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Reed-Muller codes polarize

Emmanuel Abbe Min Ye

Abstract

Reed-Muller (RM) codes and polar codes are generated by the same matrix G, = H (1)]®m but
using different subset of rows. RM codes select simply rows having largest weights. Polar codes select
instead rows having the largest conditional mutual information proceeding top to down in G,,,; while this
is a more elaborate and channel-dependent rule, the top-to-down ordering has the advantage of making
the conditional mutual information polarize, giving directly a capacity-achieving code on any binary
memoryless symmetric channel (BMSC). RM codes are yet to be proved to have such property.

In this paper, we reconnect RM codes to polarization theory. It is shown that proceeding in the RM
code ordering, i.e., not top-to-down but from the lightest to the heaviest rows in G,,, the conditional
mutual information again polarizes. We further demonstrate that it does so faster than for polar codes.
This implies that GG,,, contains another code, different than the polar code and called here the twin code,
that is provably capacity-achieving on any BMSC. This proves a necessary condition for RM codes to
achieve capacity on BMSCs. It further gives a sufficient condition if the rows with largest conditional
mutual information correspond to the heaviest rows, i.e., if the twin code is the RM code. We show here
that the two codes bare similarity with each other and give further evidence that they are likely the same.

I. INTRODUCTION

Reed-Muller codes have long been conjectured to be capacity—achieving This was recently settled
in [1]], [2] for the special case of the binary erasure channel (BEC), and in [3]], [4] for special cases
of extremal rates on both the BEC and the binary symmetric channel (BSC). The general conjecture of
achieving capacity on the BSC and more generally any binary memoryless symmetric (BMS) channeﬂ
at constant rate remains open to date.

The research activity on RM codes has resurged in part due to the development of polar codes [5], [6].
Both RM codes and polar codes are generated by selecting subset of rows from the same base matrix
Gm = [1 ‘1)]®m. Polar codes select the rows by tracking the conditional mutual information of each row
given the past rows when proceeding top to down in G, (see Section for precise definitions). In
this specific ordering, Arikan was able to show a polarization result [5[], i.e., that most of the rows have
a conditional mutual information that tend to either O or 1. This in turn implies fairly directly that the
code resulting from keeping the high conditional mutual information rows is capacity-achieving on any
BMS channel.

A first drawback of polar codes is that the code construction, i.e., identifying the rows having high
conditional mutual information, is non-trivial. In particular, there is to date no known explicit character-
ization of the row selection except for the BEC. This is however not an algorithmic limitation as there
are known efficient algorithms that approximate arbitrarily closely the values of the conditional mutual
information for each row [7]]. Two more important drawbacks are that polar codes are not universal [8]], as
their row selection is channel dependent, and their scaling law is sub-optimal compared to that of random
codes [9] or RM codes [10]], making their error probability at short block length not as competitive as
could be [11]. On the flip side, polar codes benefit from a powerful analytical framework, the polarization
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'See [1] for accounts on this conjecture.

Recall that a BMS channel is a channel W : {0,1} — ) such that there is a permutation 7 on the output alphabet )
satisfying i) 7~' = 7 and ii) W (y|1) = W (n(y)|0) for all y € V.



framework [3]], [[12], [13]], which allows to give performance guarantees, and from an efficient successive
decoding algorithm. Their performance at short block length has also been improved with the addition of
outer codes and list decoding algorithms [|14]]. With these attributes, polar codes are in position to enter
the 5G standards [15]].

On the other side, RM codes benefit from a simple and universal code construction: selecting the
heaviest rows is trivial and depends only on the capacity of the channel and not the actual channel.
Further, it is already known that RM codes would have an optimal scaling law if they were proved to
be capacity-achieving [|10]. Performance improvements over polar codes at short block length were also
demonstrated in [[11]]. On the flip side, the main challenges of RM codes are (i) their analytical framework,
with the difficulty of obtaining performance guarantees, (ii) the absence of an efficient decoding algorithm
that succeeds up to capacity for the constant rate regime.

A. Recent progress

As mentioned earlier, progress has recently been made on both points (i) and (ii). We mention briefly
here a few references for decoding algorithms [16]-[19], as this not the main focus of this paper. We
refer to our parallel paper with a new decoding algorithm [[20] for a more detailed discussion of those.

We now discuss performance guarantees. In [1]], the case of the BEC is settled by exploiting results on
the threshold of monotone Boolean functions, benefiting from the fact that the events of decoding failures
for erasures correspond to monotone properties of Boolean functions. With this link, general results from
Boolean function analysis [21]]—[23]] come to rescue and allow to close the conjecture for the BEC. While
this gives an elegant proof, it has the downside of relying on a “Hammer” result [21]], [24] that does not
seem to generalize easily beyond erasures due to the loss of the monotonicity property. The approach
of [3] relies instead on the polynomial characterization of RM codes (whose codewords can be viewed
as the evaluation of bounded degree multivariate Boolean polynomials) and on the weight enumerator
of RM codes. A downside of that approach is that it is currently not reaching the constant rate regime;
although some recent progress towards that goal was made in [4].

Moreover, none of the above seem to shed light on the connection between polar and RM codes, which
remains a recurrent question. A first attempt to connect RM codes to polar code was made in [25[], using
the double conditional rank measure in relation to the algebraic view of polarization [26]]; conjectures
based on this approach were left in [25]].

B. This paper

Considering the developments so far, it may appear that the simplicity of the RM code construction fires
back in the complexity of their analysis, in contrast to polar codes, where a more elaborate construction
allows to benefit from the powerful polarization framework.

The goal of this paper is to show that this is not a necessary limitation, and that RM codes benefit too
from a polarization phenomenon, slightly different but potentially more effective than that of polar codes.
We view RM codes as the evaluation of multivariate polynomials and make use of the recursive Plotkin
Constructiorﬂ (u,u + v) [27], which is similar in nature to the recursive construction of polar codes.
Together with the establishment of an ordering on the conditional mutual information of RM codes, we
derive a new polarization result for the RM code ordering, and obtain consequently the capacity-achieving
result for the resulting code (called the twin code) that selects high conditional mutual information rows
in the RM code ordering. The proof relies solely on classical polarization properties and some algebra.

This result gives in particular a necessary condition for RM codes to achieve capacity on any BMS
channel. It gives also a sufficient condition if the rows with largest conditional mutual information
correspond to the heaviest rows, i.e., if the twin code is the RM code. We give a relaxed version of the
latter, showing that the twin code is similar to the RM code, and give further evidence that it is in fact
the RM code. Note that in the contrary case, i.e., if the twin code were not equivalent to the RM code,
then RM codes would not achieve capacity on some BMS channels.

3Any d-degree polynomial can be decomposed with two (d — 1)-degree polynomials as f(z%) = z4fi(z%™") + fo(z?™).



II. BACKGROUND

A. RM codes

Let us consider the polynomial ring Fo[Z7, Zo, ..., Z,,] of m variables over Fo. Since Z 2= Z in Iy,
the following set of 2™ monomials forms a basis of Fo[Z1, Za, ..., Zy]:

{H Z; » A C [m]}, where HZi =1
i€A i€l
Next we associate every subset A C [m] with a row vector v,,(A) of length 2", whose components are
indexed by binary vectors z = (21, 22, ..., zm) € {0,1}™. The vector v,,,(A) is defined as follows:
vm(4,2) = [ 2 ()
i€A

where v, (A, z) is the component of v,,,(A) indexed by z, i.e., v, (A, z) is the evaluation of the monomial
HiEA Z; at z. For 0 < r < m, the set of vectors

{vm(A4) : A C [m],|A] <7}
forms a basis of the 7-th order Reed-Muller code R(m, ) of length n := 2™ and dimension >_;_, (7).
Definition 1. The r-th order Reed-Muller code R(m,r) code is defined as the following set of binary
vectors

R(m,r) := Z u(Aywm(A) :u(A) € {0,1} forall AC [m],|A| <r
AC[m],|A|<r
Example 1. We write out a basis of R(3,3) as follows:
(21,2,23)  (1,1,1) (1,1,0) (1,0,1) (1,0,0) (0,1,1) (0,1,0) (0,0,1) (0,0,0)
A={321} 1 0 0 0 0 0 0 0
A={2,1} 1 1 0 0 0 0 0 0
A=1{31 1 0 1 0 0 0 0 0
A={3,2) 1 0 0 0 1 0 0 0o,
A= {1} 1 1 1 1 0 0 0 0
A= {2} 1 1 0 0 1 1 0 0
A= {3} 1 0 1 0 1 0 1 0
A=10 1 1 1 1 1 1 1 1

where the first row lists the index z of each component, and the second to the last rows are v3(A), A C [3].

In this paper, we prove a polarization result for Reed-Muller codes. To that end, we define a total order
on all the subsets of [m] as follows:

Definition 2 (total order). For A = {a1,as,...,a4/},B = {b1,b2,..., b} C [m], where a; > az >
o= >apa and by > by > -+ > big|, we write A < B if either of the following two conditions is satisfied:
1) |A] > |B|;
2) |A| = |Bj|, and there is an integer i € {1,2,...,|A|} such that a; = b;Vj <'i and a; < b;.

