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Abstract

Let V be any vector space of multivariate degree-d homogeneous polynomials with co-dimension at
most k, and S be the set of points where all polynomials in V' nearly vanish. We establish a qualitatively
optimal upper bound on the size of e-covers for S, in the fo-norm. Roughly speaking, we show that
there exists an e-cover for S of cardinality M = (k/ e)od(kl/d). Our result is constructive yielding an
algorithm to compute such an e-cover that runs in time poly (M).

Building on our structural result, we obtain significantly improved learning algorithms for several
fundamental high-dimensional probabilistic models with hidden variables. These include density and
parameter estimation for k-mixtures of spherical Gaussians (with known common covariance), PAC
learning one-hidden-layer ReLU networks with & hidden units (under the Gaussian distribution), density
and parameter estimation for k-mixtures of linear regressions (with Gaussian covariates), and parameter
estimation for k-mixtures of hyperplanes. Our algorithms run in time guasi-polynomial in the parameter
k. Previous algorithms for these problems had running times exponential in k<),

At a high-level our algorithms for all these learning problems work as follows: By computing the
low-degree moments of the hidden parameters, we are able to find a vector space of polynomials that
nearly vanish on the unknown parameters. Our structural result allows us to compute a quasi-polynomial
sized cover for the set of hidden parameters, which we exploit in our learning algorithms.
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1 Introduction

1.1 Background and Motivation

The main motivation behind this work is the problem of designing efficient learning algorithms for high-
dimensional probabilistic models with latent (hidden) variables. This general question has a long history
in statistics, starting with the pioneering work of Karl Pearson on learning Gaussian mixtures, that
introduced the method of moments in this context. During the past decades, an extensive line of work in
theoretical computer science and machine learning has made significant progress on various statistical and
computational aspects of this broad question.

In this paper, we focus our attention on high-dimensional latent variable models with a large number & of
hidden parameter. In the settings we study, previously known learning algorithms have running times that
scale exponentially with k. Roughly speaking, this exponential dependence is typically due to some form of
“brute-force” search, after the high-dimensional problem is reduced down to a k-dimensional one. It should
be noted that, in certain regimes, the exponential dependence on k is inherent, due to either information-
theoretic (see, e.g., [HP13])) or computational (see, e.g., [DKS17]]) bottlenecks. For the problems we
study here, there is no (known) a priori reason ruling out poly(k) time algorithms, while current algorithms
have an exp(k*(")) dependence.

Motivated by this huge gap in our understanding, we develop new algorithms for several high-dimensional
probabilistic models with running times quasi-polynomial in the number & of hidden parameters. More
specifically, we design new algorithms for the following fundamental statistical tasks: density estimation
and parameter learning for k-mixtures of spherical Gaussians, PAC learning one-hidden-layer neural net-
works with £ hidden ReLLU gates and other well-behaved activations (including generalized linear models)
under the Gaussian distribution, density estimation and parameter estimation for k-mixtures of linear regres-
sions (under Gaussian covariates), and parameter learning for k-mixtures of hyperplanes. See Section [[.4]
for detailed statements of our results and comparison to prior work.

All our learning algorithms are based on a new technique that we develop in this work. The key common
ingredient is a new result in algebraic geometry that we believe is of independent interest. In more detail, we
establish the following: Let V' be any vector space of multivariate degree-d homogeneous polynomials with
co-dimension at most k£ and S be the set of points where all polynomials in V' nearly vanish. Then the set S
has an e-cover, in ¢3-norm, of size M = (k/ e)od(kl/d). Importantly, our proof is constructive immediately
giving an algorithm to compute such a cover that runs in poly (M) time.

With this structural result in hand, all our learning algorithms follow a common recipe: First, given a
set of samples from our distribution there is an efficient procedure to approximate the degree-2d moments
of the hidden parameters. Then we use our structural result to compute a small e-cover for the set of hidden
parameters. Once we have a cover of the parameters, we leverage problem-specific techniques to perform
density estimation or parameter estimation.

1.2 Overview for Our Approach

In this section, we give an overview of our approach with a focus on the problem of learning mixtures of
spherical Gaussians. In particular, we explain how our aforementioned structural result (regarding covers of
near-zero sets of polynomials) naturally comes into play to find a cover for the set of hidden parameters.
Suppose we have access to i.i.d. samples from an unknown k-mixture of identity covariance Gaussians
on R, X = Zle wiN (us, I), where w; > 0 are the mixing weights, satisfying Zle w; = 1, and
u; € R™ are the mean vectors. There are two versions of the learning problem: (1) Density estimation,
where the goal is to compute a hypothesis distribution H that is e-close to X in total variation distance,

'By this we mean that k = w(1), in which case an algorithm with runtime exponential in % is not deemed satisfactory.



and (2) Parameter estimation, where the goal is to approximate the parameters wj, 1; within small error e.
Our approach yields significantly improved algorithms for both these problems via a common technique.
In particular, we develop a method to efficiently find a cover for the set of hidden mean vectors, i.e., a set
C C R™ such that for any y;, i € [k], with w; not too small, there exists ¢ € C such that the ¢o-distance
llc — pil|2 is small.

A natural approach to learn a k-mixture of Gaussians is to use the method of moments. This method
has two steps: (i) We draw sufficiently many samples to accurately approximate the first d moments of the
mixture X. (i) We use our approximations to the moments to compute an approximation of the distribution
or its parameters. Unfortunately, the method of moments faces the following obstacle in our context: There
exists two k-mixtures of spherical Gaussians, X and X', that are far from each other, but have their first
k moments exactly matching. This means that one cannot compute an approximation to X from the first
d < k moments alone.

The above moment-matching statement might suggest that any moment-based method cannot lead to
learning algorithms with running time 2°%) for our problem. However, looking at the structure of these
moment-matching distributions gives us hope. Essentially, these instances are based on a one-dimensional
construction that matches £ moments, which is then embedded into a higher dimensional space. If X and
X' are constructed by having all of their Gaussian components centered on an unknown line L, one might
not be able to distinguish X and X’ directly by using their low-degree moments, but looking at second
moments should suffice to approximately determine the line L. Once this line is determined, it would allow
us to reduce down to a one-dimensional problem, which can be efficiently solved by other means. Of course,
the task of finding the hidden line L could be made more difficult by adding more components to each of X
and X, but it is not clear whether or not this could successfully disguise this critical line.

In order to obtain a truly insurmountable hard instance, we would need to construct a k-mixture X,
such that not only do the higher moment tensors of X agree with those of some other k-mixture X’ (that is
far from X)), but in addition the higher moment tensors of X are rotation-invariant. Such a (hypothetical)
construction would imply that the low-degree moments of X are indistinguishable from any rotation of X,
and therefore it would be impossible to locate lower-dimensional sub-structures, like the line L above.

Our approach is motivated by the fact that such a hypothetical hard instance is in fact impossible. In
particular, we can write our unknown k-mixture X as a convolution D x G, where G ~ N(0,1) is the
standard Gaussian, and D is a discrete distribution on R™ with support size at most k. By de-convolving,
we can use the moments of X to compute the moments of D. Now, if (m:[d) > k, a dimension counting
argument implies that there exists a non-trivial degree-d polynomial p that vanishes on the support of D.
This means that E[p?(D)] is also 0. But if we know the first 2d moments of X, we can in principle find
such a polynomial p, which would imply that p must be identically zero on the support of D. That is, if we
know the first 2d moments of X, we can find a polynomial p that vanishes on the support of D, and unless
p(z) is a function of ||z||, this will not be a rotationally invariant condition, implying that the moments of
X cannot be rotationally invariant.

The above paragraph naturally leads to an idea for an algorithm. Note that, for any d, the space of
degree-d polynomials on R has dimension N = (m;d). By the same dimension counting argument,
there exists a subspace V of degree-d polynomials with dimension at least N — k that vanishes on the
support of D. On the other hand, given the first 2d moments of D, we can identify V' as the space of
polynomials p so that E[p?(D)] = 0. (We note that this is indeed a subspace, since the quadratic form
q — E[¢*(D)] is positive semi-definite). If we know V, we know that all the component means of our
mixture must lie on the variety V defined by the polynomials in V. It is not hard to show that this variety
V will have relatively small dimension. This holds because the space of degree-d polynomials on V is
(degree-d polynomials on R")/V ,which has dimension at most k. This implies that (dim([y”d) < k, and

in particular that dim(V) = O(dk'/?). This allows us to reduce our problem to one on a variety of small



dimension that we can hopefully brute force in time exponential in k'/%. Indeed, we are able to show that
the variety V will have a small cover. (Of course, having a variety with small dimension does not imply the
existence of a small cover in general. But our variety has additional properties that our proof exploits.)

The biggest technical obstacle to the approach outlined above is, of course, that we cannot have access
to the exact moments of X (and thus D), but can only hope to approximate them. However, if we have
sufficiently accurate approximations to the moments of DD, we can still find a vector space V' of degree-d
polynomials such that for all p € V we have that E[p(D)?] is small. This implies that for any point x in
the support of D, with reasonable mass, p(x) must nearly vanish for all p € V. At this point, we will
need a robust version of the aforementioned structural result, which is the main geometric result of this
work (Theorem [I)). This result essentially says the following: Given such a V' and a unit ball B, if we
define S to be the set of all points z in B such that |p(z)| is small for all p € V, then S can be covered by
approximately exp(O(k‘l/ 1)) many small balls. Moreover, there is an efficient algorithm to compute such
a cover. This allows us to compute an explicit set of (not too many) hypotheses means x; such that each
center of a Gaussian in X with reasonable weight is close to some z;.

Given our cover for the set of possible parameters, we can solve both the density estimation and the
parameter estimation problems as follows: For density estimation, we note that X can be approximated as
a mixture of the N (z;,I)’s. We can thus draw samples from X and use convex optimization to compute
appropriate mixing coefficients (Proposition 28)). For parameter estimation, if we assume separation of the
components of X, we can use the list of hypotheses means to do clustering and learn approximations of the
true means using techniques from [DKST8].

More broadly, our technique can also be applied to a number of other high-dimensional learning prob-
lems. The key requirement is that the unknown distribution in question is determined by a set of £k vectors
v; € R™ and non-negative weights w;, and that we can efficiently approximate the quantity Zle w;p(v;),
for any low degree polynomial p. Given this primitive, we can use our Theorem [l to find a subspace V' of
polynomials that almost vanish on the v;’s, and from there compute a small list of hypotheses so that each
relevant v; must be close to at least one such hypothesis. From this point on, we can use efficient algorithms
operating on the final cover and/or problem-specific techniques to complete the learning algorithm.

1.3 Main Result: Small Covers for Near-Zero Sets of Polynomials

Let V be any vector space of homogeneous degree-d real polynomials on R™ with co-dimension k. We use
Rig [1,...,2y] for the vector space of all homogeneous degree-d real polynomials on R™. Let S be the
set of points where all polynomials in V" are close to zero. Our main result shows that S has a small cover
that can be computed efficiently. Specifically, we show:

Theorem 1 (informal). Let V' be any vector space of homogeneous degree-d real polynomials on R™ with
codimension at most k within R g[x1, ..., zm]. For §, R > 0, let

S =S(V,R.6)“ {x € R : |lally < Rand |p()| < 6|p|e, for all p € V} .
Then, for sufficiently small 6 > 0, there exists an e-cover of S with size at most M = (2(R/ e)dk)o(d2k1/d).
Moreover, there exists an algorithm to compute such a cover in poly (M) time.

See Theorems and [25] for more detailed formal statements.

Very Brief Proof Overview. The proof of Theorem [Iis elementary, but quite technically involved. At a
very high level, we consider what happens when we fix the first m’ coordinates of a point z € R™. Plugging
in these values will change V' from a space of polynomials in m variables to a space of polynomials in
m — m/ variables. Since the latter space is much smaller, generically we should expect that this restriction



of V produces a very large space of such polynomials, implying (by way of an inductive application of our
theorem) that there are very few ways to fill in the remaining coordinates and still lie in .S. This will hold
unless the chosen values satisfy the unusual property that when plugged into polynomials of V' they cause
many of them to vanish or nearly vanish. We show that this circumstance is in fact rare by showing that all
points for which this holds must lie near a low-dimensional hyperplane. By restricting our functions to this
hyperplane, we can again use our theorem inductively to handle these bad points.

Discussion. It is instructive to consider Theorem [T in the special case where § = 0. Here S is the inter-
section of a variety V with a ball of /5-radius R, and we are asking the natural question of how many balls
are needed to cover the real points of an algebraic variety. For sufficiently nice varieties, we should expect
to have a cover of size approximately O(R/ e)dim(V). The constraint that the generating set V' is so large
does imply strong bounds on the dimension of V. In particular, the fact that V' has codimension k implies
that the restriction of the space of degree-d homogenous polynomials to V has dimension at most k, which

in turn implies that (dim(V;er_l) < k, and therefore dim(V) = O(dk'/?). Note that this bound is actually

tight in the case that V is a hyperplane, thus requiring covers of size (R/ e)Q(dkl/d) (for d < log(k)) even in
the & = 0 case.

The above argument allows one to show that the dependence of our cover size upper bound on R/e is
approximately best possible, as the dimension should equal the metric dimension which is the limit of the
logarithm of the cover size over log(1/¢). However, in order to prove this for finite values of (R/¢), one
needs to have information not just about the dimension of V, but also about the geometric complexity of the
variety. It is perhaps not surprising that such bounds can be obtained (for example because the codimension
of V should bound the degree of the variety V), but it seems technically highly non-trivial to do so. Further
technical complications arise when one considers the case of § > 0, i.e., one needs to consider points that
are merely close to satisfying the equations in V.

Another instructive example here is the case where d = 1. In this case, V' is a space of linear functions
that all vanish on a hyperplane H with dimension at most k. It is easy to see that only points within distance
§ of H will lie in S, thus making it easy to produce a cover of size O(R/¢)*. Given the way that we will
use Theorem [1] in our applications, the degree-1 case will end up looking very similar to the dimension
reduction techniques already known for many of these problems. These techniques involve computing the
second moments of the object in question and noting that the second moment matrix will have small singular
values in directions perpendicular to the span of the k£ hidden parameters. This provides us with an (m — k)-
dimensional subspace of directions on which none of the (significant) parameters has a large projection,
allowing one to find a subspace H that nearly passes through all of them. From this point, one can usually
reduce to a k-dimensional problem by restricting to or projecting onto H.

In our setting, instead of computing second moments, we compute degree-2d moments. This allows us
to compute not just linear functions that nearly vanish on our points, but many functions of degree up to d.
This gives us a much-smaller dimensional variety which our points must lie near. Unfortunately, since this
new variety is potentially much more complicated than a subspace, we cannot generally project onto it and
reduce to a lower dimensional version of the same problem. However, Theorem [l will allow us to find a
small cover of this variety, which can then be used in a brute force manner to solve many of our problems.

More formally, by computing the first 2d moments of our distribution, we can solve some equations to
compute the first 2d moments of our parameters. This will allow us to approximate the values of Zle q(v;)
for any degree-2d polynomial g. In particular, we look for degree-d polynomials p for which Zle p?(v;) is
small. We note that this will hold if and only if p nearly vanishes on all v;. However, we are guaranteed that a
large space of such polynomials will exist and we can find it by an appropriate singular value decomposition.
These p’s will provide the subspace V needed by Theorem[I] which in turn will provide us with a small cover
C. The elements of C can be thought of as hypotheses for our parameters, and we are guaranteed that each



v; will be close to at least one of our hypotheses. From this point, we can make use of various algorithms to
solve our problem that will run in time polynomial in the cover size.

1.4 Applications: Learning Latent Variable Models

In this section, we present some algorithmic applications of our main result to the problem of learning
various latent variable models. We illustrate the power of our techniques by focusing on a small set of
learning tasks. For each of these tasks, we obtain significantly more efficient algorithms compared to prior
work. We expect that the algebraic geometry tools introduced in this work are applicable to several other
learning tasks. This is left as an interesting direction for future work.

1.4.1 Learning Mixtures of Spherical Gaussians

A k-mixture of spherical Gaussians is a distribution on R" with density function F'(z) = Zle wiN(p5, 1),

where ;1; € R™ are the unknown mean vectors and w; > 0, with Z§=1 wj = 1, are the mixing weights.
We assume that the components have the same known covariance matrix, which we can take for simplicity
to be the identity matrix.

We will consider both density estimation and parameter estimation. In density estimation, we want to
output a hypothesis distribution with small total variation distance from the target. In parameter estimation,
we assume that the component means are sufficiently separated, and the goal is to recover the unknown
mixing weights and mean vectors to small error.

Prior Work on Learning Mixtures of Spherical Gaussians Gaussian mixture models are one of the
most extensively studied latent variable models, starting with the pioneering work of Karl Pearson [Pea94]).
In this paper, we focus on the important special case where each component is spherical. Here we survey
the most relevant prior work on density estimation and parameter estimation for this distribution family.

In density estimation, the goal is to output some hypothesis that is close to the unknown mixture in total
variation distance. Density estimation for mixtures of spherical Gaussians in both low and high dimensions
has been studied in a series of works
[ABHT18]]. The sample complexity of this learning task for k-mixtures on R™,
for variation distance error ¢, is easily seen to be poly(mk/e), and a nearly tight bound of ©(mk/e?) was
recently shown [ABHT18]. Unfortunately, all previous algorithms for this learning problem have running
times that scale exponentially with the number of components k. Specifically, gave a proper
density estimation algorithm that uses poly(m/k/e) samples and runs in time poly (mk/e) +m?(k/e)O*?).

In parameter estimation, the goal is to output the parameters of the data generating distribution, up to
small error. For this problem to be information-theoretically solvable with polynomial sample complexity,
some further assumptions are needed. The typical assumption involves some kind of pairwise separation
between the component means. The algorithmic problem of parameter estimation for high-dimensional
Gaussian mixtures under separation conditions was first studied by Dasgupta [[Das99]], followed by a long
series of works [DKS18]. For the simplic-
ity of this discussion, we focus on the case of uniform mixtures with identity covariance components.

RV17] showed that, in order for the problem to be information-theoretically solvable with poly(m, k)
samples, the minimum pairwise /o-mean separation should be ©(/log k). Subsequently, three independent
works gave parameter estimation algorithms with sample complexities and running
times poly(m, kP°Y1°e(k)) that succeed under the optimal separation of ©(y/Iog k).

Finally, a related line of work studied parameter estimation in
a smoothed-like setting, where (instead of separation conditions) one makes certain condition number as-
sumptions about the parameters. These results are incomparable to ours, as we make no such assumptions.



We are now ready to state our algorithmic contributions for this problem. For the task of density esti-
mation, we prove:

Theorem 2 (Density Estimation for Spherical k-GMMs). There is an algorithm that on input € > 0, and
O(m?)poly(k/e) + (k/ e)o(1°g2 k) samples from an unknown k-mixture of spherical Gaussians F on R™,
it runs in time poly(mk/e) + (k/ e)o(log2 *) and outputs a hypothesis distribution H such that with high
probability drv(H, F) < e

(See Theorem for a more detailed formal statement.) Prior to this work, the fastest known algorithm
for this learning problem had running time exponential in %, in particular poly(m)(k/€)°**) [SOATT4].
Interestingly, our density estimation algorithm is not proper. The hypothesis H it outputs is an /-mixture of
identity covariance Gaussians, where ¢ > k.

