorem 1 in [24].
O

After multiplying the function (1, 0, ¢) by a scalar, we obtain the succinct ternary signa-
ture (a, 0, ¢) of type 73 such that 2> = ¢3. Since undergoing an orthogonal transformation
does not change the complexity of the problem by Theorem 3.3, we obtain the following
corollary of the previous result.

Corollary 5.6 Suppose the domainsizeis3anda,c € C. Let T € O3(C) and let {a, 0, c) be
a succinct ternary signature of type t3. If a®> = ¢, then Holant(T®3(a, 0, c)) is computable
in polynomial time.

For domain size 3, the only orthogonal matrix T such that 7%3(g, b, ¢) is still a succinct
ternary signature of type t3 is j:% [—1% 712 :15] However, the tractability in Corol-
lary 5.6 holds for any orthogonal matrix T.

We introduce another affine signature. It can be considered as a signature of arity 4 on
the Boolean domain. When placed in a planar signature grid, its input variables are listed
in a cyclic order x1, x2, y9, y1 counterclockwise. We then consider it as a binary signature
on domain size 4, where the two variables (x1, x2) and (y1, y2) range over the four values
in {0, 1}2. Notice the reversal of the order ys, y;. This is to allow a planar connection

1 -1 -1 -1
between these signatures. We list its values as the matrix Hy = :{ _11 _11 :i :|,
-1 -1 -1 1

which is an Hadamard matrix, where the row index is (x1, x2) and the column index is
(¥1, y2), both ordered lexicographically. A closed-form expression showing that this is an
affine signature on the Boolean domain is f(x1, x2, y2, y1) = (—l)q("bxw 132) where q is the
quadratic polynomial

qx1, %2, y1,¥2) = x1 + %2 +x1%2 + y1 4+ y2 + Y192 + ¥1y2 + X291 (4)
As a binary signature on domain size 4, f has the succinct signature (1, —1) of type
7. The fact that f is an affine signature on the Boolean domain shows that the Holant
problem defined by f on domain size 4 is tractable. This follows from Theorem 1.4 in [24],
or the more general graph homomorphism dichotomy theorems [12,34].
We are interested in this problem because its tractability implies the tractability of a set
of problems defined by a succinct ternary signature of type t3.

Lemma 5.7 Suppose the domain size is 4 and A, ju € C. Let (1%, 1, ) be a succinct ternary
signature of type t3. If @ = —1 + £2i with & = +1, then Holant(A(u?, 1, u)) is computable
in polynomial time.
x 0y ¥y
Proof Let T = % [% ; % §j|, where x = —3 — gi and y = 1 — ¢i. Then up to a factor
X
of A" on graphs Witi]l n \y/ertiyces, the output of Holant(A (2, 1, 11)) is the same as the output

for
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Holant({% 1, 1)) = Holant((—3 — &4i, 1, —1 + £2i))
=7 Holant(=; | T%3(=3))
= Holant((=2)T®?* | =3)
= Holant(2(1, —1) | =3)
<7 Holant((1, —=1) | {=¢| k € Z™}).

Since Holant({1, —1) | {=¢| k € Z™}) is the Holant expression for the graph homomor-
1 -1 -1 -1

phism problem defined by the Hadamard matrix |: :} _11 _11 j , we can finish the

-1 -1 -1 1
proof by applying the dichotomy theorems for symmetric matrices in [12,34]. For exam-

ple, this problem is tractable by Theorem 1.2 in [34] (see also [24]), where the quadratic
representation is g(x1, %2, y1, y2) from (4). O

We restate this lemma as a simple corollary for later convenience.

Corollary 5.8 Suppose the domain size is 4 and a,b,c € C. Let (a, b, c) be a succinct
ternary signature of type 3. Ifa+5b+2c = 0 and 5b* 4 2bc+c* = 0, then Holant((a, b, c))
is computable in polynomial time.

Proof Sincea = —5b — 2c and b = é(—l =+ 2i)c, after scaling by u = —1 F 2i, we have
wla b, c) = c{u? 1, ) and are done by Lemma 5.7. O

6 An interpolation result
The goal of this section is to generalize an interpolation result from [21], which we rephrase
using our notion of a succinct signature (cf. Lemma 4.12).

Theorem 6.1 (Theorem 3.5 in [21]) Suppose F is a set of signatures and t is a succinct
signature type with length 3. If there exists an infinite sequence of planar F-gates defined
by an initial succinct signature s € C>*! of type v and a recurrence matrix M € C>*3 with

eigenvalues «, B, and y satisfying the following conditions:

1. det(M) # 0;
2. s is not orthogonal to any row eigenvector of M;
3. forall (i,j, k) € Z% — {(0,0,0)} with i +j + k = 0, we have alBlyk £ 1;

then
Pl-Holant(F U {f}) <r Pl-Holant(F),

for any succinct ternary signature f of type t.

Our generalization of this result is designed to relax the second condition so that s can
be orthogonal to some row eigenvectors of M. Suppose r is a row eigenvector of M, with
eigenvalue 1, that is orthogonal to s (i.e., the dot product r - s is 0). Consider MXs, the kth
signature in the infinite sequence defined by M and s. This signature is also orthogonal to
rsince r- M*s = AXr.s = 0. We do not know of any way of interpolating a signature using
this infinite sequence that is not also orthogonal to r. On the other hand, we would like to
interpolate those signatures that do satisfy this orthogonality condition. Our interpolation
result gives a sufficient condition to achieve this.
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We assume our n-by-n matrix M is diagonalizable, i.e., it has # linearly independent
(row and column) eigenvectors. We do not assume that M necessarily has # distinct
eigenvalues (although this would be a sufficient condition for it to be diagonalizable). The
relaxation of the second condition is that, for some positive integer ¢, the initial signature
s is not orthogonal to exactly ¢ of these linearly independent row eigenvectors of M. To
satisfy this condition, we use a two-step approach. First, we explicitly exhibit n — ¢ linearly
independent row eigenvectors of M that are orthogonal to s. Then we use the following
lemma to show that the remaining row eigenvectors of M are not orthogonal to s. The
justification for this approach is that the eigenvectors orthogonal to s are often simple to
express while the eigenvectors not orthogonal to s tend to be more complicated.

Lemma 6.2 Forn € 7T, let s € C"*! be a vector and let M € C"™" be a diagonalizable
matrix. If rank([s Ms ... M""'s]) > ¢, then for any set of n linearly independent row
eigenvectors, s is not orthogonal to at least { of them.

Proof Since M is diagonalizable, it has 7 linearly independent eigenvectors. Suppose for a
contradiction that there exists a set of # linearly independent row eigenvectors of M such
that s is orthogonal to ¢ > n — € of them. Let N € C'*” be the matrix whose ¢ rows are
the row eigenvectors of M that are orthogonal to s. Then N[s Ms ... M"~1s] is the zero
matrix. From this, it follows that rank([s Ms ... M"~1s]) < ¢, a contradiction. O

The third condition of Theorem 6.1 is also known as the lattice condition.

Definition 6.3 Fix some £ € N. We say that A1, Ag, ..., Ay € C — {0} satisfy the lattice
condition if for all x € Z¢ — {0} with Zle x; = 0, we have Hle A?i # 1.

When ¢ > 3, we use Galois theory to show that the lattice condition is satisfied. The
idea is that the lattice condition must hold if the Galois group of the polynomial, whose
roots are the A;’s, is large enough. In [21], for the special case n = £ = 3, it was shown that
the roots of most cubic polynomials satisfy the lattice condition using this technique.

Lemma 6.4 (Lemma 5.2 in [21]) Let f(x) € Qlx] be an irreducible cubic polynomial.
Then the roots of f (x) satisfy the lattice condition iff f (x) is not of the form ax® + b for some
a,be Q.

In the following lemma, we show that if the Galois group for a polynomial of degree # is
one of the two largest possible groups, S, or A, then its roots satisfy the lattice condition
provided these roots do not all have the same complex norm.

Lemma 6.5 Let f be a polynomial of degree n > 2 with rational coefficients. If the Galois
group of f over Q is S, or A,, and the roots of f do not all have the same complex norm,
then the roots of f satisfy the lattice condition.

Proof We consider A, since the same argument applies to S, D A,. For 1 <i < n, let
a; be the roots of f such that |a;| < --- < |ay|. By assumption, as least one of these
inequalities is strict. Suppose for a contradiction that these roots fail to satisfy the lattice
condition. This means there exists x € Z" — {0} satisfying >/ ; x; = 0 such that
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A =1, 5)

Since x is not all 0, it must contain some positive entries and some negative entries.
We can rewrite (5) as b)' --- b} = ¢i' --- ¢, where s, t > 1,b1,...,bgc1,...,c ares + ¢
distinct members from {ay,...,a,},y; > Ofor1 <i < s,z > 0for1l <i < ¢, and
y1+---+9ys =21+ -+ z;. We omit factors in (5) with exponent 0.

If » = 2,thens = ¢t = 1 and |b;| = |c1]. This is a contradiction to the assumption
that roots of f do not all have the same complex norm. Otherwise, assume n > 3. If
s =t =1, then |b1| = |c1| again. We apply 3-cycles from A,, to conclude that all roots
of f have the same complex norm, a contradiction. Otherwise, s + ¢ > 2. Without loss
of generality, suppose s > ¢, which implies s > 2. Pickj € {0,...,n — s — t} such that
|ajy1] < --- < l|ajysi¢| contains a strict inequality. We permute the roots so that b; = a;;
for1 <i < sand¢; = ajisy; for 1 < i <t (or possibly swapping b; and b, if necessary
to ensure the permutation is in A,). Then taking the complex norm of both sides gives a
contradiction. O

Remark This result can simplify the interpolation arguments in [21]. Since each of their
cubic polynomials is irreducible, the corresponding Galois groups are transitive subgroups
of S3, namely S3 or A3 (and in fact by inspection, they are all S3). Then Lemma 4.5 from [44]
(the full version of [43]) shows that the eigenvalues of these polynomials do not all have
the same complex norm. Thus, the roots of all polynomials exhibited in [21] satisfy the
lattice condition by Lemma 6.5.

In the current paper, we apply Lemma 6.5 to an infinite family of quintic polynomials
that we encounter in Sect. 7. If the polynomials are irreducible, then we are able to apply
thislemma. Unfortunately, we are unable to show that all these polynomials are irreducible
and thus also have to consider the possible ways in which they could factor. Nevertheless,
we are still able to show that all these polynomials satisfy the lattice condition.

To conclude, we state and prove our new interpolation result.

Lemma 6.6 Suppose F is a set of signatures and t is a succinct signature type with length
n € 7% If there exists an infinite sequence of planar F-gates defined by an initial succinct
signature s € C"™1 of type T and a recurrence matrix M € C"™ " satisfying the following
conditions,

1. M is diagonalizable with n linearly independent eigenvectors;

2. s is not orthogonal to exactly £ of these linearly independent row eigenvectors of M
with eigenvalues 1y, . .., hg;

3. AL ..., Ag satisfy the lattice condition;

then
Pl-Holant(F U {f}) <r Pl-Holant(F)

for any succinct signature f of type v that is orthogonal to the n — £ of these linearly
independent eigenvectors of M to which s is also orthogonal.

Proof Let Ay, ..., Ay be the n eigenvalues of M, with possible repetition. Since M is diag-

onalizable, we can write M as TAT~!, where A is the diagonal matrix [%1 ng] with

B; = diag(ry, ..., A¢) and By = diag(X¢+1, - . ., Ay). Notice that the columns of T are the
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column eigenvectors of M and the rows of 7! are the row eigenvectors of M. Let t; be
the ith column 7 and let T7's = [or; ... a,]T. Theno; # Ofor1 <i < £and o; = O for
¢ < i < m,since s is not orthogonal to exactly the first £ row eigenvectors of M.

Now we can write

— 1

Bk o Bk 0 :
Mks=T|:01Bki|T_1s=T|:OlBkj| % | = Tdiag (1A, ..., @2k,0,...,0)
2 2

IS k
)"l )\l

= T diag(ay, ..., 04,0, ...,0) K'E = [o1ty, ..., oty 0, ..., 0] *\I?
0 0

6 6

For 1 < i < ¢, lett; = a;t;. Both the columns of T and the rows of T~! are linearly
independent. From T-YT =1,,weseethatt; forl <i < {is orthogonal to the last n — £
rows of T~1. Thus span{ty, ..., t;} = span{t], ..., t;} is precisely the space of vectors
orthogonal to the last # — ¢ rows of T~ 1.

Consider an instance Q2 of Pl-Holant(F U {f}). Let V; be the subset of vertices assigned
S with ny = |Vy|. Since f is orthogonal to any row eigenvector of M to which s is also
orthogonal, we have f € span{t], ..., t;}. Letf = pit] +- - -+ B¢t;. Then Pl-Holant(£2; FU
{f}) is a homogeneous polynomial in the ;s of total degree ny. For y = (y1,..., y¢) € N¢,
let ¢, be the coefficient of B7" - - - " in P1-Holant(£2; F U {f}) so that

Pl-Holant(Q; FU{f) = D ¢B - A"
Y1+ Fye=ny
We construct from 2 a sequence of instances Qi of Pl-Holant(F) indexed by k € N.
We obtain € from € by replacing each occurrence of f with M¥Xs, for k > 0. Then
Pl-Holant(Q; F) = Z ¢ (A - -)»z()k,
Y1+ Fye=ns
Note that, crucially, the same c, coefficients appear. We treat this as a linear system

with the ¢,’s as the unknowns. The coefficient matrix is a Vandermonde matrix of order

(nf+Z—1
-1

if every A{l . ~)%[ is distinct, which is indeed the case since 11, ..., A, satisfy the lattice

), which is polynomial in 717 and thus polynomial in the size of €. It is nonsingular

condition.

Therefore, we can solve for the ¢,’s in polynomial time and compute Pl-Holant(€2; 7 U

. O

Remark When restricted to n = £ = 3, this proof is simpler than the one given in [21]
for Theorem 6.1 due to our implicit use of a local holographic transformation (i.e., the
writing of f as a linear combination of t}, .. ., t, and expressing Pl-Holant($2; 7 U {f}) in
terms of this).

7 Puiseux series, Siegel’s theorem, and Galois theory
We prove our main dichotomy theorem in three stages. This section covers the last
stage, which assumes that all succinct binary signatures of type 12 are available. Among
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the ways we utilize this assumption is to build the gadget known as a local holographic
transformation (see Fig. 11), which is the focus of Sect. 7.1. Then in Sect. 7.2, our efforts
are largely spent, proving that a certain interpolation succeeds. To that end, we employ
Galois theory aided by an effective version of Siegel’s theorem for a specific algebraic
curve, which is made possible by analyzing Puiseux series expansions.

We define the following expressions which appear throughout the rest of the paper:

A=a—3b+ 2; (6)
B=U+xb—c)=a+ & —3)b—(k —2)c; and (7)
C=B+«[2b+ (k —2)c]=a+ 3k —1)b+ (k — 1)(k — 2)c. (8)

7.1 Constructing a special ternary signature

We construct one of two special ternary signatures. Either we construct a signature of
the form (a, b, b) with a # b and can finish the proof with Corollary 4.19 or we construct
(3(k — 1), k — 3, —3). With this latter signature, we can interpolate the weighted Eulerian
partition signature.

A key step in our dichotomy theorem occurred back in Sect. 4.2 through Lemma 4.18
with the Bobby Fischer gadget. To apply this lemma, we need to construct a gadget
with a succinct ternary signature of type t3 such that the last two entries are equal and
different from the first. This is the goal of the next lemma, which assumes B # 0. We will
determine the complexity of the case B = 0 in Corollary 8.4 without using the results
from this section.

Lemma 7.1 Suppose k > 3 is the domain size and a,b,c € C. Let F be a signature
set containing the succinct ternary signature (a, b, c) of type 13 and the succinct binary
signature (x,y) of type 1o for all x,y € C. If AB # O, then there exist a’, b’ € C satisfying
a' # b’ such that

Pl-Holant(F U {(d, b/, ¥')}) <7 Pl-Holant(F),

where (a’, b/, b') is a succinct ternary signature of type ts.

Proof Consider the gadget in Fig. 11. We assign (a, b, c) to the circle vertex and (x, y) to the
square vertices for some x, y € C of our choice, to be determined shortly. By Lemma 11.6,
the succinct ternary signature of type 73 for the resulting gadget is (@', ¥/, ), where

ad—b=x—-9294+Ax—y)] and b - =x—y>*D

Fig. 11 Local holographic transformation gadget construction for a ternary signature
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with® = (b — ¢)(x — y) + By. We pickx =B +yandy = —(b — ¢) so that ® = 0 and
thus ' — ¢’ = 0. Then the first difference simplifies to @’ — b’ = AB> # 0. This signature
has the desired properties, so we are done. ]

The previous proof fails when 20 = 0 because such signatures are invariant set-wise
under this type of local holographic transformation. With the exception of a single point,
we can use this same gadget construction to reduce between any two of these points.

Lemma 7.2 Suppose k > 3 is the domain size and b, ¢, s, t € C. Let F be a signature set
containing the succinct ternary signature (3b — 2¢, b, c) of type t3 and the succinct binary
signature (x, y) of type 1 forallx,y € C. Ifb # ¢, 3b+ (k —3)c # 0, and 3s + (k —3)t # 0,
then

Pl-Holant(F U {(3s — 2, 5, t)}) <7 Pl-Holant(F),
where (3s — 2t, s, t) is a succinct ternary signature of type t3.

Proof Consider the gadget in Fig. 11. We assign (30 — 2¢, b, ¢) to the circle vertex and
(%, ) to the square vertices for some x, y € C of our choice, to be determined shortly. By
Lemma 11.6, the signature of this gadget is f = [x + (x — 1)y] (313 — 28, b, ¢), where

b=0bx*+2[2b+ (k — 3)clxy + [(3k — 5)b + (k% — 5k + 6)c]y? and
¢ =cx® +2[3b + (k — 4)clxy + [(Bk — 6)b + (k* — 5k + 7)cly™

We note that the difference b — ¢ nicely factors as
b—é¢=(b—c)x—y)>

We pickx = y + /s — t so that b—¢=(b—c)(s—t)is the desired difference s — ¢ up to
a nonzero factor of b — ¢. Then we want to set ¢ to be (b — ¢)t. Withx =y + /s — £, we
can simplify (b — ¢)t — ¢ to

b—cot—t=—«[3b+ (k — 3)c]y2 — 2/ —t[3b+ (k — 3)c]ly + bt — cs. 9)

Since k [3b+(k —3)c] # 0, (9) is a nontrivial quadratic polynomial in y, so we can set y such
that this expression vanishes. Then the signature is f = (b — ¢)[x + (k — 1)y](3s — 2¢, 5, £).
It remains to check that x 4+ (x — 1)y # 0.