It is easy to check that for any two sets A, B C [m], one of the following three relations must hold:
A < B,A = B or A > B. Therefore, this is indeed a total order on all the subsets of [m]. Note that
condition 1) ensures that picking the ‘largest’ sets layer by layer gives the RM code. Condition 2) says
how to order the rows within a layer (e.g., if the code dimension requires breaking a layer), but any
ordering resulting from a permutation of the elements in [m| would be equivalent. We pick this convention
as we like to see the m-th element as the ‘new element’ when running the forthcoming inductions.



For m = 3, the rows in Exampleare listed in the increasing order of the set A. Let (Uf(lm) : A Cm])
be n := 2™ i.i.d. Bernoulli-1/2 random variables. We use the shorthand notation ng) = ( f(;?l) A C
[m], A’ < A) and U™ := (Ugm) : A C [m]). Next we define another n i.i.d. Bernoulli-1/2 random
variables X\™ z € {0,1}™ by

(X ze (0,13 = Y U (4
AC[m)]

We transmit X\™,z € {0,1}™ through n independent copies of a BMS channel W : {0,1} — Y, and
we denote the corresponding channel outputs as Yz(m’W),z € {0,1}™. Let

XM = (x™ . z2€{0,1}™) and Y™ .= ;™) iz e {0,1}™).
Since W is symmetric and (Xz(m),z € {0,1}™) are also i.i.d. Bernoulli-1/2 random variables, we have for
all z € {0, 1}, H(X ™ v"™")) = 1 — [(W), and therefore H (U™ |y mW)) = (X )|y mW)) =
nH(Xz(m) ]Y;(m’w)) =n(1—I(W)), where H(-|-) is conditional entropy and I(-) is the channel capacity

(or the symmetric capacity for channels that are not BMS). Thus

S HO Y Uty = n(1 - 1(W)).
AC[m]

For convenience, we use the notation

2 = gy W) gy, )

From now on, we omit to specify W from the notation Hgm’w), Yy (mW) and Y;(m’w) when the underlying
channel is not important, i.e., we write them as H (m) Y(m) and Yz(m). Therefore,

> H™ = n(1 — I(W)). 3)

AC[m]

We also define the channel Wzgm) as the binary-input channel that takes Uﬁlm) as input and Y ("), ng)
as outputs, i.e., ngm) is the channel seen by the successive decoder when decoding Ugm).

In order to state our main results, we also need the definition of the Bhattacharyya parameter. Let
(X,Y) be a pair of random variables such that X has Bernoulli-1/2 distribution and Y takes values

from a finite alphabet ). The Bhattacharyya parameter is defined as

Z(X|Y) = 3\ Prix (410) Prix (1),
yey

Similarly to H 1(4m)’ for a subset A C [m] and a BMS channel W we use the shorthand notation

B. Polarization

The polar coding transform is given by the following n X n matrix

Xm
Gm:=“ ?] ) 4)

where ® is the Kronecker product and n = 2™.
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(a) Apply the polar matrix Gy to ii.d. uniform

Us

random variables (Us,Us), and then transmit the (b) We take two independent copies of W as inputs.
results through two copies of W. Under succes- After the transform, we obtain a “worse” channel
sive decoder, this transforms two copies of W into W~ : U, — Y1,Y, and a “better” channel W7 :
W72U1*>Y17Y2 and WJFIUQ*)Ul,Yl,YQ. U2—)U17Y'1’Y'2.

Fig. 1: Polar Transform

The basic idea of polar coding is that after applying the polar matrix G defined in (), we obtain a
“worse” channel W~ : U; — Y;,Ys and a “better” channel W+ : Uy — Uy, Y1, Ys; see Fig. |1| for an
illustration. This statement can be quantified by the relations among the conditional entropy:

H(U1|Y1,Y2) > H(X1|Y1) > H(Us|Uy, Y1, Y2), (5)
H(U1|Y1,Ys) + H(U2|Uy, Y1,Y2) = 2H(X1|Y1). (0)

Similar relations among the Bhattacharyya parameters were also proved in [5, Proposition 5]:
Z(Uz|11,Ya, Un) = (Z(X1|11))?, (7
Z(U1|Y1,Y2) > Z(X1|Y1). ()

Moreover, if H(X1|Y1) is bounded away from 0O and 1, then the gap between H(U;|Y1,Y2) and
H(X1]Y1) is bounded away from 0, and so does the gap between H(X1|Y1) and H(Uz|Uy, Y1, Y2). (By
(6), these two gaps are the same.) In other words, if W is neither noiseless nor completely noisy, then
W~ is strictly worse than W, and W is strictly better. The rigorous statement is as follows.

Lemma 1 ([5]). Let (X1,Y7) and (Xo,Y2) be an independent pair of random variables, where Xy and
Xy take values in {0,1}. For all € > 0, there is 6(€) > 0 such that

H(Xl’Yl),H(XQ’Y'Q) S (6, 1-— 6)

implies
H(X1 + X2|Y1,Ys) > max(H(X1|Y7), H(X32|Y2)) + d(€).

Polar coding scheme consists of applying the polar matrix (z,, to n i.i.d. uniform random variables and
transmitting the results through n copies of W. This amounts to iteratively applying the “+” and “—”
polar transforms to W, and almost all the resulting bit-channels seen by the successive decoder becomes
either noiseless or completely noisy. Let {flgm)} AC[m] (resp., {Z&m)} AC[m]) be the conditional entropy
(resp., Bhattacharyya parameter) of each row given all the past rows when decoding top to down in G,.

Tlleorem 0 (Polarization of polar codes [5]). For every BMS channel W, almost all elements in the set
{Him)}Agm} are close to either 0 or 1 when m is large. More precisely, for any 0 < € < 1/10 and any
§n > exp(—nl49), there is a constant M (e, 8,) such that for every m > M (e, 5,),

HAQ [m] :ﬁj(élm) > l—e}U{AQ [m] : Z(le) <5nH
2m

>1—-o(1).



III. MAIN RESULTS

Our main results are summarized in the following theorems.

Theorem 1 (Polarization of RM codes). For every BMS channel W, almost all elements in the set

{Hgm)}Agm} are close to either 0 or 1 when m is large. More precisely, for any 0 < € < 1/10,
any 6, = poly(1/n) and any 0 < ~v < 1/2, there is a constant M e, d,,) such that for every m >
M (e, 0n,7),

HA C [m]: Hj(élm) > 1—6} U {A C[m]: ng)

2m
As mentioned above, the basis vectors of RM codes {v,,,(A4) : A C [m]} are exactly the row vectors of
the polar matrix Gy, defined in (). However, these rows are arranged in different orders for RM codes
and polar codes, which makes the polarization of RM codes fundamentally different from that of polar

codes.
As an immediate consequence of Theorem [I} we can construct a family of capacity-achieving codes.

Theorem 2 (Twin codes). For a BMS channel W and 6,, = poly(1/n), let

< 5"}’ > 1 mr1/2,

G(m,oy) = {A C[m): ng) < (5n}

and define the family of twin codes from the codewords

T (m,6,) := {Z u(A)vm(A) : u(A) € {0,1} for all A € G(m, %)} :

Aeg

where v, (A) is defined in (I). Then for §, = o(n=2), T(m,d,) achieves the capacity of W under
successive decoding.

This theorem tells us that we can construct capacity achieving codes using successive decoder under
the RM ordering (i.e., ordered by weights). Note that none of the above give algorithmic results.

To establish the above, we need the following notion of ordering between the different conditional
entropies in the RM ordering.

Definition 3 (Partial order). For A = {ay,as,...,aja}, B = {b1,b2,..., b5} C [m], A # B, where
ap < az <--- < qy and by < by < --- <b‘B‘, we define

A < B if and only if |A| > |B| and a; < b;, Vi < |B]. )

The reason why we set the above to be A < B and not A > B is that this gives an order with [m] as
the “first’ set and () as the ‘last’ set, which corresponds to the first and last sets in the RM code ordering.

Theorem 3. If A < B, then H{™ > HU™,

According to Theorem [2| and Theorem 3| the twin code 7 (m,d,) tend to select sets A with small
cardinality, which is similar to RM codes (that exactly selects sets with the smallest cardinality). However,
we do not establish here whether this is exactly the RM code or not. We do give a positive indication
by establishing that this is exactly the RM code up to n = 16 for the BSC, and leave the general case
for future work; see Section for details.

IV. PROOF OUTLINE
In order to explain the main ideas of the proof, we introduce the following definition.

Definition 4 (Increasing chain of sets). Let Ay = () and A,,, = [m]. We say that Ay C A} C Ay C--- C
Ay, is an increasing chain of sets if |A;| =i for all i =0,1,2,...,m.
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Fig. 2: Illustration of the interlacing property in used in the proofs of Theorem @ and Theorem

A main step in our argument consist in proving the following two theorems:

Theorem 4. For every BMS channel W, every m > 0 and every increasing chain of sets ) = Ay C
Ay C Ay C--- C Ay, = [m], we have

HY <H <H( <...<H.

Theorem 5. For every BMS channel W and every € > 0, there is a constant D(€) (which is independent
of m and W) such that for every m > 0 and every increasing chain of sets ) = Ag C A1 C A C --- C
Ap = [m],

Hz € {0,1,...,m}:6<H1(4m) < 1—6}‘ < D(e).