For the task of parameter estimation, we prove:

Theorem 3 (Parameter Estimation for Spherical k-GMMSs). There is an algorithm that on input ¢ >
0,d € Zy, and N = O(m?)poly(k) + poly(k/e) + kD samples from a uniform k-mixture F =
(1/k) Zle N (pi, I) on R™ with pairwise mean separation A = min, 4, ||p; — pjll2 > Cv/log k, where C
is a sufficiently large constant, the algorithm runs in time poly(N) + ko(d2k1/d), and outputs a list of candi-
date means [i; such that with high probability we have that ||p; — firy|| < €, i € [k], for some permutation
T E S

(See Theorem [3]] for a more detailed statement handling non-uniform mixtures as well.) Prior to this
work, gave algorithms for this problem with sample complexities and runtimes
poly(m/e, kp‘)lylog(k)). Our algorithm provides a tradeoff between sample complexity and running time (by
increasing the parameter d from constant to log k). In particular, for d = log k, the algorithm of Theo-
rem 3l matches the best known (quasi-polynomial in k) sample complexity and runtime. More importantly,
by taking d to be a large universal constant, we obtain an algorithm with polynomial sample complexity
poly(m/e)k€, ¢ > 0, and sub-exponential time poly(m/ e)QOc(kl/c). No algorithm with polynomial sample
complexity and 2°(%) time was previously known under any polylog (k) separation.

Additional Discussion. In this paragraph, we provide two remarks that are useful to put our algorithmic
contributions (Theorems 2 and [3)) in context.

gave a Statistical Query (SQ) lower bound of mf(¥) on the complexity of density estimation
for k-mixtures of Gaussians in R™. The hard instances constructed in that work are far from spherical. A
question posed in was whether 25°, for some constant 0 < ¢ < 1, or even k(1) SQ lower bounds
can be shown for learning k-mixtures of spherical Gaussians. The algorithmic results of this paper were
inspired by our unsuccessful efforts to prove such lower bounds. In particular, an SQ lower bound of the
form 2¥° is ruled out by Theorem[2l An SQ lower bound of the form (1) is still possible, in principle. Given
our quasi-polynomial upper bound, it is a plausible conjecture that a poly (k) time algorithm is attainable.

The list-decodable Gaussian mean estimator of [DKSI8]l, with runtime m©1°8(1/®)  combined with a
known dimension-reduction and a post-processing clustering step, gives a poly(m/e, k'°8*) sam-
ple and time algorithm for parameter learning of spherical k-GMMs, under the information-theoretically
optimal mean separation. Due to an SQ lower bound shown in for list-decodable mean estimation,
Theorem [3] cannot be obtained via a reduction to list-decoding.

1.4.2 Learning One-hidden-layer ReL.U Networks

A one-hidden-layer ReLU network with k£ hidden units is any function F' : R™ — R that can be expressed
in the form F'(z) = Zle a;ReLU(w; - z), for some unit vectors w; € R™ and a; € R, where ReLU(t) =
max{0,t}, t € R. We will denote by C,,, j, the class of all such functions.
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The PAC learning problem for C,, ;. is the following: The input is a multiset of i.i.d. labeled examples
(z,y), where z ~ N(0,1) and y = F(z) + &, for some F € C,, ; and £ ~ N(0,0?), with £ independent of
x. We will call such an (x,y) a noisy sample from F'. The goal is to output a hypothesis H : R™ — R that
with high probability is close to F'in Lo-norm.

Prior Work on Learning One-hidden-layer ReLLU Networks In recent years, there has been an explo-
sion of research on provable algorithms for learning neural networks in various settings, see, e.g.,
for some
works on the topic. Many of these works focused on parameter learning—the problem of recovering the
weight matrix of the data generating neural network. We also note that PAC learning of simple classes of
neural networks has been studied in a number of recent works VWTI9].

The work of studies the parameter learning of positive linear combinations of ReLUs under
the Gaussian distribution in the presence of additive noise. It is shown in that the parameters can be
approximately recovered efficiently, under the assumption that the weight matrix is full-rank with bounded
condition number. The sample complexity and running time of their algorithm scales polynomially with the
condition number. More recently, obtained efficient parameter learning algorithms for
vector-valued depth-2 RelLU networks under the Gaussian distribution. Similarly, the algorithms in these
works have sample complexity and running time scaling polynomially with the condition number.

In contrast to parameter estimation, PAC learning one-hidden-layer ReLU networks does not require any
assumptions on the structure of the weight matrix. The PAC learning problem for this class is information-
theoretically solvable with polynomially many samples. The question is whether a computationally efficient
algorithm exists. Until recently, the problem of PAC learning positive linear combinations of ReLLUs had
remained open, even under Gaussian marginals and for k¥ = 3, and had been posed as an open problem by
Klivans [KIil7]]. Recent work gave the first non-trivial PAC algorithm for this problem. The
algorithm in uses poly(mk /) samples, and has runtime poly (mk/e) + (k/€)O**),

Our main result for this learning problem is the following:

Theorem 4 (PAC Learning C,, 1,). There is a PAC learning algorithm for C, j, with respect to N (0, I') with
the following performance guarantee: Given ¢ > 0, and O(m?k? /%) + (k/ e)o(log k) noisy samples from
an unknown F € Cp, i, the algorithm runs in time poly(mk/e) + (k:/e)o(log2 k)
H : R™ — R that with high probability satisfies |H — F||3 < €2(||F||3 + o).

, and outputs a hypothesis

(See Theorem [39] for a more detailed statement.) Interestingly, our PAC learning algorithm is not proper.
The hypothesis H it outputs is a positive linear combination of ¢ Rel.Us, for some ¢ > k.

Our algorithm establishing Theorem H] does not make crucial use of the assumption that the activation
function is a ReLU. The only properties we require is that our activation function has bounded higher
moments and non-vanishing even-degree Fourier coefficients. We note that our algorithmic ideas can be
extended to other activation functions satisfying these properties (see Theorem [44)).

1.4.3 Learning Mixtures of Linear Regressions

A k-mixture of linear regressions (k-MLR), specified by mixing weights w; > 0, where Zle w; =1, and
regressors (3; € R™, i € [k, is the distribution Z on pairs (z,y) € R™ x R, where  ~ N(0,I) and with
probability w; we have that y = f3; - © + v, where v ~ N (0, 02) is independent of z.

We study both density estimation and parameter learning for .-MLRs. For simplicity of the presentation,
we will assume in this section that max; || 5;]|2 < 1 and that the mixing weights are uniform.



Prior Work on Learning Mixtures of Linear Regressions Mixtures of linear regressions are a natural
probabilistic model introduced in and have been extensively studied in machine learning.
Prior work on this problem is quite extensive. The reader is referred to Section 1.2 of for a detailed
summary of prior work on this problem. Here we focus on the prior work that is most closely related to the
results of this paper.

Most prior work on learning MLRs has focused on the parameter estimation problem. A line of work
(see, e.g., and references therein) has focused on analyzing non-convex methods (in-
cluding expectation maximization and alternating minimization). These works establish local convergence
guarantees: Given a sufficiently accurate solution (warm start), these non-convex methods can efficiently
boost this to a solution with arbitrarily high accuracy. The focus of our algorithmic results in this section is
to provide such a warm start. We note that the local convergence result of applies for the noiseless
case, while the more recent result of can handle non-trivial regression noise when the weights of the
unknown mixture are known.

The prior works most closely related to ours are [CLST9]. The work of focuses on the
noiseless setting (¢ = 0) and provides an algorithm with sample complexity and running time scaling
exponentially with k. The main bottleneck of their algorithm lies in a univariate parameter estimation step,
which relies on the method of moments and requires k°*) samples and time. The recent work
pointed out that the exponential dependence on k is inherent in this approach: One can construct a pair of
k-MLRs whose moment tensors of degree up to 2(k) match, but their parameters are far from each other.
concludes that “any moment-based estimator” would therefore require runtime exp(§2(k)). Our
approach also uses moments, but exploits the underlying symmetry to circumvent this obstacle.

The fastest previously known algorithm for the parameter estimation problem of k-MLRs was given
in [CLS19]]. This work circumvents the aforementioned exponential barrier by considering moments of care-
fully chosen projections of the Fourier transform. Roughly speaking, gives algorithms whose sam-
ple complexity and running time scales with exp(O(k'/2)). In more detail, for the noiseless (o = 0) and uni-
form weights case with separation A > 0, the algorithm of has sample complexity and runtime of
the form poly (mk/A) (k 1n(1/A))O(k1/2). For the noisy case, when o = O(¢) and the weights are uniform,
the algorithm of has sample complexity and runtime of the form poly(mk/(eA)) (k/ e)é(kl/z/ A%,

In summary, prior to this work, the best known learning algorithm for k-MLRs had sample complexity
and running time scaling exponentially with /2 [CLST9].

We are now ready to state our results for this problem. For density estimation, we show:

Theorem 5 (Density Estimation for k-MLR). There is an algorithm that on input ¢ > 0, and N =
~ 2

(m2poly(k) + kO Ulog k)) O(log(1/0)) + (k/€)PU°e™ k) samples from an unknown k-MLR Z on R™ x R, it

runs in poly (N) time and outputs a hypothesis distribution H such with high probability drv(H, Z) < e.

(See Theorem [47] for a detailed statement handling general mixtures.) To the best of our knowledge, this is
the first algorithm for density estimation of k-MLRs with running time sub-exponential in k.

For the parameter estimation problem, we provide two algorithmic results — one for the noiseless case
(corresponding to o0 = ) and one for the noisy case (corresponding to o > 0). We note that the 0 = 0 case
is already quite challenging, and most prior work (with provable guarantees) for the large k regime focuses
on this case (see, e.g., [LL18|[CLST9]).

For the noiseless case, we achieve exact recovery (see Theorem 48] for a more detailed statement):

Theorem 6 (Parameter Estimation for k-MLR, Noiseless Case). There is an algorithm that given N =
(m%poly (k) + kOUosk) O(log(klog(m)/A)) samples from an unknown k-MLR Z on R™ x R with uni-
form weights and pairwise separation A = min;; ||3;—B;l|2 > 0, the algorithm runs in time poly (N, los™ ),
and outputs a list of hypothesis vectors EZ such that with high probability we have that 3; = EW(,-), i € [k],
for some permutation ™ € Sk.



Our second result can handle additive noise (see Theorem [49| for a more detailed statement).

Theorem 7 (Parameter Estimation for k-MLR, Noisy Case). There is an algorithm that on input € > 0, N =
(m?poly (k) + k€1°ek)) O(log(klog(m)/A)) + O(m)poly(k, 1/e) samples from an unknown k-MLR Z
with uniform weights and mean separation A = min;; ||1; — f1||2 such that A /o at least an appropriate
polynomial in klog(m), the algorithm runs in poly(N,~/<;10g2 k) time, and outputs a list of hypothesis vectors
Bi such that with high probability we have that || 3; — Br;) || < € i € [k], for some permutation 7 € Sj..

1.4.4 Learning Mixtures of Hyperplanes

Our final learning application is for the problem of parameter estimation for mixtures of hyperplanes. A
k-mixture of hyperplanes is a distribution on R"" with density function F'(z) = Z?Zl w;N(0,1 — vjfuJT),
where v; € R™ with ||vj]|2 = 1 and w; > 0 with Z?=1 w; = 1.

We study parameter estimation for this probabilistic model under A pairwise separation for the v;’s.
Specifically, we will assume that we know some A > 0 such that for all i # j and 0;,0; € {£1}, we have
that ||o;v; — ojv;||2 > A. Note that the v;’s are only identifiable up to sign, which motivates this definition.

For simplicity, we will assume uniform weights in this section, i.e., that all the w;’s are 1/k. The goal of
parameter learning in this context is to output a list of unit vectors {?; }é‘?zl such that there is a permutation
7 € Sy, and a list of signs o; € {£1} for which v; = 00 (;) for all j € [k].

Prior Work on Learning Mixtures of Hyperplanes Mixtures of hyperplanes is a natural probabilistic
model that was recently studied in [CLS19]], motivated by its connection to the subspace clustering problem
(see, e.g., for overviews). In the subspace clustering problem, the data is assumed to be
drawn from a union of linear subspaces, and the algorithmic problem is to identify the hidden subspaces.
The mixtures of hyperplanes model can be viewed as a hard instance of subspace clustering, but is also of
interest in its own right as it arises in various contexts (see for a detailed discussion).

The fastest previously known algorithm for the parameter estimation problem of k-mixtures of hyper-
planes was given in [CLSI9]. In more detail, for uniform weights and separation A > 0, the algorithm
of has sample complexity and runtime of the form poly(mk/A) (k1In(1/ A))O(kg/s).

Our main result in this section is the following theorem (see Theorem [62)):

Theorem 8 (Parameter Learning for k-mixtures of Hyperplanes). There is an algorithm that on input N =
O(k/A)PUeek) 1 O(m?)poly(klog(m)/A) samples from a uniform k-mixture of hyperplanes on R™ with
pairwise separation A > 0, the algorithm runs in time poly(N) + m?log(log(m)/ A)k0(1°g2 k) and with
high probability outputs an e-approximation to the unknown parameter vectors.

1.5 Organization

The structure of the paper is as follows: In Section 2] we provide the necessary definitions and technical
facts. In Section 3l we prove our main geometric result. Sections (] describes how our main geometric result
is used for our learning theory applications. The next sections present our learning algorithms in order:
mixtures of spherical Gaussians (Section [3)), positive linear combinations of ReLUs (Section [6)) and GLMs
(Section [7), mixtures of linear regressions (Section [B)), and mixtures of hyperplanes (Section Q). Some
omitted proofs are deferred to an Appendix.



2 Preliminaries

Basic Notation and Definitions. Forn € Z., we denote by [n] the set {1,2,...,n}. Fora vector v € R",
let ||v||2 denote its Euclidean norm. We denote by x - y the standard inner product between z,y € R”™.

For a,b € R, we will write @ > b (or b < a) to mean that there exists a sufficiently large constant
C > 0 such that a > Cb. We will denote by ¢y the Dirac delta function and by 9; ; the Kronecker delta.

Forz € R"and r > 0, let B,(x,7) = {z € R" : ||z — z||2 < r}.Let S C R™ and € > 0. We say that
aset C' C R™is an e-cover of S (with respect to the ¢5-norm) if for all x € S there exists ¢, € C' such that
x € Bp(cy,€).

Throughout the paper, we let ® denote the tensor/Kronecker product. For a vector x € R", we denote
by 2®¢ the d-th order tensor product of .

We will denote by N (u, X)) the multivariate Gaussian distribution with mean p and covariance Y. The

underlying dimension will be clear from the context. For a random variable X and p > 1, we will use || X ||,

to denote its Ly,-norm, i.e., | X||, = E[| X [P]'/?, assuming the RHS is finite.

The rotal variation distance between probability distributions P and @ on R™, denoted drv (P, @), is
defined as drv (P, Q) e sup gcgm | P(A) — Q(A)].

2.1 Tools from Linear Algebra

If V is a subspace of a finite dimensional vector space W, then the codimension of V in W is the dif-
ference codimyy (V') = dim(W) — dim(V'). We will make essential use of the following basic fact (see
Appendix [A.T] for the simple proof):

Fact9. Let U, V, W be finite dimensional vector spaces withU C W. Then codimy (VNU) < codimyy (V).

Polynomials and Tensors. LetR|[xq,...,xz,] be the vector space of real polynomials in variables z1, . .. , T,
If © = (x1,...,x,) is a vector of indeterminates, we will sometimes use the notation R[z]. A real polyno-
mial in n variables is called homogeneous degree-d if it only contains monomials of degree exactly d. Let
Rg[x1, ..., 7,] denote the vector space of real homogeneous degree-d polynomials in variables x1, .. ., 7p,.

A tensor A of dimension n and order d is a multilinear map defined by a d-dimensional array with
real entries A, where o = (aq,...,qq) with oy € [n]. A tensor A is symmetric if A, = A,,, where
s = (Qy, ..., Qy,), for any permutation o : [d] — [d]. For tensors A, B of dimension n and order d,
we will denote by (A, B) their entry-wise inner product. For a tensor A, let || Ao = (A, A)!/2 denote the
l9-norm of its entries.

Recall that there is a bijection between the space of real symmetric tensors of dimension n and order
d and the space of real homogeneous degree-d polynomials in n variables. The inner product of two real
homogeneous degree-d polynomials p,q € Ry [1,...,2,], denoted by (p, q), is defined to be the inner
product of their corresponding symmetric tensors, i.e., if p(z) = (A,,z%%) and q(z) = (A,, ®9) then
(p,q) = (Ap, Ay). Consequently, the fo-norm of a homogeneous polynomial p € Rig[z1,...,2,] is the
{5-norm of the corresponding symmetric tensor, i.e., if p(z) = (A,,z%%), then ||p|ls, = ||Ap|l2. By the
multi-linearity property of tensors, the £o-norm of a homogeneous polynomial is rotationally invariant.

An n-dimensional multi-index « is an n-tuple of non-negative integers, i.e., « = (aq,..., ) € Nj.
We will define the length of the multi-index o as |a| = " | o;. We will also denote o! = ] ; «;! and
use c(a) = |a|!/a! for the multinomial coefficient. For a vector of indeterminates x = (z1,...,%,), we
will denote the monomial corresponding to the multi-index o by 2 = [}, 27".

With this notation, we have the following fact:
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Fact 10. For any multi-indices o, B € N}, and x = (x1, ..., x,) a vector of indeterminates, we have that

Our proofs will repeatedly use the following simple lemma (see Appendix for the simple proof):

Lemma 11. For any p € Rig[z1, ..., 7,] and z,y € R", we have that:

(i) |p@)| < |l=]13 lIplle,, and

(ii) |p(x) —p(y)| < dmax{||z]l2, [lyll2} " lz = yll2 [plle,-

2.2 Tools from Probability

Concentration and Anti-concentration for Gaussian Polynomials. We will require standard concentra-
tion and anti-concentration bounds for multivariate degree-d polynomials under the standard Gaussian dis-
tribution. For a polynomial p : R™ — R, we consider the random variable p(z), where z ~ N (0, I'). We will
use ||p||,, for r > 1, to denote the L,-norm of the random variable p(x), i.e., ||p||» o E,no,nllp(z) s

We first recall the following moment bound for low-degree polynomials, which is equivalent to the

well-known hypercontractive inequality of IGro73]:
Theorem 12. Let p : R™ — R be a degree-d polynomial and q > 2. Then ||p||, < (¢ — 1)¥?||p|2.

The following concentration bound for low-degree polynomials, a simple corollary of hypercontractiv-
ity, is well known (see, e.g., [O’D14]):

Theorem 13. Let p : R™ — R be a degree-d polynomial. For any t > €%, we have

Pr, no,n [IP()] > tlplla] < exp(—Q(t/7)).
We will also require the following anti-concentration bound for Gaussian polynomials:

Theorem 14 ([CWOI]). Let p : R™ — R be a nonzero real degree-d polynomial. For all e > 0 andt € R
we have

Pr, v, |Ip(z) —t] <e- \/VarmwN(O,I)[p($)] < O(de'/?).