Ifx+ («k —1y = 0, theny = — Vf:t. However, plugging this into (9) gives
w # 0,50 x + (k — 1)y is indeed nonzero. ]

IfA = 0and 3b + (k — 3)c = 0, then —3(q, b, ¢) simplifies to c(3(x — 1),k — 3, —3),
which is a failure condition of the previous lemma. The reason is that this signature is
pointwise invariant under such local holographic transformations. However, a different
ternary construction can reach this point.

Lemma 7.3 Suppose k > 3 is the domain size and b,c € C. Let F be a signature set
containing the succinct ternary signature (3b — 2¢, b, c¢) of type 13 and the succinct binary
signature (x, y) of type ta for every x,y € C. If b # ¢, then

Pl-Holant(F U {(3(x — 1), k — 3, —3)}) <7 Pl-Holant(F),

where (3(k — 1), k — 3, —3) is a succinct ternary signature of type Ts.
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Proof 1f 3b + (k — 3)c = 0, then up to a nonzero factor of =, (3b — 2¢, b, c) is already the
desired signature. Otherwise, 3b + (x — 3)c # 0. By Lemma 7.2, we have (3s — 2, s, t) for
any s, t € C satisfying 3s + (k — 3)¢ # 0.

Consider the gadget in Fig. 12. We assign (3s — 2t,s, ) to vertices for some 5,£ € C
satisfying 3s + (k — 3)¢ # 0 of our choice, to be determined shortly. By Lemma 11.4, the
signature of this gadget is (3s' — 2¢/, s/, ¢'), where

s = (5k + 14)s® + (k2 + 9 — 42)s%t + (7c? — 33k +42)st® + (kK — 2)(k% — 6k +7)£2,
and

t = (k + 14)s® + 21(k — 2)s’t + 33k — 15k + 14)st® + (k2 — 92 + 23k — 14)¢3.

It suffices to pick s and ¢ satisfying 3s + (¢ — 3)¢ # O such thats’ = x —3and ¢ = —3 up
to a common nonzero factor.
We note that the difference s’ — t’ factors as

S —t = k(s —£)*[4s + (k — 4)t].

We picks = w so that s’ — ' = k(s — t)? is the desired difference « up to a factor

of (s — £)%. Then we want to set ¢’ to be —3(s — ¢)2. With s = w, we can simplify
—3(s—¢t)*—¢tto

—3(s—t)? -t K3k — 208 — 3 (k + 2)t* + 3k (k — 10)t — (k +26)]. (10)

Since ¥ > 3, (10) is a nontrivial cubic polynomial in £, so we can set ¢ such that this
expression vanishes. Then (3s' — 2¢/, s, ') = (s — t)*(3(k — 1), k — 3, —3). It remains to
check that s # ¢t and 3s + (k — 3)t # 0.

Ifs=t,thent = % Plugging this into (10) gives —1, so s # t. If 3s + (k — 3)t = 0, then
t= —%. Plugging this into (10) gives 1 — k # 0,s0 3s + (k — 3)t # 0. |

7.2 Dose of an effective Siegel’s theorem and Galois theory
It suffices to show that (3(x —1), k —3, —3) is#P-hard for all« > 3. The general strategy s to
use interpolation. However, proving that this interpolation succeeds presents a significant
challenge.

Consider the polynomial p(x, y) € Z[x, y] defined by

P y) =" — 2%y — &%y —x° + 2y + 97 — 2% —xy
=x — 2y + 1)x3 — (y2 +2)x? + 9y — x _|_y3,

We consider y as an integer parameter y > 4 and treat p(x, y) as an infinite family of
quintic polynomials in x with integer coefficients. We want to show that the roots of all

Fig. 12 Triangle gadget used to construct (3(k — 1),k — 3, —3)
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these quintic polynomials satisfy the lattice condition. First, we determine the number of
real and nonreal roots.

Lemma 7.4 For any integer y > 1, the polynomial p(x, y) in x has three distinct real roots
and two nonreal complex conjugate roots.

Proof Up to a factor of —4y?, the discriminant of p(x, y) (with respect to x) is
27y — ay1% 1 726y° — 49398 4+ 2712y7 — 400y° — 2503y°
+475y* + 956y° — 9049” + 460y + 104.

By replacing y with z 4+ 1, we get

27211 + 293719 + 21712° + 103162° + 3333427 + 773982° + 1273832°
+ 141916z% + 1020972% + 443732% + 10336z + 1156,

which is positive for any z > 0. Thus, the discriminant is negative.

Therefore, p(x, y) has distinct roots in x for all y > 1. Furthermore, with a negative
discriminant, p(x, y) has 2s nonreal complex conjugate roots for some odd integer s. Since
p(x, y) is a quintic polynomial (in x), the only possibility is s = 1. O

We suspect that for any integer y > 4, p(x, y) is in fact irreducible over QQ as a polynomial
inx. When considering y as an indeterminate, the bivariate polynomial p(, y) is irreducible
over Q and the algebraic curve it defines has genus 3, so by Theorem 1.2 in [50], p(x, y) is
reducible over Q for at most a finite number of y € Z. For any integer y > 4, if p(x, y) is
irreducible over Q as a polynomial in x, then its Galois group is S5 and its roots satisfy the
lattice condition.

Lemma 7.5 For any integer y > 4, if p(x, y) is irreducible in Q[x], then the roots of p(x, y)
satisfy the lattice condition.

Proof By Lemma 7.4, p(x, y) has three distinct real roots and two nonreal complex con-
jugate roots. With three distinct real roots, we know that not all the roots have the same
complex norm. It is well known that an irreducible polynomial of prime degree n with
exactly two nonreal roots has S, as a Galois group over Q (for example, Theorem 10.15
in [53]). Then we are done by Lemma 6.5. O

We know of just five values of y € Z for which p(x, y) is reducible as a polynomial in x:
E—DE*+ad+242 —x+1) y=-1,

x2(x3 —x — 2) y=0,

Py =1+t —a3 -2 —x+1)  y=1,
—DE*—x—H>+20+2) y=2

[ (x —3)(x* +3x% + 242 —5x —9) y=3.

These five factorizations also give five integer solutions to p(x, y) = 0. It is a well-known
theorem of Siegel [52] that an algebraic curve of genus at least 1 has only a finite number
of integral points. For this curve of genus 3, Faltings’ theorem [31] says that there can
be only a finite number of rational points. However, these theorems are not effective in
general. There are some effective versions of Siegel’s theorem that can be applied to our
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polynomial, but the best effective bound that we can find is over 102%%% [61] and hence
cannot be checked in practice.

However, it is shown in the next lemma that in fact these five are the only integer
solutions. In particular, for any integer y > 4, p(x, y) does not have a linear factor in
Z[x], and hence by Gauss’s Lemma, also no linear factor in Q[x]. The following proof
is essentially due to Aaron Levin [46]. We thank Aaron for suggesting the key auxiliary
function g (x, y) = y; +y —x? + 1, as well as for his permission to include the proof here.
We also thank Bjorn Poonen [51] who suggested a similar proof. After the proof, we will
explain certain complications in the proof.

Lemma 7.6 The only integer solutions to p(x,y) = 0 are (1, —1), (0,0), (—1, 1), (1, 2), and
(3, 3).

Proof Clearly these five points are solutions to p(x, y) = 0. For a € Z with -3 < a < 17,
one can directly check that p(4, y) = 0 has no other integer solutions in y.

Let (a, b) € Z? be a solution to p(x, y) = 0 with @ # 0. We claim a | b*. By definition of
p(x, 9), clearly a | b. If p is a prime that divides a, then let ord,(a) = e and ord,(b) = f
be the exact orders with which p divides a and b, respectively. Then f > 1 since 3f > e
and our claim is that 2f > e. Suppose for a contradiction that 2f < e. From p(a, b) = 0,
we have

a’(@® —2ab—a—b>—2)=—b>—abb—1).
The order with respect to p of the left-hand side is

ord, (612(613 —2ab—a—b*— 2)) > ord, (az) = 2e.
Since p is relatively prime to b — 1, ord,, (ab(b — 1)) = e+ f > 3f, and therefore, the order
of the right-hand side with respect to p is

ord, (—b* — ab(b — 1)) = ord, (%) = 3f.

However, 2e > 3f, a contradiction. This proves the claim.

Now consider the functions g1(x, y) = y — x% and g2(%, y) = y; +y — %% + 1. Whenever
(a,b) € 7?2 is a solution to p(x,y) = 0 with a # 0, g1(a, b) and gy(a, b) are integers.
However, we show that if a < —3 or a > 17, then either g;(a, b) or g(a, b) is not an
integer.

Let ¢ = —(x — 1)x, c; = —x(2x> + 1), and ¢p = x%(x> — x — 2) so that p(x,y) =
¥2 + c29% + c1y + ¢o. Then the discriminant of p(x, y) with respect to y is

disc,(p(x, ) = c3¢? — 4c3 — 4c3co — 27¢3 + 18cacico

= (x — a4’ + 52° + &% + 45x* + 15143 + 163x% + 67x — 4). (11)

Suppose x < —3. Replacing x with —z — 1 in (11) gives
—(z 4+ 1)*(z + 2)(42” + 232° + 552° 4 25z* + 212° + 392% + 17z + 14).

This is clearly negative (for z > 0), so (11) is negative. Thus p(x, y) only has one real
root as a polynomial in y. Let y1(x) be that root and consider y; (x) = x? + 2x~! and
¥ (x®) = 2% + 2x71 4 2472, We have p(x, y; (¥) = —2x% + 6 +4x~1 + 8x73 < 0. Also
Py (x) =6+ 18x71 + 16572 + 12073 + 24n~* + 245> + 8x7¢ > 0.
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Hence, y; (¥) < y1(%) < yf (x), and all three are positive since y; () is positive. Then for

x < =3,
—1<2 =gy (%) < @) <@y () =20+ 2572 <0,

s0 g1(x, y1(x)) is not an integer. Therefore, 1 (x), the only real root for any integer x < —3,
is not an integer.

Now supposex > 17. Then (11) is positive, and there are three distinct real roots. Similar
to the previous argument, we have p(x, y; (x)) < 0 and p(x, yf (x)) > 0. Hence, there is
some root y1(x) in the open interval (y; (x), yf (x)). All three terms y; (x) < y1(x) < yf (x)
are positive because y; (x) > 0. Then

0<2 =gy ) <g@myn®) <g1xyf () =207 +2x72 < 1,

50 g1 (%, y1(x)) is not an integer.
There are two more real roots. Consider

1 1 65
3/2 2 _ %2 12 5-1

¥y (%) = x° — ix + gx 138 and
1 1 65
) — 432 _ T L1 90 _ip
¥y (%) =x x + 8x 128x .

Replacing x with (z 4 2)? in

2495 , 1087 5, 19569 8579 ., 126847

X, Y, (x =% X X X — X
P&y, (%)) 512 512 16384" 16384 32768
L5419 L, 317 L 2871108 Ly, 12675
131072 256 2097152 8192
195
— a2 gy
32
gives
1
2097152(z + 2)6

4194304z + 82055168210 + 7228088322° + 377460518428
x | 412935149184z + 303751871362° + 49489164080z° + 55372934880z% |,
+ 4123837407923 + 1943170137022 + 5465401844z + 812262392

which is clearly positive (z > 0). Thus, p(x, y; (x)) > 0. Also

447 , 193 3185 20605 4225
Pl yf () = 2052 - —x - —y32 L P T2

5127 512 16384" ' 16384 32768
12675 274625

—x_1/2 — —x_3/2 < 0.

131072 2097152

Hence, there is some root y(x) in the open interval (y; (x), y;r (x)). All three terms y;, (x) <
ya(x) < y;r (x) are positive because y; (x) > 0. Hence, for x > 17,

65 1 4225 65
RS B T dp

—1< —4x 12— + —x % 443

512 2 16384 32
65 4225
= oy, (%) < 2 12(x) < g@lxyd () = —Ex* + mx’z <0,

s0 g2(x, y2(x)) is not an integer.
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Finally, consider

3/2_1x_1x1/2+ 65 12 -1

¥3 (%) = —x 5 g ﬁx x and
1 1 65 1
P W Vo R Vo S CAP Vo B §
Y5 () = T = ox = g g 2
We have
1471 447 11377 6013 94079 339331
Py () = — —a? — —y¥2 L 2 DR PR 21
512 512 16384 16384 32768 131072
_6L Ly 5UI807 g 12675 5 195 gn g

512 2097152 16384 128

< 0.
Replacing x with (z + 3)? in

959 127 7281 13309 53119 77699 _
PO ys () = 2% — ——x? — 4% _ £1/2 1/2

512° 512 16384”16384 32768 131072
4 87 1 T80T s 12675 5 195 s 13
1024 2097152 32768 512 8
gives
1
2097152(z + 3)°

2097152211 + 65277952210 + 9197281282° + 773696908828
x | + 4313733260827 +1671754714242° +458797435600z° +889807335920z* |,
+1191781601633z° +104569196036122 + 5377714283312+ 121660965323

which is clearly positive (z > 0). Thus, p(x, y;r (%)) > 0. Hence, there is some root y3(x)
in the open interval (y5 (x), y; (x)). All three terms y; (x) < y3(x) < y;'(x) are negative
because y; (x) < 0. Furthermore, the partial derivative dgpxy) 2x~ly+1and % =

ay
-1 322 (%) 9g2(%,y) _ o 1/2 _ 1.-1/2 | 65,-3/2 _ -2
2x~ > 0. Thus, =5 < =5 Iy:y;(x)— 2x 7% + Zx x < 0,

for all y € (—oo, y;r (®)]. Thus, g2(x, y) is decreasing monotonically in y over the interval
(—o0, y;'(x)]. Then

—2_ 8 a1y 4225 5, 65 sp 13

512 8 16384 128 4
=271 (x) < @2 y3(x) < g2(x y5 ¥))
65 1 s, 425, 6

X2 02 —i—x‘g <1,
512 4 16384 64

0<x

=22 -

so go(x, y3(x)) is not an integer. To complete the proof, notice that the intervals
(o ), yf(x)), (5 (%), y;’ (%)), and (y3 (%), y;'(x)) are disjoint. Therefore, we have shown
that none of the three roots is an integer for any integer x > 17. |

Remark One can obtain the Puiseux series expansions for p(x, ), which are

y1(x) = x2 4+ 2071 +2x72 — 6574 — 18x7° + O(x©) forx € R,
yax) =22 — x4 éxl/z — %x_l/z —x 1= ig%x—s/z —x 240k 5?) forx >0, and

2 1

y3(x) = =32 — fu — a2 4 Byl y7l WAL32 52 4 O(x5/?) for x > 0.
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These series converge to the actual roots of p(x, y) for large x. The basic idea of the proof—
called Runge’s method—is that, for example, when we substitute y(x) in g2(x, y), we get
2% y2(x)) = O(x~1/2), where the multiplier in the O-notation is bounded both above
and below by a nonzero constant in absolute value. Thus, for large x, this cannot be an
integer. However, for integer solutions (x, ¥) of p(x, y), this must be an integer.

We note that the expressions for the yi+ (x) and y; (x) are the truncated or rounded
Puiseux series expansions. The reason we discuss y;r (x) and y; (x) is because we want to
prove an absolute bound, instead of the asymptotic bound implied by the O-notation.

By Lemma 7.6, if p(x, ) is reducible over QQ as a polynomial in x for any integer y > 4,
then the only way it can factor is as a product of an irreducible quadratic and an irreducible
cubic. The next lemma handles this possibility.

Lemma 7.7 For any integer yo > 4, if p(x, o) is reducible over Q, then the roots of p(x, yo)
satisfy the lattice condition.

Proof Let q(x) = p(x, yo) for a fixed integer yo > 4. Suppose that g(x) = f(x)g(x), where
f(x), g(x) € Q[x] are monic polynomials of degree at least 1. By Lemma 7.6, the degree
of each factor must be at least 2. Then without loss of generality, let f(x) and g(x) be
quadratic and cubic polynomials, respectively, both of which are irreducible over Q. By
Gauss’ Lemma, we can further assume f'(x), g(x) € Z[x].

Let Qr and Q, denote the splitting fields over Q of f/ and g, respectively. Suppose «, B
are the roots of f(x) and y, §, € are the roots of g(x). Of course none of these roots are 0.
Suppose there exist i, j, k, m, n € Z such that

o' = y*§"e" and i+j=k+m+n (12)
We want to showthati=j=k=m=n=0.

We first show thatif i = jand k = m = n, theni =j = k = m = n = 0. By (12), we
have (eB)’ = (y8€)X and 2i = 3k. Suppose i # 0, then also k # 0. We can write i = 3¢
and k = 2t for some nonzero ¢t € Z. Let A = a8 and B = yde. Then, both A and B are
integers and AB = y3. From A% = B, we have A> = £B%. Then y§ = A>B*> = +£45%, and
since yo > 3, there is a nonzero integer s > 1 such that yo = s°. This implies A = +s° and
B = +5° (with the same + sign). Then f(x) = 4% + c1x + 5%, g(x) = 2% + c’2x2 +cix £ s,
and g(x) = x° — (25> + 1)x® — (s1 4+ 2)x2 + 5°(s® — 1)x + s'°. We consider the coefficient
of x in g(x) = f(x)g(x). This is s'0 — s° = j:c’ls6 + ¢15%. Since s > 1, there is a prime p
such that p* | s and p**1 /s, for some u > 1. But then p® divides s* = s1° & c/ls6 +c;5°.
This is a contradiction. Hence,i = jandk =m =nimplyi=j=k=m=n=0.

Now we claim that w = «/8 is not a root of unity. For a contradiction, suppose that @
is a primitive dth root of unity. Since @ € Qy, which is a degree 2 extension over Q, we
have ¢(d) | 2, where ¢(-) is Euler’s totient function. Hence, d € {1, 2, 3, 4, 6}. The quadratic
polynomial f(x) has the form x? — (1 + w)Bx + wp? € Z[x]. Hence, r = (leg)) € Q. We
prove the claim separately according to whether » = 0 or not.

If r =0, then w = —1 and d = 2. In this case, f (x) has the form x2 + a for some a € Z.
It is easy to check that g(x) has no such polynomial factor in Z[x] unless yo = 0. In fact,
suppose x> +a | q(x) in Z[x]. Then q(x) = (x*> +a)(x3 + bx+c) since the coefficient of x* in
q(x)is0.Alsoa+b = —(2y0+1),¢c = —(y%+2), ab = yo(yo—1) and ac = y(g). It follows that
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a and b are the two roots of the quadratic polynomial X2 + (2o + 1)X + y(z) — 90 € Z[X].
Since 4, b € Z, the discriminant 8yp + 1 must be a perfect square, and in fact an odd
perfect square (2z — 1) for some z € Z. Thus, yo = z(z — 1)/2. By the quadratic formula,
a = —yo+2z—1or —yp —z. On the other hand, a = ac/c = —yg/(y(z) + 2). In both cases,
this leads to a polynomial in z in Z[z] that has no integer solutions other than z = 0, which
gives yo = 0.