In order to prove these two theorems, we only need to show two results. We establish first an interlacing

property:
Interlacing property: HX:LH) < HX:L) < HXT;I) Vi e {0,1,...,m}. (10)

Second, for any e > 0, there is d(¢) > 0 such that for any increasing chain of sets and any i €
{0,1,...,m},
qim e (e,1—¢€)
A; )

implies that

a2 — 1 > 5(e) and HY — HTY > 5(e). (11)

It is clear that Theorem [4] follows immediately from (10); see Fig. [2 for an illustration. Now we prove
Theorem [5|using and Theorem By we know that as long as HX:L) > € and Hg@l <1l—€, we
have HI(LCL — Xl) > 20; see Fig. [2| for an illustration. Let j be the smallest index such that Hz(‘lT) > €,
and let j' be the largest index such that HS:L,) < 1 —e€. Then

{ie{o,l,...,m};e<Hg@ <1_6} L
Since HX:L) increases with i, we have
Jj'-1
HY) — HYY = 3 (HY, — HYY) > 27 = )6
=

Since HXT_L/) — HX?) is upper bounded by 1, we have j’ — j < . Therefore,

m 1
(e tnmsecup << o
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Fig. 3: The conditional distribution of Yo(i)i given (US’) + U,ExSL)J epAc [2]) is exactly W2, and so is

the conditional distribution of Yg(\i)n given (UE’), A C [2]).

Thus we have proved Theorem [5| with the choice of D(e) = ﬁ + 1.

Now we are left to explain how to prove (I0)—(TT). The proof is divided into two steps. First, we prove
(TO)—(TT) for the special case of A;+1 = A; U {m + 1}. Then we show that by the symmetry of RM
codes, HﬁlmJ{?} > H,(Lxmi{i)l ) for any j € [m] \ A;; see Lemma [2| Below we focus on the explanation
of the first part.

To prove (I0)—(T1) for the special case of A;11 = A; U{m + 1}, we use the recursive structure of
RM code, and connect it back to that of polar codes. However, (I0) is nor a polar code triplet of the
kind W~ < W < W since we are working with the RM code ordering. The good news is that (T0)
gives in fact a larger spread than the one occurring for triplets of polar codes. The rest of this section is
dedicated to explaining the precise meaning of previous phrase. With this connection in mind, (T0)—(LT)
will be derived from (5) and Lemma [T}

We now derive (T0)—(TT). For a given BMS channel W, we denote the channel mapping from U (m)

to YW) as W Let us divide Y (™m+D) .— (Y;(mﬂ) 1z = (21,29, -, Zms1) € {0,1}™F1) into two
subsets:
YO(:;ZIH) = (Y;(mﬂ) cz= (21,22, .., zmy1) € {0,1}" T 200 = 1) (12)
Yé(vrélfl) = (Y;(mﬂ) 2= (21,22, 2m+1) € {0, 1}m+17zm+1 =0).
The main observation is that the conditional distribution of Yo(gfiﬂ) given (Uf(‘mﬂ) + UI%E}I)JFI}, A C [m])

is exactly W (™) and so is the conditional distribution of Y;(VZLI b given (Uﬁlm+1), A C [m]). The special

case of m = 2 is illustrated in Fig. 3] To see the connection to polar codes, we further analyze the



(3) Dl @ Ly y® (2) —w®
U{a,z,l} A W{2,1} Y, ,odd W{2,1} - — W{a 2,1}
Polar
. B o Transform G
3 A 2 (3) 2 3
{2,1} 7 W{Q,l} — Y, ,even W{2,1} - ’ W{2,1}
(2)
Wiy
N A ) 3
'(A) ‘] Yl(,o)dd
(2)
W
2} Fast
Polar
(2) Transform
Wiy
s — v,?
(2)
Wiy
(3) NN 3 2 Rl
Polar
Transform |
(3) 3| 117(2) s v 3) (2) s 73
U@ 7 WQ) Yz)even W@ — W
Flg( )4 T?e) channel outputs are given in (I3). W {3(2)1} is (tl;e channel mapping from U E 37)2,1} )to
3 (3 2 3 3
(Y2 odd’ Y, even) so it is the “—” polar transform of W/ (2.1} I/V{2 1) is the channel mapping from U{ ;

to (U {(2?271}, YQ(’o)dd, v® ), so it is the “+” polar transform of W{(2)1} Similarly, the outputs of W{( 3)

2,even
are bijections of (Yo(i)dd,YO(iz,en) and the outputs of Wé?’) are bijections of (U g%, O(O)dd,YO(zz,en) SO

WS’% and Wé ) are polar transforms of Wé ). See Fig. @for explanations of fast polar transform and the

(3) (3) 3) 1173)
bit-channels W{3 1} W{3 2} W{1}7 W{Q}.

relation between the bit-channels {ngg) : A C [3]} and {Wf) : A C [2]} in Fig. @ where the outputs
of the bit-channels in the figure are given by
+1) +1 +1 +1
v = (qugni )y + USTY  B C ), Bl > 1, Y ),

Vit = (UF"™Y : BC ml.|B| > 1}, Y{&r),

even » T even

(13)

where t = 0,1,...,m. For m = 2 and ¢t = 0,1,2 in Fig. H we have Yz(i)dd = Yo(j’()i,YQ(i)ven =
B) v  _ (B (B) 3G (3) —(® (3) (3) (3) 3 ) 3)

= 0y U = O MR = 0+ o
3 3 3 3 3 3 3

Uty Ugszy + Ugay Yoad): Yooven = (U{z,l}’ Uty Ugay Yeven).
The bit-channels {W( ) A C [2]} are divided into three layers according to the cardinality of the set

A: The 0-th layer is {W@) } the only set w1th cardlnahty 0; the first layer is {W {1}, {(5})‘}’ the sets
with cardinality 1; and the second layer is {W {2 1}}, the only set with cardinality 2; In Fig. |4 we can
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Layer 4 Layer 3 Layer 2 Layer 1 Layer 0
WA Al =2 m =
‘6_’9 £6+” ‘6_” 6‘+” (3 ” 6‘ 2 ‘6_” 6‘+” 6‘_” “—'—”
i 117 (8 i i
Ll Wil Al =2 W ja =2 | | m=5
T Layer 4 Layer 3 Layer 2 Layer 1 T
Layer 5 Layer 0

Fig. 5: The evolution from level m = 4 to level m = 5. The i-th layer {WIE‘S), A C [5],|A| =i} in the
5-th level consists of the “+” fast polar transform of the ¢-th layer {WXl), A C [4],|A] = i} in the 4-th

level and the “—” fast polar transform of the (i — 1)-th layer {WX}), A C [4],|A| =i — 1} in the 4-th
level.

4 (m+1) \ m m (m+1)
UBIU{m+1} Wél ) Wl(%I ) Biu{m+1}
(m+1) (m) (m) (m+1)
Bgu{m-‘rl} N WB2 (m+1) WB2 w9 BQU{m-‘rl}
: ’\AJ ’ > Yt ,odd ’ ’ :

(m+1) (m) (m) (m+1)
\UBJu{m+1V WBj WBj Fast \WBJu{mH}/
Polar

m+1 m m T £ m+1
/U](31 A Wl(i‘l) Wél) ransform VVJ(91 )
m+1 m) m m+1)

gty Wy Wy wyo| W

. (N \ Y(m+1) (N (N .

4 t,even 4 4

’n;,+1 ‘m .m ri1+1

Fig. 6: Fast Polar Transform. B; < By < --- < Bj; are all the subsets of [m] with cardinality ¢. }Q(gzgl)
and Y,V are given in (13).

t,even

see that the bit-channels in the next level {Wflg) : A C [3]} are obtained by taking two copies of each

layer in {Wf) : A C [2]} and performing the fast polar transform. More precisely, for the 0-th and the
second layer, we perform the standard polar transform, and for the first layer, we perform the fast polar
transform with block size 2. We will discuss the fast polar transform in more detail later in this section.