Additionally, we will require basic facts KL Divergence (Pinsker’s inequality), a classical result from
empirical process theory (VC Inequality), and basics on Hermite analysis. These tools are reviewed in
Appendix [A.4
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3 Main Geometric Result

In Section 3.1l we show the existence of small covers for near-zero sets of polynomials. In Section 3.2 we
point out how to turn our existence proof into an efficient algorithm to compute such a small cover.

3.1 Existence of Small Covers
Our main geometric result is the following theorem:

Theorem 15. There exists a universal constant C' > 0 such that the following holds: Let d, k,m € Z and
V' be any vector space of homogeneous degree-d real polynomials in m variables with codimension at most
k within Rig[z1, ..., xm]. For 6, R >0, let

S=S(V,R,6) Y {& e R™ : x|y < Rand |p(x)| < 8||plle, forallp € V} .

1 c
Then, for any € > §©+1d (2Rdkm)c+1, there exists an e-cover of S with size at most (2(R /€)dkm)©” k1,

Detailed Proof Overview. The proof of Theorem [15]is elementary, though highly technical. Before we
give the formal proof, we start by explaining the main ideas here. Fundamentally, the proof is recursive, and
we show that given V, d, €, and R, we can find an appropriate cover of the corresponding set B by reducing
to a number of smaller and similar looking problems. The first step in this reduction involves writing R"* as
R™ x R™ ™ for m/ a sufficient multiple of k'/¢. We then cover B(0, R) by a number of cylinders of the
form B(z,€') x R~ (€ a carefully chosen constant on the order of §). Our basic plan is to show that for
most x that there is a small cover of the intersection of B with the associated cylinder, and then to show that
the bad z all lie close to a hyperplane of co=dimension at least m’/2.

For each cylinder, we note that for 2/ € B(x,€) and y € R™ " not too large that p(z’,y) is close
to p(z, %) for all p. This means that in order to cover B(z,e') x R™~" it suffices to find a cover of just
{z} x R™ ™ with slightly stronger parameters. The set that needs to be covered is the set of points that
nearly vanish on every polynomial in V', where V' is a set of degree-d polynomials in m variables. We restrict
our attention to those polynomials p € V' that when restricted to x in their first m’ coordinates leave a degree
d — 1 polynomial in m — m/ variables. We note that for any such polynomial p, if substituting z into its first
m’ coordinates does not decrease its Lo norm by too much, the resulting polynomial ¢(y) := p(z,y) must
nearly vanish on every point of B N {z} X R™=""_ One way of formalizing this is as follows. We let W be
the subspace of V' consisting of polynomials that are homogeneous degree-1 in the z-coordinates. We define
a linear transformation A, mapping W to degree-(d — 1) polynomials in the y-coordinates by evaluation on
the = coordinates. We note that all points in BN {x} x R™ ™" nearly vanish on all polynomials in U, where
U is the span of the eigenvectors of A, with not-too-small eigenvalues. If the number of such eigenvectors
is large, then we can recursively find a small cover of B N {z} X R™ ™" In particular, if the number of
small eigenvectors is less than &’ = k(¢=1/4 _the recursive bounds should suffice. We call such x good. We
will need a different technique for finding a cover of the bad points.

For this, we claim that there is a hyperplane H of codimension at least m’/2 so that all of the bad x
lie close to H. If we can show this, we can cover all of the bad cylinders by recursively finding a cover
of H (considering only the polynomials in the variables along H). To prove this statement, we proceed
by contradiction. If no H can be found, there must be many bad x; so that x;; is far from the span
of {z1,...,z;}. To each z; we associate degree-(d — 1) polynomials p;1, ..., p;x corresponding to the
small eigenvectors of A,.. We let ¢;(x) be the linear function ¢;(z) = x - z;, and consider the set S of
polynomials ¢;(x)p;;(y). It is not hard to see that each polynomial in .S has a large component orthogonal
to the previous elements, and thus their Gram matrix must have a relatively large determinant. On the other
hand, |S| > m/k’ > k, so there must be many linear combinations of polynomials in S that lie in W. It is
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also not hard to see that any polynomial in W will have relatively small inner product with any polynomial
in S, and this will imply that the Gram matrix of .S has relatively small determinant, yielding a contradiction
with our previous bound.

We are now ready to proceed with the formal proof of Theorem We start with the following defini-
tion:

Definition 16. In the context of Theorem let f(R,d,¢€,0,k,m) be the smallest integer such that for

any subspace V' of m-variable homogeneous degree-d real polynomials with codimension at most k£ in

Riglr1,. .., 2m], the set S = S(V, R, ) ey {x € R™ : ||z||2 < Rand |p(x)| < d||plle, forallp € V'} has

an e-cover, in £o-norm, of cardinality at most f(R,d, €,d, k,m).
The proof of Theorem [[3l relies on the following crucial proposition:

Proposition 17. Forany 0 < ¢ < e < R, k,m,k',m' € Z, with k' < k and m' < m, and n > 0 with
€ — ¢ > k2 pl/AR3A4=Y8 we have that

f(R7 d7 6757 k7m) < f(R7 d7 6,757 k7m,)f (R7d - 17 € — 6,7 (5 + d(2R)d_1€,)/777 k,7m - m,>
+of (R, dye— ¢ — Ok A R¥a=118) 6.k, m — m! + 2(/<;/l<:’)> .

Proof of Proposition[[71 The basic strategy of our proof will be as follows. Firstly, it is straightforward to
show that the projection of .S onto the first m’-coordinates has an ¢’ cover of size at most f (R, d, €, 6, k,m’).
For each of the points ¢ in this cover, we will need to cover the cylinder (B(c, € ) x R"~™)NS. We show that
for most such c there is such a cover of size at most f (R,d — 1,e — €, (§ + d (2R)41€') /n, k', m — m/).
For the remaining points of S, we show that they all lie close to a hyperplane H of dimension at most
m —m' 4+ 2k/k’. By considering the projection of these points onto H, we are left with a similar problem
in a smaller dimensional space, and show that all of these remaining points have a cover of size at most
f(R.d,e—¢ —O(KY2n/AR¥4d=18) 5, k,m — m' + 2(k/K")).

We begin by decomposing R as R™ xR™™  Each element z € R™ can be written as z = (z,y) with
z € R™ and y € R™ ™. Let V, be the subset of V that consists of homogeneous degree-d polynomials
that only depend on coordinates in x.

To cover the projection onto the z-coordinates, we note that |p(x,y)| = |p(x)| must be small for all
(z,y) € S and p € V,.. This means that these points are a set of near zeroes of a large space of polynomials.
More formally, by Fact[0] V. is a subspace with codimension at most k in Ryg [x1,...,Zpy], i.e., within the
space of all homogeneous degree-d polynomials in these variables. Consider the set of S, C R™ defined
as follows:

S, & Sy(Ve, R, 6) = {z € R™ : ||#]]2 < Rand |p(z)| < d|[pll¢, forall p € V,.} .

First, we claim that S, D II,(S) o {z € R™ | 3y € R™ " with (z,y) € S}, ie., S, contains the

projection of S onto the x-coordinates. Indeed, let = € II,.(.S). Then there exists y € R™= ™ guch that (a)

|(z,y)||2 < R and (b) |p(x,y)| < d||p|le, for all p € V. Condition (a) a fortiori implies that ||z|ls < R.

Since V,; C V and p(z,y) = p(z) for all p € V,, condition (b) gives that |p(z)| < d||p||¢, for all p € V..
Therefore, x € S,.

Let C. be an €’-cover of S, (and therefore of IT,(S)) with minimum cardinality. Since V/, is a subspace

with codimension at most & in Rg[21, ..., 2], by Definition I8 we have that |Co| < f(R,d, €, 0,k,m’).

For each ¢ € Co, we would like to cover the cylinder (B(c,¢') x R™™') N S. We note that this is a

set of points where |p(z,y)| is small for all p € V. However, for x in this set p(x,y) =~ p(c,y). Thus, it
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suffices to consider the set of points where |p(c, y)| is small, which will allow us to reduce more easily to a
similar-looking problem. In particular, for each ¢ € C., we consider the set

def

Sye ™ {y € ™ < |lyllo < Rand |p(e,y)| < (5 + d (2R)*1)|plle, for all p € V.

We require the following claim:

Claim 18. For any given ¢ € Cu, let D . be an (e — €')-cover of Syc. The set ¢ X D, (_ is an e-cover
for SN (Bpy(c,€) x R,

Proof. To prove this claim, we start by noting that for any (z,y) € S N (B (c,€) x R™™), where
z € R™ andy € R™™ | we have that (a) ||z — ¢|y < € and (b) y € Sy,c. Condition (a) follows directly
from the fact that z € By, (c,€'). To show condition (b), we start by noting that ||y|l2 < [[(z,y)|2 < R,
where the second inequality holds since (z,y) € S. Moreover, for each p € V' we have that

Ip(z,y)| + |p(c,y) — p(z,y)|

Slplle, + d max{||z[lz, ez} [le — 22 [[ple,
Slplle, + d (2R)* ¢ |[plle,

= (5 +d (2R)d_1 6/) ”pr )

Ip(c,y)|

VAN VAR VAN

where the first inequality is the triangle inequality, the second inequality uses that |p(z,y)| < d||p||2 (since
(x,y) € S) and Lemma[ITl (ii), the third inequality uses that ||z||2 < ||(x,y)|l2 < R (since (z,y) € S) and
lellz < fle = zll2 + [lz]l2 < € + R < 2R.

Since y € Sy and D, is an (e — €')-cover of S, ., there exists d € D, _ with ||[d — y|[2 < e — €.
Therefore, for any (z,y) € S N (B (c,€') x R™™") we have that ||z — ¢|ls < € and ||d — y||s < € — ¢
for some d € D, _.. The claim now follows from the Pythagorean theorem. O

Note that the set Ucec,, (¢ X Dee—er) is an e-cover of S. To see this, fix any z = (z,y) € S, where
z € R™ and y € R™ ™. Since x € I1,(S) C S,, there exists ¢ € Co such that ||z — ¢|s < €. For this
choice of ¢, by definition we have that z € S N (B, (c,€’) x R™~™). By Claim [I8] there exists a point
2" € ¢ X D, e_e such that ||z — 2/[|2 < ¢, as desired.

Therefore, if we could show that the set .S, . has a small a (e — €’)-cover for all ¢ € C.r, we would
obtain a small e-cover of S. While this strong statement may not hold, we will show that S, . has a small
(€ — €)-cover for most points ¢ € C.. In particular, we will show that .S, . has a small (e — ¢’) cover for all
points ¢ € C. except for those near a low-dimensional subspace H. We will then separately show how to
construct a small cover of the points near H x R™=

To understand why we will have a small cover for most S, ., note that, fory € .S, . and p € V, |p(c, y)|
will be small. We note that a basis of p € V' consists of dim(Rg (21, . -, 2m)) — k polynomials, and so we
have a very large number of polynomials p(c, —) that must be small at all y € .S, ., especially considering
that dim(Rpg (21, . . ., 2;)) is much bigger than dim(Rg(y1, - - - ; Ym—m)). However, this intuition will be
wrong if for many of these polynomials p it is the case that ||p(c, —)||¢, < ||p|l¢,- So, to see when this works
and when it does not, we will need to consider when this kind of restriction leaves us with a polynomial of
reasonable size.

To proceed, we require a few additional definitions.

Definition 19. Let W be the subspace of V' consisting of polynomials in (x,y), where x € R™ and
Yy € R™ ™ that are homogeneous degree-1 in the z-variables and homogeneous degree-(d — 1) in the
y-variables.
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By Fact @ W is a subspace of the space of all polynomials that are homogeneous degree-1 in the
x-variables and homogeneous degree-(d — 1) in the y-variables with codimension at most k.

Note that for each 2z € R, z defines a linear map A, : W — Ry [y] from W to the vector space of
homogeneous degree-(d — 1) polynomials in the y coordinates. In particular, for a polynomial p € W, we
define A, (p) by evaluation as (A, (p))(y) = p(z,y).

With this setup, we introduce the notion of a good point:

Definition 20. Fix &’ € Z, and n > 0. A point z € R™ is called (k’,n)-good if the linear map A, has at
most &’ left singular values smaller than 7 (or equivalently if A, has at least dim(R[d_l} [y]) — k' singular
values that are at least 7). A point z € R™ is called (', n)-bad otherwise.

Our next key claim is that for any good point ¢ € C/, the set Sy . has a small cover:

Claim 21. For any (k',n)-good point c € Co, Sy . has an (e — €')-cover of size
fR.d=1e~¢, (0 +d2R) ) /n. kK m—m') .

Proof. The idea of this proof is as described above. For c a good point, we note that for p € W any singular
vector of A, with large singular value, we have that for any y € .S, .. it holds

p(e,y)| < (64 d2R) ) Iplle, < (6 +d2R)* ) /nllp(c, =) e, -

This gives a large dimensional subspace of polynomials that nearly vanish on .S, . allowing us to bound the
size of its cover.

In particular, fix any (k',7n)-good point ¢ € C.. Let V. be the vector space of homogeneous degree-
(d — 1) polynomials in the y coordinates (i.e., in R spanned by the left singular vectors of A, with
singular value more than 7. By Definition 20} V.. has codimension at most 4" within Rig-1 [y]. Furthermore,
for any p € V_ there exists ¢ € W C V with Ac.q = p and ||p|ls, > 7llq||e,, Where the last inequality
follows from the definition of V.. In particular, the singular value decomposition gives us orthonormal sets
of polynomials {vV} € W and {u®} ¢ R(4—1)[y] such that A = g;u9). By definition, V. is spanned
by the u()’s with corresponding o; > 7. In particular, we can write p = > a;u' and we have that

Ipll7, = >_;ai. Note that if we consider the polynomial ¢ = Y, a;o; 1y, then we have that ¢ € W,
A.q = p, and ”‘JHZ = Z.a?ai_z. Since o; > n for all 7 with a; # 0, we get that Hq”?2 < 7]‘2HpH§2 or
Ipllex = mllalle,-

Forany p € V. and y € S, ., we have that

p)| = lg(c,y)| < 6+ d2R)* e )glle, < (64 d2R)* ¢ )plle,/n

where the equality follows from the definition of p and g, the first inequality uses the definition of S, ., and
the second inequality uses that ||¢||¢, < ||p||¢, /7. Therefore, S, . is contained in the set

def m—m' _
Sy Ly R lylls < Rand |p(y)] < 5+ d(2RY ) plle,/n forall p € Vi)

Since V, is a vector space of codimension at most A" within Rg_1)[y], we have that 53/;,0 (and therefore Sy )
has an (e — ¢/)-cover of size f(R,d—1,e—¢€, (6 +d (2R)4"1¢')/n, k', m —m’), as desired. This completes
the proof of Claim 211 O

By Claims [I8] and 21] the subset of S consisting of points z = (z,y) whose z-coordinate is within
{o-distance € of a (k’,n)-good point ¢ € C.s has an e-cover of size at most

F(R,d, ¢, 6, k,m')f (R, d—1,e—¢, (6+d2R)" ) /n, K ,m — m’) .
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To complete the proof of Proposition [[7] we proceed to establish an upper bound on the size of an e-
cover for the subset of S consisting of points z = (x,y) whose z-coordinate is within ¢5-distance €’ of a
(k’,m)-bad point ¢ € C... To that end, we prove the following key lemma:

Lemma 22. There exists a subspace H in R™ of dimension at most 2k /K’ so that all the (K',n)-bad points
in Co are within lo-distance O(n'/*kY/2R3/*d=1/8) of H.

def

Proof. We proceed by contradiction. Let ¢ = [2k/k’]. If the lemma statement does not hold, there exists
a sequence of (k’,n)-bad points M 2@ 2® in C., where each 2/) has a component orthogonal
to the span of (1), ... 20U~ of /y-norm at least ,where 7 is a sufficiently large constant multiple of

n'/4k1Y/2 R3/44—1/8  This sequence of points can be constructed inductively as, by assumption, not all of the
(k’,m)-bad points in C.s are within /5-distance ~ of the hyperplane spanned by zM .. zU=1D allowing us
to find an appropriate (/).

By definition, each (k’,n)-bad point 2 € C. in the aforementioned sequence has associated with it
at least k&’ orthogonal homogeneous degree-(d — 1) polynomials in the y-variables corresponding to left

singular vectors of A_(;) with singular value at most 7. Let p; 1,...,p; i be a set of k" orthonormal such
polynomials, i.e., assume w.l.o.g. that the p; ;’s are orthogonal and satisfy ||p; ;|¢, = 1. For each 2@,
i € [t], we also consider the linear polynomial ¢;(z) := x - (). Let B; j(z,y) be the polynomial in

R™ defined as B; j(z,y) = qi(x)p;j(y) fori € [t] and j € [k]. Let U be the set of all B, ;’s, i.e.,
U| =tk > 2k.
We will require the following claim (whose simple proof is in Appendix [A3):

Claim 23. Let q1(x), g2(x) be homogeneous degree-1 polynomials in x and p1(y), p2(y) be homogeneous
degree-(d — 1) polynomials in y. Then (q1 p1, g2 p2) = (1/d) (q1,q2) (p1, p2)-

Fix any p € W. If {z(V ... 2"} is a basis of R™, we can write p(z,y) = Z;”zll(aj -2 )p;(y),
for some homogeneous degree-(d — 1) polynomials p;(y). If we pick the 209’5 so that z() - 2() = 1 and
20) . () = 0 for j > 1, for some i € [t], then the polynomial (x - 2\9)), for j > 1, is orthogonal to ¢;(z),
and (z - (1)) has inner product 1 with g;(z). By Claim 23] this implies that (p, B; ;) = (1/d) (p1,pi ;). On
the other hand, it is easy to see that (A (p))(y) = p(z¥, y) = p1(y). Therefore, we have that

[{p Bij) | = (1/d) [(Aywp: pig)| = (1/d) [, ALy pi)| < (n/d) |plle, (D

where the last inequality is Cauchy-Schwarz using the assumption that p; ; is a singular vector of A:(Z.) with
singular value at most 7.

We will use () to prove a contradiction, based on an analysis of the eigenvalues of the Gram matrix
of the B; ;’s. By construction, we have that each B; ; has a component orthogonal to all of the B; ;» with
i’ < iorwith i =i and j' # j of £3-norm at least y/ V/d. Fix an ordering of the B; j’s in increasing order
of 7. For simplicity, we use a single index ¢ = (4, j) and will refer to the set of B,’s in this ordering. Note
that ¢ € L, where the index set L has size |L| = |U| = ©(k).