Now suppose r # 0. Plugging r back in f(x), we have f(x) = x> — 2+ 0 + 0 )r~lx +
(24w + o Y)r~2. The quantity 2 + w + @~ ! = 4,1,2,3whend = 1, 3, 4, 6, respectively.
Since (2 4+ @ + w~1)r~2 € 7Z, the rational number ~! must be an integer when d = 3,4, 6
and half an integer when d = 1. In all cases, it is easy to check that a polynomial f(x) of
the specified form does not divide g(x) unless y = 0 or y = —1. Thus, we have proved the
claim that = &/ is not a root of unity.

Next consider the case that f(x) is irreducible over Q. Let E be the splitting field of f
over Q. Then, [E : Q,] = 2. Therefore, there exists an automorphism 7 € Gal(E/Qy)
that swaps « and § but fixes Q; and thus fixes y, §, € pointwise. By applying 7 to (12), we
have o/ 8¢ = y*8™¢”. Dividing by (12) gives («/8Y " = 1. Since /B is not a root of unity,
we get i = j. Hence, we have (af)' = y*8™e". The order of Gal(Qg/Q) is [Qy : Q], which
is divisible by 3. Thus, Gal(Q,/Q) € S3 contains an element of order 3, which must act as
a3-cycleon y, §, €. Since a € Q, applying this cyclic permutation gives (¢ 8)! = y™§"ek.
Therefore, y¥—"§"~"¢"—k — 1. Notice that (k — m) + (m — n) + (n — k) = 0.

It can be directly checked that g(x) is not divisible by any x> + ¢ € Z[x],

and therefore by Lemma 6.4, the roots y, §, € of the cubic polynomial g(x) satisfy the
lattice condition. Therefore, k = m = n. Again, we have shown thati = jandk =m ==n
implyi=j=k=m=n=0.

The last case is when f (x) splits in Qg [x]. Then Q is a subfield of Qg, and 2 = [Qf :
QII[Qg : QJ. Therefore, [Qg : Q] = 6 and Gal(Q,/Q) = S3. Since Qy is normal over Q,
being a splitting field of a separable polynomial in characteristic 0, by the fundamental
theorem of Galois theory, the corresponding subgroup for Qy is Gal(Qg/Qy), which is
a normal subgroup of S3 with index 2. Such a subgroup of Ss is unique, namely As. In
particular, the transposition 7’ that swaps y and & but fixes € is an element in Gal(Q,/Q) =
S3 but not in Gal(Q,/Qf) = As. This transposition must fix @ and 8 setwise but not
pointwise. Hence, it must swap « and B.

By applying 7’ to (12), we have o/ ! = y”'8%¢”. Then dividing these two equations
gives (a/B)"/ = (8/y)" . Similarly, by considering the transposition that switches y
and € and fixes 8, we get (a/B)' 7/ = (y/ e)k—n, By combining these two equations, we have
yrn—msm—kek=n — 1 Note that (n — m) + (m — k) + (k — n) = 0.

As we noted above, the roots of the irreducible g(x) satisfy the lattice condition, so we
conclude that k = n = m. From (a/B)7 = (§/y)" % =1, we get i = j since o/ B is not
a root of unity. We conclude that i =j = k = m = n = 0, so the roots of g(x) satisfy the
lattice condition. ]

Even though p(x, 3) = (¥ — 3)(x* + 3x% + 2x% — 5x — 9) is reducible, its roots still satisfy
the lattice condition. To show this, we utilize a few results, Theorem 7.8, Lemma 7.9, and
Lemma 7.10.

The first is a well-known theorem of Dedekind.
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Theorem 7.8 (Theorem 4.37 [40]) Suppose f(x) € Z[x] is a monic polynomial of degree
n. For a prime p, let f,(x) be the corresponding polynomial in Zy[x]. If f,(x) has distinct
roots and factors over Zy[x] as a product of irreducible factors with degrees dv, dy, . . ., d,
then the Galois group of f over Q contains an element with cycle type (di, do, . . ., d).

With the second result, we can show that x* + 3x3 4+ 2x? — 5x — 9 has Galois group Sy
over Q.

Lemma 7.9 (Lemma on page 98 in [33]) For n > 2, let G be a subgroup of S,. If G is
transitive, contains a transposition and contains a p-cycle for some prime p > n/2, then
G=S,

In the contrapositive, the third result shows that the roots of a3 +2x2 —5x—-9
do not all have the same complex norm.

Lemma 7.10 (Lemma D.2in [17]) Ifall roots of x* + azx® + arx* + a1x + ag € C[x] have
the same complex norm, then as|a,|> = |as|*azao.

Theorem 7.11 The roots of p(x, 3) = (x — 3)(x* + 3x% + 22 — 5x — 9) satisfy the lattice
condition.

Proof Let f(x) = x* 4+ 3x3 + 2x2 — 5x — 9 and let Gy be the Galois group of f over Q. We
claim that Gy = S4. As a polynomial over Zs, f (x) = x% + 3x3 + 2x2 + 1 is irreducible, so
f(x) is also irreducible over Z. By Gauss’ Lemma, this implies irreducibility over Q. Over
713, f (x) factors into the product of irreducibles (x? 4 7)(x + 6)(x + 10) and clearly has
distinct roots, so by Theorem 7.8, Gf contains a transposition. Over Z3, f(x) factors into
the product of irreducibles x(x> 4 2x + 1) and has distinct roots because its discriminant is
1 # 0 (mod 3), so by Theorem 7.8, Gy contains a 3-cycle. Then by Lemma 7.9, Gy = Ss.

Let «, B, y,8 be the roots of f(x). Suppose there exist i, j, k ¢, n € Z satistying n =
i+j+4 k+ € such that 3" = ol Blykst. Now Gy = S4 contains the 4-cycle (1 2 3 4) that
cyclically permutes the roots of f(x) but fixes Q. We apply it zero, one, two, and three

times to get

3}’1 — aiﬂjykae)
_ ﬁiijkaé,
= yi(Sj(xk,Be, and
_ Siajﬁkyé'

Then 3% = (afy8) /T +t = (—9)H/+ +¢ Since n = i + j + k + ¢, this can only hold
when n = 0.

Thus, it suffices to show that the roots of f(x) satisfy the lattice condition. By the
contrapositive of Lemma 7.10, the roots of f(x) do not all have the same complex norm.
Then we are done by Lemma 6.5. O

From Lemma 7.5, Lemma 7.7, and Theorem 7.11, we obtain the following Theorem.

Theorem 7.12 For any integer yo > 3, the roots of p(x, yo) satisfy the lattice condition.
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We use Theorem 7.12 to prove Lemma 7.14. We note that the succinct signature type
74 is a refinement of t.yor, SO any succinct signature of type tolor can also be expressed
as a succinct signature of type 4. In particular, the succinct signature (2, 1, 0, 1, 0) of type
Teolor 18 written (2,0,1,0,0,0, 1,0,0) of type ta. Then the following is a restatement of
Corollary 4.7.

Corollary 7.13 Suppose k > 3 is the domain size. Let (2,0,1,0,0,0, 1,0, 0) be a succinct
quaternary signature of type t4. Then Pl-Holant((2,0, 1,0, 0,0, 1, 0, 0)) is #P-hard.

Lemma 7.14 Suppose k > 4 is the domain size. Then Pl-Holant((3(x — 1),k — 3, —3)) is
#P-hard.

Proof Let (2,0,1,0,0,0, 1,0,0) be a succinct quaternary signature of type 4. We reduce
from Pl-Holant({2, 0, 1,0, 0, 0, 1, 0, 0)), which is #P-hard by Corollary 7.13.

Consider the gadget in Fig. 13. We assign (3(k — 1),« — 3, —3) to the vertices. By
Lemma 11.3, the signature of this gadget is f = (fii’fi?’fi%’fig’fif’fif’fii’fié’f%)
up to a nonzero factor of k, where

fir = -1k +3),

Sfr2=xk—-3

f}% =2k =3

fi% =K -3

f% =2k =3

f;f =K -3

fii =k =3)k+1)
f;; =« — 3, and
fiy=-3

Now consider the recursive construction in Fig. 14. We assign f to every vertex. Up to
a nonzero factor of %, let g; be the succinct signature of type 74 for the sth gadget in this
construction. Then go = (1,0,0,0,0,0,1,0,0) and g = M*gp, where M is the matrix in
Table 1.

The row vectors

(0,0,0,0,—1,0,0,0, 1),
(0,-1,0,1,—1,0,0,1,0),
(-1,0,1,0,—1,0,1,0,0), and

(0,0,0,0,—1,1,0,0,0)

Fig. 13 Quaternary gadget used in the interpolation construction below. All vertices are assigned
3k — 1),k —3,-3)
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No Nst1

Fig. 14 Recursive construction to interpolate the weighted Eulerian partition signature. The vertices are
assigned the signature of the gadget in Fig. 13

are linearly independent row eigenvectors of M, all with eigenvalue «3, that are orthog-
onal to the initial signature go. Note that our target signature (2,0, 1,0, 0,0, 1, 0, 0) is also
orthogonal to these four row eigenvectors.

Up to a factor of (x — «3)%, the characteristic polynomial of M is

h(x k) = 2% — k(26 — 1)x® — k% (k2 — 26 +3)x + (k — 2) (kK — Dic P2+ (k — 1) 3, 1°.

Since h(k3, k) = (k — 3)k17 and k > 4, we know that «3 is not a root of &(x, «) as a
polynomial in x. Thus, none of the remaining eigenvalues are «3. The roots of /(x, k)
satisfy the lattice condition iff the roots of

h(x k) = K%h(KBx,K)
=x" — 2k — Dx® — (k2 — 2 + 3% + (k — 2)(k — Dx + (c — 1)°

satisfy the lattice condition. In /i(x, k), we replace « by y + 1 to get p(x, y) = °> — (2y +
D — (9% + 2)x% + (y — 1)yx + 5°. By Theorem 7.12, the roots p(x, yo) satisfy the lattice
condition for any integer yo > 3. Thus, the roots of /(x, k') satisfy the lattice for any x > 4.
In particular, this means that the five eigenvalues of M different from «? are distinct, so
M is diagonalizable.

The 5-by-5 matrix in the upper-left corner of [go Mgy ... M83g] is

1 9k—1)2k  (k—Drt (k3 =362 411k +3) (k—1)” (k3+1262—11k+6) (k— 110 (k*+4u3 —4xc2+44x —33)

0 3(k—3)(k—1)k —(K—3)K4(K2—2K—1) (K—3)K7(3K2—3K+2) (K—B)KIO(K3—4'K2+16K—11)
0 9k—1%  x*(c*—aiP+6r2+4xc—3) k7 (153 28k 2+11k—6) &0 (k5+3x* 223 +722 ~ 83K +33)
03(k—3)(k—1k  —(k—3)(k—Dr*(x+1) 2k —3)k7 (22— +1) (k=3)(kc—1)x 10 (k2 —6x+11)
0 (k—3)% (k—3)k*(k+1) (k=37 (k2 —k+2) (k=310 (k3 —262+10k—11)

Its determinant is (k — 3)3(k — 1)2k20(k* + k3 + 17«2 + 3k + 2), which is nonzero since
Kk > 4. Thus, [go Mg ... M8go] has rank at least 5, so by Lemma 6.2, g is not orthogonal
to the five remaining row eigenvectors of M.

Therefore, by Lemma 6.6, we can interpolate (2,0, 1,0, 0, 0, 1, 0, 0), which completes the
proof. O

When « = 3, (3(k — 1), x — 3, —3) simplifies to —3(—2, 0, 1). We have a much simpler
proof that this signature is #P-hard.

Lemma 7.15 Suppose the domain size is 3. Then Pl-Holant({—2, 0, 1)) is #P-hard.

Proof Letg = (2,0,1,0,0,0, 1, 0) be a succinct quaternary signature of type t4. We reduce
from Pl-Holant(g), which is #P-hard by Corollary 7.13.

Consider the gadget in Fig. 15. The vertices are assigned (—2, 0, 1). Up to a factor of 9,
the signature of this gadget is g, as desired. O
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L (L=@—x)(E—) AL=N(—="(€—9 (E—=Hp)E—2D)(L—) (L=X)(C—)(e—MT (L= (€= (L=I)(C—")(e—x)C (L= (€—2) AL=I(E—=MTL (6—6+,%) (L—)
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Fig. 15 Square gadget used to construct the weighted Eulerian partition signature

We summarize this section with the following result. With all succinct binary signatures
of type 1 available as well as the succinct unary signature (1) of type 71, any succinct
ternary signature (g, b, c¢) of type t3 satisfying 8 # 0 is #P-hard.

Lemma 7.16 Suppose k > 3 is the domain size and a, b, c € C. Let F be a signature set
containing the succinct ternary signature (a, b, c) of type 13, the succinct unary signature
(1) of type 11, and the succinct binary signature (x, y) of type t2 for all x,y € C. If B # 0,
then Pl-Holant(F) is #P-hard.

Proof Suppose 2 # 0. By Lemma 7.1, we have a succinct ternary signature (a/, b, b’) of
type 73 with @’ # b’. Then we are done by Corollary 4.19.

Otherwise, 2 = 0. Since B # 0, we have b # c¢. By Lemma 7.3, we have (3(k — 1), x —
3, —3).If k > 4, then we are done by Lemma 7.14. Otherwise, x = 3 and we are done by
Lemma 7.15. O

8 Constructing a nonzero unary signature

The primary goal of this section is to construct the succinct unary signature (1) of type

71. However, this is not always possible. For example, the succinct ternary signature

(0,0,1) = ADg33 of type 13 (on domain size 3) cannot construct (1). This follows from

the parity condition (Lemma 4.4). In such cases, we show that the problem is either

computable in polynomial time or #P-hard without the help of additional signatures.
Lemma 8.1 handles two easy cases for which it is possible to construct (1).

Lemma 8.1 Suppose k > 3 is the domain size and a,b,c € C. Let F be a signature
set containing the succinct ternary signature (a, b, ¢) of type t3. If a + (k — 1)b # 0 or
[2b + (k — 2)c][b? — 4bc — (k — 3)c?] # O, then

Pl-Holant(F U {(1)}) <7 Pl-Holant(F),

where (1) is a succinct unary signature of type 7.

Proof Suppose a + (k — 1)b # 0. Consider the gadget in Fig. 16a. We assign (a, b, ¢) to its
vertex. By Lemma 11.1, this gadget has the succinct unary signature (i) of type 71, where
u = a+ (k — 1)b. Since u # 0, this signature is equivalent to (1).

Y

(@) (b)

Fig. 16 Two simple unary gadgets a is a simple self-loop and b contains parallel edges
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Otherwise, @ + (x — 1)b = 0, and [2b + (k — 2)c][b* — 4bc — (k — 3)c*] # 0. Consider
the gadget in Fig. 16b. We assign (g, b, c) to all three vertices. By Lemma 11.1, this gadget
has the succinct unary signature (#') of type 71, where v’ = —(x — 1)(x — 2)[2b + (k —
2)c][b? — 4bc — (k — 3)c?]. Since u’ # 0, this signature is equivalent to (1). O

One of the failure conditions of Lemma 8.1 is when both a+ (k — 1)b = 0 and b% — 4bc —
(k —3)c2 = 0 hold. In this case, (@, b, ¢) = c(—(k —1)(2E£~/k + 1), 2+ /k + 1,1).Ifc = 0,
then a = b = ¢ = 0 and the signature is trivial. Otherwise, ¢ # 0. Then up to a nonzero

factor of ¢, this signature further simplifies to AD3 3 by taking the minus sign when « = 3.
Just like AD3 3, we show (in Lemma 8.2) that all of these signatures are #P-hard.

Similar to the proof of Theorem 4.8, we prove the hardness in Lemma 8.2 by reducing
from counting weighted Eulerian partitions.

Lemma 8.2 Suppose k > 3 is the domain size and a, b, c € C. Let (a, b, ¢) be a succinct
ternary signature of type 3. Ifa + (k — 1)b = 0 and b* — 4bc — (k — 3)c? = 0, then

(a,bc) =c{—(k —1)2+evK+1),24+ vk +1,1),

where ¢ = £1, and Pl-Holant({(a, b, c)) is #P-hard unless ¢ = 0, in which case, the problem
is computable in polynomial time.

Proof If c = 0, then a = b = ¢ = 0 so the output is always 0. Otherwise, ¢ # 0. Up to
a nonzero factor of ¢, (@, b, ¢) can be written as (—(k — 1)(2 + e/k + 1), 2 + e/ + 1, 1)
under the given assumptions, where ¢ = +£1.

Suppose ¥ = 3. If ¢ = —1, then we have (0,0,1) = AD33 and we are done by Theo-
rem 4.8. Otherwise, ¢ = 1 and we have (8, —4, —1). Let T = % [—13 _12 :13], which is an

orthogonal matrix. It follows from Theorem 3.3 and Lemma 11.6 that
Pl-Holant((8, —4, —1)) =7 Pl-Holant(T®3(8, —4, —1)) =7 Pl-Holant({0, 0, 1)),
so again we are done by Theorem 4.8.

Now we suppose k > 4.Letg = (2,0,1,0,0,0, 1, 0, 0) be a succinct quaternary signature
of type 4. We reduce from Pl-Holant(g) to Pl-Holant({g, b, ¢)). Then by Corollary 7.13,
Pl-Holant({a, b, c)) is #P-hard. We write this signature as (—(kx — 1)y, y, 1), where y =
2+ e+/k + 1. Consider the gadget in Fig. 17. We assign (—(x — 1)y, y, 1) to both vertices.

By Lemma 11.3, up to a nonzero factor of y — 1, this gadget has the succinct quaternary
signature f of type t4, where

f={k-1-3)y% - -2y, 3y — 12y, 3y — 1,2y,
—(y =3)y% 2y, y +1).

Now consider the recursive construction in Fig. 6. We assign f to all vertices. Let f;
be the succinct signature of type 74 for the sth gadget in this recursive construction.

Fig. 17 Quaternary gadget used in the interpolation construction below. All vertices are assigned
(= =Ny, v. 1)
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The initial signature, which is just two parallel edges, has the succinct signature fy =
(1,0,0,0,0,0,1,0,0) of type 4. We can express f; as M*fy, where M is the matrix in
Table 2.

Consider an instance €2 of Pl-Holant(g). Suppose g appears n times in 2. We construct
from Q a sequence of instances 25 of Pl1-Holant(f) indexed by s > 0. We obtain Q; from
Q by replacing each occurrence of g with the gadget f;.

We can express M as (y — 1)3P~1 AP, where P is the matrix in Table 3,

A =diag(—=1, -1, -1, —Lk — 2,k — 2k — Lk — 1, A),

and & = &=2k+2y—4)

o1 The rows of P are linearly independent since

det(P) = (k — D) —2*(y = 1)°(y —3)’y #0.