Such a polarization procedure in fact describes the recursive structure between the bit-channels {ngm) :
A C [m]} in the m-th level and the bit-channels {W (m+1) . 4 C [m + 1]} in the (m + 1)-th level for
general values of m. More specifically, The bit-channels {ngm) : A C [m]} are divided into m + 1
layers according to the cardinality of the set A: The i-th layer is {ngm) : A C [m],|A| = i}, the
sets with cardinality ¢, for ¢ = 0,1,2,...,m. Then we take two copies of each layer {ngm) A C
[m],|A| = ¢} and perform the fast polar transform. The outcome of the “—” fast polar transform is the

bit-channels {W A’S?ngrl} A C [m],|A| = ¢} in the next level, and the outcome of the “+” fast polar
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(m+1) ) (m+1) ()
UB,iu{m-s—l} A WB:n — YBTodd ng) - — WBTU{m—i—l}
Polar
Transform |.. e
vy W = YT Wi — — Wyt

Fig. 7: Yé?;? and Y™ are defined in (16). The outputs of Wity are bijections of

B;,even g B;U{m+1}
(Yé:n;zild),YéT;;)l), and the outputs of Wémﬂ) are bijections of (U (m-+1) ylmtl) y )

i B;U{m+1}’> ~ B;,odd >’ Bl,even)’ Y

Wg’ﬁgz 41y and Wg?“) are “—” and “+” polar transforms of Wg?), respectively.
gy W
O

Polar transform

,,,,,,,,,,,, .,,,,,,,,,.,,,,,,,,,,
r7(m+1)
HBQU{m—&—l}
Fast polar transform
o -
plm+1) for the RM order

ByU{m+1}

Fig. 8: The fast polar transform with block size 4. The dots on the second line are the results of the
standard polar transform, and the dots on the third line are the results of fast polar transform. In the
fast polar transform, the worse (“—”) bit-channel in the standard polar transform gets even worse, and

the better (“+”) bit-channel in the standard polar transform gets even better. Therefore, the gap between
H gﬁf{z 1) and H ginﬂ) is always larger than the gap between H gntjf{z 1) and H ginﬂ). Intuitively, this
explains why RM codes polarize and do so even faster than polar codes.

transform is the bit-channels {ngﬂ) : A C [m],|A| = i}. From the perspective of the bit-channels
{W(m+1) : A C [m—+1]} in the (m+1)-th level, except for the O-th and the (m + 1)-th layers, each layer
{WAmH) : A C [m+1],|A| = i} is divided into two parts: The first part is {Wémﬂ) : A C[m], |Al =i},
which is the “4” fast polar transform of the i-th layer {ngm) : A C [m],|A| =i} in the m-th level. The
second part is {W(mH) : A C [m],|A| = i—1}, which is the “—" fast polar transform of the (i —1)-th

Au{m+1}
layer {W{gm) : A C [m],|A| =i — 1} in the m-th level. As for the O-th and the (m + 1)-th layers, each
of them only contains a single bit-channel Wémﬂ) and W[E;'fll]), respectively, where Wémﬂ) is the “+”

polar transform of W@(m), and W[(gflll) is the “—” polar transform of W[EZ]L). See Fig. for an illustration
of m = 4.

Next we explain the fast polar transform. Let us consider the bit-channels {Wﬁmﬂ) A C [m+1]}
in the (m + 1)-th level. According to the total order defined in Definition [2| the layers from top to
down are the (m + 1)-th layer, the m-th layer, ..., all the way down to the O-th layer. Within each
layer, all the sets containing the element m + 1 appear after those not containing this element. Now let
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By < By < --- < Bj be all the sets in the ¢-th layer of [m], i.e., they are all the subsets of [m] with
cardinality ¢. Then by the discussion above we know that the following sequence of subsets

31U{m+1}<BQU{m+1}<-~-<BjU{m+1}<Bl<BQ<---<BJ- (14)

are consecutive according to the total order on the subsets of [m + 1]. It is easy to check that given

iﬁ((qﬁgl) and Y;E:z:nl) (see (13) for definitions), if a successive decoder decodes according to the order in
, then the bit-channels seen by this decoder are equivalent to

wmtD wm+) wmtD W(m+1), glﬂ)’ o ngm-&-l).

Biu{m+1} VY Byufm+1y 0 WV B,uim1y VB,
For instance, ngf{;)l +1) is equivalent to the bit-channel mapping from U (TJ{QW 1y o v ETJ{QL +1p

YDy Dy This s illustrated in Fig.

t,even
In order to connect fast polar transform to the standard polar transform, we consider the following

order of the sets in (14)):

By U {m+ 1},B1,BQ U {m+ 1},32, ...,BjuU {m+ 1},Bj. (15)
Assuming that we are still given Yt(gzlzl) and the”ijn”, but this time the successive decoder decodes in

this order instead of the order in (I4). We denote the bit-channels seen by this successive decoder as

Tr(m+1) 7 (m41) 7 (m+1) 17 (m+1) 117 (m+1) i (m+1)
WBlu{m—H}’ WB1 ’ WBzu{m+1}’ WBQ 1t WBju{m—i-l}’ WB,- :

We further define
e = (UG + U5 B C ], B < B YY),

Bu{m+1} (16)
Vil oeen = (UG B C [m). B < By, i),
According to Fig. W](Bm;{z 41} and Wgﬂrl) are “—" and “4” polar transforms of ngn), respectively.
Then by (3)) and Lemma [I, we know that
7(m+1) (m) r7(m+1)
Hp ymi1y 2 Hp,” 2 Hp, 17
and if H3" € (¢,1— ¢), then
rr(m+1) m) m ~(m+1
Hy Sy = Hp!) >0 and HEY — HE™ > 6, (18)

where H = 1—I(W). Comparing the order in (T4) and (T3), we can see that every set that appears before

B; U{m + 1} in (I4) also appears before B; U {m + 1} in (I5). Therefore, for every i € {1,2,...,j},
(m+1) r7(m+1) . ~(m+1) (m+1) .

we have HBvu{m+1} > HBvu{m+1}' Similarly, we also have HB,; > HBi . In other words, in the

standard polar transform, we obtain a worse bit-channel through the “—” transform and a better one

through the “+” transform. Then in the fast polar transform, we make the bit-channel obtained through

the standard “—” polar transform even worse and the bit-channel obtained through the standard “+”

polar transform even better. Therefore, the gap between H](Bmiz 41y and Hg?) is even larger than the

gap between ij(BmJ{;)l 1) and Hg?). Similarly, the gap between H B’T) and HJ(BTH) is even larger than

the gap between Hg?) and Hgfﬂ); see Fig. (8| for an illustration. Combining this with (I7)—(18]), we
have shown that (I0)—(T1) hold for any A;+1 = A; U {m + 1}.

By now, we have explained how to prove Theorem [] and Theorem [5] The next step is to use these
two theorems to prove Theorem [I] To that end, we need the following strengthened form of Theorem [5
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Theorem 6. For every BMS channel W and every 0 < € < 0.1, any d,, = poly(1/n) and 0 < v < 1,
there is a constant M (€, 0,,) such that for every m > M (e, dy,y) and every increasing chain of sets
D=AyC A CAC--- CAp=[m)

{ictor.ompmf>1-cfufie(o1 . mp: 20" <o f|zm-m". (9

The proof of this theorem mainly relies on the fact that the Bhattacharyya parameter is close to 0 if
and only if the conditional entropy is close to 0. More precisely, the proof relies on the following two
well-known inequalities in the polar coding literature (see Proposition 1 of [5]] for a proof):

Z(X|Y) > H(X|Y), (20)
(1 - H(X[Y))? <1-(Z(X|Y))% 1)

We switch from the conditional entropy in Theorem [5to the Bhattacharyya parameter in Theorem [6] and
Theorem (1| for two reasons: First, the Bhattacharyya parameter Z(X|Y") is an upper bound on the error
probability of the MAP decoder of X given Y, i.e. (see [3]),

P.(X|Y) < Z(X]|Y). (22)

This property makes it convenient for us to prove that the twin codes achieve capacity (Theorem [2).
Second, in the “+” polar transform, the evolution of Bhattacharyya parameters follows a square law (7).
As a result, it is easier to obtain a better bound on the Bhattacharyya parameters than on the conditional
entropy.

Once we prove Theorem [6] we further use that there are m! distinct increasing chains of sets for a
given m. Let us fix m and list all the m! distinct increasing chains of sets as follows:

0 =Ap(1) C A(1) C Ax(1) C--- C Ap(1) = [m],
0= Ao(2) C A1(2) C A2(2) C--- C Ap(2) = [m],
0= Ag(3) C A1(3) C Aa(3) S+ C Ap(3) = [m],

0= Ao(m!) € Ar(m!) c A2'<m!') c...c Ap(ml) = [m].

In Theorem [6] we have shown that among each increasing chain of sets, almost all the bit-channels
becomes either completely noisy or noiseless. Let A be the collection of all the “bad” subsets of [m],
and let S be the collection of all the “bad” sets in the above m/! increasing chains (including multiplicity),
where “bad” means that the set does not belong to the left-hand side of (19). Theorem [6] tells us that the
“bad” sets in each chain is upper bounded by m?, so |S| < m?m!. On the other hand, notice that each
subset with cardinality 7 appears i!(m — )! times in all the m! increasing chains listed above, and that
il(m—1i)! > [m/2|!/(m—|m/2])! for all i € [m]. Therefore, |S| > |m/2]!(m—|m/2])!|.A|. Combining
the upper and lower bounds of |S|, we obtain an upper bound on |A|, and this proves Theorem
Theorem 2] in turn follows directly from Theorem [I] (using (22))).

In the next section, we fill out all the details and give full proofs of the main theorems. We first prove
two technical lemmas that play essential roles in most of the proofs. More precisely, Lemma [2] allows
us to compare H}(le) and Hj(gm) when |A| = |B|, and its proof relies on the symmetry of RM codes.
Lemma [3] formalizes (TO)—(11)) and also states their counterparts for Bhattacharyya parameters. Then the
proofs of Theorem [6] and all the theorems in Section [[II] are given in the last section.