Let M be the matrix whose rows are the By’s, in increasing order of £ according to our ordering. That
is, M 1is a linear operator such that M Te, = By, where ey is the standard basis vector whose ¢-th coordinate
is 1. By writing the rows of M in the appropriate basis (i.e., a basis where the j-th term is the orthogonal
part of the j-th row), we obtain a lower triangular matrix with diagonal entries of magnitude at least v/ V.
Therefore, if M M7 is the corresponding Gram matrix, we have that

det(MM™)'? > (v/vVa)"l. )
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Note that for any p = >, aeBy € W, with a = [a/]eer, € RV, we can write:

HCLTMMTHQ = HpMTHQ = H[<p7 BZ>]H2 < \/mf?eag(’@’ BZH

= OWkn/d)|plle,
- O(\/En/d)HaHlI?eag{HBéHb
(

= OWkn/d)O(Vk)|all2 (R/Vd)
= O(knR/d*?)|al2

where the second line follows from (I)) and the fourth line uses Claim 23] to get that
1Bijllee = /N Dlgilles [pisllez = (1/ V) a2 < R/VA.

Since there is at least a |[U| — k > |U|/2 dimensional subspace of such a’s, it follows that M M7 has at least
|U| /2 many eigenvalues of size at most O(kRn/d>/?).

Since the determinant is the product of the eigenvalues, it follows that
Ul/2

det(MMT) < (Amax 0 (kRn/d3/ 2)) 3)
where Apay is the largest eigenvalue of M M 7. Combining @) and (B), we obtain that the largest eigenvalue
of MM is at least A\pax = (’y4 /(kRnd/ 2)) On the other hand, the eigenvalues of M M7 can be
bounded from above as follows:
2

< [lolf? mase | B3 < OKR2/d) ol
5 €

vT(MMT)v = HvTMHl%Q = 1> vBy

leL

which implies that v = O(nl/ AR1/2R3/A g1/ 8). This gives the desired contradiction, completing the proof
of Lemma 2] O

By Lemma 2] all points z = (x,y) in S, with z € R™ and y € R™ ™, whose z-coordinates
are within fo-distance € of a (k’,n)-bad point ¢ € Ce have their z-coordinates within ¢5-distance €' +
O(n*/*k'/2R3/*d~1/#) from some specific origin-centered hyperplane H of dimension at most 2k /k’.
Therefore, all such points z € S are within /5-distance €’ + 0(771/ 412 R3/Aq1/ 8) from the origin-centered
hyperplane H' = H x R™ ™ of dimension at most m — m’ 4+ 2k/k’. Any such point z can be written
as (zp, zp), where zp is the orthogonal projection onto H' and z, is the orthogonal complement, where
||ZpH2 <+ 0(771/4k‘1/2R3/4d_1/8).

Let V be the subspace of m-variable homogeneous polynomials in V' that depend only in the coordi-
nates of zp, i.e., for each p € Vi we have that p(zp, z,) = p(zm).

By Fact @ Vy has codimension at most k in the space of all degree-d homogeneous polynomials in
these variables. Let

def

S = {z€R™: ||z|a <R, z € H', and |p(z)| < 6|p||¢, forallp € Vi } .

Note that for all z € S we have z € Sy. We can apply our inductive hypothesis to obtain a small cover of
Spr. To do so, we need to perform a change of variables to associate H' = H x R~ with R™—m'+dim(H)
This does not affect our bounds because the defined ¢3-norm on homogeneous polynomials is rotationally

invariant. Therefore, there is an (e — ¢ — O(n'/*kY/2R3/4d=1/%))cover of Sy of size

f <R, d,e — ¢ — O K2 RYAG=18) 5 kym —m' + Q(k/k’)) .
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Using the points of this cover as centers gives us an appropriate e-cover for the set of points z = (z,y)
in S with z-coordinate within distance ¢ of any (k’,7n)-bad point ¢ € C.. This completes the proof of
Proposition 17} O

We are now ready to give the proof of Theorem [I5]

Proof of Theorem[[3 We proceed by induction and a careful application of Proposition [I7]

We start by noting that f(R,d, ¢, d, k,m) is bounded from above O(R /€)™, i.e., the size of an e-cover
of By, (0, R). We will use this trivial upper bound when the dimension m is sufficiently small.

The proof will proceed by induction on d+ m. We will prove the following inductive hypothesis: There
exists a (sufficiently large) universal constant C' > 0 such that if 0 < ¢ < R and

§ < e ((e/R)/(2kdm))“? 4)

we have that f(R,d, €, 0,k,m) < (2(R/e)dkm)02d2kl/d .

The trivial upper bound of O(R /€)™ on the cover size already implies our inductive hypothesis when
m < Cd?k/4.

When d = 1, a codimension & subspace of linear functions in V' defines a dimension at most & subspace
U C R™, where V is the set of linear functions vanishing on U. We claim that all points of S must be within
lo-distance § < €/2 of U. This is because for any x, there exists a unit vector v perpendicular to U so that
v -z is the distance from x to U. However, this means that p(x) = x - v vanishes on U, so p € V. Therefore,
since ||p|¢, = ||v||2 = 1, we have that the distance from x to U is |v - | < d]|plls, < 0.

Therefore, there is a k-dimensional subspace U so that all points of S are within €/2 of U. Note that
B, (0, R) N U has an ¢/2-cover of size O(R/e)¥, which gives an e-cover of S of the appropriate size.

For the induction step, we will use the maximum allowable value of ¢, i.e., the RHS of () (noting that
increasing the value of § only makes the claim in question stronger), and we will apply Proposition [[7] with
the following parameters:

¢ Ys/er) ), YY), o/ Y sk/K], Y e(e/R)Y poly(C,d,k,m),  (5)

for an appropriately large polynomial function poly(C, d, k,m). Since m > Cd?k'/?, the definition of m’
above implies that m’ < m. Also, we clearly have that &’ < k.

For Proposition [[7to be applicable, we also need that € — ¢’ > k'/2n'/4R3/4d~1/8_ To see this, we first
note that, by the definition of ¢’ and 4, we get

¢ < 6/(2R)* < (¢/(2kdm)©)? J(2R)! < €/ (2kdm)CL . 6)
Moreover, we have that
M ARSI < P VARYY = k1 2e(e/ R)Y* [poly (C,d, k,m) < e/poly(Cyd, k,m) ,  (7)

where we used that ¢ < R and that the polynomial function in the denominator of 7 is of sufficiently large
constant degree. By choosing C' to be a sufficiently large universal constant and the denominator of 7 to be
sufficiently large, the above implies that e — ¢ >> k/2pt/4 R3/44—1/8  as desired.
Since the conditions of Proposition [I7] are satisfied, we have that f(R, d, €, d, k,m) is at most the sum
of
f(R7 d7 6/7 57 kv m/)f(Rv d— 17 €— 6/7 (5 + d(2R)d_1€/)/777 k/v m — m/) (8)

and
f(R,d,e— € — Ok ARG 6 k,m — m/ + 2(k/K)) . )
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We start by analyzing (8). By the definition of m’ and €', our trivial upper bound on the cover size gives
FRd,€,8,k,m') = O(R))™ = (2(R/e)kdm)PC4™) < (2(R/e)kdm) *"" | (10)

where the second equation uses the definition of ¢’ and the last inequality follows from the definition of 1’
assuming that C' is sufficiently large.

We consider the parameters of the recursive call f(R,d — 1,¢ — €, (5 + d(2R)* ') /n, k', m —m/),
i.e., the second term in (8)). To be able to apply the inductive hypothesis for this term, we need to show that
it satisfies the version of () for the corresponding parameters, i.e., that

6+ R )/ < (= )" (e~ €)/R) /(2K (d = 1)(m )"

We will establish the above inequality as follows: By the definition of ¢, the LHS is equal to 24/n. To
bound the RHS, we make two simplifications. First, we observe that the RHS only decreases if we replace
k' by k, d — 1 by d, and m — m’ by m. Second, we note that the RHS changes by a factor of at most 2 if
¢ — ¢ is replaced by e. Indeed, by (@), we have that ¢ — ¢ > €(1 — 1/(2kdm)“?) and the ratio between the
relevant quantities is (¢/(e — €'))(€FD(@=1) Therefore, to show the desired inequality, it suffices to show
that

§/n < e ((¢/R)/(2kdm)) @Y .

By the definition of &, the RHS above is equal to 6(2kdm/(e¢/R))" /e. Hence, the above is equivalent
to showing that ¢/n < (2kdm(R/€))C. By the definition of 7, we need that (R/e*)poly(C,d, k,m) <
(2kdm(R/e€))®, which holds if C is a sufficiently large constant.

We now proceed to analyze the recursive call (9). To be able to apply the inductive hypothesis for this
term, we similarly need to show that

5 < & ((6/R)/(2kd(m — m' + 2k/K))) "

where € := ¢ — ¢ — O(k'/?nY/*R3/*d~1/%). Note that m — m’ + 2k/k’ < m — 1. By the definition of
8, the desired inequality holds, as long as (¢/¢) < (m/(m — 1))¢/(C*+D By (@) and (Z), we obtain that
€ > €e(1—1/(2m)). Thus, it suffices to show that 1/(1 — 1/(2m)) < (m/(m — 1))¢/(€*+1  Recalling that
m > 2, the latter inequality is easily seen to hold for a sufficiently large constant C' > 0.

We can now apply the inductive hypothesis for both (8) and ([@). Using the fact that (k')/(4=1) < f1/d
and € — ¢ > ¢(1 — 1/(2kdm)“?), we obtain that the second terms of (8) can be bounded as follows

— /
((R/(G —€))2dk' (m — m’))CQ(d 1)21/4 < ((R/E)Qdkm)c2(d_1)2k1/d ey
Using the upper bound from (I0) on the first term of (§), we obtain that (8) is bounded from above by
(1/(2m))((R/e€)2kdm) " @K/

Moreover, we can bound (9)) as follows:

4m —

< ((R/E)%d (1_ % > m>02d2k1/d

< (1-1/(2m))((R/e)2kdm)C ¢+

2727.1/d
((R/&)2kd(m — 1))C° " < ((R/e)%d Am —(m 1))0 o

where we used that m — m/ + 2k/k’ < m — 1and € > € (1 — 1/(4m)). Summing these two terms proves
our inductive step and completes the proof of Theorem [I3] O
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We note that Theorem [T3]has poor dependence on m. This will not matter for our applications, which all
begin by reducing to the case m < k. However, if one wants a better bound in general, there is a black-box
way to remove most of the dependence on m.

Proposition 24. If§ < €?/2, then f(R,d,€,6,k,m) < f(R,d,€/2,8,k,O(k*(R/€)?)) + 1.

Proof. Suppose that V' is a codimension & subspace of Rjg [€1,...,2m]. We claim that there is a low-
dimensional subspace H C R such that every point in S(V, R, d) is €/2-close to H.
To begin, we write V+ = span({p1,...,pr}), where p;(z) = (A;, #®?) and the A;’s are an orthonor-

mal set of symmetric tensors. In particular, by duality, V is the set of polynomials p(z) = (A, 2%%), where

A is a symmetric tensor orthogonal to all of the A;. If we let W = span({Aj,..., Ax}), then for any

x € R™ we can write 8¢ as xyy + x1,, where xyy is the orthogonal projection onto W and zy the orthog-

onal complement. We note by the above that the polynomial p given by p(y) = (x1-,y®?) is in V and that

Ip(z)| = ||zv]|3 = ||lzv 2 |plle,. Therefore, if x € S(V, R, §), it must be the case that ||zy ||z < .
Therefore, if z € S(V, R, J), we can write

k
= cditay, (11)

where ¢; are real numbers with ZZ 12 < ||z||3? and ||z ||z < 6. Now if y is a unit vector, taking the inner
product of y with each side (in one of the tensor directions) and taking the norms of each side, we find that

k

k
@ ylllels™ = lly - 22 <D eilly- Ailla + lly - wvlla < eilly - Ailla + 6.
i=1 i=1

Equivalently, if |||l > €, we have that

=

-yl < Z cifllzlly ™ lly - Aillz + 6/ l2ll5™" < VERmax |ly - Aill2 + /et

where we used the fact that 325 (¢;/||z[|47)2 < ||2||3, and thus S°F_ (¢; /[|=]|$71) < VE]|zlo.

Each A; can be thought of as a linear transformation mapping vectors to rank d — 1-tensors. As such,
its Frobenius norm is || A;]|o = 1. Therefore, each A; has at most O(k(R/¢)?) singular vectors of singular
value at least ¢/(4VkR). Let H C R™ be the space of dimension O(k?(R/¢)?) spanned by these singular
vectors for all 7. Now if y is perpendicular to H, then plugging into the above, for z € S(V, R, J), we have
that

lz-y| < \/ERmZax ly - Ailla +6/RTY < e/2.

This means that any € S(V, R, 0) is either in B, (0, €) (which can be covered by a single ball) or within
Euclidean distance €/2 of H.

Therefore, to get an e-cover of S(V, R, ), it suffices to get an €/2-cover of the projection onto H. If
we let Vi be the subspace of V' consisting only of polynomials p(x) = p(mg(z)) that depend only on
the projection onto H, by Fact[Ql Vj is of codimension at most k in the space of all such polynomials.
Therefore, we can find such a cover of size at most f(R,d,€/2, 6, k, O(k*(R/¢)?)). O

3.2 Algorithmic Version of Theorem 13

In this subsection, we show:
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Theorem 25. In the context of Theorem given a basis for the vector space V, there is an algorithm to
compute an e-cover of S with size at most M = (2(R/e)dkm)02d2kl/d that runs in poly (M) time.

Proof. The proof of Theorem [13] presented in the previous section can be made algorithmic in a straight-
forward manner. First, note that the base cases of the induction described above are easy to implement
algorithmically. A random set of size O(R/¢)™ can easily be seen to cover By, (0, R), and thus S, with high
probability. When d = 1, it is easy to compute the subspace U of points on which V' vanishes. Then, as
described in the proof of Theorem[I3] a cover on U N B,, (0, R) suffices.

Otherwise, we can set ¢/, k', m/, n as in the inductive step given in the proof of Theorem [13] and we
will need to make algorithmic a version of Proposition [I71 For this, we partition the coordinates as x and
y as described in the proof. We compute V, and compute a cover C. of S, of size O(R/ e/)m’. Next we
can compute W using linear algebra to compute the intersection of V' with polynomials homogeneous of
degree-1 in the z-coordinates and homogeneous of degree d — 1 in the y-coordinates. Then for each ¢ € C,,
we can compute A. and determine whether or not it is (k’, )-good.

For the points that are (k’,7)-good, we compute V. as the span of the left eigenvectors of A, with

the largest eigenvalues. We then compute an (e — €’)-cover of S;’c, which we can find recursively of size

((R/(e — €))2K (d — 1)ym)C* (=D "D "Thig cover will give us a cover of (B (c,€) x R™m=™' )N S,
as described in the proof of Proposition [I71 Doing this for all good ¢ € C., gives a set of size at most

(1 —1/(2m))((R/e)2dkm)<" T+ |

as described in our proof.

We now just need a cover of the points whose x-coordinates are within € of a bad point of C... We note
that we can produce a hyperplane H that nearly passes through all of these points inductively. In particular,
we begin with H = 0 and while there is a bad point ¢ € C. not within distance v (a sufficiently large
multiple of n'/*kY/2R3/4d=1/8) of H, we let H be H + (c). We note that by the proof of Lemma22, H will
have dimension at most 2k /k’.

Next, letting H' = H + R~ we note that all of the points with z-coordinates close to a bad point are
~-close to H'. By linear algebra, we can compute V- the subspace of the set of polynomials in V' that do
not depend on the coordinates orthogonal to H’'. By applying our algorithm recursively to these polynomials
on H', we produce a cover of size at most (1/2m)((R/e)2kd)02d2k1/d. Combining this with the cover for
points whose x-coordinate is close to a good point, this gives us a full cover of S of appropriate size.

It is not hard to verify that the runtime of this algorithm is within polynomial factors of the upper bound
provided on the final cover size, completing the proof. O
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4 Overall Strategy for Learning Applications

In Section 4.1} we explain how and under what conditions one can use Theorem 23]to obtain an e-cover for
the set of parameters in a given learning application. Section |4.2| presents a template for all our applications
that we will follow in the subsequent sections.

4.1 From Covers of Near-Zero Sets of Polynomials to Covers of the Parameters

The overall strategy of our algorithmic applications is as follows. We have an underlying learning problem
that is defined by a collection of k£ vectors v; € R" and corresponding non-negative weights w; > 0,
i € [k]. We assume that we have an efficient method for computing the weighted low-degree moments of
the v;’s. That is, we assume that we can efficiently obtain a sufficiently good approximation to the tensors
Zle wivi®2d, or equivalently that we can approximate Zle w;p(v;) for any monomial p of degree 2d.
By linearity, this allows us to approximate Zle w;p(v;) to small error for any degree-2d homogeneous
polynomial p.

Let p : R™ — R be a real degree-d homogeneous polynomial. We consider the quadratic form Q :
Rig[r1,...,2m] — R defined by letting Q(p) be our aforementioned approximation to Zle w;p?(v;).
Note that () has the following crucial property: If p vanishes on all of the v;’s, then Q)(p) nearly vanishes.

This property allows us to efficiently compute a subspace V' of R(g[z], so that for every p € V' we will
have that |p(v;)| is very small for all ¢ € [k] such that the corresponding weight w; is not negligibly small.
It is not hard to see that V' will have small codimension, so using Theorem 23] we can efficiently compute a
small cover for the set of possible values for such v;’s.

In particular, we show:

Proposition 26. Let m,k € Z,,R > 0, v; € R™ and w; € R, for all i € [k|. There is an algorithm that
takes as input R, k,m, parameters 5, ¢ > 0 with § < €2%((e/R)/(2kmd))*“? for C' > 0 a sufficiently large
constant, and a tensor T : R — R such that HT—Z?Z1 wvE*|y < 6, runs in time (2(R/e)kmd)o(d2kl/d),
and outputs a set C C R™ of cardinality at most (2(R/ e)k:md)o(d%l/d), satisfying the following property:
For any i € [k] with w; > ((¢/R)/(2kmd))“? and ||v;||2 < R, there is a c € C with ||v; — c||2 < e

Proof. The algorithm is described below:

1. Define the quadratic form @ : Rig[z] — R, where Q(p) is defined as follows: We can write p?(z) =
Ay(x,x, ..., x), for some uniquely defined rank-2d symmetric tensor A,. We define Q(p) = (A,, T).

2. LetV C R[d] [x] be the subspace spanned by all but the top-k eigenvectors of () (with respect to our
Il - |¢, norm on polynomials).

3. Run the algorithm from Theorem 23] on input V€, k, m, 6, R to obtain the set C.

To show that this algorithm works, we first note that () is in fact a quadratic form, as the A,, are quadratic in
p. In fact, if p(z) = By(x,x, ..., x), for a symmetric tensor B, of rank s, then A, is the symmetrization of
By, @ By. It then follows from the Cauchy-Schwartz inequality that [|Ap[l> < ||B,||3 = |[p|l7,. Therefore,
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we have that

Qp) = (T, Ap)

k k
= <Z wivf@t,Ap> + <T — Zwiv?2d,AP>
i=1 i=1
k k
=> wp?(v;) + O ( HApH2>
2

®2d
T— Z w;v;
i=1 i=1

k
= Zwip2(’vi) + O (5”1)‘@2) :

i=1

Therefore, Q)(p) is indeed a good approximation to the quadratic form p — Zle w;p?(v;), as desired.