For 1 < i < 9, let r; be the ith row of P. Notice that the initial signature f, and the
target signature g are orthogonal to the same set of row eigenvectors of M, namely
{r1, 72, 73, 15, 17, 19}. Up to a common factor of (y — 1), the eigenvalues for M corre-
sponding to ry, 76, and rg (the three row eigenvectors of M not orthogonal to f;) are —1,
k —2,and k — 1, respectively. Since k > 4, k —2 and k — 1 are relatively prime and greater
than 1, so these three eigenvalues satisfy the lattice condition. Thus by Lemma 6.6, we can
interpolate g as desired. ]

Remark Although the matrices in Table 2 and Table 3 seem large, they are probably
the smallest possible to succeed in this recursive quaternary construction. In fact, for
quaternary signatures one would normally expect these matrices to be even larger since
there are typically fifteen different entries in a domain invariant signature of arity 4.

The other failure condition of Lemma 8.1 is when both a + (k — 1)b = 0 and 2b + (k —
2)c = 0 hold. In this case, (4, b,c) = c((k — 1)(k — 2), —(x — 2),2). If this signature is
connected to (1), then the first entry of the resulting succinct binary signature of type 3 is
(k —1)(k —2)-1—(k —2)-(k —1) = O while the second entry is —(k —2)-2+2-(k —2) = 0.
That is, the resulting binary signature is identically 0. This suggests we apply a holographic
transformation such that the support of the resulting signature is only on k¥ — 1 of the
domain elements.

If c = 0, thena = b = ¢ = 0 and the signature is trivial. Otherwise, ¢ # 0.If k = 3, then
up to a nonzero factor of ¢, this signature further simplifies to (2, —1, 2), which is tractable
by case 3 of Corollary 5.2. Otherwise, k > 4, and we show the problem is #P-hard.

Lemma 8.3 Suppose k > 4 is the domain size. Let f = ((k — 1)(k — 2), —(k — 2),2) bea
succinct ternary signature of type t3. Then Pl-Holant(f) is #P-hard.

Proof Consider the matrix T = [1 1 ] € C***, where T" = yJ—1 + (x — y),—1 with

17
_ka—‘/izl and y = ¢E1+1' After scaling by \/LE’ we claim that T is an orthogonal

X =
matrix.
Let r; be the ith row of %T. First we compute the diagonal entries of %TTT. Clearly

rirf = 1.For2 < i < k, we have

(K + /K — 1)2 K—2 j|_1

el ooy
rirj = —[1+a" + (k 2)y]—,([1+ (VK + 1) +(~//_(+1)2

K
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[(LL—= A= (S+AT—(L+A) ¥ (p—r+24)¢ L+4 (r—ar+x4)¢ L+4 Ap— 0 Ay 0 7
r—r+214)A(y—4) A= Az L+ —(L+4Ae)x Az Aly—) 0 Aly—A)— 0
L+ AH—A)—) Alg—2)y A=Ay Alg—2) L—A¢ Alc—x)e 0 Alg—)e— 0
r—A+14) A —A) L+Ay—(+4Ae)x Az Ay =z Az Ay —) 0 Alp—)— 0
(L+A) Ay —A) =) A=y L—A¢ Alg—y (S A=)z 0 Alg—az— 0
Alr—Ap— A=Az Az A=)z AT L+ A+ A=) 0 (1—Ag) 0

0 0 0 0 0 Alg—az— SHAL=(S—=A)A+-(1+A) ¥ Alc—1)z |—A¢

A=A = Al—=N)—1— Alg—n)— Alc—=)(—)— Alg—n— (L=Ag)(c—) 0 L+ AT+ Aoy — (L +A4) > 0

L 0 0 0 0 0 A(L=A) (= (L=Ag)(L—) A(L =) (=7~ AlE—=A)(1—x)]
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Now we compute the off-diagonal entries. For 2 < i < «, we have

1 K+ k=1 K—2]_O

1
rlr?:—[1+x+(/<—2)y]:— 1-— +
K K Ji+1 Vi +1

For2 <i <j < «, we have

1 1 2 + /K — 1 Kk —3
riroz;[1+2xy—|—(/<—3)y2]=;|:1— ( VK ) i|=0.

(Vi +1)? - (Vk + 1)2

This proves the claim.

We apply a holographic transformation by T to the signature f to obtain f = T®3f,
which does not change the complexity of the problem by Theorem 3.3. Since the first row
of T is a row of all 1’s, the output of f on any input containing the first domain element
is 0. When restricted to the remaining ¥k — 1 domain elements, ]?is domain invariant and
symmetric, so it can be expressed as a succinct ternary signature of type 3.

Up to a nonzero factor of (\/é‘%)z, it can be verified thatf = (—(k—2)(2+/K), 2+./K, 1).
One way to do this is as follows. We write f = (4,5,2) and T = [} 7!,] € C*¥, where
T = yJe—1 + (x — y)Iy_1. The entries of f are polynomials in « with coefficients from
Zla, b, %, y]. The degree of these polynomials is at most 3 since the arity of f is 3. After
computing the entries of }"\ for domain sizes 3 < k < 6 as elements in Z[a, b, x, y], we
interpolate the entries of ]? as elements in (Z[a, b, %, y])[x]. Then replacing a, b, x, y with
their actual values gives the claimed expression for the signature.

Since k > 4, fis #P-hard by Lemma 8.2, which completes the proof. o

At this point, we have achieved the broader goal of this section. For any a,b,¢ € C
and domain size k > 3, either Pl-Holant({a, b, c)) is computable in polynomial time, or
Pl-Holant({a, b, c)) is #P-hard, or we can use (g, b, ¢) to construct (1) (i.e., the reduction
Pl-Holant({{a, b, ¢, ), (1)} <r Pl-Holant({a, b, c)) holds). However, Lemma 8.3 is easily
generalized, and this generalization turns out to be necessary to obtain our dichotomy.

Recall that connecting f = ((k — 1)(k — 2), —(x — 2), 2) to (1) results in an identically O
signature. This suggests that we consider the more general signature]7 = a(1)®3 4 f
for any @ € C and any nonzero 8 € C since this does not change the complexity (as we

2b+(’/§—2)c and

argue in Corollary 8.4). For any 4, b, ¢ € C satistying B = 0 (cf. (7)), ifa =
B = _K+C, then f = (a, b, c). We note that the condition 8 = 0 can also be written as

(k —2)(b — ¢) = b — a. We now prove a dichotomy for the signaturef.

Corollary 8.4 Suppose k > 3 is the domain size and a, b, c € C. Let (a, b, ¢) be a succinct
ternary signature of type t3. If B = 0, then Pl-Holant((a, b, c)) is #P-hard unless b = c or
k = 3, in which case, the problem is computable in polynomial time.

Proof Ifb = c,thenby B = Owehavea = b = ¢, which means the signature is degenerate
and the problem is trivially tractable. If k = 3, then 4 = ¢ and the problem is tractable by
case 3 of Corollary 5.2. Otherwise b # c and k > 4.

Since B = 0, it can be verified that (a, b, c) = w(l)‘g’3 + #f, where f =
((k — 1)k — 2), —(k — 2), 2). We show that Pl-Holant({a, b, c)) is #P-hard iff PI-Holant(f)
is. Since Pl-Holant(f) is #P-hard by Lemma 8.3, this proves the result.

Let G = (V; E) be a connected planar 3-regular graph with » = |V| and m = |E|. We
can view Pl-Holant(G; (g, b, c)) as a sum of 2” Holant computations using the signatures
«(1)®3 and Bf. Each of these Holant computations considers a different assignment of



Cai et al. Res Math Sci(2016)3:18 Page 47 of 77

either a(1)®3 or Bf to each vertex. Since connectingf to (1) gives an identically O signature,
if any connected signature grid contains both & (1)®3 and ff, then that particular Holant
computation is 0. This is because a vertex of degree three assigned (1)®3 is equivalent
to three vertices of degree one connected to the same three neighboring vertices and
each assigned (1). There are only two possible assignments that could be nonzero. If
all vertices are assigned «(1)®3, then the Holant is a”«™. Otherwise, all vertices are
assigned Bf and the Holant is 8” Pl-Holant(G;f). Thus, Pl-Holant(G; a(1)®3 + Bf) =
ak™ 4 B" Pl-Holant(G; f). Since 8 # 0, one can solve for either Holant value given the
other. O

9 Interpolating all binary signatures of type >
In this section, we show how to interpolate all binary succinct signatures of type 7 in
most settings. We use two general techniques to achieve this goal. In the first subsection,
we use a generalization of the anti-gadget technique that creates a multitude of gadgets.
They are so numerous that one is most likely to succeed. In the second subsection, we
introduce a new technique called Eigenvalue Shifted Triples (ESTs). These generalize the
technique of Eigenvalue Shifted Pairs from [43], and we use EST to interpolate binary
succinct signatures in cases where the anti-gadget technique cannot handle. There are a
few isolated problems for which neither technique works. However, these problems are
easily handled separately in Lemma 12.1 in “Appendix 2”.

From Sect. 8, every problem fits into one of three cases: either (1) the problem is tractable,
(2) the problem is #P-hard, or (3) we can construct the succinct unary signature (1) of
type t1. Thus, many results in this section assume that (1) is available.

9.1 E pluribus unum

we use Lemma 4.12 to prove our interpolation results. The main technical difficulty is to
satisfy the third condition of Lemma 4.12, which is to prove that some recurrence matrix
(that defines a sequence of gadgets) has infinite order up to a scalar. When the matrix
has a finite order up to a scalar, we can utilize this failure condition to our advantage by
constructing an anti-gadget [17], which is the “last” gadget with a distinct signature (up to
a scalar) in the infinite sequence of gadgets. To make sure that we construct a multitude
of nontrivial gadgets without cancelation, we put the anti-gadget inside another gadget
(contrast the gadget in Fig. 18 with the gadget in Fig. 19b). From among this plethora of
gadgets, at least one must succeed under the right conditions.

Although this idea works quite well in that some gadget among those constructed does
succeed, we still must prove that one such gadget succeeds in every setting. We aim to
exhibit a recurrence matrix whose ratio of eigenvalues is not a root of unity. We consider
three related recurrence matrices at once. The next two lemmas consider two similar
situations involving the eigenvalues of three such matrices. When applied, these lemmas
show that some recurrence matrix must have eigenvalues with distinct complex norms,
even though exactly which one among them succeeds may depend on the parameters in
a complicated way.

Lemma 9.1 Letdy, di, dy, V € C.Ifdy, dy, and dy have the same argument but are distinct,
then for all p € R, there exists i € {0, 1,2} such that |V + d;| # p.
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Fig. 18 Binary gadget that generalizes the anti-gadget technique. The circle vertices are assigned (g, b, ¢),
while the square and triangle vertices are each assigned the signature of some gadget

1l =
(a) (b)

Fig. 19 Binary gadgets used to interpolate any succinct binary signature of type 7. In a circle vertices are
assigned (g, b, ¢), and the square vertex is assigned (1). In b Both circle vertices are assigned (g, b, ¢)

Proof Assume to the contrary that there exists p € R such that |¥ + d;| = p for every
i € {0,1,2}. In the complex plane, consider the circle centered at the origin of radius p.
Each W + d; is a distinct point on this circle as well as a distinct point on a common line
through W. However, the line intersects the circle in at most two points, a contradiction.

O

Lemma 9.2 Let dy, dy,do, V € C. If dy, d1, and dy have the same complex norm but are
distinct and V # 0, then for all p € R, there exists i € {0, 1, 2} such that |V + d;| # p.

Proof Let £ = |dy|. Assume to the contrary that there exists p € R such that |V +d;| = p
for every i € {0, 1, 2}. In the complex plane, consider the circle centered at the origin of
radius p and the circle centered at ¥ of radius £. Since ¥ £ 0, these circles are distinct.
Each ¥ + d; is a distinct point on both circles. However, these circles intersect in at most
two points, a contradiction. O

Now we use Lemma 9.1 and Lemma 9.2 as well as our generalization of the anti-gadget

technique to establish a crucial lemma.

Lemma 9.3 Supposek > 3isthedomainsizeanda, b, c, v € C. Let F be a set of signatures
containing the succinct binary signature (w-+« —1, o—1) of type 1o and the succinct ternary
signature (a, b, ¢) of type ts. If the following three conditions are satisfied:

1. w¢{0,£1},
2. B #0,and
3. at least one of the following holds:

(i) €=0or
(ii) ¢2 = a)ze%zforsomeﬂ € {0, 1} but either €% # A% ork # 3,

then
Pl-Holant(F U {(x, y)}) <r Pl-Holant(F)

forany x,y € C, where (x, ) is a succinct binary signature of type 7.
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We use this lemma to establish that various 2-by-2 recurrence matrices have infinite
order modulo scalars. When applied, w will be the ratio of two eigenvalues, one of which
is a multiple of B or B2 by a nonzero function of .

Proof of Lemma 9.3 Let ® = ;—22 and ¥ = (K—%Q@. Consider the recursive construction
in Fig. 7. After scaling by a nonzero factor of «, we assign f = %(a) +k—-lLw-1)
to every vertex. Let f; be the succinct binary signature of type 1, for the sth gadget

in this construction. We can express f; as M*[} ], where M = 1 [“’Zf}l ('(‘Kill)ng:})] =

K
[} 1;"] [‘(‘; (1)] H 1;" ]_1 by Lemma4.11. Then f; = %(a)s—l—fc —1, ®* —1). The eigenvalues
of M are 1 and w, so the determinant of M is w # 0. If w is not a root of unity, then we are
done by Corollary 4.13.

Otherwise, suppose w is a primitive root of unity of order #. Since w # +1 byassumption,
n > 3. Now consider the gadget in Fig. 18. We assign (g, b, ¢) to the circle vertices,
fr = %(w’ + k — 1, " — 1) to the square vertex, and f; = %(ws +x—Lo* —1)to
the triangle vertex, where r,s > 0 are parameters of our choice. By Lemma 11.5, up to a

nonzero factor of %2, this gadget has the succinct binary signature
frs) = %(@a)rﬂ Fh -1+ +¥+1), P — (0" + o + ¥ +1) +«)

of type 5. Consider using this gadget in the recursive construction of Fig. 7. Let f;(r, s) be
the succinct binary signature of type 7, for the ¢th gadget in this recursive construction.
Then fi(r,s) = f(r,s) and fi(r,s) = (M(r,5))* [é], where the eigenvalues of M(r, s) are
P +k —1and 0 + & + ¥ by Lemma 4.11. Thus, the determinant of M(r, s) is
(P +k — 1)(" + w® + ). Since @ is either 0 or a power of w by condition 3, the first
factor is nonzero for any choice of r and s. However, for some r and s, it might be that
grs)=o"+o°*+ ¥ =0.

Suppose ¥ = 0. We consider the two possible cases of ® in order to finish the proof
under this assumption.

1. Suppose ® = 0. Consider the gadget M(0, 1). The determinant of M(0, 1) is nonzero
since g(0, 1) # 0 and the ratio of its eigenvalues is not a root of unity because they
have distinct complex norms. Thus, we are done by Corollary 4.13.

2. Suppose ® = w?’ for some £ € {0,1}. Consider the gadget M(n — £, n — £). The
determinant of M(n — £, n — £) is nonzero since g(n — ¢, n — £) # 0 and the ratio
of its eigenvalues is not a root of unity because they have distinct complex norms.
Thus, we are done by Corollary 4.13.

Otherwise, ¥ # 0. We claim that g(r,s) = 0 can hold for at most one choice of
r,s € Z, (modulo the swapping of r and s). To see this, consider ry, s1, 2, 53 such that
g(r, 1) = 0=g(ry, 52). Then v 4+ 0! = —¥ = 0" 4 . By taking complex norms and
applying the law of cosines, we have cosf; = cos 6, where §; = arg(w®~") is the angle
from w” to w% for j € {1,2}. Thus, 6; = £6,. Since ¥ # 0, we have 6; # 7. 1f0; = 6,
then (1 + 1) = w™2(1 + €). Since 6; # +m, the factor 1 + ¢! is nonzero. After
dividing by this factor, we conclude that r; = ry and thus s; = s,. Otherwise, 6; = —6,.
Then o (1 4 1) = w2(1 + €1), and we conclude that r; = s, and s; = 5. This proves
the claim.

Suppose n > 4-and let Sy = {(0,0), (L n—1), (2, n—2)}and S; = {(1,1), (2,0), (3, n—1)}.
Then g(r, s) = 0 holds for at most one (r, s) € So US;. In particular, g(r, s) is either nonzero



Cai et al. Res Math Sci(2016)3:18 Page 50 of 77

for all (r, s) € Sp or nonzero for all (r,s) € S;. Pickj € {0, 1} such that g(r, s) is nonzero for
all (r,s) € S;. By Lemma 9.1 with d; = (@' + o )/ and p = |Pw¥ + k — 1], there exists
some (r,5) € S; such that the eigenvalues of M(r, s) have distinct complex norms, so we
are done by Corollary 4.13.

Otherwise, n = 3. We consider the two possible cases of ® in order to finish the proof.

1. Suppose ® = 0. Let S; = {(0,)), (L, j + 1),(2,j + 2)}. Then g(r,s) = 0 holds for at
most one (r,s) € Sp U S1. In particular, g(r, s) is either nonzero for all (r, s) € Sp or
nonzero for all (r, s) € S1. Pickj € {0, 1} such that g(7, s) is nonzero for all (1, 5) € S;.
By Lemma 9.2 with d; = (1 + /)0’ and p = « — 1, there exists some (r,5) € S;
such that the eigenvalues of M(r, s) have distinct complex norms, so we are done by
Corollary 4.13.

2. Suppose ® = w?’ for some £ € {0,1} but either ¢2 # A> or k # 3.
Note that this is equivalent to ® # W or « # 3. Consider the set S =
{(0,0), (0,1), (0,2), (1, 1), (1, 2), (2, 2)}. If there exists some (r, s) € S such that g(r, s) #
0 and the eigenvalues of M(r, s) have distinct complex norms, then we are done by
Corollary 4.13.

Otherwise, for every (r,5) € S, either g(r,s) = 0 or the eigenvalues of M(r, s) have the
same complex norm. If the latter condition were to always hold, then we would have

2+ W = ‘a)2£+x—1‘ = -1+,
|2a)2+\lf| = ‘w25+1+x—1‘ = ’—a)2+\ll ,and
2w+ V| = ‘a)2[+2+x—1‘ =|-w+ VY],

where each equality corresponds to one of the six M(r, s) having eigenvalues of equal
complex norm for (1, s) € S. Of the six equalities, at most one may not hold since g(r, s) = 0
for at most one (7, s) € S. Since n = 3, two of the three terms of the form |w?™" + k — 1|

must be equal, so we can write the stronger condition

|2w2+\lfwz| =|lw+k—1| = |—a)2+\l-’we|
l (13)
‘Zw—f—\llwzy = ’a)z—}—/c— 1| = ’—a)—i—\lfw[’.

As it is, one of the horizontal equalities in (13) may not hold. However, even without one
of these equalities, we can still reach a contradiction.