V. CONCLUSION

Recently, Hassani et al. gave theoretical results backing the conjecture that RM codes have an almost
optimal scaling law over BSC channels under ML decoding [[10], where optimal scaling law means
that for a fixed linear code, the decoding error probability of ML decoder transitions from 0 to 1 as
a function of the crossover probability of the BSC channel in the sharpest manner (i.e., comparable to
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random codes). In this paper, we have demonstrated that RM codes polarize faster than polar codes —
see Fig. [§] — even though we stated our bound in Theorem [I] by exploiting the polar code bounds. A
future research direction would thus be to use directly the fast polarization of RM codes to prove that
RM codes have a better scaling law than polar codes and/or to prove that RM codes have an “optimal”
scaling law.

Finally, this paper gives a second ordering of the matrix G,,, that polarizes, i.e., the RM coder ordering
in addition to the polar code ordering (and the various other equivalent orderings that result from both
of these). Are there many moref_f] orderings that polarize? Is the RM code ordering “optimal”?

VI. PROOFS

A. Two technical lemmas

We first need to establish some symmetry properties of RM codes and their impact on the conditional
mutual information. Denote by S,, the symmetric group of order m. For = € S,, and A C [m], define
m(A) := {m(a) : @ € A}. Note that S, is contained in the automorphism group of RM codes, as any
degree < k polynomial is a degree < k polynomial under a relabelling of its variables.

Let A C [m], and let B be a subset of the power set of [m]. For any 7 € S,,, i.e., any relabelling of
the elements of [m], we have

HUY ™ {UgY : B eBY) = HUY Y™ (UL - B e BY). (23)

This equality leads to the following lemma.

Lemma 2. Let W be a BMS channel. Let A C [m] and i1,i2 € [m] satisfy that i1,i2 ¢ A and i} < ia.
Then
awo >um o and 20 > 720

Au{ii} = AU} AU{ii} = “AU i}
Proof. Define 7 € S, as
7T(Z) =4 for alli#’il,ig, 7T(’i1) :iQ, 7T(i2) :’il. (24)
By (23], we have
(U0 [y UG B < ) B < (AU}
(Uw(AU{il})’Y( LU, B S ml B < (AU{i)})
(Ui [y AUS, - B S [l B < (AU D)}

> H (US| U B C ], B < (AU {i2))})

where the inequality follows from the fact that
{m(B): BC [m],B< (AUu{i1})} C{B:BC[m],B< (AU{iz})}. (25)
Indeed, if B < (AU{i1}) and iy ¢ B, then m(B) < B < (AU {i1}) < (AU{iz}). If B< (AU{i1})
and i1 € B, then (B \ {i1}) < 4, so
m(B) =7w((B\{i1}) U{ir}) =7(B\ {i}) U {iz} < (B\{ir}) U{iz} < AU {iz}.

Therefore we have shown that B < (A U {i1}) implies 7(B) < (AU {i2}), which is exactly the set
containment in (25). This completes the proof of the lemma. Using Lemma [4] and the same reasoning as

above, one can easily show that ZI(:JLI} > Zgﬁ?{iz}. O

*Clearly some ordering do not polarize, such as the down-to-top ordering in G,.
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Lemma 3. For every BMS channel W, every positive integer m, every A C [m] and every j € [m+1]\ A4,
we have the interlacing property:

(m+1) (m) (m+1)

Hyogy 2 Hy 2 Hy oy (26)
m m 2 m

Z{" < (Zﬁ1 )) o2 <. 27)

Moreover, for any € > 0, there is §(e) > 0 such that for any positive integer m, any A C [m] and any
jem+1]\ A4
Hgm) € (e,1—¢€)

implies that

HY = 0™ > 5(e) and HY' Y — Hgm > 6(e). (28)
Proof. Recall the definition of Y(ddH) and Y5 in (M2). Let y(™ (yz(m) :2€40,1}"™) € Y" be a

vector of length n = 2™ whose components take values in ), and thls vector is indexed by z € {0, 1},
which is similar to the random vector (™). Let u(™) = (uilm) : A C [m]) € {0,1}" be a binary vector
of length n = 2™, and this vector is indexed by A C [m], which is similar to the random vector U (m),
For y(™) € Y™, define the following three events:
{y(m =y my .= {Y; = yz(m) for all z € {0,1}™},
(D = ymy = (v = ™ for all z € {0,1}7),

Yt = ymy = [y 1) = ™ for all z € {0,1}™},

even

where for z = (z1,22,...,2m) € {0,1}"™, (z,1) := (21,22,...,2m, 1) and (z,0) := (z1,22,..., 2m,0).
The main observation is that for any y(™) € )™ and any u("™) = (u(m) : A Cm]) €{0,1}",
(m+1) m+1) (m+1) (m)
({Yodd = }’{U + Uty = s forall A C [m ]})
=P({¥{u) =y U = oY for all AC [m]}) 29)
:P({Y<m> - y<m>}‘{Uﬁ1 =T for all A C [m ]})
Since the two vectors (U, (m+1) 4 UIEE?N{L)JFI} A C [m]) and (U, (m+) . 4 C [m]) are independent,
m+1) m+1) m+1 m+1 m+1 .
D U U A C ]} and (v (U < A C [m])) are also independent.

By (29), we can also obtain that
m m m m m+1
H = 1 (0 |y o) = i (o

_ H(U(m+1) i U(m+1)

Ym+1 {U (m+1) | A C [ ] /<A}>

even

AU{m+1}

VO U UG A C A< A G0)
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Therefore, for any A C [m)],
H<U(m+1 )U(m—l—l y (m+1) {U(m—I—l A Cm], A < A}, {U(m+1) A C [m],A’<A})

Au{m+1}° 'U{m+1}
+H(UA’3{+T}}H}‘y<m+1 (UG 4 C ], A < Ay U A C [m],A’<A}>
—H (U, U ) [ QU TY AT ], A < AL UG s AT C ), A < AY)
J%ww”ww”lﬁﬂg}ﬁf{vmlAcw¢A<M,
Yiat ot ol A’g[m],A’<A})

(i)H(U(m+1) eggrj_l {U (m+1) | A C Cm ]A/<A}>

L H (U 4 UV (el g o < )
—21",

(€2
where equality (a) holds because (Yo((ﬁﬂ), {Uémﬂ) + UXZEL)JFI} A C [m]}) and (YA, {U (m 1),
A C [m]}) are independent. It is also clear that

(UAm+1 ‘U m+1) y (m+1) {U(m+1 Al C [m]’Al < A}, {U(erl) c A C [m],A’ < A})

AU{m+1} 'Uf{m+1}
<H(US™D vl Ui A C m) A < A}) = HYY,
so we have
(UAm+1 ‘ Tﬁ)ﬂ}’y(mﬂ (U A/ C m), A < A}, {UATUJEQ—H} A'C [m), A" < A}>
< H < H(UGSED, |y D (U A C ), A < AV UGy A C ], A < A}).
32)

According to the ordering of sets defined in the previous section, it is easy to verify the following relation:

({AU{erl}}U{A’:A/g (m], A’ < A} U{A' U{m+1}: A'C [m],A’<A})

C{A A Cm+1],4 < A} (33)
{AACim+1,A < (Au{m+1})}
CLA": A" C [m], A' < AYU{A' U{m+1}: A' C [m], A’ < A}. (34)
As a consequence,
H{(4m+1)
m+1) m+1) m+1) m+1)
< H(U( + ‘Uﬁlu{tnﬂ}, YO (UG A C (), A < A} (UGS A C ) A < A}),
(m+1)
HAU{m+1}
(m+1 m-+1 (m—+1) (m+1)
> H(UAU{ H}‘Y AU LA C ), A < A} UGS A C ), A < A}).
(35
Combining these two inequalities with (32)), we have HXSEL)H} > Hﬁlm) > H, (m+1) Then by Lemma
for any j € [m + 1] \ A, we have HXZ?I}) HI%E?H} > Hy (m) > H (m+1) This completes the proof
of (26).

Next we prove (27). Let
X =0y = (Y<m+1 (U A C ), A < A}),

even
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X = U UGl Vo= (Y USY UG A C ) A < AY),
X = Xn), Y = ( m),{UX?l) c A C [m],A/<A}).
Then (X1,Y1) and (X9, Y2) are i.i.d., and they have the same distribution as (X,Y). By (7) we have

m+1 m m+1 m+1) (m+1
z(Uj1 )’Y( UG A C ), A < AU A C m), AT < A, UAU{mll})

2 (m)\?
= Z(X1|Y1, Y, X1 + Xa) = (Z(X|Y))? = (ZA ) .
According to (33) and Lemma 4]

< Z(Uﬁ(”“ |Y (m+1) ,{UAT,“” : A’ C [m], A < A} UG ) AT C ] A < AL U )
- (ng>)2.
(36)
By (8), we have
z (UXS?%H}‘Y ) (UG A C ], A < AUy AT C () A < A})
—Z(X1 + Xa|V1,Y2) > Z(X|Y) = 2.
Combining this with (34) and Lemma [ we obtain that
2y = 200y YV UL )
> 7 (Ugﬁml} YD (U s A C ), A < A (UGS A C ) A < A})
A

By Lemma , for any j € [m + 1] \ A, we further have that ZXSEI}? > ZXSEL;) 11y = Za (m) . Combining
this with (36), we complete the proof of (27).
Now we prove (28). For every ¢ > 0, we use the same §(¢) > 0 as in Lemma [I] We assume

nglm) € (6,1 — €) and use Lemma |1| to prove (28) under this assumption. Since (X7,Y7) and (Xs,Y>)
are i.i.d. with the same distribution as (X,Y), we have

H(X1Y1) = H(X|Y2) = H(X|Y) = H{” € (e,1 — ).