We next show that () has many small eigenvalues. In particular, let U be the space of polynomials
p € Rpg)(z) so that p(v;) = 0 for all i € [k]. Note that U is the kernel of the map E : Rg(z) — R* given
by E(p) = (p(v1),...,p(vx)). Therefore, U has co-dimension at most & in Ry [z]. On the other hand, for

p € U, we have that Zle wip?(v;) = 0, and therefore [Q(p)| = O(6]p||7,). Thus, the (k + 1) largest
eigenvalue of () is at most O (9| pH%2 ). In particular, this implies that V' is spanned by eigenvalues of at most
this size. Therefore, for all p € V', we have that

k
> wip(vi) + 0@lplZ,) = Qp) = OGlplZ,) -
=1

That is, for p € V, we have that
k
> wip’(vi) = O(3llplZ,) -
i=1
In particular, this means that for all p € V and all w; > ((¢/R)/(2kmd))“?, we have that

p(09)] = O (X((e/ B/ (k) s, ) -

This implies that v; satisfies the condition for being in the set S in Theorem and therefore there exists
¢ € Cso that ||v; — c|lo < e. O

This cover will prove useful to us, however, the requirement that we learn these m-dimensional tensors
for potentially large values of m is suboptimal. We show by a similar technique that we can often reduce
the problem to an at most k-dimensional one.

Proposition 27. Let v;, w;, k,m,T,§, R be as in Proposition with d = 1 and w > 0. There is an
algorithm that, given this input, computes a subspace U of dimension at most k so that, for all w; > w, we
have that v; is within {s-distance O((/ w)l/ 2) of U. Furthermore, this algorithm runs in polynomial time.

Proof. The algorithm is as follows:
1. Compute () and V' as in Proposition

2. Let U be the set of points x € R™ so that p(x) = 0 for all polynomials p in V.
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To show correctness, it is not hard to see that, since V' has co-dimension at most &, U will have dimension
at most k. In particular, if p1,...,p,_x is a basis for V', U is the subspace defined by these m — k linear
constraints, and so will have dimension k.

On the other hand, suppose that we have an ¢ € [k] with w; > w. We note that there is a unit vector u;
orthogonal to U so that the ¢o-distance from v; to U is u; - v;. Let p(x) be the polynomial p(z) = = - ;.
Since p vanishes on U, it must be in V. This means that the ¢5-distance from v; to U is

Jui - vi] = [p(vi)| = O((6/w)"?|lplle,) = O((/w)'/?)
as desired. O

A common application of this technique is where we are learning a high-dimensional distribution D
that is given as a mixture D = Zle w;0(v;), where 6 is some family of distributions parameterized by the
vectors v;. Proposition 26 will allow us to get a large list of hypotheses that will include approximations to
all of the large components in this mixture. It will usually be the case therefore, that we can approximate D
by another distribution D" = Zle wiB(c;), where the ¢;’s are in our cover. In particular, if |[v — ¢|l2 < €
implies that drv (0(v),0(c)) < n, then by replacing v; by the closest ¢; and letting w; = wy, it is not hard
to see that drv (D, D') < 1+ k((e/R)/(2kmd))“?, as the Li-distance between w;0(v;) and w;0(c;) will
always be at most min(((e/R)/(2kmd))?, w;n).

This shows that D can be approximated by a mixture of the distributions 6(c;). It turns out that we can

always find such a distribution efficiently:

Proposition 28. Let p, ..., p, be explicit probability distributions and let X be a probability distribution
such that, for some wy, ..., wy, we have dpy(X,> i wip;) < € Then there exists a poly(n/e)-time
algorithm that given p1,...,p, and N > n/ €2 samples from X, returns a distribution p such that with
probability at least 2/3, we have that dpy (X, p) = O(y/€elog(n/e)).

Proof. Let A be the set of distributions of the form > " ;| w;p;, where w; > ¢/n forall iand " | w; = 1.
Note that A is a convex set and that there exists a p* € A with dpy(p*, X) < 2e. For a distribution p,
let L(p,x) = log(p(z)). We note that L(p) := E[L(p, X)] = D(X]||p) + H(X), where D(X||p) is the
KL-divergence. Our strategy will be to find a p € A that is an empirical minimizer of L(p).

In particular, given our N samples x1, ...,y and a distribution p, we define

. 1 X
L(p) = N ZL(pal'i) :
i=1

We claim that with high probability over our samples, for every pair p,q € A it holds L(p) — L(q) =
L(p) — L(q) + O(elog(n/e)). To see this, we note that L(p) — L(q) = E[log(p(X)/q(X))]. Since p
and ¢ are both in A and are mixtures of the p; with mixing weights at least €/n, it is easy to see that
e/n < p(z)/q(x) < n/e. From this, we find that

log(n/e)
L(p) - L(g) = log(n/e) + / o Prlos(p(@)a) > .

Similarly, we have

> sy 8/ gy < log(p(wi)/q(w:) > t}
1)~ bla) = tosns + [ o dt.
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It thus suffices to show that, with high probability over our samples, for all p, ¢ € A and ¢ € R, it holds that

Prllog(p(x) /q(z)) > ] — #{x; : log(p(jc\;)/q(xi)) >t Ofe) .

Note that log(p(z)/q(x)) > t is equivalent to e'p(x) — g(x) > 0. Since p and ¢ are linear combinations of
the p;’s, this in turn is equivalent to saying that > ;" | a;p;(x) > 0, for some specific constants a;. However,
the class of sets defined by this equation, for some numbers a;, has VC-dimension n (as it is just the set of
halfspaces in n dimensions, after embedding = into R™ as (p1(x),...,pn(z)). Therefore, our result holds
by the VC-Inequality (Theorem [66).

Our algorithm uses convex optimization to find a p* such that L (p*) is within O(elog(1/e)) of the global
maximum over all p € A. By the above, this must be a maximizer of L(p*) up to O(elog(n/e)). Next, we
note that for p,q € A, since log(p(z)/q(x)) is bounded, if drv(X,Y) = O(e) then E[log(p(X)/q(X))]
and Ellog(p(Y)/q(Y))] differ by O(elog(n/e)). Taking p € A with drv(X,p) = O(e), we apply the
above with Y = p and ¢ = p*. This says that

L(p) — L(p*) = D(pllp*) + O(elog(n/e)) .

Since p* is a near maximizer of L, the left hand size above is at most O(elog(n/e)). This in turn implies

that D(p||p*) = O(elog(n/e)) and, by Pinsker’s inequality (Fact[64) that dpv (p, p*) = O(y/€elog(n/e)).
Our final result now follows from the triangle inequality. U

4.2 Template Approach for Learning Applications

In this section, we describe at a high-level how the preceding theorems are used to make our applications
work.

4.2.1 Setup

First, we need to define our problem in the context described. In particular, we have access to an object
parameterized by k vectors v; and k£ non-negative weights w;.

4.2.2 Moment Computation

Critically, we need a way to compute approximations of the moments Zle wiv?w. For this, it suffices

for every degree-2d monomial p(z) to be able to approximate Zle w;p(v;) to error §/m?. This is usually
done by finding some polynomial function P of our samples that is an unbiased estimator of Zle w;p(v;)
and computing an empirical mean.

4.2.3 (Optional) Rough Clustering

One issue with this technique is that our requirements on error are often dependent on the upper bound R
we have on the ¢y-norm of the v;’s. As having large v; will usually also make our sample complexity to
approximate moments higher as well, it is often important to reduce to the case where R is relatively small.
This can often be done by performing some kind of rough clustering of samples to split our problem into
components whose v; all lie in a relatively small ball.

4.2.4 (Optional) Dimension Reduction

We will often want to use Proposition 27]to reduce to the case where the underlying problem is k-dimensional.
This is because the m-dimensional version of the problem will often incur runtime and sample complexity

proportional to m?.
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4.2.5 Covering

Next we compute the weighted moments of the v;’s and use Proposition 26]to efficiently find an appropriate
cover.

4.2.6 From Covers to Learning

Finally, we use this cover to learn. For density estimation, this entails some sort of algorithm with time
polynomial in the cover size, analogous to Proposition For parameter estimation, we need to employ
additional problem-specific algorithmic ideas.

5 Mixtures of Spherical Gaussians
5.1 Setup

Definition 29 (Mixtures of Spherical Gaussians). An m-dimensional k-mixture of spherical Gaussians
(spherical k-GMM) is a distribution on R™ with density function F(z) = Z?:l w;N(pj,1), where

pi € R™, w; >0, for all j € [k], and Z?:l w; = 1.

We study both density estimation and parameter estimation. In density estimation, we want to output a
hypothesis distribution with total variation distance at most ¢ from the target. In parameter estimation, we
assume that the means of the components are sufficiently separated, and the goal is to recover the unknown
mixing weights and mean vectors to small error e. Specifically, we would like to return a list {(wj, 1;),j €
[k]} such that for some permutation 7 € Sy, |w; — Wr(;)| < € and |[p1; — fiq(jll2 < €, forall j € [k].

For density estimation, we prove:

Theorem 30 (Density Estimation for Spherical k-GMMs). There is an algorithm that on input d € Z,
€ >0, and N = O(m?)poly(k/e) + (k/e)o(d%l/d) samples from an unknown spherical k-GMM F on R™,
the algorithm runs in time poly(mk/e) + (2kd/ e)o(kol/d) and outputs a hypothesis distribution H such
that with high probability drv(H, F') < e.

For parameter estimation, we prove:

Theorem 31 (Parameter Estimation for Spherical k-GMMSs). There is an algorithm that on input d € 7,
e > 0, and sample access to an unknown spherical k-GMM F on R™ with minimum weight ppnin and
pairwise mean separation at least a sufficiently large multiple of \/10g(1/pmin), the algorithm draws N =
poly(m/(epmin)) + k9D samples from F, runs in time poly(N) + KOWEEYD)  and with high probability
outputs an e-approximation to the unknown mean vectors and weights.

5.2 Rough Clustering

In this subsection, we show that we can efficiently pre-process our problem to reduce to the case that all the
component means have appropriately bounded £5-norm. In particular, we show the following:

Lemma 32. Let N be a positive integer and X be a k-mixture of spherical Gaussians in R™. There exists
an algorithm that, given Ck*N independent samples from X, for a sufficiently large constant C' > 0, runs
in time poly (N, m, k) and computes at most k centers C; € R™ such that the following holds: With high
constant probability, to each mixing component with weight w; > 1/(kN) there will be an associated center
C; with ||C; — pil|l2 = O(k(v/m+log(Nk/e))). Moreover, there is in efficient algorithm that given a sample
from X, with probability at least 1 — 1 /N returns the center associated with the component that the sample
was drawn from.
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The idea of this lemma is to help us reduce to the case where all of our means are in a ball of bounded
radius. In particular, if we take our N samples from X, there is a decent probability that every sample is
correctly assigned to its component’s center. If so, replacing these samples x by x — C; will give us NV i.i.d.
samples from X' := Zle w; N (p; — C;, I), a k-mixture of spherical Gaussians whose means are all within
lo-distance O(k(y/m + log(Nk/e))) of the origin.

Proof. The basic idea here is that all of the samples from a given Gaussian component on R will be within
{y-distance about O(y/m) of each other. If we cluster together close points, we can try to identify the
components. This will not work directly, since we may have pairs of components that are close to each other
and whose samples will lie within O(y/m) of each other. However, no chain of such close samples will get
us more than O(k+/m) away. This allows us to cluster together points whose means are within (o-distance
about O(k+/m) of each other.

More formally, we note that, for any n > 0, a random sample x ~ N (u, I) satisfies || — pll2 <
2(y/m +log(1/n)) with probability 1 — n. Therefore, if we take 1/7 iid samples, with high probability it
will hold that

* Every sample taken is within fo-distance 2(y/m + log(1/n)) of some p;.

¢ For each component i with w; > kn, we will have at least one sample within /5-distance 2(y/m +
log(1/n)) from the corresponding mean vector fi;.

If both of these conditions hold, we can perform a rough clustering on the points. In particular, we declare
two points to be “close” if their Euclidean distance is at most 10(y/m + log(1/7)), and declare them to be
in the same cluster if they are connected by some chain of close points. We note that since any two points
from the same component of our mixture are close with high probability, these chains need not be longer
than O(k) in length. So, each cluster of points has diameter O(k(y/m + log(1/n))). For each cluster, we
pick a center C;.

We then note that a random sample = drawn from our mixture X = Zle w;N (u;, I) satisfies the
following conditions with probability at least 1 — k%7

1. x comes from a component N (y;, I) with ||p; — Cj||2 = O(k(y/m+1log(1/n))), for some center C;.

2. For the C; chosen above, x is within /-distance 4(/m + log(1/7)) of some point of that cluster, but
not within this distance of any point of any other cluster.

The first claim will hold if at least one of the original samples xy drawn to produce the clusters is within
{y-distance 2(y/m + log(1/n)) of p;. The second claim above holds because, with high probability, x is
within ¢o-distance 2(y/m + log(1/n)) of w;. This means that it is within ¢5-distance 4(y/m + log(1/n)) of
xo. If so, it cannot be this close to an x; from another cluster, since then, by the triangle inequality, z¢ and
1 will be close, and thus in the same cluster.

This means that if we draw an independent set of N = o(1/(k?7)) additional points from X, we can
associate them to clusters so that with high probability the following holds:

* All of the samples from the same component of X end up in the same cluster.

* All of the components whose samples are associated with a given cluster have means that are within
la-distance O(k(y/m + log(1/n))) of the mean of that cluster.

This completes our proof. O

27



5.3 Moment Computation

The following lemma shows that we can efficiently approximate any entry of the tensor Z ie1 Wi u2®2d

small error:

Lemma 33. Suppose that we have sample access to X = Zle w; N (pi, I), where ||p;|l2 < R, forall i €
[k], for a parameter R > 0. There is an algorithm that, given § > 0, d € Z, and a multi-index i € [m]??,
draws (Rmd) / 82 samples from X, runs in sample-polynomial time, and outputs an approximation T;
of (Z L wj ul®2d) with expected squared error O(6?).

Proof. Let Hey(t), t € R, n € Z,, denote the probabilist’s Hermite polynomial. ~ We will show the
following claim:

Claim 34. For any o € N we have that:

k m
> wi =E |[] Hea, (X;)| (12)
i=1 j=1

where p; € R™, i € [k|, are the component means of X = Zle wiN (g, I).

Proof. Note that if G = N(0,1) and 1 € R, we can write

Zn: <%>iH6n(G)/i!ui]

1=0

E[He, (G +p)] = E

n

=pu",

- B il

Zn:Hen_i(G)(n)(n—1)---(n—i—|—1),ui

where the first line above is by Taylor expanding He,, about G. Next suppose that X = N (i, I) for some
vector i = (fi1, ..., flm) € R™. Fora = (ai,...,an) € Z', we have that

HHeal ] HEHeal ) HN

Finally, let X = Zle w; N (i, I), where p; € R™, i € [k]. By linearity we get that

k m
Zwi,ui“ =E HHeaj(Xj) s
1=1 j=1

as desired. This completes the proof of Claim 34 O

Given N independent samples from X = Zle w; N (p;, I), we can use Claim [34] to approximate
Zle w1 by the empirical mean of 72, He,, (X;). Recall our assumption that ||| < R, i € [K], for
some parameter R > 0.

To bound the sample complexity, it suffices to bound the variance of the term in the RHS of (I2).

We note that He, (1), t € R, is a degree-a polynomial with sum of absolute values of coefficients at most
al. So, if |a| = 2d, [}L, Heq;(X;) will have degree at most 2d, and the sum of the absolute values of its
coefficients will be at most (2d)!. Therefore, its absolute value will be at most (1 + || X |2¢)(2d)!. Over any
component, we have that E[|| X ||3] = m + ||u||3 = O(R? + m). Therefore, by hypercontractivity, it follows
that E[|| X [|3¢] < O((R* + m?%))d°(@). Thus, the variance of [T72, Heq; (X;) will be O(Rmd)°@,
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This is because

m m
[T Hea; (X) H eq, (X
j=1 j=1

1 T+ X[2) g0 >] < (14 R* + m2)d°@ = O(Rmd)°@.

2

Recall that if Z v is the empirical distribution obtained by taking /V iid samples from the random variable
Z, then E[(Zy — E[Z])?] = Var|Z]/N.

Therefore, with N = (Rmd)cld/ 62 samples from X, for C’ a sufficiently large constant, we can
approximate Zle w;p;%, for |a| = 2d, to expected L3-error §2. O

Using Lemma 33] to appr0x1mate each entry of ZZ 1 W; /% 4 to appropriately high accuracy, we can

approximate the entire tensor Z — Wi ,ufmd within small #-error.

Corollary 35. By taking N > (Rmd)Cd /6% samples from X, for an appropriate constant C >0, we can

efficiently compute a tensor T such that with high constant probability it holds || T — Z —q W; u2®2d < 62

Proof. We take N = m?¥(Rmd)’? /5% samples from X, and consider the tensor 7' = (T}), i € [m]?, as
our approximation to Zle W ,u?zd. By Lemma[33] we have that

& 2
E HT -3 wiu?Qd ] <m2(5/m?)? = 0(8?) .
i=1 2
The corollary follows from Markov’s inequality. U

5.4 Dimension Reduction

After reducing the radius, we can perform dimension reduction. Our dimension reduction procedure is
described in the following lemma.

Lemma 36. There exists an algorithm that given N = poly(km/e) i.i.d. samples from X, for a sufficiently
large degree polynomial, runs in poly(N,k, m) time and computes a subspace H in R™ of dimension at
most 2k such that with large constant probability the following holds: For every i € [k| with w; > €/k, we
have that ; is within {s-distance € of H.

We note that (perhaps after replacing € by a slightly smaller quantity) in order to solve either the density
estimation or parameter estimation problems, it will suffice to solve the same problem after projecting X
onto the subspace H. For density estimation, we note that X is O(e)-close in total variation distance to
Xy = Zle w; N (mp(p;), I). Note that X is just the product of 7 (X) with a standard Gaussian in the
orthogonal directions. Thus, if we can learn 7z (X)) to error O(e), we can also learn X to error O(e).

For parameter estimation, we note that every center with non-trivial weight is e-close, in £s-distance,
to its projection on H. In particular, a parameter estimation algorithm applied to 7z (X) will learn each
7 () to error § /w;. We note that if e < ¢, this will means that for w; < ¢ there is nothing to show, and for
w; > 0, we have that y; is at most € distance away from 7 (1), introducing at most an additional d-error
between ; and our approximation.