We show that W’ € R even if one of the equalities in (13) does not hold. In fact, either
the left or the right half of the equalities in (13) hold. In the first case, |2w? + Wo'| = |20+
W' | holds and we get W' € R. Similarly in the second case, |—w? + Vo' | = |—0+ Vo'
holds and we get W' € R as well. Next, we use real and imaginary parts to calculate the
complex norms even if one of the equalities in (13) does not hold. Either the top half of the
equalities hold and thus [2w? + Ww'| = |—w? 4+ Ww'|, or the bottom half of the equalities
hold and thus |20 + Y| = |—w + Yof|. In any case, it readily follows that Vel = 1.
26

This implies ¥ = ", so we can rewrite (13) as

V3=lo+k—1=+3
I
V3 =04k -1 =53
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where at most one equation may not hold. This forces ¥ = 3. However, ® = w* = ¥
and « = 3 is a contradiction. ]

The previous lemma is strong enough to handle the typical case.

Lemma 9.4 Suppose k > 3 is the domain size and a, b,c € C. Let F be a signature set

containing the succinct ternary signature (a, b, ¢) of type t3 and the succinct unary signature
(1) of type t1. If

1 B#£0,

2. €#0,

3. @2 £ B2 and

4. either €2 # A% ork # 3,

Pl-Holant(F U {(x, y)}) <r Pl-Holant(F)
forany x,y € C, where (x,y) is a succinct binary signature of type 7.

Proof Letw = %, which is well defined. Consider the gadget in Fig. 19a. We assign (a, b, ¢)
to the circle vertex and (1) to the square vertex. Up to a nonzero factor of %, this gadget
has the succinct binary signature
K
B

of type t2. Then we are done by Lemma 9.3 with £ = 1 in case (ii) of condition 3. o

({a+ & —1b2b+ (k —2)c) ={w+x —1,w—1)

If B = 0, then we already know the complexity by Corollary 8.4. The other failure
conditions from the previous lemma are:

C—B =«[2b+ (k —2)] = 0; (14)

C+ B =2a+202« —3)b+ (k —2)*c=0; (15)

¢C=0; (16)

k =3and € —2A =0, orequivalently « =3 and b =0; (17)
k=3and €+ A =0, orequivalently « =3 and 2a-+3b+4c=0. (18)

Notice that these five failure conditions are linear in a, b, c.

By starting the proof with a different gadget, Lemma 9.3 can handle the first three failure
conditions. The last two failure conditions require a new idea, Eigenvalue Shifted Triples,
which we introduce in Sect. 9.2. In fact, these two cases are equivalent under an orthogonal
holographic transformation.

The nextlemma considers the failure condition in (14). Note that ¢ = B iff the signature
can be written as (24, —(x —2)¢, 2¢) up to a factor of 2. The first excluded case in Lemma 9.5
is handled by Corollary 8.4, and the last two excluded cases are tractable by Corollary 5.3.

Lemma 9.5 Suppose « > 3 is the domain size and a,c € C. Let F be a signature set
containing the succinct ternary signature (2a, —(k — 2)¢, 2c) of type t3 and the succinct
unary signature (1) of type t1. If

1 2a# (k — 1)k —2)c,
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2. 4a # (k* — 6Kk + 4)c, and
3. ¢#0,

then
Pl-Holant(F U {(x, y)}) <r Pl-Holant(F)

forany x,y € C, where (x, y) is a succinct binary signature of type ;.

Proof Note that when 2b = —(k —2)c, wehave B = € = 2a—(k —1)(x —2)c by (14), which
is nonzero by condition 1 of the lemma. Let wy = 4a® + (k — 2)[4ac + 2k 4+« —2)c?] and
assume wy # 0. Thenletw = %02 # 0. By conditions 2 and 3, it follows that w # 1. Also we
note that when 2b = —(k —2)c, we have 22 = 2a+ (3k —2)cand 2€ = 2a— (k —1)(k —2)c.
By the same conditions, 2 and 3, we have €2 # 22, We further assume that w # —1, which
is equivalent to 84> — 4(k — 2)%ac + (k — 2)(k® — 2«2 4 6K — 4)c> # 0.
Consider the gadget in Fig. 19b. We assign (24, —(k — 2)¢, 2¢) to the vertices. Up to a

nonzero factor of 22, this gadget has the succinct binary signature

L aa® + (k= Dk — 2Bk — 2% —(k — 2)[4ac — (k2 — 6k + 4)c?])

wQ

=(w+kxk—1 w-—1)

of type t2. Then we are done by Lemma 9.3 with £ = 0 in case (ii) of condition 3.
Now we deal with the following exceptional cases.

1. Ifwg =0,then2a = — [/c —24ik\/2(k — 2)]0. Up to a nonzero factor of —c, we have
—%(2&1, —(k —2)¢,2¢) = (k — 2+ ik/2(k — 2), kK — 2, —2) and are done by case 1 of
Lemma 12.1.

2. If 8a® — 4(k — 2)%ac + (k — 2)(k® — 2k + 6k — 4)c*> = 0, then 4a = [(k — 2)* +
iK% — 4]c. Up to a nonzero factor of £, we have

2

(2a, —(k — 2)¢, 2¢) = ((k — 2)* £ ik VK2 — 4, —2(k — 2),4)

(4

and are done by case 2 of Lemma 12.1. ]
The next lemma considers the failure condition in (15). Note that € = —B iff the

signature can be written as (—2(2« — 3)b — (k — 2)%¢, 2b, 2¢) up to a factor of 2. The first
excluded case in Lemma 9.6 is handled by Corollary 8.4, and the last excluded case is
tractable by Corollary 5.8.

Lemma 9.6 Suppose k > 3 is the domain size and a,b € C. Let F be a signature set
containing the succinct ternary signature (—2(2k — 3)b — (k — 2)%c, 2b, 2¢) of type 13 and
the succinct unary signature (1) of type t1. If

1. 2b # —(k — 2)c and
2. k #4or5b* +2bc+c* #0,

then
Pl-Holant(F U {(x, y)}) <r Pl-Holant(F)

forany x,y € C, where (x, y) is a succinct binary signature of type Ts.
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Proof Note that when 22 = —2(2« — 3)b — (k — 2)?c, we have B = —€ by (15) and
28 = —«[2b + (k — 2)c], which is nonzero by condition 1 of the lemma. Let wy =
8(2k — 3)b% + (k — 2) [8(/< —3)bc + (k% — 6K + 12)62] and assume wy # 0. Then let
w = W By condition 1, @ # 0. It can be shown that «[2b + (k — 2)c]®> = wo
is equivalent to (b — ¢)[3b + (k — 3)c] = 0. Thus, assume b # ¢ and 3b # —(k — 3)c.
Then w # 1. Also we note that when 24 = —2(2« — 3)b — (k — 2)%c, we have 2 =
—Kk[4b + (k — 4)c] and 2¢€ = «k[2b + (k — 2)c]. By the same assumptions, b # ¢ and
3b # —(k — 3)c, we have €2 # 2. Further assume that w # —1, which is equivalent to
25k — 6)b% + (k — 2)[6(k — 2)bc + (k% — 4k + 6)c?] # 0.

Consider the gadget in Fig. 19b. We assign (—2(2« — 3)b — (k — 2)%¢, 2b, 2¢) to the

vertices. Up to a nonzero factor of %2, this gadget has the succinct binary signature

1
wo

(%,9) = (@ + k — 1,0 — 1) of type 12, where

x = 4(4x* — 9k + 6)b% + (k — 2) [4(k — 2)(2k — 3)bc + (® — 6% + 16K — 12)c?]
and

y = —4(k —2)[36% + (k — 6)bc — (k — 3)c*].

Then we are done by Lemma 9.3 with £ = 0 in case (ii) of condition 3.
Now we deal with the following exceptional cases.

1. If wy = 0, then we have —4(2x — 3)b = [2(/< —3)(k —2) Xik/2(Kk — 2)]c but« # 4
by condition 2 since otherwise wy = 8(5b% + 2bc + c2) # 0. Up to a nonzero factor

of 2(2;5 —3)’

22 ) a2k - 3)b - (k2762520

- <—(2K —3)[20c — 2) F ikv/2(c — 2)],
—2 (= 3)(k — 2) F ik/20c — 2), 4(2k — 3))

and are done by case 3 of Lemma 12.1.

2. Ifb = ¢, then up to a nonzero factor of ¢, we have %(—2(2/( —3)b—(k—2)%¢, 2b, 2¢) =
(—«? +2,2,2) and are done by case 4 Lemma 12.1.

3. If 3b = —(k — 3)c, then up to a nonzero factor of £, we have %(—2(2/{ —3)b— (k —
2)%¢, 2b, 2¢) = (k? — 6K + 6, —2(k — 3), 6) and are done by case 5 of Lemma 12.1.

4. If 2(5k — 6)b> + (k — 2)[6(k — 2)bc + (k> — 4Kk + 6)c*] = 0, then —2(5c — 6)b =

[3(k — 2)? + ik /> — 4]c. Up to a nonzero factor of =,

5k — 6
c

- <(/< —3)(k — 2)% + ik (2 — 32 — 4,
—3 (=2 T icvk? — 4, 2(5¢ — 6)>

and are done by case 6 of Lemma 12.1. O

(=22 — 3)b — (k — 2)%¢, 2b, 2¢)

The next lemma considers the failure condition in (16). Note that &€ = 0 iff the signature
can be written as (—3(k — 1)b — (k — 1)(k — 2)¢, b, ¢). The excluded case in Lemma 9.7 is
handled by Corollary 8.4.

Page 53 of 77



Cai et al. Res Math 5ci(2016)3:18

Lemma 9.7 Suppose k > 3 is the domain size and b,c € C. Let F be a signature set
containing the succinct ternary signature (—3(k — 1)b — (k — 1)(k — 2)¢, b, ¢) of type t3 and
the succinct unary signature (1) of type t1. If 2b # —(k — 2)c, then

Pl-Holant(F U {{x, )}) < Pl-Holant(F)
forany x,y € C, where (x, y) is a succinct binary signature of type 5.

Proof Note that when a = —3(k — 1)b — (k — 2)(k — 1)c, we have € = 0 and 2B =
—k[2b+ (i — 2)c], which is nonzero by assumption. Let wg = (9« — 10)6? + (k —2)[2(3k —
5)bc+ (k2 — 4k +5)c?] and assume wg # 0. Thenletw = %. By assumption,
w # 0. Assume w # 1, which is equivalent to — (5« — 6)b* — (k — 3)(k — 2)(2b — ¢)c # 0.
Further assume @ # —1, which is equivalent to (13« — 14)b*> + (k — 2)[2(5k — 7)bc +
(2k% — 7k +7)c*] # 0.

Consider the gadget in Fig. 19b. We assign (—3(k — 1)b — (k — 1)(k — 2)¢, b, c) to
the vertices. Up to a nonzero factor of wy, this gadget has the succinct binary signature
L% y) = (0 +Kk — 1,0 — 1) of type 1, where

o
x = (k — 1) {38k —2)b> + (k — 2) [6bc + (k* — 3k +3)?]}  and
y = —(5k — 6)b> — (k — 3)(k — 2)(2b — c)c.
Then we are done by Lemma 9.3 via case (i) of condition 3.
Now we deal with the following exceptional cases.
1. If wp = 0, then —(9« — 10)b = [(x — 2)(3k — 5) £ ik+/2(k — 2)]c. Up to a nonzero
factor of 555, we have

9« — 10

. (=3(k —1)b— (k — 1)(k — 2)¢, b, ¢)
= (—(k — 1)[5(k — 2) F 3ikv2(k — 2)],
—(k —2)(Bk —5) Fik/2(k —2), 9k —10)

and we are done by case 7 of Lemma 12.1.
2. If —(5x — 6)b% — (k — 3)(k — 2)(2b — ¢)c = 0, then — (5« — 6)b = [(K —3)(k —2) %
ka2 — 5 + 6]0. Up to a nonzero factor of — =, we have

=8 3~ )b (k — Dk — 26 by )

C
— ((k—1) [(K — 2)(2 +3) F 3xv/k? — 5r + 6],
(k —3)(k —2) £ kvVk%2 -5 +6, —5k+6)

and are done by case 8 Lemma 12.1.
3. If (13x — 14)b% + (k — 2)[2(5« — 7)bc + (2«2 — 7k +7)c?] = 0, then —(13«x — 14)b =
[(/c —2)(5¢k = 7) iK% — Kk — 2]c. Up to a nonzero factor of 13-z, we have

13k — 14

(=3(k —1)b— (k — 1)(k — 2)¢, b, c)
=k —1) [(K — )2k —7) % Bik/i? — k — 2],
—(k = 2)(5k = 7) FikvVKk2 —k —2, 13k — 14)

and are done by case 9 of Lemma 12.1. ]
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9.2 Eigenvalue shifted triples

To handle failure conditions (17) and (18) from Lemma 9.4, we need another technique.
We introduce an Eigenvalue Shifted Triple, which extends the concept of an Eigenvalue
Shifted Pair.

Definition 9.8 (Definition 4.6 in [43]) A pair of nonsingular matrices M, M’ € C2*2 is
called an Eigenvalue Shifted Pair if M' = M + 81 for some nonzero § € C, and M has
distinct eigenvalues.

Eigenvalue Shifted Pairs were used in [43] to show that interpolation succeeds in most
cases since these matrices correspond to some recursive gadget constructions and at least
one of them usually has eigenvalues with distinct complex norms. In [43], it is shown that
the interpolation succeeds unless the variables in question take real values. Then other
techniques were developed to handle the real case. We use Eigenvalue Shifted Pairs in a
stronger way. We exhibit three matrices such that any two form an Eigenvalue Shifted
Pair. Provided that these shifts are linearly independent over R, this is enough to show
that interpolation succeeds for both real and complex settings of the variables. We call
this an Eigenvalue Shifted Triple.

Definition 9.9 A trio of nonsingular matrices Mo, M1, My € C2*2 is called an Eigenvalue
Shifted Triple (EST) if My has distinct eigenvalues and there exist nonzero 81,83 € C
satisfying §- ¢ R such that My = Mo + 811, and My = Mo + 8 1.

We note thatif Mo, M1, and M, form an Eigenvalue Shifted Triple, then any permutation
of the matrices is also an Eigenvalue Shifted Triple.

The proof of the next lemma is similar to the proof of Lemma 4.7 in [44], the full version
of [43].

Lemma 9.10 Suppose o, 8,61,82 € C. Ifa # B, 81,82 # 0, and 3—; ¢ R, then |a| # |B| or
lo + 81| # |B + 81l or la + 82| # |B + 2.

Proof Assume for a contradiction that |«| = |8], |@+81| = |8+61],and |e+82| = |B+82].
After a rotation in the complex plane, we can assume that « = B. Note that all of our
assumptions are unchanged by this rotation. For i € {1, 2}, we have

(a +8)(a + 8) = o + 8|2
=p+a
=(B+8)(B+8) = (@+8)x+5)

This implies (@ — «)(8; — 8;) = 0. Since & # B = @, we have §; € R. Then g—; e R, a
contradiction. O

The next lemma considers the failure condition in (17), which is k = 3 and b = 0,
so the signature has the form (g, 0, ¢). If a = 0, then the problem is already #P-hard by
Theorem 4.8. If ¢ = 0, then the problem is tractable by case 1 of Corollary 5.2. If a® = ¢,

then the problem is tractable by Corollary 5.6.

Lemma 9.11 Suppose the domainsizeis3 anda, c € C. Let F be a signature set containing
the succinct ternary signature (a, 0, ¢) of type t3 and the succinct unary signature (1) of
type 11. If ac # 0 and a® # c3, then
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Pl-Holant(F U {{x, y)}) <r Pl-Holant(F)

forany x,y € C, where (x, y) is a succinct binary signature of type Ts.

Proof Assume 2a + ¢ # 0 and let v = % Assume a® 4 2¢? so that w # 0. Further
assume a® + 2ac + 3¢® # 0 so that w*> # 1 as well as a® + ac + 7¢? # 0 so that w® # 1.
Note that these conclusions also require @ # ¢ and a® # c?, respectively.

Consider using the recursive construction in Fig. 20. The circle vertices are assigned
(4, 0, ), and the square vertex is assigned (1). Letz = f—l, which is well defined by assump-
tion. The succinct signature of type 1, for the initial gadget Ny in this construction is (4, c).
Up to a nonzero factor of g, this signature is fy = %(a, ¢) = (1, z). Then up to a nonzero
factor of c(2a + c), the succinct signature of type 73 for the sth gadget in this construction

is f; = (o, z) = M® fy, where

M= 1 a’ + 2c? 0 _|®0
" ca+c) 0 cRa+c)| |01]

Clearly M is nonsingular. The determinant of [fo M fo] = [¢ %’ ]isz(1 —w) # 0. lf w is
not a root of unity, then we are done by Lemma 4.12.

Otherwise, suppose  is a primitive root of unity of order n. By assumption, n > 4.
Now consider the recursive construction in Fig. 7. We assign f; to every vertex, where
s > 0 is a parameter of our choice. Let g;(s) be the signature of the ¢th gadget in this
recursive construction when using f;. Then gi(s) = f; and g:(s) = (N(s))* [(1)], where
N(S) = [a; wsz-z‘rz]

By Lemma 4.11, the eigenvalues of N(s) are w® + 2z and @® — z, which means the
determinant of N (s) is (w® 4 2z)(w® — z). Each eigenvalue can vanish for at most one value
of s € Z, since both eigenvalues are linear polynomials in @° that are not identically 0.
Furthermore, at least one of the eigenvalues never vanishes for all s € Z,, since otherwise
1=z = 1.

Thus, at most one matrixamong N (0), N (1), N(2), and N (3) can be singular. Pick distinct
j k£ € {0, 1,2, 3} such that N (j), N(k), and N (¢) are nonsingular. To finish the proof, we
show that N (), N (k), and N (¢) form an Eigenvalue Shifted Triple. Then by Lemma 9.10,
at least one of the matrices has eigenvalues with distinct complex norms, so we are done
by Corollary 4.13.

The eigenvalue shift from N (j) to N(k) is 8;x = o/ (%7 — 1), which is nonzero since j
and k are distinct in Z,. Assume for a contradiction that 2—’2 € R, which is equivalent to
arg(d;x) = arg(+dj¢). Then we have

arg (a)k_j — 1) = arg (:i:(a)e_j — 1)), (19)
Ny Ny Nsi1
Fig. 20 Alternative recursive construction to interpolate a binary signature (cf. Fig. 7). The circle vertices are
assigned (g, b, ¢), and the square vertex is assigned (1)
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In the complex plane, any nonzero x — 1 € C with |x| = 1 lies on the circle of radius 1
centered at (—1,0). Such x satisfy 7 < arg(x — 1) < 37” Thus, the argument of x — 1
is unique, even up to a sign, contradicting (19). Therefore, M;, My, and M form an
Eigenvalue Shifted Triple as claimed.