According to Lemma [T}

H(X) + X[V, Ya) > H{™ +6(e). 37)
Also observe that
H(X; + X2|Y1,Y?)
:H(UATG{*;H}YmH (U A Cml A < AL UYL A’g[m],A’<A}).
Therefore by (31)) and (37), we have
m+1) m m+1 m+1) m
H(USG [ D Ut s ar € [l 4 < AY AUy 0 A C ], A < A}) = HYY
m m (m m m+1)
—a — H (U DU D QU s A C [l A < A} AUy A C ), A < A})

>0(€).
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Combining this with (35) and Lemma 2] we conclude that for any j € [m + 1] \ A,
HY = B > 6(e) and H) = HYY > 1YY~ HEY > 6(e).
This completes the proof of the lemma. O

Lemma 4 (Lemma 1.8 in [28])). Ler (X,Y,Y”) be a triple of discrete random variables, where X has
Bernoulli-1/2 distribution. Then
Z(X|Y,Y') < Z(X|Y).

This lemma can be proved by a straightforward application of the Cauchy-Schwarz inequality.

B. Proof of Theorem [0]

Without loss of generality, assume that §,, = n~¢ for some positive constant d. If A C B C [m] and
|B| = |A| + 1, then by (27),
2
20 <zt < (Z87) (38)
For an increasing chain of sets ) = Ay C Ay C Ay C --- C A, = [m], (38)) implies that
20 <2 <2 < 2.

For a given 0 < € < 0.1, define 4; as the largest integer between 0 and m such that Hi m < €, and deﬁne
1o as the smallest integer between 0 and m such that H (m ) > 1 —e. According to Theoreml H ) < e
for all 7 <47 and H( m) > 1—¢€forall ¢ > 9. By Theorem I we know that

ZQ — 21 -1 S D(E) (39)
Since Hfﬁ&? < €< 0.1, by (ZI) we obtain that
Z5 <1/2. (40)

According to (38),
logy(Z{") < 2logy (2" ),

and so
logy (2" < 27 log, (24" ).

For a given 0 < v < 1, define i3 := |i; — §m7J. If i3 > 0, then
logy(Z4") < 2P logy(25") < =22 < —dm,

where the second inequality follows from and the last inequality holds when m is large enough.
Therefore, for all 7 < i3,
(m) < Z( ) < 2—dm — n—d _ 677,

Thus we have
0,1,...,i3) C {ie {0,1,...,m}: 2 <5n},
{ie {0,1,...,m}: H{" > 1—6} = {iniz+1,...,m}.
Combining this with (39), we obtain that

{ie{o,l,...,m}:HX?)>1—e}u{z’€{0,1,...,m}:Z%)<6nH
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1 1
2i3+1—|—m—i2+12i1—§m7+m—i2+1Zm—imV—D(e)Zm—m”’,

where the last inequality holds when m is large enough.
On the other hand, if i3 < 0, then i1 < %m”, and by (39), i2 < %m” + D(e) + 1. Therefore

{ie{o,l,...,m}:Hg’f)>1—e}u{ie{o,1,...,m}:zgf)<5nH
1
Zm—i2+12m—§m7—D(e)2m—m7.

This completes the proof of Theorem [

C. Proof of Theorem |l

We first observe that there is a one-to-one mapping between increasing chains of sets and permutations
on [m]. Indeed, given 7 € S,,,, we can obtain an increasing chain of sets ) = A9 C A; C Ay C --- C
Ay, = [m] by setting A; = {n(1),7(2),...,n(7)} for all ¢ € [m]. On the other hand, given an increasing
chain of sets ) = Ag C Ay C A3 C --- C A, = [m], we can obtain a permutation © € S,,, by setting
m(i) = A; \ A;—1 for all i € [m]. Thus there are m! distinct increasing chains of sets for a given m. Let
us fix m and list all the m! distinct increasing chains of sets as follows:

Ap(1) € Ay(1) € Ax(1) C--- C Ap(1) = [m],
Ap(2) € A1(2) € A2(2) C--- C An(2) = [m],
=Ap(3) € A1(3) € A2(3) -+ € Am(3) = [m],

0
0
0

0 = Ag(m!) € Ay (m!) g Az.<m!.) gh- - C Ay (m)) = [m).

Notice that for every ¢ € {0,1,2,...,m}, |4;(1)] = |Ai(2)| = |Ai(3)] = --- = |A;(m!)| = i. There
are #lz), subsets of [m] with cardinality . By symmetry, each of them appears the same number of
times in (A4;(1), 4;(2), Ai(3),..., Ai(m!)). Thus each subset with cardinality ¢ appears i!(m —4)! times
in (A;(1), A;(2), 4;(3),..., A;(m!)). In other words, each subset A C [m] appears |A|!(m — |A])! times
in (A;(j) :i€{0,1,2,...,m},j € [ml]).

For any 0 < € < 0.1, define

S(e) = {(i,j) i€{0,1,2,...,m},j € [m!],Hﬁl% <1-—¢ ZT()J) > 5n}.

Then by Theorem [6] we know that for any 0 < v < 1/2 and any given j € [m!],

HZ € {0,1,...,m}:H§ZL()

) <1-e 2 > 5n}‘ <m" forall m > M(e, ).

Consequently, for all m > M (e, ),
IS(e)| < (m!)ym”. 41)
We further define
Ale) = {A Ciml:HM™ <1-¢2™ > an} .
By the arguments above, we have
Sl =D |Al(m —|A]).
ACA(e)
It is easy to see that i!(m —i)! > |m/2|!(m — |m/2])! for all i € {0,1,2,...,m}. Therefore

S(e)] = [m/2] (m — [m/2])!A(e)].
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Combining this with (#1)), we obtain that

A= (g )

Consequently,

By Stirling’s formula,

i) 2 (14 o0, @)

Since /2/m < 1, we conclude that for all m > M (e, 7),

[A(€)]

<m)1/?
2m = '

This completes the proof of Theorem

D. Proof of Theorem
We first show that the code rate of 7 (m, d,,) approaches the channel capacity I(WW), i.e.,

|G(m, 6,)| = 2" (I(W) = o(1)).
By (@), for all 0 < € < 1, we have

(1-¢)

{Ag[m]:Hl(le)>1—e}

< > H{ =2 - 1(W)).
AC[m]

Therefore,

{acm: a5 >1-6}| < 1;2’”(1—1(14/)).

According to Theorem [1} for 0 < € < 0.1, 0 <~y < 1/2 and m > M (e, ),
1G(m, 6,)| > HA Cm):H™ >1- e} U {A Cm: 2z < 5n}]

- HAQ [m}:HEXm) > 1—6}

1
—2M(1 = I(W)).

(1~ I(W))
The last line can be made arbitrarily close to 2" I(W) if we set € to be small enough and m to be large
enough. Thus the code rate of 7 (m, d,) approaches I(W).

Next we prove that the decoding error of 7 (m,d,) goes to 0 under the successive decoder that is
similar to the one used for polar codes, i.e., we decode Uﬁlm) one by one using the channel outputs Y (")
and the previously decoded inputs Ugffl). The decoding order is from small to large sets according to the
order defined in Section E], i.e., we decode Uy before decoding Up if A < B. According to (22), for
every A € G(m, dy,,), the error probability of decoding U1(4m) from Y (™) and Ug;;) is at most

22m(1 - m'yfl/Q) _

PUSY Y™ Uy < 2Py ol = 2§ <2

By the union bound, the error probability of decoding the whole codeword under successive decoder is
at most n~1. Thus we conclude that the code 7 (m, d,) achieves the capacity of W.
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E. Proof of Theorem 3]

Let A < B. Define A’ := {a1,...,ap } and note that by assumption, A’ is pointwise smaller than B.
We first apply (26) repeatedly to obtain

7 > g > g >...> H M, (43)

= Hav,mapa-1} = “Har,aia -2 =

We then apply Lemma [2| repeatedly to obtain

) _ pm) S g(m > gm

(m)
AT Hasesas-nas 1} = T {ana5-1,0 8} —H{ah-wb\B\—lvb\B\} 2 = Hp™”. (44)

Therefore H1(4m) > HXZZ) > H](Bm).
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VII. ADDITIONAL RESULTS

In this section, we present three additional results. First, we provide a sufficient condition for RM
codes to achieve capacity (called the gap property); second, we show the equivalence between source
and channel coding using RM codes; third, we show that the twin code is indeed the same as the RM
codes up to n = 16 for the BSC. In order to state and prove the first result, we need some more notation.
Note that according to our total order on the subsets A C [m], for all A with cardinality |A| = i, we
have

{1,2,...;i} <A< {m—i+1l,m—i+2,...,m}.