We now prove Lemma[36]
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Proof. We begin by applying LemmaB2lwith N = (2km/¢)C, for C a sufficiently large constant. This gives
us a number of centers C;. If we then take /N additional samples and consider the differences between the
point and the associated center, this will give us i.i.d. samples from X' = Zle w; N (p; — Cy, I), a mixture
of spherical Gaussians with means of ¢o-norm at most O (k+/m + klog(k/e€)). Then applying Corollary
we can use these samples to produce an estimation to Zle w;i(p; — C;)®? to error O(e3/(Ck)). Finally,
applying Proposition 27] we can compute a subspace U of dimension at most k, such that for ever i with
w; > €/k, we have that p; — C; is within ¢5-distance e of U. Letting H be the span of U and the C;’s yields

our result. O

5.5 Clustering and Cover

Now that we have reduced to k& dimensions, we can (after reapplying rough clustering in order to reduce the
radius to poly(k)) more readily afford to compute higher moments. We can use this to compute a cover. We
note that we will usually apply this lemma after first projecting onto the subspace H found by Lemma 36]
and thus m will be O (k).

Lemma 37. Let X = Zle w;N (s, I) be a mixture of Gaussians in R™ and let ¢ > 0. There exists
an algorithm that given N = (2kmd/ e)g(d) samples (with sufficiently large constant in the exponent)
computes a cover C of size at most (2kmd/ e)o(d2k1/d)

w; > (¢/(dkm)) D, we have that there is a ¢ € C with |
time at most (2k7md/e)o(d2k1/d).

, such that with high probability for every i with
Wi — ¢|l2 < e. Furthermore, this algorithm runs in

Proof. We begin by letting N’ be a small multiple of N/k%. Running Lemma[32] with parameter N’, gives
us a list of centers C; so that every component with non-trivial mass is associated to some C;, and so that we
can use our remaining N’ samples to produce N’ i.i.d. samples from X’ = Zf;l w; N (p; — Cj, I), where
the w; of mass less than 1/(kN’) are excluded from the list. We note that this is a mixture of spherical
Gaussians with means of o-norm at most R = O(k(y/m + dlog(kd/e))). Using Corollary B3] N’ samples
suffice to compute the 2d-th moment tensor of this mixture to error €2¢((R/¢)2kmd)2“?, for the constant C
required by Proposition Applying this proposition gives us a cover Cy of appropriate size, such that for
every i with w; > €/k, we have that there is some ¢ € Cy with ||u; — C; — ¢||2 < €. Letting C be the set of

points of the form C; + ¢, where C; is a center and ¢ € Cy, gives us an appropriate cover. O

5.6 Density Estimation
Here we prove Theorem

Proof. We begin by computing a hyperplane H as described in Lemma 36l and note as described that it
suffices to solve the problem on the mixture of Gaussians 7z (X) in O(k) dimensions. We will assume
henceforth that m = O(k).

Using Lemma[37] we can compute an e-cover C of size S = (k:/e)o(d%l/d). We note that X is O(e)-
close to a mixture of Gaussians with centers in C. This is because if each center is rounded to the nearest
element of C, the ones with w; < €/k contribute at most e-error in total, while the ones with larger w;
contribute error O(ew; ), which sums to O(e). Applying Proposition 28] to the distributions N (¢, I), with
¢ € C, we can learn X to total variation error O(y/€log(S/¢)) in poly(S/e) time. Reparametrizing and
replacing e by a small enough multiple of €2 /(d?k'/%log(kd/¢)) yields our result.

O
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5.7 Parameter Estimation

Here we prove Theorem 311

Proof. We assume that for all 7 # j, we have that ||11; — j15l2 > 604/10g(1/pmin ).

We begin by producing a list of candidate means. Using Lemma[36] with poly(m/pmin) samples and
time, we can compute an O(k)-dimensional hyperplane H such that all of the y;’s for which w; > puin (i-e.,
all of them) are within distance 1/2 of H. Next, applying Lemma37lto 7y (X) = Zle wiN (7 (ps), I),
we can use (2kd)®@ samples and poly(S) time, with S = (de)o(d%l/d)poly(1/pmin), to produce a set C
of size at most .S so that for every ¢ with w; > pmin there is a ¢ € C so that || (u;) — ¢||2 < 1/2, which by
the triangle inequality implies that ||c — ;|2 < 1.

Once we have constructed our cover of the candidate means, we can use techniques from [DKS18]]. We
begin by taking an additional set 7' of N = O(k3/ p?nm) samples. For each ¢ € C, we determine whether
there is a weight function v : 7" — R, such that

1. Foreachz € T, u, € [0, 1].
2. The sum ) 7 Uy > Prin|T]/2.

3. For any other ¢’ in C, it holds

> Uz < Ponin|T1/10 .
z€T:(z—c)-(!—c)/||c! —¢||l2>24/10g(1/pmin)
We call ¢ good if there is such a u. We note that it can be determined whether or not such a u exists by linear
programming in poly (S, |T'|) time.
We note that if ||c — j;||2 < 1 for some i € [k], then letting u,, = 1, for z drawn from the 7*" component
and 0 otherwise, satisfies the above with high probability. Finally, we claim that there exists no set of more
than 4/py,in such ¢ € C that are pairwise separated by more than 4/10g(1/pmin)- Indeed, if we had such a

set cq, ..., c, then we can reach a contradiction by considering the total weight of all points under the ¢;s’
weight functions. In particular, if , is the weight function associated with c;, we have that:

T >>"1

zeT

S SR S

i=1 g€T:argmin;|lc; —z|2=i

-y > i

=1 €T (z—c;)(cj—c;)/l|cj—cill2<24/10g(1/Pmin) for all j7#i
t
-y (ye-y > i
=1 \zeT I71 2eTi(w—ci)-(c;—ci) /lle;—cilla<2+/108(1/Pmin)
t
> pmin|T1/2 — (t = 1)piin|T1/10

i=1

> |T|(tpmin/2 — (tpmin)?/10) .

This is a contradiction when ¢ = [4/ppin |-
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This means that if we take any maximal set of good elements of C that are pairwise separated by
41/10g(1/pmin), this set has size at most (4/pmin). Call such a set C’. Note that every p; is within £5-
distance 1 of a good element of C, which is within /o-distance 44/10g(1/pmin) of an element of C’.

Next take an additional m/py,;, samples from X. To each sample associate the closest element of
C’. We claim that with high probability every sample coming from a component N (p;, ) is closest to an
element ¢ € C’ with ||; — ¢||2 < 154/10g(1/pmin)- This holds for the following reason. Let ¢, c; € C’ be
some elements with ||co — w2 < 44/10g(1/pmin) and |lc1 — pill2 > 154/10g(1/pmin). We claim that with
probability at least 1 — pfnin a random sample from N (u;, I) is closer to ¢ than to ¢;, and note that this will
prove our claim.

To show this, we let v be the unit vector in the direction of ¢; — ¢g. We note that x is closer to ¢ than ¢g if
and only if v-x is closer to v-c; than to v-¢o. However, with high probability, |v-z—v-p;| < 34/10g(1/pmin)-
On the other hand, |v - ¢g — v - ;| < 44/10g(1/Pmin), but

|U € — U :ui| > |Cl - CO| - |U € — U ,Ui| > 11\/ lOg(l/pmin)'
Thus, we have that [v - 2 — v - ¢o| < 7/10g(1/Pmin), but [v -z — v - c1| > 84/10g(1/Pmin)-

Next consider two samples to be in the same cluster if and only if the associated elements of C’ are
within /5-distance 304/10g(1/pmin) of each other. If the condition above holds, any two samples from the
same component will lie in the same cluster. However, our separation assumption implies that samples from
different components will not. Thus, each cluster of samples consist of i.i.d. samples from that component.
With high probability, each component has at least £ samples from it, so taking the sample mean will give
us an approximation to the mean of that cluster to error O(1). Using this approximation as warm start, we
can apply the algorithm of to obtain an e-approximation of each p; with poly(1/e,1/pmin) further
samples. This completes our proof. O

6 Positive Linear Combinations of ReLLUs
6.1 Setup

Definition 38 (One-hidden-layer ReLU networks). Let C,, 1, denote the concept class of one-hidden-layer
ReLU networks on R™ with k hidden units. That is, F' € C,, , if and only if there exist £ unit vectors
w; € R™ and non-negative coefficients a; € R4, i € [k], such that F'(z) = Zle a;ReLU(w; - x), where
ReLU(t) = max{0,t}, t € R.

The PAC learning problem for the class C,, 1 is the following: The input is a multiset of i.i.d. labeled
examples (z,y), where z ~ N(0,1) and y = F(x) + &, for an unknown F' € C,, and & ~ N(0,0?),
where ¢ is independent of = and o > 0 is known. We will call such an (x,y) a noisy sample from F'.

The goal of the learner is to output a hypothesis H : R” — R that with high probability is close to F'

in Ly-norm, i.e., satisfies ||[H — F|3 < ¢2(||F||2 + o2). (For a function F' : R™ — R, we define ||F, ey

E.~n,1) [F? (x)]l/ 2.) The hypothesis H is allowed to lie in any efficiently representable hypothesis class
H. If H = C,, i, the PAC learning algorithm is called proper.
The main result of this section is the following theorem:

Theorem 39 (PAC Learning for C,, 3). There is a PAC learning algorithm for Cy, ;. with respect to the
standard Gaussian distribution on R™ with the following performance guarantee: Givend € 7, € > 0, and
access to noisy samples from an unknown target F' € Cy, , the algorithm draws O(m?k?/e8) + (2kd/e)O(d)
42 kl/d)

samples, runs in time poly(mk /€)+ (2kd /€)°( , and outputs a hypothesis H that with high probability

satisfies ||[H — F|3 < (|| F||3 + o).
We note that the function F'(z) = Zle a;ReLU(w; - x) satisfies B, n(o,)[F'(*)] = (1/v27)A, and

|F|l2 = ©(A), where A uf Zle a;. Moreover, we can assume w.l.o.g. that we know the value of ||F'||2,
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as this can be computed to arbitrary precision using samples via a simple pre-processing. In particular, by
dividing all samples by some sufficiently accurate approximation to || F'||2 + o, we can reduce to the case
where || F||2 + 0 = ©(1), and we will assume that this holds throughout our analysis.

6.2 Moment Estimation

The following lemma shows that we can efficiently approximate any entry of the tensor Zle a;w®? ¢

; 0
small error:

Lemma 40. There is an algorithm that, given § > 0, d € Z., and a multi-index i € [m)*?, draws d°® /§?

independent noisy samples from an unknown F(z) = Zle a;ReLU(wj; - x), runs in sample-polynomial
®2d

time, and outputs an approximation T; of (Zle aiw*®); with expected squared error O(6?).

Proof. The proof proceeds by constructing an appropriate polynomial function that is an unbiased estimator
of Zle a;w$, for any multi-index ov € N with || = 2d and using samples to approximate it.
We start with the following claim:

Claim 41. For any o € N with || = 2d, we have that:

(F(@)+¢) (H haxxi))] , (13)

k
Y aiwf! = CaEaun(0.0) ¢~N(0.02)
i=1

where Cy, > 0 is an explicit constant satisfying Co, = d°@.

Proof. We will require the following basic facts about Hermite polynomials. Let h,,(t) = He,(t)/v/n!,
t € R, be the normalized probabilist’s Hermite polynomial. In particular, for G ~ N(0,1) we have
E[hy(G)hp(G)] = Opm- Itis easy to see that h,(t) = /nhy—1(t).

Note that the second derivative of ReLU(t), t € R, is dy(t). By writing ReLU(t) = 307 ) ¢pnhy(t) and
taking the second derivative, we obtain

So(t) =Y " hn(0)hn(t) = enra/(n +2)(n+ Dhn(t) -
n=0 n=0

Equating terms, we find that

(=1)"/>

en = hn(0)//(n+1)(n +2) = { 272 (/2)!y/(n+1)(n+2) 7
0, forn > 1odd .

forn > 0 even

It is also easy to check that ¢; = 1/2 and ¢y = L

Vo
We next evaluate ReLLU(w - x) for a unit vector w. By the rotation formula for Hermite polynomials,

we get that
ReLU(z - w) = Z cnhn(x - w) = Z o™/ |af!/a! (H ha, (i) )
n=0 ot 1=1

Therefore, for |a| = 2d, we have that

w® = \ a!/(Qd)!CQ_dlEZ‘NN(O,I)

ReLU(z - w) <H ha, (:EJ)] .

1=1
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Extending this by linearity, we conclude that

(F(z) + N(0,0%) <Hm%%>].

By the definition of ¢4, we have that C,, := /a!/(2d)!c;, dl = d°@ completing the proof of ClaimEIl [

k
Z a;wi = a!/(2d)lcg_d1Ex~N(O,I)
=1

Given Claim 1] we can approximate the weighted moments of the w;’s by replacing the expectation by
the corresponding empirical expectation. To bound the error involved, it suffices to bound from above the

variance of the term
Co (F(z) + N(0,07)) (Hm%%>,

appearing in the RHS of (I3). To bound the variance, note that by the Cauchy-Schwarz inequality, we get

that
(F(z) + N(0,02)) <Hhaz )] < ||(F(x) + N(0,0%)|3

By the hypercontractive inequality (Theorem [12]), we have that

m 2

H hOCi (xl)

i=1

Var

4

2
<
4

2
4O — 40(d)

m

H hai ($Z)

i=1

m

H hai (531)

i=1

I

2

where we used the fact that the Hermite polynomials have norm one. We also have that

2 IF@)E+[INO,0))|3 < A2+ < 1,

| F(z) 4+ N(0, 02)H4

where we used that || F(z)||s < 2 | a;|ReLU(z - w;)||4 < -, a; = A. Therefore, the variance of the
relevant term is at most d°(?),
Taking N = d°(?) /62, completes the proof of Lemma &0 O

Using Lemma 40| to approx1mate each entry of Z ie1 alw®2d

®2d

to appropriately high accuracy, we can

approximate the entire tensor Z i—1 @iw; " within small Lo-error.

Corollary 42. By taking N = d°(@m2d /62 noisy samples from F, we can efficiently compute a tensor T
such that with high constant probability it holds || T — Zle aiw?wH% < 82,

Proof. We take N = d°@m?? /62 noisy samples from F, and consider the tensor T = (13}), i € [m]?¢, as
our approximation to Zle a,-wi®2d. By LemmaQ] we have that

E

k
HT -3 a;w®
i=1

2
]gmmwmﬂﬁzow%y

2

The corollary follows from Markov’s inequality. U
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6.3 Dimension Reduction

By Corollary applied for d = 1 and § = €3/k, with O(k*>m?/€%) noisy samples from F, we can effi-
ciently compute the weighted degree-2 moment-tensor Zle aiw;g)z to L3-error (¢°/k?). By Proposition 27
we can efficiently find a k-dimensional subspace U, such that all of the w;’s with corresponding coefficient
a; > (e/k) are within /5-distance € of U.

By performing a change of variables, we can assume that U is the span of the first k£ coordinates. By
Lemma [0, given d°(@ / 42 noisy samples from F, we can efficiently approximate Zle a;wy’, for any o
such that |a| = 2d within expected squared error O(6%). We use this fact (with §/k¢ in place of d) for
all such « that are supported on the first k£ coordinates. This gives us an approximation 7' to the tensor
Ty = Zle a;my (w;)®? that with high constant probability satisfies |7 — Ti/||3 < 62. This takes sample
complexity d°(@ k245~2 and sample-polynomial time.

6.4 Cover

We apply the above procedure to produce an approximation 7' to Ty to within L%—error 62, where § =
(¢/(2kd))“?, where C' > 0 is a sufficiently large constant. This takes sample complexity d°(@ k2?52 =
dOD124(2kd/e)°@) and sample-polynomial time.

Noting that |7 (w;)||2 < 1foralli € [k], we can apply the algorithm of Proposition26lfor m = k, R =
1, and T our tensor approximation to 7y. This outputs a set C C R¥ of size |C| = S < (2kd/e)O@*F/*)
such that each for each i € [k] with |7y (w;)|l2 > (¢/(2kd))“?, my(w;) is within fo-distance € of some
element of C.

6.5 Computing a Non-proper Hypothesis

We are given a set of .S functions of the form f; = ReLU(z - ¢;)/||¢;||2, for ¢; € C. We claim that there is a
non-negative linear combination F' of the f;’s such that |’ — F'|| = O(e). This is because for every 7 with
a; > €/k, w; is e-close to U, and there is a ¢; € C with ||¢; — my(w;)|l2 < e. By the triangle inequality,
this implies that ||c; — w;||2 = O(e) and, since ||w;||2 = 1, that ||¢;/||ci||2 — wil|l2 = O(e). Therefore, for
a; > €/k, we have a corresponding f; such that ||a;ReLU(x - w;) — a;fi|l2 = O(as€). For a; < ¢/k, we
have that ||a;ReLU(x - w;) — 0||2 = O(e/k). Therefore, we have that

k
F— > afs Z (e/k + aie) = O(e(1 + A)) = O(e) .

i:a;>e/k 9

We wish to find such a non-negative linear combination . We note that if we can compute each of the
inner products F' - f; := By, y(o,n[F(7) fl( )] to error O(e?), this will be sufficient. This is because
if we take any F'(z) = >, a f,( ) with @] > 0 and ), a, = A" = O(1) (and note that E[F"(z)] is
proportional to A’, so if it is much larger than 1, it cannot be close to F' in Ly-norm), then we can compute
|F — F'||3—||F||3 = —2F - F' + F'" - F’ to error O(€?). Thus, if we find a vector of a} > 0 that gives an
empirical minimizer of ||[F' — F’||3, it will give us an F with |F — F||3 < O(€?) + inf |F — F||3 = O(é?).
Note that this problem is equivalent to finding numbers a, > 0 that minimize

—22@ (approximation of F'- f;) + Za 'fi “fis
7

7.]

which is a convex optimization problem that can be solved in poly(.S) time.
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6.6 Putting it Together

In summary, we have described an algorithm that obtains a hypothesis ' = F such that with high constant
probability ||H — F||3 < €2(||F||3 + %) with sample complexity

O(m?k? /%) + (2kd /)P |

and running time
poly(mk/e) + (2k7d/e)o(d2k1/d) .

In particular, setting d = log(k), we get sample complexity O (m2k?/e%) + (k/e)OUogk)

poly(mk/e) + (k/e)00os” k),

and running time

7 Positive Linear Combinations of Generalized Linear Models
7.1 Setup

Here we show that the algorithmic results of the last section can be generalized to linear combinations from
any generalized linear model, under certain mild assumptions on the model.

Definition 43. Let 0 : R — R be a fixed function. Let C,,, ;. denote the class of real-valued functions on
R™ of the form F(x) = Zle a;o(x - w;), where the w;’s are unit vectors and a; € R

The setup will be similar to the one in the previous section. The algorithm will be given access to
samples of the form (x,y) where z ~ N(0,I) and y = F(x) + &, where ¢ is an error term. We will no
longer assume that £ is independent of x, but we will assume that it is unbiased for any given x and not too
large. In particular, we will assume that E[¢ | z] = 0 for every value of z, and that E[¢*] < E*, for some
known constant /2 > (. Finally, we will need to assume that o is reasonably well-behaved. In particular, we
will say that o is L-continuous to mean that E[|o (v - ) — o (w - x)|?] < L?|jv — w)|3, for v and w any unit
vectors and x a standard Gaussian. Under these assumptions, we state our main result.