Now we deal with the following exceptional cases.

1. If 2a + ¢ = 0, then up to a nonzero factor of a, we have %(ﬂ, 0,¢) = (1,0,—2) and
are done by case 10 of Lemma 12.1.

2. Ifa® 4+ 2¢* = 0, then a = +iv/2c. Up to a nonzero factor of ¢, we have %(a, 0,¢) =
(££i+/2,0,1) and are done by case 11 of Lemma 12.1.

3. Ifa® + 2ac + 3c%2 = 0, thena = ¢(—1 + i\/i), Up to a nonzero factor of ¢, we have
%(u, 0,¢) = (—1 £ iv/2,0,1) and are done by case 12 of Lemma 12.1.

4. If a® + ac + 7¢* = 0, then 2a = ¢(—1 % 3i+/3). Up to a nonzero factor of 5, we have
%(a, 0,¢) = (—1 =+ 3i+/3,0,2) and are done by case 13 of Lemma 12.1. O

The next lemma considers the failure condition in (18). Since this failure condition is
just a holographic transformation of the failure condition in (17), the excluded cases in
this lemma are handled exactly as those preceding Lemma 9.11.

Lemma 9.12 Suppose the domainsizeis3 and b, c € C. Let F be a signature set containing
the succinct ternary signature (—3b — 4c, 2b, 2c) of type t3 and the succinct unary signature

. 1 —2-2
(1) of type 11. Assume T®3(—3b — 4¢, 2b, 2¢) = (4, b, &), where T = [—% 12 —12] Afat #0

and &3 # &3, then
Pl-Holant(F U {{x, y)}) <r Pl-Holant(F)

forany x,y € C, where (x, y) is a succinct binary signature of type 1.

Proof By Lemma 11.6 with x = 1 and y = —2, we have b = 0. Thus, after a holographic
transformation by T, we are in the case covered by Lemma 9.11. Since T is orthogonal
after scaling by %, the complexity of these problems is unchanged by Theorem 3.3. O

We summarize this section with the following lemma.

Corollary 9.13 Suppose the domain size isk > 3 and a, b, c € C. Let F be a signature set
containing the succinct ternary signature (a, b, ¢) of type t3 and the succinct unary signature
(1) of type t1. Then

Pl-Holant(F U {(x, y)}) <r Pl-Holant(F)
forany x,y € C, where (x,y) is a succinct binary signature of type to, unless

« B=0or
o thereexist . € Cand T € {I., kI, — 2]} such that
T®3)(1,0,0), or
T®3)0(0,0,1) and x = 3, or
{(a, b, c) =
T®3)\‘<
T (% 1, 1) and Kk = 4 where u = —1 £ 24,

1,0, w) and k = 3 where w3 = 1, or
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Proof If failure condition (14), (15), (16), (17), or (18) holds, then we are done by
Lemma 9.5, Lemma 9.6, Lemma 9.7, Lemma 9.11, or Lemma 9.12, respectively, with
the various excluded cases listed. If none of (14), (15), (16), (17), and (18) hold, then we
are done by Lemma 9.4. ]

10 The main dichotomy
Now we can prove our main dichotomy theorem.

Theorem 10.1 Suppose k > 3 is the domain size and a, b, ¢ € C. Let {(a, b, ¢) be a succinct
ternary signature of type t3. Then Pl-Holant((a, b, c)) is #P-hard unless at least one of the
following holds:

1 a=b=c¢
2. a=candk =3;

there exists . € Cand T € {I, kI, — 2]} such that

3. {a b c) = T®L(1,0,0);
4. {a,bc) = T®A(1,0, ) and k = 3 where w3 = 1;
5 {a,bc) = T®r(u> 1, u) and k = 4 where p = —1 £ 2i;

in which case, the computation can be done in polynomial time.

Proof The signature in case 1 is degenerate, which is trivially tractable. Case 2 is tractable
by case 3 of Corollary 5.2. Case 3 is tractable by Corollary 5.3. Case 4 is tractable by
Corollary 5.6. Case 5 is tractable by Lemma 5.7.

Otherwise, (4, b, ¢) is none of these tractable cases. If ‘B = 0, then we are done by
Corollary 8.4, so assume that B # 0.Ifa+ (x — 1)b = 0 and b> — 4bc — (k — 3)c> = 0, then
we are done by Lemma 8.2, so assume that @ + (k — 1)b # 0 or b> — dbc — (k — 3)c? # 0.

If a + (k — 1)b # 0, then we have the succinct unary signature (1) of type 71 by
Lemma 8.1. Otherwise, a + (k — 1)b = 0 and b* — 4bc — (k — 3)c? # 0. Since B # 0, we
have 2b + (k — 2)c # 0. Then again we have (1) by Lemma 8.1. Thus, in either case, we
have (1).

By Corollary 9.13, we have all binary succinct signatures (x, y) for any x, y € C. Then we
are done by Lemma 7.16. ]
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11 Appendix 1: Computing gadget signatures

In this paper, some of the more difficult claims to verify are those when we say that a
particular F-gate (or gadget) has a particular signature. This is an essential difficultly
that cannot be avoided. We are proving that Pl-Holant(F) is #P-hard for various F (and
computing the signature of an F-gate is a generalization of this problem). Thus, one
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should not expect to be able to compute these signatures significantly faster in general
than what the naive algorithm can do.

This has always been an issue for any dichotomy theorem about counting problems,
but with larger domain sizes, we seem to be reaching the limit of what can be computed
by hand for the signatures of gadget constructions that are presented in our proofs. To
counter this, the standard techniques are to utilize the smallest gadgets (that suffice) or an
infinite family of related gadgets with a (small) description of finite size, which we certainly
employ. Additionally, we point out some tricks, where they exist, to save as much work as
possible.

Beyond all this, we also face another problem. We would like to express the signature
of a gadget as a function of the domain size. To compute the signature of a gadget for
every domain size is no longer a finite computation. However, each entry of the gadget’s
signature is a polynomial in the domain size of degree at most the number of internal
edges in the gadget. To obtain these polynomials, one can interpolate them by computing
the signature for small domain sizes. It is easy to write a program to do this.

When computing by hand, there is another possibility that works quite well. One par-
titions the internal edge assignments into a limited number of parts such that the assign-
ments in each part contribute the same quantity to the Holant sum. This is best explained

with some examples.

Lemma 11.1 Suppose k > 3 is the domain size and a,b,c,x,y € C. Let {(a, b, c) be a
succinct ternary signature of type 13 and let (x,y) be a succinct signature of type to. If we
assign {(a, b, c) to the circle vertex and (x,y) to the square vertex of the gadget in Fig 2Ic,
then the succinct unary signature of type 1y of the resulting gadget is (x[a + (x — 1)b] +
y(k — 1)[2b + (k — 2)c]).

Ifthe square vertex is replaced by Fig. 21d, then the resulting signature is (a+ (x — 1)b). If
the square vertex is replaced by Fig. 21e, and a + (k — 1)b = 0, then the resulting signature
is

(—(c — Dk — 2)[2b + (k — 2)c][b* — 4bc — (k — 3)c?)). (20)

Proof Since (a, b, c) and (x,y) are domain invariant, the signatures of these gadgets are
also domain invariant. Any domain invariant unary signature has a succinct signature of
type 11.

Let g € [«] be a possible edge assignment, which we call a color. Suppose the external
edge is assigned g and consider all internal edge assignments that assign the same colors
to both edges. For such assignments, (x,y) contributes a factor of x. Now if this color
assigned to both internal edges is also g, then (a, b, ¢) contributes a factor of a. Thus, the

(© (d) (e)

Fig.21 Gadgets (a) and (b) are used to construct (1). They are special cases of (c) and are obtained by
replacing the square in (c) with either (d) or (e), respectively. All (circle) vertices are assigned {a, b, c)
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Holant sum includes one factor of ax. If the two internal edges are assigned any color
different from g, then (g, b, ¢) contributes a factor of b. Since there are « — 1 such colors,
this adds (¢« — 1)bx to the Holant sum.

Now consider all internal assignments that assign different colors to the edges. For such
assignments, (x, y) contributes a factor of y. First, suppose that one of the internal edges
is assigned g. There are two ways this could happen and (g, b, ¢) contributes a factor of
b. Since there are « — 1 choices for the remaining edge assignment, this adds 2(x — 1)by
to the Holant sum. Lastly, suppose that the two internal edges are not assigned g. Then
(a, b, c) contributes a factor of c. Since there are (v — 1)(k — 2) such assignments, this adds
(k — 1)k — 2)cy to the Holant sum. Thus, the resulting signature is (x[a + (x — 1)b] +
y(k — 1)[2b + (k — 2)c]) as claimed.

Replacing the square by Fig. 21d is equivalent to setting x = 1 and y = 0, which gives
{(a + (k — 1)b). Replacing the square by Fig. 21e is equivalent to setting x and y to the
values given in Lemma 11.2. The resulting signature is indeed (20). |

Lemma 11.2 Suppose k > 3 is the domain size and a, b, c € C. Let (a, b, c) be a succinct
ternary signature of type ts. If we assign (a, b, c) to both vertices of the gadget in Fig. 22,
then the succinct binary signature of type T, of the resulting gadget is (x, y), where

x=a’+3@ — )b+ (k — 1)(x — 2)c? and
y = 2ab + kb* + 4k — 2)bc + (k — 2)(k — 3)c%

Proof Since (a, b, c) is domain invariant, the signature of this gadget is also domain invari-
ant. Any domain invariant binary signature has a succinct signature of type 7.

Letg r € [k] bedistinct edge assignments. We have two entries to compute. To compute
x, suppose that both external edges are assigned g. We begin with the case where both
internal edges have the same assignment. If this assignment is g, then a2 is contributed
to the sum. If this assignment is not g, then b? is contributed to the sum for a total
contribution of (k — 1)b?. Now consider the case that the two internal edges have a
different assignment. If one of these assignments is g, then b? is contributed to the sum
for a total contribution of 2(x — 1)b?. If neither assignment is g, then c? is contributed to
the sum for a total contribution of (k — 1)(k — 2)c2. These total contributions sum to the
value for x given in Lemma 11.2.

To compute y, suppose one external edge is assigned g and the other is assigned .
We begin with the case where both internal edges have the same assignment. If this
assignment is g or r, then ab is contributed to the sum for a total contribution of 2ab. If
this assignment is not g or r, then b? is contributed to the sum for a total contribution of
(k — 2)b2. Now consider the case that the two internal edges have a different assignment.
If both are assigned g or 7, then b? is contributed to the sum for a total contribution of 252.
If exactly one is assigned g or r, then bc is contributed to the sum for a total contribution
of 4(k — 2)bc. If neither is assigned g or 7, then ¢ is contributed to the sum for a total

—e e

Fig.22 A simple binary gadget
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contribution of (k — 2)(x — 3)c3. These total contributions sum to the value for y given in
Lemma 11.2. O

When checking these proofs, a concern is that some assignments might not have been
counted. One sanity check to address this concern is to set 2 = b = ¢ = 1 and inspect the
resulting expression. If computed correctly, the result will be k™, where m is the number
of internal edges, which is the number of internal edge assignments.

Lemma 11.3 Suppose k > 3 is the domain size and a, b, c € C. Let (a, b, c) be a succinct
ternary signature of type t3. If we assign (a, b, c) to both vertices of the gadget in Fig. 23,
then the succinct quaternary signature of type 14 of the resulting gadget is

f={fip fiae i fiy fiz Fipe i i )

fir = a’ + (k — 1)b?,
fi2 = bla+b+ (k- 2],
fi2 =207 + (k — 2)c%,

12

fiy = b +2bc + (k = 3)S,
=y

=y

fiy = bl2a+ (c — 2)b],

féé = ac + 2b* + (k — 3)bc, and
fi‘é = c[4b + (k — 4)c].

Proof Since (a, b, ¢) is domain invariant, the signature of this gadget is also domain invari-
ant. The vertical and horizontal symmetry of this gadget implies that its signature has a
succinct signature of type 4.

Letw, %, ¥, z € [k] be distinct edge assignments. We have nine entries to compute. Recall
that the edge with the diamond is considered the first input and the rest are ordered
counterclockwise.

1. To compute fi 1, suppose the external assignment is (w, w, w, w). If the internal edge
is also assigned w, then a? is contributed to the sum. If the internal edge is not
assigned w, then b? is contributed to the sum for a total contribution of (k — 1)b2.

2. To compute fi 2, suppose the external assignment is (w, w, w, x). If the internal edge
is assigned w, then ab is contributed to the sum. If the internal edge is assigned x,
then b? is contributed to the sum. If the internal edge is not assigned w or x, then bc
is contributed to the sum for a total contribution of (x — 2)bc.

Fig. 23 A simple quaternary gadget
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3. To compute f% 2, suppose the external assignment is (w, w, %, x). If the internal edge
is assigned w, then b? is contributed to the sum. If the internal edge is assigned x,
then b? is contributed to the sum. If the internal edge is not assigned w or x, then ¢?
is contributed to the sum for a total contribution of (k — 2)c2.

4. Tocompute f} 3, suppose the external assignment is (w, w, «;, y). If the internal edge is
assigned w, then b? is contributed to the sum. If the internal edge is assigned x, then
bc is contributed to the sum. If the internal edge is assigned y, then bc is contributed
to the sum. If the internal edge is not assigned w, x or y, then c? is contributed to the
sum for a total contribution of (x — 3)c2.

5. To compute f} 3, suppose the external assignment is (w, %, w, x). This entry is the
same as that for (w, w, x, x). The reason is that the signature is unchanged if the two
external edges of the lower vertex are swapped since (g, b, ¢) is symmetric.

6. To compute fi?’ suppose the external assignment is (w, x, w, y). This entry is the
same as that for (w, w, x, y) for the same reason as the previous entry.

7.  To compute f; 1, suppose the external assignment is (w, x, x, w). If the internal edge
is assigned w, then ab is contributed to the sum. If the internal edge is assigned x,
then ab is contributed to the sum. If the internal edge is not assigned w or x, then b?
is contributed to the sum for a total contribution of (x — 2)b2.

8. Tocompute f% 1, suppose the external assignment is (w, «, y, w). If the internal edge is
assigned w, then ac is contributed to the sum. If the internal edge is assigned x, then
b? is contributed to the sum. If the internal edge is assigned y, then b is contributed
to the sum. If the internal edge is not assigned w, x or y, then bc is contributed to the
sum for a total contribution of (k — 3)c2.

9. To compute f; 4, SUppOse the external assignment is (w, %, y, z). If the internal edge
is assigned w, , y, or z, then bc is contributed to the sum for a total contribution of
4bc. If the internal edge is not assigned w, x, y or z, then ¢? is contributed to the sum
for a total contribution of (k — 4)c?.

These total contributions each sum to their corresponding entry of f given in the statement
of Lemma 11.3. |

Although possible, it would be difficult to compute the signature of the gadget in Fig. 24c
through partitioning of the internal edge assignments alone. To simplify matters, we utilize
the calculations from Lemma 11.3. Since composing the gadget in Fig. 24a with the one
in Fig. 24b gives a symmetric signature, we refrain from distinguishing the external edges
of the gadget in Fig. 24b.

(a) (b) ()

Fig. 24 Decomposition of a ternary gadget. All circle vertices are assigned (g, b, ¢), and the square vertex
in (b) is assigned the signature of the gadget in (a). a Inner structure b outer structure c entire binary gadget

Page 62 of 77
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Lemma 11.4 Suppose k > 3 is the domain size and a, b, c € C. Let (a, b, c) be a succinct
ternary signature of type t3. If we assign (a, b, c) to all vertices of the gadget in Fig. 24c, then
the succinct ternary signature of type t3 of the resulting gadget is (a’, b/, ¢, where

d = a® + 3k — Dab* + 4(c — 1)b® + 3(k — 1)(k — 2)(b*c + bc?)
+ (kK = 1)k — 2)(k — 3)c>,

b = a’b + 4ab® + 2(k — 2)abc + (k — 2)ac® + (5 — 7)b> + (k — 2)(k + 5)b%c
+ (k — 2)(7x — 18)bc* + (k — 2)(k — 3)%c%, and

¢ = 3ab® + 6abc + 3(k — 3)ac® + (k + 5)b° + 3(7k — 18)b*c 4+ 9(k — 3)>bc?
+ (k3 — 9% +29¢ — 32)c3.

Furthermore, if A = 0, then

a =3b -2,
b = (5k +14)b> + (k? + 9% — 42)b%c + (7 — 33k + 42)bc?
+ (k — 2)(k% — 6K + 7)c3, and
¢ = (k+14)b3+21(k —2)b*c+3(3k% — 15k +14)bc® + (k> — 92 +23k — 14) 3.

Proof Since (a, b, c¢) is domain invariant, the signature of this gadget is also domain invari-
ant. As a ternary signature, the rotational symmetry of this gadget implies the symmetry of
the signature. Any symmetric domain invariant ternary signature has a succinct signature
of type t3.

Consider the gadget in Fig. 24a. We assign (g, b, ¢) to both vertices. Then by Lemma 11.3,
the succinct quaternary signature of this gadget is the signature f given in Lemma 11.3.

Now consider the gadget in Fig. 24b. We assign (a, b, ¢) to the circle vertex and f to the
square vertex. The resulting gadget is the one in Fig. 24c, which is symmetric. Thus, there
is no need to distinguish the external edges. We have three entries to compute.

Let g1,y € [x] be distinct edge assignments. To compute a’, suppose that all external
edges are assigned g. We begin with the case where both internal edges have the same
assignment. If this assignment is g, then a f% s contributed to the sum. If this assignment
is not g, then b f% 2 s contributed to the sum for a total contribution of (x — 1)b f% 2.
Now consider the case that the two internal edges have a different assignment. If one
of these assignments is g, then b fif is contributed to the sum for a total contribution
of 2(k — 1)b f%%. If neither assignment is g, then ¢ f}g is contributed to the sum for a
total contribution of (x — 1)(k — 2)c f 13 After substituting for the entries of f, these total
contributions sum to the value for @’ given in Lemma 11.4.

To compute b, suppose the left external edges are assigned g and the right external edge
is assigned r. We begin with the case where both internal edges have the same assignment.
If this assignment is g, then b 11 is contributed to the sum. If this assignment is r, then
a f} 2 is contributed to the sum. If this assignment is not g or 7, then b fi 2 is contributed to
the sum for a total contribution of (k —2)b fi 2. Now consider the case that the two internal
edges have a different assignments. If both are assigned g or r, then b f} 2 s contributed to
the sum for a total contribution of 2b f} 2. If one is assigned g and the other is not assigned
r, then ¢ f}% is contributed to the sum for a total contribution of 2(k — 2)c f% 2. If one is
assigned r and the other is not assigned g, then b fig is contributed to the sum for a total
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contribution of 2(x — 2)b f% 3. If neither is assigned g or r, then ¢ f%g is contributed to the
sum for a total contribution of (x — 2)(x — 3)c fi 3. After substituting for the entries of f,
these total contributions sum to the value for &’ given in Lemma 11.4.