The following corollary follows from Theorem

Corollary 1. For every BMS channel W and every A C [m] with cardinality |A| = i,

(m) (m) (m)
H{1,2, i} = H =z H{m i+1,m—i+2,...,m}" (45)
(m) (m) 5 (m)
Z{1,2, i} > ZA Z{m i+1,m—i+2,...,m}" (46)
For a fixed m and ¢ € [m], define
(m)  _ py(m)
Hi,max T H{l,?,...,i}’
(m) . _ pr(m)
Hi,min T H{m—i+l,m—i+2,...,m}’
(m) ._ 1 (m)
i = ) >, m (47)
AC[m],|Al=i

We further define

0,max 0,min 0,avg
By @3), for all i € {0,1,2,...,m},
H?,(Tr?llx 2 H(m) Hz(ﬁzn

Applying Theorem {4| to the increasing chains of sets
DC{1}c{1,2} C{1,2,3} C--- C{1,2,3,...,m}

and
pC{miC{m—-1mrC{m—-2m—-1,m}C---C{1,2,3,...,m}

respectively, we obtain the following corollary.

Corollary 2. For every BMS channel W and every m > 0, both sequences {H. moand {H, (m) o

z max 7,min

increase with Z, l.e.,
Himhe < Hy e < Hy m)ax < < H 48)
H[()T:;)m S H{ m)ln < H( ) < Hr(nmlznn’ (49)

This corollary together with Corollary [T| immediately 1mp11es the following claim.
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Corollary 3. For every BMS channel W and every m > (),
H™ > H™, forall AC[m),|A| < i; (50)

7,max

H™ < H . forall AC [m],|A| > i. (51)

7,min

Finally, the following corollary follows immediately from Theorem [5}

Corollary 4. For every BMS channel W and every € > 0, there is a constant D(e) (which is independent
of m and W) such that for every positive integer m,

{iE{O,l,...,m} €<Hz(m2ix<1*€} < D(e),
{iE{O,l,...,m}:(—:<Hz(gn<1—6} < D(e).

In Section [VIIIL we also prove the following corollary of Theorem [4] that states that for every BMS

channel W and every m > 0, the sequence {H, avgliwo increases with i

Corollary 5. - - -
HOTng < Hl avg — < H2 avg <o S Hq(nn}avg'
A. A sufficient condition for RM codes to achieve capacity
By Corollary I and E we know that both sequences { zmax}mo and { 7,m1n}m0 are increasing

sequences with sharp transitions from 0 to 1. Let Hr(ff;z( and 19( ) be the locations of transition for these
two sequences, respectively. More precisely, let

0™ .~ max <{z €{0,1,...,m}: H™ < 1/2})
0™ .= max ({Z €{0,1,...,m}: 7™ < 1/2})

min 7,min

i.e., Gl(nai is the largest index 7 such that Hz( max < 1 /2 and 0( ) is the largest index 7 such that Hl(?;ﬁn <
1/2. Clearly, we always have Gr(naz( < 9( ) F1gurebelow 1llustrates the sharp transitions of { H Z( m)ax o
and {H ™ and the definition of Hl(naz( and 6\ m)

Our next theorem shows that if HI(naZ( and 9( ) are close enough for large m, then RM codes achieve
capacity of W.

Theorem 7. Let W be a BMS channel. If
05 — O = o(v/m), (52)

min max

Z mll'l min*

then Reed-Muller codes achieve capacity of W.
A consequence of Theorem [/|is recorded in the following corollary.

Corollary 6. If there exist a constant 0 < v < 1 and a nonnegative integer-valued function A : 7 — 7
such that

and
H™ < g™

imax < Hi L A(m) min 7 forall 0 <i<m— A(m) and all m > 0, (53)
then Reed-Muller codes achieve capacity of W.

Taking v = 0 and A(m) = 1 for all m > 0 in the corollary above, we immediately obtain the following
result.
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Corollary 7 (Gap property). If

H™ <H™  forall0<i<m-—1andall m> 0, (54)

i,max — - i+1,min
then Reed-Muller codes achieve capacity of W.

We have numerically verified (54) on BEC for code length up to 256; see Fig. [9] and Section [IX] for
a detailed discussion. We also proved up to dimension 16 for the BSC.

n=256, erasure prob=0.4
1 s,

**

©
©
T

© o o
» ~ o
T T T

*

conditional entropy
o
[¢,]
T

04r
0.3+ B
0.2 ’
0.1 .
0 1 §% Hh 1
Layers <3 Layer 3 Layer 4 Layers >4

Fig. 9: Simulation results for Reed-Muller codes with length n = 256 over a BEC, where the channel
erasure probability is set to be 0.4. This figure illustrates the gap property between Layer 3 and Layer 4.

B. Equivalence between source and channel coding using RM codes

We use BSC(p) to denote Binary Symmetric Channel with crossover probability p. The capacity of
BSC(p) is 1 — h(p), where h(p) := —plogyp — (1 — p) logy(1 — p) is the binary entropy function. It is
well known that the optimal rate to losslessly compress i.i.d. Bernoulli-p source is h(p). In this paper
we show that for RM codes, the channel coding problem for BSC is equivalent to the source coding
problem:

Theorem 8. Reed-Muller codes achieve capacity of BSC(p) if and only if they can be used to losslessly
compress i.i.d. Bernoulli-p random variables with optimal rate h(p).

The proof of this theorem uses arguments similar to [29], [30]; see Section [VIII-C

C. Twin code is the same as RM code up to n = 16 for BSC

We show that the twin code is the same as the RM code up to n = 16 for BSC. Our claim follows
immediately from the following proposition:

Proposition 1. For BSC channels and m < 4, if two subsets A, B C [m] satisfy that |A| > |B
g > gl
A =B -

The proof is given in Section [VIII-D

, then
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m m
Sharp transitions of { zmax} ", and {H Z VI S
1
—HMmW)
i,max
—H(m.W)
I,min
H(m.W)
— i,avg
2 o
ER
=
2c
EE
= E
g
EE
= 2
. /) ‘
0 W) mw) m
max min

H™ ym and {H

zmax i= 07{ 7,min

Fig. 10: All three sequences {H i, increase with 7. Both sequences

7 avg}
{H ; max}m oand {H; mm} have sharp transition from 0 to 1, and the locations of transition are denoted

m) (m) _ p(m)

as 0r(naz( and 0( ., Tespectively. If Gmm — Oinax = o(y/m), then Reed-Muller codes achieve capacity of W.

VIII. PROOFS OF THE ADDITIONAL RESULTS
A. Proof of Corollary 3]

Let us fix an ¢ € {0,1,...,m — 1}. We consider all the distinct pair of subsets A, B C [m] such that
A C B,|A| =1,|B| =i+ 1. Obviously for each fixed subset A, there are m — i possible choices of B,
and for each fixed subset B, there are 7 + 1 possible choices of A. By Theorem ] we know that

am™ < g (55)

for all A C B. Summing (33) over all distinct pairs of subsets A, B C [m] such that A C B,|A| =
i,|B| =1+ 1, we obtain that

(m—d) > HPY<@+1 Y H

AC|m] | A|=i BC[m],|B|=i+1
According to the definition @#7) of HZ( av)g, this is equivalent to
(
HZ( av)g — Hl—’:-nl) avg"’

This completes the proof of Corollary [5]

B. Proof of Theorem ]| and Corollary [6]
Proof of Theorem [/ Take e = 0.1 and the corresponding constant D(0.1) in Corollary 4 Let

8= 00", — D(0.1)],  a:=|8-m'?. (56)
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We claim that the family of Reed-Muller codes R(m, ) achieves the capacity of W when m goes to
infinity. Notice that by definition (56), « is a function of m and W. To prove this claim we only need to
show two facts: First, the decoding error of R(m, a)) goes to 0. Second, the rate of R(m, ) approaches
(W), ie.,

[0}

E (m) >n(I(W) —o(1)). (57)
i=o \'
We start by showing that the decoding error goes to 0. According to Corollary [2f and Corollary

(m) _ pg(m)
H 8= H <0.1

{1,2,... ,max —
Then by (2I)) we obtain that

7(m)

m
(12, < 1/2

By (9),
log, (Zﬁn%a}) < 20-%]og, (Zgn%ﬁ}) < 2 log, (ZE@@) < _gm't

Since 2m" > 2m, we have
20 g <2 =R

Recall that the code length n = 2™. Note that (38) also implies that ZET% o < Zg”% iy for all
0 < ¢ < m. Therefore, for all 7 < o,

Combining this with (#6)), we conclude that for all A C [m] with cardinality |A| < «,

(m) (m) -
ZyY <Zy apsn 2,

We again use the successive decoder. By the union bound, the decoding error of the whole codeword is
upper bounded by the sum of decoding errors of each individual input:

P.(R(m,a)) < ) pe(Ugm>(y<m>, Ug;z‘))

AC[m],|Al<a

< X a(uree)
AC[m],|Al<a

< > w?<a
AC[m],|Al<a

where the second inequality follows from (22). Therefore the decoding error of R(m,«) does go to 0.
Next we prove (57). Let

t(e) == [0 + D(e)]-
According to Corollary [2] and Corollary 4]
7™ >

t(€),min —
By Corollary [3] for all A C [m] with cardinality |A| > t(e),
™ > Ht((:”))mm 1—e¢
By (@), we have
(™ (m) (m)
1 < Hm < H™ = n(1 — I(W)).
a-ay (7)< < S H = (- 1)
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Therefore,

5& <m>55116nU-IOV»- (58)

Since (}) < (Lmr%J) for all i and by ([@#2), (Lmn}%) < i for large m. we have

(e)—1
iza;ﬂ <T7> < (te) —a— 1)7 6" 4+ D(e) — (67, — D(0.1) — m1/3))%

= (o(v/m) + D(€) + D(0.1) + m/3) - = o(n).