Theorem 44. Let 0 : R — R be a known L-continuous function, and F' € Cg 1 an unknown func-
tion with Zle a; < 1. Assume that for some positive integer d that Elhoy(G)o(G)] = coq # 0 (where
hag is the degree-2d Hermite polynomial and G a standard Gaussian), and that ||o(G)|ls < M. There
exists an algorithm that given E,d,e > 0 and access to independent samples from a distribution (x,y),
where x € G™ and y = F(x) + & with E[¢|x] = 0 and Var(¢) < E? takes N = (m)*(M +
E)?/(c2 d)LO(dkl/d)(Qk‘md/ e)o(d%l/d) samples and runs in sample polynomial time and with probability
at least 2/3 returns a function F with ||F (z) — F(z)|2 < e.

We are not aware of prior work on this problem that leads to algorithms with sub-exponential depen-
dence on k.

We note that the non-vanishing even degree Fourier coefficient will be necessary for us. In particular,
this means that our algorithm will not work if o is an odd function, like the logistic function. This difficulty
seems hard to circumvent as our algorithm will operate by trying to find a small cover of the set of possible
w’s that appear in the decomposition. Unfortunately, if o is odd, we could have the function F'(x) =
o(w-z)+ o(—w-z) =0, and it is information-theoretically impossible to recover w from F'.

We can hope to circumvent these issues if our function is given as a mixture rather than a sum. In
particular if the a;’s sum to 1 one possibility we could have is that F'(z) is equal to o (w; - ) with probability
a;. In this case, we note that for any function g that E[g(y)|z] = Zle a;g(o(x - w;)), and if we can find
a function g so that g o o has a non-vanishing even-degree Fourier coefficient, we can hope to make our
algorithm work. A specific example of this, with important practical relevance is given in the next section.
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7.2 Moment Estimation
The necessary moment computation is relatively straightforward.

Lemmad45. Let T = Zle a;wP?®. There exists an algorithm that given N = O(m)* (M + E)?/(6%c3,)
for some 6 > 0, runs in sample polynomial time and returns an estimate of I' that is accurate to error at
most & with constant probability.

Proof. 1t is clear that the degree-2d Fourier moment tensor associated to o(z - w) for unit vector w is
cogw®?4. Linearity implies that the corresponding Fourier moment tensor for F is ca4T'. Therefore, we can
get an unbiased estimator for any given entry of 7" as E[yh,(x)]/(c2q), where hy, is the multivariate Hermite
polynomial [[" | hg, (z;), where a; is the number of occurrences of 7 in the index of the entry of 7" we are
trying to estimate.

If we estimate 7' by taking an empirical average of this for each entry over /N entries, we will get
expected entry-wise error on the order of /Var(yhy(x))/(v/ Ncag). We can bound the variance us-
ing Holder’s Inequality by /E[y*E[hi(z)] = O(||F|? + E?)O(1)4. Thus, we can learn T to error
O(m)*(|F|l4 + E)/(v/Ncag). We note that |F||y < Zle ailo(w; - z)|a4 < M. Plugging in an ap-
propriate value of N gives our result. O

7.3 Finishing the Proof

From here the argument is straightforward. For C' a sufficiently large constant, we learn 7" as above to
accuracy 6 = L~%(e/(2kmd))“? and then apply Proposition This gives us a set C of size at most
(kad/e)o(d2kl/d)LO(dkl/d) so that every w; with a; > €/(8k) is within €/(4L) of some element of C. By
modifying the points of C slightly if necessary, we can assume that they all are unit vectors. We note that if
w; is an element of C with ||w; — w;||2 < €¢/(4L) whenever a; > ¢/(8k), then

k k
F(z) =Y aio(z-dy)|| < aillo(@-w) — oz ;)2
i=1 2 =1
k
< Zmax(e/(4k:),ai(e/4))
Z:l .
< ZE/(M{:) + Zaie/él
i=1 i=1
=¢€/2.

Thus, letting V' be the span of all functions of the form o(z - v) for v € C, we note that F' is within Lo-
distance €/2 of some element of V. If we compute the dot product of F' with each o(z-v), for v € C, to error
€¢/(2|C|), this is sufficient to compute the Lo-norm of F' with every non-negative linear combination with
coefficients summing to at most 1 of these functions to error ¢/2. Taking a minimizer over such functions,
which can be computed by a linear program in polynomial time, will give an appropriate answer.

To do this computation for each basis element b, we can use the empirical average of b(x)y, which gives
an unbiased estimator. The number of samples required to achieve error ¢ is O(1/¢')?/Var(b(z)y). The
latter term, we can bound by Holder’s inequality as E[y*]'/*E[b(x)*]'/%. The former term is O(M + ) and
the latter is O(M ). Thus, this computation can be done with an appropriate number of samples and time.

This completes our proof.
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8 Mixtures of Linear Regressions
8.1 Setup

Definition 46 (Mixtures of Linear Regressions). Given mixing weights w; > 0 such that Zle w; =1
and regression vector 3; € R™, i € [k]|, an m-dimensional k-mixture of linear regressions (k-MLR) is the
distribution on pairs (z,y) € R™ x R, where x ~ N(0,I) and y = f3; - © + v, where 3; is sampled with
probability w; and v ~ N (0, o?) is independent of 2 and & > 0 is known.

We study both density estimation and parameter estimation for .-MLRs. We will assume an upper
bound R on the max; || 5 (@) ||2. It will be convenient to assume that there is some known value pyy;, so that
w; > Ppmin for all ¢ € [k].

For density estimation, we prove:

Theorem 47 (Density Estimation for k-MLR). For a known minimum weight ppin, degrees d,d' € 7.,
error parameter € > 0 and upper bound R > 0, there is an algorithm that draws

N = (m2poly(k‘/pmin) + (2/<:d/pmin)o(d)> log(R/o)loglog(R/o) + (2kd'/(epmin))O((dl)le/d/))
samples from a k-MLR Z on R™ X R, runs in time poly (N , (2kd/ pmin)dzkl/d>, and outputs a hypothesis
H that with high probability satisfies drv(H,Z) < e.

For parameter estimation without noise (o = 0), we show:

Theorem 48 (Parameter Estimation for k-MLR, Noiseless Case). For a known minimum weight puin,
degree-d, error ¢, upper bound R, and separation A, there is an algorithm that learns the (3;’s exactly
using sample complexity

N = (m2poly(k‘/pmm) n (de/pmin)o(d)> log(R log(m)/ (pminA)) log log (R og(m) / (pminA))

and runtime poly (N, (2k7d/pmin)d2k1/d>.
For parameter estimation with noise, we show:

Theorem 49 (Parameter Estimation for k-MLR, Noisy Case). For a known weights k-MLR with minimum
weight puin, degree-d, error €, upper bound R and separation A /o at least a sufficiently large polynomial in
log(m)/pmin, there exists an algorithm that solves parameter estimation to error € with sample complexity

N = <m2poly(k/pmin) + (2kd/pmin)o(d)) log(R1og(m)/(pmind)) log log(Rlog(m)/ (pminA))+O(m)poly (k /)

and runtime poly (N, (2kd/pmin)d2k1/d>.

The structure of this section is as follows: Once we determine how to compute appropriate moment
bounds (Section [8.2)), this will immediately provide a straightforward algorithm to solve these problems.
First compute second moments and use Proposition 27]to reduce the problem to a k dimensional one. Then
in those k-dimensions, compute the first d moments to get a cover, and use that cover either in conjunction
with Proposition [28] to do density estimation or some relatively straightforward clustering in order to do
parameter learning.

Unfortunately, this simple technique will not be sufficient to obtain the efficiency that we desire. This
is because our sample complexity and runtime will be polynomial in R¢ and Rdzkl/d, respectively, when
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we would like a poly-logarithmic dependence. This is actually a relatively common problem with linear
regression problems. Learning the parameters in one-go will introduce too much error or require too high
sample complexity. Instead, the situation can be improved by learning only a rough approximation to the
[3’s and using this approximation to learn iteratively better ones. A similar idea was used in [DKS19].

So, our refined overall strategy will be to learn a cover with relatively large error. Using some ele-
mentary techniques, we can refine this cover to a relatively small list of potential hypotheses. Now if these
hypotheses are far enough apart (relative to o and the approximation error), we will be able to figure out
which hypothesis the mixing component of most samples is close to. However, it will be hard to tell whether
y approximates 3; - « or 3; - x, when |(3; — ;) - x| is small. This means that we will only be able to
successfully cluster most points, and will need our moment computation algorithm to work even if we have
conditioned on only seeing the samples that we can reliably cluster (which, fortunately, is determined by
some known condition on x alone).

As we will be needing to make use of several clusterings throughout this algorithm, the following
definition will be convenient.

Definition 50. An (s,7)-cover is a set C of size at most s such that for each 1 < i < k there exists ac € C
with ||c — SGill2 < r.

Note that we initially have a (1, R)-cover.

8.2 Moment Computation

The first step in our algorithm is to compute the moment tensor 1" = Zle W; B;md to error 0. To do so, it
suffices for every |a| = 2d to compute Zle w; B to error §/m?. We can do this given iid samples from
(x,y). However, we will also want to be able to do it just given iid samples from (x, y) conditional on some
known event E on x with probability at least 1/2.

Lemma 51. Suppose that we have sample access to a k-MLR X with parameters (w;, 3;), i € [k], where
max; || Bille < R, for a parameter R > 0. There is an algorithm that, given 6 > 0, d € Z,, and a multi-
index i € [m]*%, draws d° (R + ¢)*? /6% conditional samples (x,y) from any event E(x) depending on
only the first { coordinates and for which the algorithm is given oracle access with Pr[E] > 1/2, runs
in sample-polynomial plus poly((¢d)?/8) time, and outputs an approximation T; of (Zle w; B2 with
expected squared error O(6%).

Proof. Since y = - x + v, we can write

2d x 2d |Oé|' o, o 2d—t
=305 () apara

t=0 ‘a|:t

We would like to find a degree-2d polynomial p,,, such that for any polynomial ¢ of degree at most 2d the
r*-coefficient of ¢ equals E,. (0,1 [Pa(2)q(7)|E(z)).

Recall the normalized Hermite polynomials h,,(z) = He, (x)/v/n! and define hq,(v) = [}, ha, (i)
Note that we can write ¢(z) = Z‘ al<2d caho and that the z-coefficient of ¢ is exactly alc,.

For a vector a whose entries are indexed by the v with || < 2d, we define po(z) := >, <2q @Gaha ().
Let A be the symmetric matrix given by the quadratic form

a" Ab:= B,y (0.1 [Pa(@)p(2) | E(2)] .

Note that without the conditioning, A would just be the identity matrix. We claim that with the conditioning,
A still has eigenvalues bounded away from 0.
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In particular, we have that a” Aa = E[p?(x)|E(z)]. We note that ||py||2 = ||a||2. We also note that, by
anti-concentration of Gaussian polynomials (Theorem [I4), except with probability at most 1/4, |p,(x)| >
d=9@D||p,||2. In particular, even conditioned on E(z), there is at least a 1/2 probability that |p,(x)| >
d=9@||p,||2. This implies that

o’ Aa = Elp(2)|E(2)] > d=%D|jpa|3 = d~7Val3 .

Thus, the smallest singular vector of A is at least d~“(?). Finally, we consider p(z) := py(x), where
b= a!A e, and e, is the unit vector whose a-entry is 1 and whose other entries are 0. Then noting that
g = pc, we have that

Ep(x)q(z)|E(z)] = Elpy(2)pe(z)|E(x)] = bT Ac = alel A7  Ac = aley |

which is exactly the z%-coefficient of g. By our bounds on the singular values of A, we have that ||b]|2 <
do@.

We note that in order to run this algorithm, we will need to compute b to sufficient accuracy. This
requires computing A to some accuracy, which we can do by sampling (conditioned on F). Fortunately, we
only need to compute the entries of A corresponding to monomials in the coordinates on which £ and «
depend. This can be done to sufficient accuracy with poly((¢d/R)?/5) samples to x conditioned on F.

Therefore, by linearity,

k
2d al _ et
We can attempt to approximate this empirically given conditional samples. The rate of convergence will
depend on the variance, which we can bound from above as

2, n(o.n [y Pi(2)] < d°D|y|3%|pall3 < dPD(R + o).

Thus, we can approximate our tensor 7 to error ¢ in d°(¥ (R + o)*m?/§% samples. O

Using Lemma [31] to approximate each entry of Zle w; Bfmd to appropriately high accuracy, we can

approximate the entire tensor Zle w; BZ@ 24 within small £5-error.

Corollary 52. Given an (-dimensional subspace H and N = d°Y (R + ¢)*0?? /52 conditional samples
from a k-MLR X, conditioned on an E with Pr(E(z)) > 1/2 and E depending only on { linear functions
of X, we can in time poly(N, (%) compute a tensor T such that with high constant probability it holds

IT — SoF i (8;)2%13 < 62

Proof. By performing an appropriate rotation, we can assume that £ depends only on the first £ coordinates
and H C R*. We take N = d9@ R?4¢2d /52 noisy samples from X, and consider the tensor 7' = (T}),
i € [£]??, as our approximation to Zle wimg (B;)®%1. By Lemmal[5I] we have that

i 2
E‘V—ZWM%WMISWWWVZWW-
i=1 2
The corollary follows from Markov’s inequality. U

As we will need to be doing this many times in the several rounds of our algorithm, we will want to
ensure that the above guarantee holds with high probability rather than constant probability. This is easy to
do with independent repetition.
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Corollary 53. Given an (-dimensional subspace H and N = d°D (R + o)* log(1/7)¢?? /6% conditional
samples from a k-MLR X, conditioned on an E with Pr(E(x)) > 1/2 and E depending only on { linear
functions of X, we can in time poly(N, Ed) compute a tensor T’ such that with probability at least 1 — T
it holds | T — Zle w;ny (Bi)®2|2 < 6% Furthermore, this works even if a sample is erroneous with
probability N/(10log(1/7)).

Proof. We run the algorithm from Corollary [52]100 log(1/7) times with error 6/3. With probability at least
1 — 7, a majority of the tensors 7; computed are within 6/3 of Tjy := Zle w; Bfmd in Lo-norm. Note that
the erroneous samples will only affect one tenth of our trials, and so will not change this. If this is the case,
our algorithm can return any 7; that is within 25 /3 of at least half of the other 7}’s.

Such a T; must exist because any close 7; will be at most this far from any other close 7;. Additionally,
any T; that is this close to a majority, will be distance at most 25/3 from some 7; at distance at most ¢/3

from T}. Therefore, by the triangle inequality, any such 7; will have error at most 9. O

8.3 Iteration

Our overall algorithm will depend on obtaining iteratively better covers of our 3;’s. The goal of the next few
sections will be to show that if we have a (k, r)-cover, with r substantially larger than o, we can (with tiny
probability of failure) use this to compute a (k, r/2)-cover. This procedure will break down further into the
following steps:

1. Clustering: We will have an algorithm that assigns to most sample points a cluster, so that almost all
samples from the same mixing component are assigned to the same cluster, and so that each cluster
has an associated center that is not too far from the corresponding ;. If we then subtract from the
y-value of such a sample, the expected y-value based on its cluster center, we can reduce ourselves to
considering samples from a mixture of linear regressions with parameters not too much larger than 7.

2. Dimension Reduction: Taking samples from this simulated mixture, we can use Proposition 27] to
reduce to a k-dimensional subspace.

3. Rough Cover: Computing more moments within this subspace, we can use Proposition 26]to compute
an (s,7")-cover for v’ = r/poly(k). Unfortunately, s will usually be substantially larger than k here.

4. Cover Refinement: We can throw away many of the points in this cover for which there are not enough
samples with y ~ ¢ - . The remaining points can be grouped into at most k groups each with radius
at most 7 /2, giving our final new cover.

In the end we will prove the following lemma:

Lemma 54. There is an algorithm that given a (k,r)-cover for some known r >> ko /pmin (With a suffi-
ciently large implied constant) and a T > 0, takes at most N = (m2poly (k/pmin )+ (2kd/pmin)© @) log(1/7)
kol/d)

samples and poly (N, (2kd/pmin) time and with probability at least 1 — T returns a (k,r/2)-cover.

Applying this repeatedly gives the following:

Corollary 55. Given sample access to a mixture of linear regressions X with w; > pmin and ||Bill2 < R
foralli € [k], and r at least a sufficiently large multiple of ko | pmin, there exists an algorithm that takes N =

(m?poly(k/pmin) + (2kd/pmin)° D) log(R/r) log log(R/r) samples and poly(N, (2kd/proin )5 time,
and with large constant probability computes a (k,r)-cover.
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8.4 Clustering
Here we show that given a cover, we can use this to compute a clustering on most of the points.

Lemma 56. Given a (k,r)-cover C and a sufficiently small parameter 1 > 0, there exists a polynomial
time computable condition E(x) with probability at most 1/2, a polynomial time computable function f :
R™* — C and an (unknown) function g : [k] — C such that

1. Foralli € [k], |B; — g(i)]l2 < O(k*(r + o) log(1/n)).

2. If (z,y) ~ X, then conditioned on E(x), we have that (x,y — f(x,y) - ) is n-close in total variation
distance to (z,y') conditioned on E(x), where (x,y') is the mixture of linear regressions that has
y' =z (8; — g(i)) + v with probability w;, for each i € [k].

Furthermore, E(x) depends only on the inner products of x with the elements of C.

The basic idea of the proof is that if (x, y) comes from a component with 5 =~ ¢ € C, then y ought to be
(with high probability) close to ¢ - z. This should give us a unique possible c that y came from, unless either
there is another ¢’ € C close to ¢, or if x is unusually close to being to orthogonal to ¢ — ¢/. In the former
case, we declare that such ¢ and ¢ are in the same cluster and don’t distinguish between points close to one
and points close to the other. For the latter case, we note that = - (¢ — ¢) is small for ¢, ¢ € C with ||c — ¢/||2
large only with small probability, and we define our event E to exclude such values of z.

Proof. Call two elements a,b € C close if ||a — b||2 < 10k?(r + o) log(1/n). Declare that two elements
of C are in the same cluster if we can reach one from the other by a chain of close pairs. Since this chain
can have length at most &, we know that each cluster has diameter at most O(k>(r + o) log(1/n)). To each
cluster we designate one of the elements of C in that cluster to be the representative of that cluster.

We now let F(z) be the set of  values such that for all pairs a,b € C, either a and b are close or
|z - (@ — b)| > 2(r + o) log(1/n). We note that for any not-close pair, the probability of this happening is
at most 1/(2k?), and therefore, the probability of E(x) is at most 1/2.

The function f(x,y) is defined by first finding the element a € C minimizing |y — a - x|, and letting f
be the representative of the cluster of a. For each i, we will let g(7) be the representative of the cluster of the
element a € C with ||5; — al|2 as small as possible. Note that since ||3; — a/l2 < 7 and since clusters have
bounded diameter, this implies that ||3; — g(i)||2 < O(k3(r + o) log(1/n)) by the triangle inequality.

It remains to prove our second statement about the distribution of (z,y — f(z,y) - x). This will follow
from the claim that if (x, y) is drawn from the i-th component of the mixture, then conditioned on E(x) the
probability that f(z,y) # g(¢) is at most 7. To show this, we will show unconditionally that if y = ;- x+v,
then the probability that F(x) holds and f(x,y) # g(i) is at most n/2.