To compute ¢, suppose the upper-left external edge is assigned g, the lower-left external
edge is assigned r, and the right external edge is assigned y. We begin with the case
where both internal edges have the same assignment. If this assignment is g, then b f12 is
contributed to the sum. If this assignment is r, then b f} 2 s contributed to the sum. If this
assignment is y, then a fi% is contributed to the sum. If this assignment is not g, r, or ¥,
then b f% 3 is contributed to the sum for a total contribution of (x — 3)b f% 3. Now consider
the case that the two internal edges have a different assignments. If the top internal edge
is assigned g and the bottom one is assigned r, then ¢ f; 1 is contributed to the sum. If the
top internal edge is assigned r and the bottom one is assigned g, then ¢ f; 2 is contributed
to the sum. If the top internal edge is assigned g and the bottom one is assigned y, then
bfi is contributed to the sum. If the top internal edge is assigned y and the bottom one
is assigned g, then b f; 3 is contributed to the sum. If the top internal edge is assigned r
and the bottom one is assigned y, then b f;f is contributed to the sum. If the top internal
edge is assigned y and the bottom one is assigned r, then b f;; is contributed to the sum.
If the top internal edge is assigned g and the bottom one not assigned r or y, then ¢ f; L is
contributed to the sum for a total contribution of (x — 3)c f; L If the bottom internal edge
is assigned g and the top one not assigned r or y, then ¢ f; 3 is contributed to the sum for
a total contribution of (x — 3)c f; 3. If the top internal edge is assigned r and the bottom
one not assigned g or y, then ¢ f;? is contributed to the sum for a total contribution of
(k —3)c f; 3. If the bottom internal edge is assigned r and the top one not assigned g or
y, then ¢ f% 1 s contributed to the sum for a total contribution of (x — 3)c f; L If the one
internal edge is assigned y and the other is not assigned g or , then b f; s is contributed to
the sum for a total contribution of 2(« —3)b f14. If neither internal edge is assigned ¢ 7, or
y, then ¢ f%g is contributed to the sum for a total contribution of (x — 3)(x — 4)c f% . After
substituting for the entries of f, these total contributions sum to the value for ¢’ given in
Lemma 11.4. O

The signature of the gadget in Fig. 25 is difficult to compute using gadget compositions
and partitioning of internal edge assignments as we have been doing. Instead, we compute
this signature using matrix product, trace, and polynomial interpolation.

Lemma 11.5 Suppose k > 3 is the domain size and a, b, ¢, x1, y1, %2, y2 € C. Let (a, b, c) be
a succinct ternary signature of type t3 and (x1, y1) and (x2, y2) be succinct binary signatures
of type Ty. If to the gadget in Fig. 25 we assign (a, b, ¢) to the circle vertices, (x1,y1) to the
square vertex, and (x2, y2) to the triangle vertex, then the succinct binary signature of type
Ty of the resulting gadget is (x, y), where

Fig.25 A more complicated binary gadget
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x = x1x0a” + 2k — 1)(¥1y2 + %291 + y192)ab + 2(k — 1)(k — 2)y1y2ac

+ (kK — 1)[3x1% + k(%192 + 2291) + (76 — 12)y1y2]b?

+2(k — )k — 2)[2(x1y2 + x2y1) + Bk — 7)y192]bC

+ (c = Dk — 2)[x1x + (6 — 3)(x1y2 + x291) + (% = 5¢ + 7)yuynle? and
y = y192a” + 2[x1%2 + 2192 + %291 + 3(k — 2)y1y2]ab

+ 2(k — 2)[x1y2 + %291 + (K — 3)y1y2]ac

+ [iex120 + (7 — 12)(x1¥2 + x291) + 3(3c* — 11k + 11)y192]b?

+ 2(k — 2)[2x1%2 + (3k — 7)(x1y2 + x2y1) + 3(k> — 4k + 5)y1y2]be

+ (k — 2)[(k — 3)x1x2 + (k2 — 5k + 7)(x1y2 + x2y1)+ (k> — 62 + 14K — 13)]c%

Furthermore, if (x1, y1) = %(w’ 4+ —1L " —1)and (x, y2) = %(ws + Kk —1, 0 — 1), then

2
x = %[CIDwV+S+(K—1)(wr+wS+\IJ+1)] and

%2
y:—2[d>a)’+5—(wr+ws+\ll+1)+/<],
K

where ® = g—i and ¥V = (K_%;;mz.

Proof Since (a, b, ¢), (x1, y1), and (x9, y2) are domain invariant, the signature of this gadget
is also domain invariant. Any domain invariant binary signature has a succinct signature
of type 2.

We compute a’, b, and ¢’ using the algorithm for Holant(F) when every nondegenerate
signature in F is of arity at most 2, which is to use matrix product and trace. Then we
finish with polynomial interpolation. Let M, (¢) be a k-by-x matrix such that

a i:j:t’
b oi=j#t

MK t)ij =
M i+jand(i=torj=1)

¢ otherwise.

a b b b

For example, My (1) = I:Z IZ 4 i] If we fix an input of (g, b, ¢) to t € [«], then the
b ¢ ¢ b

resulting binary signature (which is no longer domain invariant) has the signature matrix

M (2).
Consider x and y as polynomials in « with coefficients in Z[a, b, ¢, x1, y1, %2, y2]. Then

x(k) =tr (MK(I)[yljl( + (x1 _yl)IK]MK(l)D’QJK + (%2 _yZ)IK]) and
)’(K) =tr (MK(I)[yljl( + (x1 _yl)IK]MK(z)D’ZJK + (%2 —yz)lx]).

Since there are just four internal edges in this gadget, both of x(x) and y(«) are of degree at
most 4 in k. Therefore, we interpolate each of these polynomials using their evaluations
at 3 < k < 7 and obtain the expressions for x and y given in Lemma 11.5. o

Remark Lemma 11.2 is the special case of Lemma 11.5 with (x1, y1) = (%2, y2) = (1, 0).
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In order to apply a holographic transformation on a particular signature, it is convenient
to express the signature as a sum of degenerate signatures. Let e, ; be the standard basis
vector of length « with a 1 at location i and 0 elsewhere. Also let 1, be the all 1’s vector of
length k. Then the succinct ternary signature (g, b, ¢) on domain size « can be expressed

as
K €x,i D ex,i & e
(@b,c)=c12 +(a—c) Ze,‘?,? +(®—-0 z + e ® e ® ey (21)
i=1 id&;d + e Qi @ e
K
= bl,(??’ + (a — b) Z e?}? + (c — b) Z ee,o(1) ® 0 (2) @ €c0(3)- (22)
i=1 0:1,2,3— [«]
o injective
The expression in (21) contains 1 4+ x + 3k(k — 1) = 3«x? — 2« + 1 summands. In

general, this is smaller than the one in (22), which contains 1 4+ « + k(k — 1)(k — 2) =
k3 — 3«2 + 3k + 1 summands. It is advantageous to find an expression that minimizes
the number of summands. This leads to less computation in the proof of Lemma 11.6.
However, determining the fewest number of summands for a given signature is exactly
the problem of determining tensor rank, which is a problem well known to be difficult
[38].

There is a gadget construction that mimics the behavior of a holographic transformation.
This construction is called a local holographic transformation [24]. For x, y € C, let (x, y)
be a succinct binary signature of type t2. Consider the gadget in Fig. 26. If we assign
(4, b, c) to the circle vertex and (x, y) to the square vertex, then the resulting signature of
this gadget is the same as applying a holographic transformation on (g, b, ¢) with basis
T = yJ + (x — y)I,. We use this fact in the following proof.

Lemma 11.6 Suppose k > 3 is the domain size and a, b,¢,x,y € C. Let (a,b,c) be a
succinct signature of type t3 and let T = yJ + (x — y)I. Then T®3(a, b, c) = (a’, b, '),
where

d=a [x3 + (k — l)yg]
+3b(k — 1) [x2y + xy* + (k — 2)y3]
+ el — 1)k —2) [3xy* + (k — 3)y°],
b =alx*y +xy* + (k — 2)y°]
+b [x3 + kx2y + (7 — 12)xy* + Bk% — 11k + 11)y3]

+ el — 2) [26%y + 3k — 7)wy* + (k* — 4k + 5)y*], and

Fig. 26 Local holographic transformation gadget construction for a ternary signature
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¢ =a[3xy* + (k — 3)y°]
+3b[2x%y + (3 — 7)xy* + (k? — 4k + 5))°]
+c [x?’ + 3(k — S)xzy +3(k% — 5x + 7)xy2 + (k3 — 6K + 14ic — 13)y3].

In particular,
d—b=x-y2D+Ax—y)] and b - =(x-y>D,
where ® = (b — ¢)(x — y) + By. Furthermore, if A = 0, then

a =3b -2,
b =[x+ (k — 1)y] {ba® + 2[2b + (k — 3)clxy + [(3k — 5)b + (k? — 5 + 6)cly*}  and
¢ =[x+ (k — )yl {ex® +2[3b + (k — 4)clxy + [(3k — 6)b + (k* — 5k + 7)cly*}.

Ifk =3, x=—1,andy =2, then
a = —3(5a + 12b — 8¢), b = —3(2a + 3b + 4c¢), and ¢ =3(4a —12b — ¢).

Proof Let}; = T®3(a, b, ¢). Since (a, b, ¢) and (x, y) are domain invariant, the signature of
the gadget in Fig. 26, which is the same signature f, is also domain invariant. As a ternary
signature, the rotational symmetry of this gadget implies the symmetry of the signature.
Any symmetric domain invariant ternary signature has a succinct signature of type ts.

The entries of 7 are polynomials in « with coefficients from Z[a, b, ¢, x, y]. The degree
of these polynomials is at most 3 since the arity of (g, b, ¢) is 3. We compute the entries
of f = T®3(a, b, c) as elements in Z[a, b, ¢, , y] for domain sizes 3 < k < 6 by replacing
(a, b, ¢) with an equivalent expression from either (21) or (22). Then we interpolate the
entries of f as elements in (Z[a, b, ¢, %, y])[k]. The resulting expressions for the signature
entries are as given in the statement of Lemma 11.6.

It is straightforward to verify the expressions for a’ — b' and b’ — ¢’ given those for &/,
b',and ¢’. Recall that A = a — 3b + 2¢. If A = 0, then it follows that a’ — 30’ + 2¢' = 0 as

well since

a—-3b+2d=d-b -2 =)
= (x — )’ [2D + Alx — )] — 2(x — »)*D
= A(x —y)3 =0.

The expressions for b’ and ¢’ when 2l = 0 directly follow from their general expressions
above. o

By composing smaller gadgets, we can easily compute the signatures of rather large
gadgets.

Lemma 11.7 Suppose k > 3 is the domain size and a, b, ¢ € C. Let (a, b, ¢) be a succinct
ternary signature of type t3. If (a, b, ¢) is assigned to every vertex of the gadget in Fig. 27c,
then the resulting signature is the succinct binary signature (x, y) of type Ty, where
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(a) (b) )

Fig.27 Decomposition of a binary gadget. All circle vertices are assigned (g, b, ¢}, and the square vertex
in (b) is assigned the signature of the gadget in (). a Inner structure b Outer structure ¢ Entire binary gadget

x = a* + 6(k — 1)a®b® + 16(k — 1)ab® + 12(x — 1)(x — 2)ab’c
+12(k — 1)(k — 2)abc? + 4(k — 1)(k — 2)(k — 3)ac® + 3(x — 1)(5x¢ — 7)b*
+4(k — 1)k — 2)(k 4+ 5)b%c + 6(k — 1)(k — 2)(7x — 18)b*c?
+12(k — 3)%(k — Dk — 2)bc® + (k — D)k — 2)(k> — %2 + 29 —32)c*  and
y= 2a%b + (k + D)a’b* + 4k — 2)a’be + (k — 2)a>c* + 2(9% — 11)ab®
+2(k — 2)(3k + 8)ab®c + 2(x — 2)(12« — 31)abc® + 2(k — 2)(2k2 — 11k + 16)ac®
+ (76 + 3K — 24)b* + 2(c — 2)(k® + 31k — 70)b3¢ + (k — 2)(48k2 — 234k + 301)b%c>
+2(k — 2)(6k3 — 45k% + 121k — 116)bc®
+ (k — 2)(k — 3) (k3 — 7k + 19 — 20)c™.

Proof Since (a, b, c) is domain invariant, the signature of this gadget is also domain invari-
ant. Any domain invariant binary signature has a succinct signature of type .

Consider the gadget in Fig. 27a. We assign (g, b, c¢) to both vertices. By Lemma 11.3, this
gadget has the succinct quaternary signature f of type 74, where f is given in Lemma 11.3.

Now consider the gadget in Fig. 27b. We assign (a, b, ¢) the circle vertices and f to
the square vertex. By partitioning the internal edge assignments into parts with the same
contribution to the sum, one can verify that this gadget has the succinct binary signature
(%, ) of type 12, where

x=fi1 [4® + (k — 1)b?]

+4(c = 1)f12 [ab + b* + (€ — 2)bc]

+(c = 1)fiz [2ab + (e — 2)b*]

+ 2% — 3k + 2)f%§ [ac +2b% + (k — 3)bc]

+ (k= 1fi2 [26% + (k — 2)c?]

+2(c> = 3k +2) f13 [b* + 2be + (c — 3)c?]

+(c = 1 fiy [267 + (€ = 2)¢°]

+2(c? = 3k +2) fi1 [b* + 2be + (c — 3)c?]

+ (% = 6* + 11 — 6) fy1 [4be + (c — 4)c?] and
y = fi1 [2ab + (c — 2)p°]

+4f12 [ab + (c — 2ac + (2 — 3)b* + (k — 2)bc]

+ fiz [4* + 2(k — 2)ab + (k* — 3k + 3)b?]

+2(k —2)f13 [2ab + (k — 3)ac + 2(k — 2)b* + (k* — 4k + 5)bc]

+f%% [2192 + 4(k — 2)bc + (k* — 5k + 6)02]

+2(c — 2)f13 [36% + 2(2c — 5)be + (k? — 5k + 7)c?]
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+ f11[267 + 4 — 2)be + (k* — 5¢ + 6)c?]
+20c — 2) i1 [36% +2(2¢ — 5)be + (c* — 5k +7)c’]
+ (* = 5ic + 6) fy4 [46° + 4k — B)be + (K — 5k + 8)c?].

Substituting for the entries of f gives the result stated in Lemma 11.7. ]

Lemma 11.8 Suppose k > 3 is the domain size and a, b, c € C. Let (a, b, c) be a succinct
ternary signature of type t3. If (a, b, ¢) is assigned to every vertex of the gadget in Fig. 28c,
then the resulting signature is the binary succinct signature (x, y) of type 1o, where x and y
are given in Table 4.

Proof Since (a, b, ¢) is domain invariant, the signature of this gadget is also domain invari-
ant. Any domain invariant binary signature has a succinct signature of type .

Consider the gadget in Fig. 28a. We assign (a, b, c¢) to all vertices. By Lemma 11.4, this
gadget has the succinct ternary signature f = (ayg, bo, co) of type 14, where ag, bo, and ¢p
are given in the statement of Lemma 11.4 as @/, ¥, and ¢/, respectively.

Now consider the gadget in Fig. 28b. We assign f to the vertices. By Lemma 11.2, the
resulting gadget has the binary succinct signature (x, y) of type 12, where

x=ak 430 — Db3+ (k — 1)k —2)c2  and
y = 2agbg 4 kb3 + 4(k — 2)boco + (kK — 2)(k — 3)c3.

Substituting for ag, by, and cg gives the result in Table 4. O

Beyond the gadgets in this section, there are two 9-by-9 recurrence matrices that appear
in our proofs (see Table 1 and Table 2). No entry in those recurrence matrices is any harder
to compute than any signature entry appearing in this section. The difficulty with these
recurrence matrices is the sheer number of terms that must be computed.

12 Appendix 2: More binary interpolation
For some settings of 4, b, ¢ € C, Lemma 9.3 and Lemma 9.11 do not apply. However, these
settings are easily handled on a case-by-case basis.

Lemma 12.1 Suppose k > 3 is the domain size. Let F be a signature set containing the
succinct unary signature (1) of type t1 and any of the following succinct ternary signatures

of type t3:

1 (k—2%ik/2(k —2),k —2,—2);
2. Ak —2)2 tikVK2 — 4, —2(k — 2),4);

e @
(@) () (©

Fig. 28 Decomposition of a binary gadget. All circle vertices are assigned (g, b, ¢), and the triangle vertices
in (b) is assigned the signature of the gadget in (a). a Inner structure, b outer structure c entire binary gadget
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Table 4 The signature of the gadget in Fig. 28c is (x, y) for the x and y above

x=a® + 9k — 1)a*b? + 320 — 1)a*b> + 18(k — 1k — 2)a*b?c + 12k — 1)k — 2)a>bc?

and

+2(

kK — 1k — 2k —3)a>c + 3k — )16k — 7)a’b* + 6k — 1)k — 2)(k + 19)a’b3c

+18(k — Nk — (i — 7)a*b?c? + 6(k — 1k — 2)(k? + 2k — 13)a’bc3

430 — Dk —2)Bk2 — 17k + 25)a%c* + 6k — V(K2 + 27k — 42)ab’
6k — Nk — 2)(40k — 41)ab*c + 24( — 1)k — 2)(3k? + 8k — 36)ab>c?
+6(k — 1)k — 2)(kc> 4 5062 — 285k + 393)ab>c>
6 — Nk — 2)(13x> — 108«? 4 311k — 307)abc*
+6(k — Nk — 2k — 3)(k> — 8k? + 24k — 26)ac’

+(k — D> + 83k2 — 189% + 81)b° + 18(k — 1)(k — 2)(4k? + 13k — 43)b°¢

+3(
+2(
+ 3(
+6(

K — 1)k — 2)(7k> 4 222k2 — 1156k + 1442)b*c?

Kk — 1k — 2k + 22163 — 17252 + 4576x — 4153)b3c3

K — 1)k — 2)(43k* — 44163 4+ 17912 — 3393k 4 2505)b2c*
Kk — N — 2 — 3)(3k* — 293 4 11662 — 228k + 182)bc”

+(k = Dk — 2)(k® = 15k° 4+ 98k — 36143 + 798k2 — 1004k + 556)c®

y =2a°b + (k + 8)a*b? + 4(k — 2)a*bc + 2k — 2>a4c2 + 49k — 11)ab> + 2 — 2Bk + 17)ab’c

+4(
+2(
+2(
+2(
+4(
+2(
+2(

K—Z)(7K—18) 3bc? 4 2k — 32k — 2)a>c + (23k? + 49 — 114)a’b*
k — 2)(k? + 94Kk — 147)a’b3c + 6(k — 2) (12K — 34k +17)a’b’c?