3

Combining this with (58], we obtain that

i <m> > — %n(l —I(W)) = o(n).

. 1
=0

The right-hand side can be made arbitrarily close to n/ (W) as long as we set € to be small enough and
m to be large enough. This completes the proof of (57) and establishes Theorem O

Proof of Corollary [} Take € = 2 T and the corresponding constant D( 1) in Corollary 4| Let

j:qmn&e{QLZ m} : H™ 1+7}.

lmax — 2

Since H l( m)ax increases with ¢, we have 7 > HI(HTZE( By Corollary H we have

max

0<j— 9()§D(2 )+ 1.
If j > m — A(m), then

1-— 1-—
gl _ gm ><m—ag;’;;gm—j+p(T7)+1<A(m)+D(T’V)+1:o(\/%),

min
and by Theorem [7, RM codes achieve capacity of . On the other hand, if j < m — A(m), then by
(53),

(m) (m) 1+~ _ 1—~v
HjJrA(m),rnin > Hj,max Y2 T -7 9

Therefore according to Corollary []

j+Awm) >0 — DA,

min 2

Thus we obtain that
1— 1-— 1—
i gm) < (j +A(m) + D(T7)> - (j - D(TV) - 1) = A(m) + zp(T”) +1=o(y/m),

min

and by Theorem [7, RM codes achieve capacity of W. This completes the proof of Corollary [6] U
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C. Proof of Theorem

Our proof follows similar arguments to [29]], [30].

Let V;,, » be the generator matrix of Reed-Muller code R(m, ), and let k(m,r) be its dimension. Let
UFm) be k(m,r) ii.d. Bernoulli-1/2 random variables and let S be n := 2™ i.i.d. Bernoulli-p random
variables, where U*(™") and S™ are independent. Then Reed-Muller codes achieve capacity of BSC(p)
if and only if for each m there is an 7 such that

) 1 ) ol1)

and that U*("") can be decoded from U k(m’T)Vm7r+S” with high probability. Note that decoding U/*("")
from Uk(m7) Vin,r +S™ is equivalent to decoding S™ from U k(m,r) Vin,r +S™. Using the fact that the dual
code of R(m,r) is R(m,m —r — 1) [27], it is easy to verify that this is further equivalent to decoding
S™ from

(Uk(m7r)vm,r + Sn)(vm,m—r—l)T = Sn(vm,m—r—l)T-

Therefore Reed-Muller codes achieve capacity of BSC(p) if and only if we can recover S™ from
S"(Vinm—r—1)T with high probability, where the rate of compression is
n—k(m,r)

. = h(p) + o(1).

This completes the proof of Theorem

D. Proof of Proposition
The cases of m < 2 are trivial, so we only prove the cases of m = 3 and m = 4. Let us start with

m = 3. By Corollary we only need to show that H[(ggi) > H[(;),HS??)} > H{(?)},H{(g% > Hé?’). In

Section , we already showed that W and WP are the “~” and “+” polar transforms of w2

(3] 2] [2]°
respectively, and that Wg’) and Wé?’) are the “—” and “+4” polar transforms of Wég), respectively.

Therefore, H, [(33 ) > H, [(235) and Hg) > H (3) follow immediately (and this extends to any dimension, i.e.,

the first and last transitions are a]}ways grdered due to polar codes). Now let us prove
3) 3)
Hipgy 2 Hp
using the equivalence between source and channel coding (see Section for the discussion of
the equivalence). Suppose that X, Xo,..., Xg are i.i.d. Bernoulli-p random variables, where p is the
crossover probability of the BSC channel. Let Y] = Zle X, Yo=X1+Xo+ X3+ X4,Ys5 = X7 +
Xo+ X5+ X6, Yy = X1+ Xs+ X5+ X7,Y5 = Xy + Xo. Then (39) is equivalent to H(Y4|Y7,Ys,Ys) >
H(Y5|Y1,Ys,Ys,Y,). Notice that both X; and X, appear in Y7, Y3, Y. Therefore,

H(Y4Y1,Y2,Y3) = H(X1 + X3+ X5+ X7|Y1, Y2, Y3) = H(Xo + X3+ X5 + X7|Y1,Y2,Y3)
=H(Yy+Y5|Y1,Y2,Y3) > H(Yy + Y5|Y1, Y2, Y3, Yy) = H(Y5|Y1, Y2, Y3, Y)).

(59)

This completes the proof of (59).
For the case of m = 4, again by Corollary |1, we only need to show that H ) > H (4), J255% >

[4] (3] 7 77{2,34} =
H{Pyy Hy > L HG, > HyY In particular, Hiy) > HYy) and H{}) > H" follow immediately
from the discussions in Section so we only need to show the other two inequalities. We still use
the equivalence between source and channel coding. Suppose that X7, X, ..., X4 are i.i.d. Bernoulli-p

random variables, where p is the crossover probability of the BSC channel. Let

16
Yl = Z Xia
=1
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Yo=X1+Xo+ Xg+ Xy + X5 + Xg+ X7+ Xg,
Y3 =X1+ Xo+ X3+ Xa+ Xo + Xio + X11 + Xu2,
Yy= X1+ Xo+ X5+ Xg + Xo + X0 + X13 + X4,
Y5 = X1+ X3+ X5+ X7+ Xg + X11 + X3 + X5,
Yo = X1+ Xo + X3 + Xy

Then H{(§)4} > H{(‘{)} is equivalent to H(Y5|Y;,Ys,Ys,Ys) > H(Yg|Y1,Ys,Ys, Ya, Y5). Notice that both
X1 and X5 appear in Y7, Ys, Y3, Y. Therefore,

H(Y5|Y1,Y2,Y3,Yy) = H(X1 + X3+ X5 + X7+ Xog + X11 + Xiz + Xi5|Y1, Y2, Y3, Yy)
=H(Xo+ X3+ X5 + X7+ Xog + X11 + Xi3 + X15|Y1, Y2, Y3, Y)).

Similarly, both X3 and X4 appear in Y7, Y5, Y3, and neither of them appears in Y. Therefore,

H(Xo+ X34+ X5+ X7+ Xo + X11 + X3 + X15|Y1, Y2, Y3, YY)
=H(Xo+ X4+ X5+ X7+ Xog + X11 + X153 + Xu5|Y7, Y2, Y3, Y)).

Thus we conclude that

H(Y5|Y1,Y2,Y3,Yy) = H(X2 + Xa + X5 + X7 + Xo + X11 + Xu3 + Xu5|Y1, Y2, Y3, Ya)
= H (Y5 + Y6|Y1,Y2,Y3,Ys) >= H(Ys + Yo[Y1, Y2, Y3, Vs, V5) = H(Ys|Y1, Y2, Y3, Y4, V5).
This completes the proof of HSZ} > Hﬁ)} HS)B 1 > Hﬁ)ﬂ can be proved in the same way, and we
omit its proof here.

IX. SIMULATION RESULTS

In this section we present some Monte Carlo simulation results over BEC channels. More specifically,
for a given code length n = 2", we label all the subsets of [m] as A; < Ay < --- < A, according to
the order defined in Section and we use simulation to see how the conditional entropy HX?’BEC) vary
with ¢. The number of iterations in our Monte Carlo simulation is 100000.

We can see from Fig. [11{and Fig.that HI(ZL’BEC) roughly decreases with ¢, meaning that RM codes
also pick rows with the smallest conditional entropy, which is similar to polar codes. We can also see
a sharp transition of the conditional entropy from 1 to 0, which is necessary for RM codes to achieve
capacity. Moreover, the transition becomes sharper for larger code length.

To compare the sharpness of transition with polar codes, we plot the sorted conditional entropy of polar
codes in Fig. [I3] We can see from Fig. [I2] and Fig. [I3] that for the same code length and channel erasure
probability, the transition of RM codes is much sharper than that of polar codes. This is consistent with
the properties of the fast polar transform detailed in Section

Finally, we remark that the condition (54) in Corollary [7] is numerically verified on BEC for code

length up to 256 for various channel erasure probabilities.
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Fig. 11: Simulation results for Reed-Muller codes with length n = 128. The channel erasure probability
is set to be 0.4. The z-axis corresponds to the index of the sets ¢ ranging from 1 to 128, and the y-axis

corresponds to the conditional entropy Hgﬁ’BEC).
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Fig. 12: Simulation results for Reed-Muller codes with length n = 256. The channel erasure probability

is set to be 0.4. The z-axis corresponds to the index of the sets ¢ ranging from 1 to 256, and the y-axis

corresponds to the conditional entropy Hgm’BEC)-
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polar codes, n=256, erasure prob=0.4
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Fig. 13: Sorted conditional entropy of polar codes with length n = 256. The channel erasure probability
is set to be 0.4. The transition from 1 to 0 is much slower than that of RM codes with the same length.
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