Kk — 233 4+ 9% — 97k 4 149)a*bc + (k — 2)(9k3 — 68k + 181k — 171)a?
3K 4 73k% — 183k 4+ 99)ab® + 2(k — 2)(96k? — 43k — 255)ab*c

K —2) (16K + 942 — 655k 4 855)ab>c?

K — 2)(3k* 4+ 159> — 123312 4 3164k — 2809)ab’c>

— 2)(391(4 — 375k> 4 1425k% — 2555k + 1825)abc*

+2(K — 2Bk — 36k* + 181k> — 48212 + 686K — 418)ac’

+ (k* 4+ 506 — 17k% — 396K + 486)b°

+2(k — 2)(28k> + 25112 — 1302« + 1467)b°c

+ (k — 2)(19k* + 745> — 5374k + 12664k — 10320)b*c?

+2(k — 2)(k® + 224K* — 20623 4 7371k% — 12357k + 8227)b°C3

+(k — 2)(129c° — 1464k 4 6952> — 17464K2 + 23397k — 13387)b’c*
+2(k — 2)(9k® — 123> 4 727k* — 2405k> 4 4754K% — 5374k + 2718)bc”
+ (k= 3)k — 2)(k® — 13k + 74K* — 2393 + 47062 — 544K + 292)c°.

N NI

10.
11.
12,
13.

Then

(—(2k = 3)[2(k — 2) ik /2(k — 2)], —2(k — 3)(k — 2) & ix/2(k — 2),4(2k — 3))

withx;éél'

k2 +2,2,2);

K* — 6K + 6, —2(k — 3), 6);

(k — 3)(k — 2)% £ ik (2k — 3)VKk2 — 4, —3(k — 2)% F ik vk — 4, 2(5c — 6)

(—

(K2

(

(—(k — D[5( — 2) £ 3ik/2(k — 2)], —(k — 2)(3k — 5) £ ik /2(k — 2), 9% — 10>'
(ke =D)[ (e —2)(2 +3)£3kv/kZ = 5k + 6], (k—3)(k —2)Fk/k2 — 5k + 6, =5k +6);
((e=D)[(k=2)(2k—7) £3ik Vi 2=k — 2], —(k—2)(5k—7) F ik v/k2 —k —2, 13k —14);
(
(
(—
(—

1,0, —2) withk = 3;
+iy/2,0,1) withk = 3;
1+iv2,0,1) withk = 3;
143i/3,0,2) withk = 3;

Pl-Holant(F U {(x, y)}) <r Pl-Holant(F)

forany x,y € C, where (x, ) is a succinct binary signature of type 7.
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Proof In each case, we use the recursive construction in Fig. 7. We simply state which

gadget we use, the signature of that gadget, and the eigenvalues of its associated recur-

rence matrix (cf. Lemma 4.11). Then the result easily follows from Corollary 4.13 as the

eigenvalues have distinct complex norms.

We use three possible gadgets, which are in Figs. 19a, 27¢, and 28c. The signatures for

the last two gadgets are given by Lemmas 11.7 and 11.8, respectively.

1.

For (k — 2 £ ik\/2(k — 2), k — 2, —2), we first use the gadget in Fig. 27c. Let

y = #£i/2(k — 2). Up to a nonzero factor of Mé#, the signature of the
gadget is (—1, 1), which means the eigenvalues are k — 2 and —2. If ¥ # 4, then
these eigenvalues have distinct complex norms. Otherwise, k = 4 and we use the
gadget in Fig. 28c. Up to a factor of £655364, the signature of this gadget is (1, —3),
which means the eigenvalues are —8 and 4.

For ((k — 2)% & ikv/k2 — 4, —2(k — 2),4), we first use the gadget in Fig. 27c. Let
y = +ivi2 — 4. Up to a nonzero factor of —4(k — 2)i3 (k> — 4y — 8), the signature
of this gadget is (k2 — 6k 44, —2(k —4)), which means the eigenvalues are —(k —2)2
and k2 — 4k — 4. If k > 5, then these eigenvalues have opposite signs but cannot
be the negative of each other. Thus, they have distinct complex norms. The same
conclusion holds for k = 3 by direct inspection. Otherwise, x = 4 and we use the
gadget in Fig. 28c. Up to a factor of 2097152, the signature of this gadget is (5, 1),
which means the eigenvalues are 8 and 4.

For (—(2k —3)[2(k —2) £ik/2(k — 2)], —2(k —3)(k —2) £ik \/2(k — 2), 4(2k —3)),
we have k # 4. We use the gadget in Fig. 27c. Let y = +i/2(k —2). Up to a
nonzero factor of —4(k — 2)x®(3x — 4)(4x? — 28k +41 — 4y (2« — 5)), the signature
of the gadget is %(3/{ — 4, k — 4), which means the eigenvalues are k — 2 and 2.
For (—k2+2, 2, 2), we use the gadget in Fig. 27c. Up to a nonzero factor of (k —2)«>,
the signature for this gadget is (k2 + 2k — 4, —4), which means the eigenvalues are
(k — 2)k and «(k + 2).

For (k% — 6K + 6, —2(k — 3), 6), we use the gadget in Fig. 27c. Up to a nonzero
factor of (k — 2)k>, the signature for this gadget is (k> + 2k — 4, —4), which means
the eigenvalues are (k — 2)x and «(x + 2).

For ((k — 3)(k — 2)® £ ik(2k — 3)vk% — 4, —3(x — 2)% F ik/k% — 4,2(5¢ — 6)),
we use the gadget in Fig. 27c. Let y = =iv/k2 — 4. Up to a nonzero factor of
(¥ —2)%(y +2)%(k — 2)x[7x? + 60k — 164 + 8y (3k — 10)], the signature of the
gadget is (—k* + 6Kk3 4 4k? — 24k + 16, 2(k® — 2k — 8k + 8)), which means the
eigenvalues are A1 = (k — 2)x (k2 4 2k — 4) and Ay = —k (k + 2)(k? — 6K + 4). For
3 < k < 5, one can directly check that these eigenvalues have distinct complex
norms. For k > 6, we have 1, < 0, so these eigenvalues have the same complex
norm preciously when A; = —i,. However, A1 + 1y = 4k £ 0, so the eigenvalues
have distinct complex norms.

For (—(k — 1)[5(k —2) £3ik/2(k — 2)], —(k —2)(3k — 5) £ ik/2(k — 2), 9% —10),
we first use the gadget in Fig. 27c. Let y = %i\/2(k — 2). Up to a nonzero factor of
—(k —2)(k — 1)k ®[81k 2% — 756K + 1252 — 24(9k — 26)y ], the signature of this gadget
is {5k — 6, k —6), which means the eigenvalues are « — 2 and 4. If ¢ # 6, then these
eigenvalues have distinct complex norms. Otherwise, k = 6 and we use the gadget
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in Fig. 28c. Up to a factor of —17199267840(1169 + 450i~/2), the signature of this
gadget is (7, 13), which means the eigenvalues are 72 and —6.

8. For((k—1)[(k—2)(2k+3)E3k+/k? — 5k + 6], (k—3)(k —2)Fkv/k? — 5k + 6, =5+
6), we first use the gadget in Fig. 27c. Let y = #+/k2 — 5« + 6. Up to a factor of
(kK — 2)(k — 1)k°[313k% — 1500k + 1764 — 24(13k — 30)y], the signature of this
gadget is (k3 — 3«2 + 3, —k + 3), which means the eigenvalues are A; = (k — 2)%«
and Ay = k(k? — 3k + 1). If k > 4, these eigenvalues are positive, so they have the
same complex norm preciously when A; = Ay. However, A\ —Xy = —(k —3)k # 0,
so the eigenvalues have distinct complex norms. Otherwise, k = 3 and we use the
gadget in Fig. 28c. Up to a factor of 9565938, the signature of this gadget is (5, 2),
which means the eigenvalues are 9 and 3.

9. For ((k—1)[(k—2)(2k—7)%3ik V2 — k — 2], —(k —2)(5k —7)Fik/k2 — k — 2,13k —
14), we use the gadget in Fig. 27c. Let y = +ivi? —k — 2. Up to a nonzero factor
of (k — 2)(k — 1)k°[1192 4 76K — 772 + 24(5k — 22)y], the signature of this
gadget is (—k3 + 7k% — 4k — 3,2«? — 7k — 3), which means the eigenvalues are
A = (k — 2)k? and Ay = —k (k* — 5k — 3). For 3 < k < 5, one can directly check
that these eigenvalues have distinct complex norms. For k > 6, we have A, < 0,
so these eigenvalues have the same complex norm preciously when A; = —2,.
However, A1 + X2 = 3k (k + 1) # 0, so the eigenvalues have distinct complex
norms.

10.  For (1,0, —2) with x = 3, we use the gadget in Fig. 27c. Up to a factor of 3, the
signature of this gadget is (11, —4), which means the eigenvalues are 3 and 15.

11.  For (+iv/2,0,1) with k = 3, we use the gadget in Fig. 19a. The signature of this
gadget is (4i+/2, 1), which means the eigenvalues are 2 + iv/2 and —1 + iv/2.

12.  For (—14i+/2,0,1) with ¥ = 3, we use the gadget in Fig. 19a. The signature of this
gadget is (—1 = i+/2, 1), which means the eigenvalues are 1 # iv/2 and —2 % iv/2.

13.  For (—1 =+ 3i+/3,0,2) with k = 3, we use the gadget in Fig. 27c. Up to a factor
of 72, the signature of this gadget is %(25 + 13+/3, —5 + i+/3), which means the
eigenvalues are 5(1 + i~/3) and 2(5 £ 2/3). O

13 Appendix 3: Invariance properties from row eigenvectors

The purpose of this section is to show how a recursive construction in an interpolation
proof can be used to form a hypothesis about possible invariance properties. We often
find that no matter what constructions one considers, all signatures they produce satisfy
certain invariance. Instead of defining this notion formally, we prove the following lemma
as an example. After this lemma and its proof, we explain that this invariance can be
suggested by certain recursive constructions in an alternative proof of Theorem 4.8, that
it is #P-hard to count edge «-coloring over planar «-regular graphs for all k > 3. This
alternative proof uses the interpolation techniques that we developed in Sect. 6.

Lemma 13.1 Suppose k > 3 is the domain size. If F is a planar {AD,. . }-gate with succinct
quaternary signature (a, b, ¢, d, e) of type T oior thena +c =b +d.

Proof Fix two distinct colors g, y € [k]. We define the swap of an edge colored g or y to be
the opposite of these two colors. That is, swapping the color of an edge colored g (resp. y)
gives the same edge colored y (resp. g). The ith external edge of F is the external edge that
corresponds to the ith input of F. Recall that the input edges of F are ordered cyclically.
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For 1 < i < 4, let S; (resp. S}) be the set of colorings of the edges (both internal and
external) of F with an external coloring in the partition P; of the succinct signature type
Teolor SUch that the first external edge of F is colored g (resp. y) and the remaining external
edges are either colored g or y (as dictated by P;). Note that |S;| = |S]| for 1 < i < 4.
Furthermore, the sizes of these sets do not depend on the choice of gy € [«]. Thus, it
suffices to show that

IS1US] US3USS| = 1[S2USHUSsU S, (23)

Let 0 € S; US| US3U S, be a coloring of F. Starting at the first external edge of F,
there is a unique path ) that alternates in edge colors between g and y and terminates
at another external edge of F. Suppose for a contradiction that this path terminates at
the third external edge of F. Also consider the unique path 7, that starts at the second
external edge of F, alternates in edge colors between g and y, and must terminate at the
fourth external edge of F. These two paths must cross somewhere since their ends are
crossed. By planarity, they must cross at a vertex, and yet they must be vertex disjoint.
This is a contradiction. Therefore, the path 7 either terminates at the second or fourth
external edge of F.

Suppose 71 terminates at the second external edge of F. If o € S; (resp. o € §}), then
swapping the colors of every edge in m; gives a new coloring 7y € S, (resp. ] € S3).
Similarly, if o € S3 (resp. o € S}), then swapping the colors of every edge in 7; gives a
new coloring | € S (resp. w; € S4).

Otherwise, 71 terminates at the fourth external edge of F. If 0 € S1 (resp. o € Si), then
swapping the colors of every edge in 71 gives a new coloring ;] € S (resp. m; € Sa).
Similarly, if o € S3 (resp. o € S}), then swapping the colors of every edge in 7 gives a
new coloring ] € S (resp. w; € S3).

Furthermore, this mapping from S; U §; U S3 U S to Sp U S} U Sy U S, is invertible.
Therefore, we have established (23), as desired. O

Now we give an alternative proof of Theorem 4.8. The recursive construction in this
proof will suggest the invariance in Lemma 13.1.
Let g(x, ) = x3 — 22 +x — (k — 1). First we determine the nature of the roots of g(x, k).

Lemma 13.2 For all k € Z, the polynomial q(x, ) in x has one real root r € R and two
nonreal complex conjugate roots o, & € C, such thatoa +a =1 —rand e =r> —r + 1.
Furthermore, if q(x, k) is reducible in Q[x] and k > 3, then r > 2 is an integer.

Proof The discriminant of g(x, k) with respect to x is disc,(g(%, k) = —27x2 + 68k —44 <
0, so g(x, k) has one real root r € R and two nonreal complex conjugate roots o, @ € C.
We have

at+oa+r=1
o +(a+oa)r=1

aar =k — 1.
It follows thata + @ =1 —r,a@ = r> —r + 1, and

k=r3—r’+r+1 (24)
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If g(x, «) is reducible in Q[x] with k > 3, then r € Z by Gauss’s Lemma and so r > 2
by (24). O

Lemma 13.3 Ifx > 3 is an integer, then the roots of x> — x*> +x — (k — 1) satisfy the lattice
condition.

Proof If q(x, k) is irreducible in Q[x], then its roots satisfy the lattice condition by
Lemma 6.4.

Otherwise, g(x, k) is reducible in Q[x]. By Lemma 13.2, g(x, «) has one real root r € Z
satisfyingr > 2 and two nonreal complex conjugate roots o, @ € C satisfyinga+a = 1—r
and a@ = r2 — r + 1. Suppose there exist i, j, k € Z such that o’ = r* and i +j = k. We
want to show thati =j =k = 0.

There is an element in the Galois group of g(x, «) that fixes Q pointwise and swaps «
and @. Thus, /@ = r*. Dividing these two equations gives («/&)' 7 = 1. We claim that
o = a/u cannot be a root of unity and hence i = j. For a contradiction, suppose w is a dth
primitive root of unity. Let f(x) = (x — a)(x — @) = x> + (r — Dx + (r> — r + 1) € Z[x].
Then w belongs to the splitting field of f over Q, which is a degree 2 extension over Q.
This implies that the Euler totient function ¢(d) | 2. Therefore, d € {1,2, 3,4, 6}. Let
o= % = lof—ai" = r21__er € Q. Since r > 2, we have p # 0 and hence d # 2. Moreover,
flx) =22 - 2+o+o Yo x4+ (2+w+w1)p 2 Notice that the quantity 24+w+w ! is
4,1,2,3, respectively, whend = 1,3,4,6. As 2+ w + 1) p~2 € Z, we get that p~! must
be an integer when d = 3, 4, 6 and half an integer when d = 1. However p~! = —r + %
The only possibility is 7 = 3 and d = 1, yet it is easy to check that @ # 1 when this holds.
This proves the claim.

From @ = r2 — r + 1, we have (2 — r + 1)! = (e@)! = rX. Since r and r2 — r + 1 are
relatively prime and r > 2, we must have i = k = 0. O

Alternative proof of Theorem 4.8 Asbefore, let k be the domain size of all Holant problems
inthis proofandlet (2, 1, 0, 1, 0) be a succinct quaternary signature of type t¢olor. We reduce
from Pl-Holant({2, 1, 0, 1, 0)) to PI-Holant(AD. ), which denotes the problem of counting
edge «-colorings in planar «-regular graphs as a Holant problem. Then by Corollary 4.7,
we conclude that Pl-Holant(AD, ) is #P-hard.

Consider the gadget in Fig. 5, where the bold edge represents k — 2 parallel edges. We
assign AD,  to both vertices. Up to a nonzero factor of (x — 2)!, this gadget has the
succinct quaternary signature f = (0, 1, 1, 0, 0) of type Tcolor- Now consider the recursive
construction in Fig. 29. All vertices are assigned the signature f. Let f; be the succinct

s

g o> -

Fig. 29 Alternate recursive construction to interpolate (2, 1,0, 1,0). The vertices are assigned the signature
of the gadget in Fig. 5

N1
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quaternary signature of type 7.0, for the sth gadget of the recursive construction. Then
fo =f and f; = M* fy, where

0 0 0 «—-1 0
1 0 0 «—-2 O
M=]|0 1 0 0 0
0 0 1 0 0
0 0 O 0 1

The row vectors
(1,-1,1,-1,0) and (0,0,0,0,1)

are linearly independent row eigenvectors of M, with eigenvalues —1 and 1, respectively,
that are orthogonal to the initial signature fy. Note that our target signature (2, 1, 0, 1, 0)
is also orthogonal to these two row eigenvectors.

Up to a factor of (x — 1)(x + 1), the characteristic polynomial of M is x3 —x% +x — (k — 1).
The roots of this polynomial satisfy the lattice condition by Lemma 13.3. In particular,
these three roots are distinct. By Lemma 13.2, the only real root is at least 2. Thus, all five
eigenvalues of M are distinct, so M is diagonalizable.

The 3-by-3 matrix in the upper-left corner of [fy M fy ... M*fy] is [? § Eg% ] Its deter-

minant is k — 1 # 0. Thus, [fy M fy ... M*fy] has rank at least 3, so by Lemma 6.2, fj is
not orthogonal to the three remaining row eigenvectors of M.
Therefore, by Lemma 6.6, we can interpolate (2, 1, 0, 1, 0), which completes the proof.
O

Notice that the row eigenvector (1, —1, 1, —1,0) suggests thata —b+c—d = 0O is
an invariance shared by all signatures of symmetric ternary constructions. Some row
eigenvectors, like (0, 0, 0, 0, 1), only indicate an invariance present in some recursive con-
structions. (When « = 4, there are recursive constructions for which (0, 0, 0, 0, 1) is not a
row eigenvector of the recurrence matrix.) The row eigenvector (1, —1, 1, —1, 0) is more
intrinsic; it must appear because of the invariance present in all constructions as shown
in Lemma 13.1.

This suggests an approach to discover new invariance properties. Given a set F of
signatures, create some recursive construction and inspect the row eigenvectors of the
resulting recurrence matrix. For example, consider the set Fo = {{(a,b,¢c) | a,b,¢ €
C and A = 0}, where A = a —3b+2c. It seems that Fy is closed under symmetric ternary
constructions, such as those in Sect. 7.1. In particular, (1, —3, 2) is a row eigenvector of
the recurrence matrix for every recursive ternary construction with symmetric signatures
that we tried. However, we do not know how to prove this closure property.
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