Let a be the closest element of C to f3;, so that in particular ||3; — alls < 7. We note that y — a - z =
(B; — a) -  + v is a Gaussian with standard deviation less than  + o, and thus except with probability 7/2
we have that |y — a - z| < (r 4 o) log(1/n). We claim that if this is the case and if E(x) holds, then f(x,y)
will be g(i). In particular, we need to show that if this holds and if F'(x) also does, then |y — a - x| will be
less than |y — b - x|, for all b € C not close to a (note that this is sufficient, as it will imply that the best b
must either be a or in the same cluster). However, for b not close to a, since E(x) holds, we have that

(y=b-2) = (y—a-z)|=[b-a) 2| >2(r+0)log(l/n) .
Thus, by the triangle inequality
ly—b-z|>2(r+0)log(l/n) — |y —a-z[> (r+o)log(l/n) 2 |y —a-z|.

This completes our proof. O
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8.5 Dimension Reduction

Here we prove the following lemma:

Lemma 57. Given an explicit event E with probability at least 1/2 and sample access to a mixture of linear
regressions conditioned on E(x) with max; ||Bi|l2 < r and w; > pmin for all i € [k], there is an algorithm
that given parameters v+ o > ¢ > 0,1/2 > 7 > 0, uses N = O(((r + o) /e)*m?p_2 log(1/7)) samples
and poly(N) time and computes a dimension at most k subspace H, such that with probability at least 1 —
every [3; is within {y-distance € of H. Furthermore, this works even if a sample is erroneous with probability

N/(10log(1/7)).

Proof. We use Corollary 53] to compute with probability at least 1 — 7 an estimate to the tensor T' =
Zle w; 5;8 2 with error at most § < €2pmin. Then, we use Proposition 27]to compute H. O

8.6 Cover

Here we use our technology to get a cover.

Lemma 58. Given an explicit event E with probability at least 1/2 and sample access to a mixture of linear
regressions conditioned on E(x) with max; ||3;||2 < r and w; > pmin for all i € [k], and an {-dimensional
subspace H, there is an algorithm that given parameters d and r + o > € > 0,1/2 > 7 > 0, uses
N = (2kLd(r + 0)/€)°Dpoly(1/pmin) log(1/7) samples and computes with probability at least 1 — & an
(s, €)-cover of the set of T (3;) with s = (Qk‘df((7‘+J)/e)/pmin)o(d2k1/d) in poly (N, s) time. Furthermore,
this works even if a sample is erroneous with probability N/(101log(1/7)).

Proof. Using Corollary 33| we can with probability 1 — 7 compute an approximation to the tensor T' =
Zle wim g (6;)®%4 with error at most (k4(r + o) /€)™ ¥ poly(pmin) with sufficiently large constants in
the exponent. Applying Proposition 26l yields our result. O

8.7 Cover Refinement

Here we show that, given a cover, we can use a small number of samples reduce it to a smaller cover.
The basic idea will be to come up with a smaller set of plausible hypotheses (those for which y ~ ¢ - x
for a reasonable fraction of samples). It is not hard to show that given a large enough sample set, with high
probability all plausible hypotheses will be close to some ;. From there one can cluster together hypotheses
that are nearby. Formally, we show:

Lemma 59. Suppose that we have a mixture of linear regressions X with parameters w;, 3; for 1 < i < k
and w; > pmin. Suppose furthermore that we are given an (s, r)-cover C of X. Then there is an algorithm
which takes N = O(log(s/T)/pmin) samples from X, runs in poly(N, s, m, k) time, and with probability
1 — 7 computes a (k,O(k(r + 0)/pmin)) cover of X.

Proof. Take N = O(log(s/T)/pmin) samples with a sufficiently large implied constant.

Call a hypothesis ¢ € C good if at least a py;, /4-fraction of our N samples satisfy |y —c-z| < 2(r+o0).
We note that if ||3; — c||o < r for some i, then with probability at least py,in/2 over samples from X, we
have that the sample is from the i-th component and |y — ¢ - | < 2(r + o). Therefore, with probability at
least 1 — 1)/2, every such hypothesis is good.

On the other hand, suppose that we have a hypothesis vector ¢ for which ||5; — ¢||2 > 10(r + &) /pmin
for all i € [k]. Then no matter which part of the mixture we are drawing from, y — ¢ - x is distributed as
a normal distribution with standard deviation at least ||3; — ¢|[2 > 10(r + ¢)/pmin. This means that the
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probability of it being less than 2(r + o) is at most pyin /5. Therefore, with probability at least 1 — 1/2, no
such hypothesis c is good.

Hence, with probability at least 1 — 1 we have that every hypothesis ¢ that is within distance 2(r 4 o)
of some f3; is good, and all good hypotheses are within 10(r + o) /pmin of some ;. We declare two good
hypotheses to be close if they are within 20(r + ) /pmin Of each other, and in the same cluster if they are
connected by some chain of close hypotheses. Note that since any two hypotheses within 10(r 4+ ) /pmin
of the same f3; are close, these chains can have length at most &, and so each cluster has diameter O (k(r +
0)/Pmin)- This also implies that there are at most k clusters.

We return as our cover one representative hypothesis from each cluster (plus a number of other random
elements to pad the size out to k). We note that every 3; by assumption is r-close to some good hypothesis,
and thus must be within distance O(k(r + 0)/pmin) of one of our representatives. This completes the
proof. O

8.8 Proof of Lemma [54

The proof now follows from the machinery that we have built up.

Proof. Let our cover be C.

We begin by applying Lemma[5@with 7 a sufficiently small polynomial in (pp, /m)(2kd) ¢ to produce
an event () with probability at least 1/2 and a method for simulating samples of (z,y’) conditioned on
E (up to i error in total variation distance), where y’ is a mixture of linear regressions with mixing weights
w; and parameters 3; — ¢;, for some ¢; € C. We then use these samples with Lemma [57]to compute (with
probability at least 1 — 7/10) a k-dimensional subspace H, such that all of the 3; — ¢; are within distance e
of H, for e a sufficiently small multiple of pyi, /k. We use more simulated samples along with Lemma [38]
to compute a ((de/pmin)o(d2kl/d), ¢)-cover of the mg (3; — ¢;), which will be a ((de/pmin)o(d2kl/d), 2¢)-
cover of the 3; — ¢;. If we call this cover C’, then the set of points a + b, for a € C,b € C’ will be a
((2kd/pmin)o(d2k1/d), 2¢)-cover of the f3;’s. Finally, we apply Lemma 9 to get a (k, O(k(e + &)/Pmin))-
cover (which is a (k,/2)-cover) with probability at least 1 — 7/10.

It is straightforward to verify that this procedure fits within our bounds for runtime, sample complexity
and probability of error, completing the proof. O

8.9 Density Estimation
Here we prove Theorem 471

Proof. We begin by applying Corollary [53]to obtain a (k, O (ko /pmin))-cover. As in the proof of Lemma[34]
we use (2k/(epmin)) @) additional samples to compute an (s, e0)-cover with s = (2kd’/(épmin))/ pmin)o((d/)%l/d/)
in poly(s) time. We then have that X is O(e)-close in total variation distance to a mixture of the lin-
ear regressions with parameters given by the terms of this cover. Using Proposition we can learn an
O(+/€log(s/€))-approximation to X.

Substituting €2/(d’ log(2kd’ /(epmin))) for € yields the result. O

8.10 Parameter Estimation

Here we prove Theorems [49] and (48]

Proof. We begin by applying Corollary 53] to obtain a (k, cA/(k® log(mk /pmin))-cover, for a sufficiently
small constant ¢ > 0. We then apply Lemmal[36] with 7 a sufficiently small polynomial in mk /pp,;,. We note
that since the /3;’s are separated by at least A, while each sample in which E(x) holds (ignoring probability 7
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events) has ||8; — f(x,y)|l2 < A/3. This implies that any two samples (again ignoring probability 7 events)
will have f(z,y)-values within 2A /3 of each other if and only if they come from the same component of
the mixture.

Taking m?poly (k/pmin) samples (and noting that this probability 7 of error likely never happens), and
this ability to sort the samples for which F(x) holds by component, we can use Corollary [52] to estimate
each 3; to {y-error A /k. From this warm start, we can use the algorithm of to improve this to error
€.

Alternatively, if 0 = 0, m samples from each component correctly identified can be used along with
linear algebra to solve exactly for the 3;’s. U

8.11 Sample Complexity Lower Bound for Mixtures of Linear Regressions

In this subsection, we show that if the pairwise separation A is sufficiently small, the problem of parameter
estimation for MLRs with noise requires a sub-exponential in k£ number of samples.

We consider the m = 1 case of a linear regression. Let a v-sparse o?-variance Gaussian be a pseudo-
distribution supported on points x = # (mod v) for some constant € assigning probability mass to = equal

to g(xz/o)v where g(x) = \/%e_mz/ 2 is the Gaussian density. Note that this will not in general be a

2
normalized probability distribution.

Lemma 60. Let X be a v-sparse variance-o3 Gaussian and Y = N (0, 03) for v < min(o, 02). Then the
convolution X Y is exp(—Q(min(oy, 02)/v)?))-close to N(0,0% + 03) in L.

Proof. We begin by considering the Fourier transforms. We have that (m ) = XY. Now Y (¢) =
e=928%/2 Now X (z) = III,,(z)g(x) where II,, () = 2 _y=0 (mod ») ¥6(z — y). This tells us that

X = Hf[y*g = Z 6(6 — y)e27ri6y * <€_O—%£2/2> = Z 6_0%y2/2e2ﬂ-i(£_y)0' (14)
y=0 (mod 1/v) y=¢ (mod 1/v)

Now assuming that v < o1, we have that the sum on the right of Equation (I4) has at most one term
more than exp(—Q(o1/v)?), and that all remaining terms together contribute at most exp(—£ (o1 /v)?).
Therefore we have that

X(€) = exp(—ai[€]*/2) exp(2mi(€ — [€])0) = exp(—2(01/v)?),

where [£] is the nearest multiple of 1/ to . Plugging in £ = 0, we find that the total mass of X is
1 + exp(—Q(o1/v)?). Returning to our original X * Y we have that

(X #Y) = exp(~036>/2) exp(~07 [€]*/2) exp(2mil€ — [€])0) + exp(~ a1 /1))
Now [¢] = & unless |¢] > 1/(2v). In that case, exp(—03¢2/2) = exp(—$(o2/v)?). Therefore, we have
that for all &,

— exp(~ a1 /v)?) i€l < 1/(20)
(X =Y) = exp(—(a% + 05)62/2) = {eXp(—Q(O'zf)z) else

Note that the first term is just the Fourier transform of N (0, 0% +03). The latter term can be seen to have total
integral at most (1/v) exp(—(min(oq, 02)/v)?). This means that X «Y is (1/v) exp(—Q(min (o1, 02)/v)?)-
close to N (0,07 + 03) in L™,
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However, since X is nearly normalized by the above, the normalized version of X * Y (namely X
Y/|X % Y|y) is also (1/v)exp(—Q(min(oq,02)/v)?)-close to N(0,0%? + 03) in L>. However, the L'
distance between two distributions is equally divided between the amount that one is bigger than the second
and the amount that the second is bigger than the first. Therefore, if f(2) = —2— exp(—2?/(203)) is the

2

\/2mo

probability density function of N (0, 03 + 03), we have that the L! distance between it and X * Y/| X x Y|y
is at most

[ min( (@), (1) exp(-minor, 72) ) o
This is easily seen to be exp(—Q(min(oy,02)/v)?)), completing our theorem. O

Next consider the pseudodistribution where X ~ N(0,1) and y = osz + N(0,0) where for some v
and 0, s is taken to be nv + 6 (for integer n) with probability \/L2—7re_(”” +0)/2 (namely s is distributed as a
v-sparse variance-1 Gaussian). We note that for given x, o - s - x is distributed as a voz-sparse variance-
(0x)? Gaussian. Therefore, by our Lemma, if |z| < 1/v, then the distribution of y conditioned on that
value of x is exp(—(min(1/v,1/(vx)))?)-close in L' to N(0, 0322 + 03). Therefore, integrating over z,
the distribution (z, ) is close to the distribution where (y|z) ~ N (0,022 + 0?) with total L' error at most
exp(—(1/v)).

Now, you can think of this pseudodistribution as a mixture of linear regressions, except that the number
of mixing terms in infinite and that it is not normalized. However, it assigns s to be a value bigger than
1/4/v with probability only exp(—€2(1/v)). Therefore, removing these out and renormalizing, we get an
honest mixture of O(»~3/2) linear regressions that is exp(—Q(1/v))-close to (y|z) ~ N (0,022 + ¢2) in
total variational distance.

However, if we do this with & = 0 vs. § = v//2, no two parameters in the supports of these mixtures
are closer than v/2 of each other. Letting v = k~2/3, this shows that it is impossible to learn the individual
parameters of a mixture of k linear regressions to error better than o /k/% with only exp(o(k?/3)) samples.

9 Mixtures of Hyperplanes
9.1 Setup

Definition 61 (Mixtures of Hyperplanes). An m-dimensional k-mixture of hyperplanes is a distribution
X on R™ with density function F'(x) = Z?:l w;N(0,%;), where for j € [k], we have that w; > 0,

Z?:l wj=1,and¥; =1 — vjfuyT with v; € R™ and ||vj]|2 = 1.

We study parameter estimation under A pairwise separation for the v;’s. Specifically, we will assume
that we know some A > 0 such that for all ¢ # j and 0;,0; € {£1}, we have that ||o;v; — o;vj]l2 > A.
Note that the v;’s are only identifiably up to sign, which motivates this definition.

For simplicity of the exposition, we will assume uniform weights in this section, i.e., that all the w;’s
are 1/k. The goal of parameter learning in this context is to output a list of unit vectors {7, }5?:1 such that
there is a permutation € Sy, and a list of signs o; € {41} for which v; = 0;0,; for all j € [k].

Our main result in this section is the following theorem:

Theorem 62 (Parameter Estimation for k-mixtures of Hyperplanes). There is an algorithm that on input
d € Zy, with d = O(log(k)), and sample access to a uniform k-mixture of hyperplanes on R™ with
pairwise separation A > 0, the algorithm outputs the target parameter vectors using N = O(k/ A)O(d) +
O(m?)poly (k log(m)/A) samples and poly(N) + m? log(log(m)/A)(k‘d)o(d%l/d) time.

9.2 Moment Computation
®2d

The following lemma shows that we can efficiently approximate the tensor Zle w;v; ° to small error:
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Lemma 63. Suppose that we have sample access to X = Zle w;N (0,1 — v,-’uiT). There is an algorithm
that, given § > 0, and d € Z,, draws (md)o(d) /6% samples from X, runs in sample-polynomial time, and
outputs an approximation T of the tensor Zle wivfwd with expected squared error O(52).

Proof. For this section, it suffices to assume that each v;, i € [k] is a vector with ||v;]]2 < 1 and not
necessarily equal to 1. We note that the 2d*” moment tensor of N (0, ) is given by

EXNN(O,E) [X®2d] == (2d — 1)”Sym(2®d),
where Sym(7')q, ... a,, 18 the symmetrization ﬁ ZﬂESzd T,

A7 (1),Ar(2) 53 x(2d)

From here, it is easy to see that if X ~ N(0,I — vvT) that

e Zd: <f> Sym (7 - 00) 0 15070) = Zd: <f> (2t _1_1)!!Sym (BIX®) @ 120 .

t=0 t=0

Thus, by linearity,

k d g
> =3 () gy (B1xe] o so00)

t=0

Using the same arguments as in previous subsections to bound the variance of the relevant term, this quantity
can be efficiently computed to /5-error § empirically using (dm)o(d) /6% samples.
O

9.3 Dimension Reduction

By Proposition 27] if we compute this for d = 1 and § a sufficiently small multiple of 1?/k (which can be
done in O(m?2k?n~—*) samples), we can compute a subspace U so that all v;’s are within 77/2 of U. Taking
the projection of X onto U, we are left with

k
Z wiN(O, I - WU(vi)ﬂU(vi)T).

i=1

94 Cover

Next, we can take (2dk/n)°(9) samples and compute an approximation to >_ 7y (v;)®2¢ with error at most

(n/(2dk))€?. We could then use Proposition 26l to produce a set of size (2dk/ n)o(d%l/d) so that each v; is
guaranteed to be within 7 of some hypothesis. However, this will prove to be more expensive than necessary.

kol/d)

Instead for some e > 7, we can in compute a cover of size S = (2dk/¢)°! in poly(S) time.

9.5 Clustering

Given what we have so far, we could just take 7 substantially smaller than A, and get a cover at enough
granularity to distinguish our components. However, this will require AR time, which we would like
to avoid. Instead, we will have an iterative process by which we locate which hypotheses are actually close
to our parameters and use this to iteratively refine our clusters. In particular, by seeing which hypotheses
are nearly orthogonal to many samples, we can figure out which ones are plausible. By naively clustering
the plausible hypotheses, we can find a size k cover of substantially larger radius. We can then use our
existing approximation to the higher moments to get more precise covers only near these few hypotheses.
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By iterating this technique, we can eventually find a small cover of radius less than A /log(m). This can be
used to reliably classify which component various samples actually came from, and if we find m samples
from the same component, linear algebra can be used to exactly compute the corresponding v up to sign.

Suppose that we have a set C of S samples with the guarantee that each v; is within distance € of some
element of C. We can take N = Cklog(S) samples, for C a sufficiently large constant. We then call a
hypothesis ¢ € C good if, for at least a 1/(2k)-fraction of these samples, we have that |c - 22| < 104/€. Note
that if c is within distance € of some v;, then it will be good with high probability, because the samples from
that part of the mixture will mostly satisfy the necessary condition. Furthermore, if ¢ is not within O(k+/€)
of any v;, then with high probability this will hold for at most a 1/(10k) fraction of the samples from each
component, and hence ¢ will not be good. Thus, with high probability, all ¢ within € of some v; are good,
while all good ¢; are within O(ke) of some v;.

We call two hypotheses close if they are within O(ke) of each other, and split the good hypotheses into
clusters given by the connected components of the closeness operation. Note that if the high probability
events mentioned above hold, each cluster will have diameter O(k?¢), because each good hypothesis must
be within O(ke) of some v;, and thus the longest chain of close hypothesis we will need to deal with will
have length O(k).

Next, for each cluster centered at some vector u, since we know an (1)/(2dk))“? approximation to the
tensor > Wiy, L (v;)®2?, by Proposition as long as € > 7, we can compute a set C of size at most
S = (((ke)/(e/2))2kd)o(d2kl/d) = (2kd)o(d2k1/d), such that every v; with |74, (vi)] = O(ke) has a
hypothesis in ¢ € C within €/4 of 7,1 (v;). Recalling that v; has unit length and is within 7/2 of U, if
this were the case, then v will be within distance €/2 of ¢ + uy/1 — ||c|5.

Thus, in time poly(.S), we can compute a set of at most S hypotheses, such that every v; within O(ke)
of w is within distance €/2 of some hypothesis in our set. By applying this to every cluster, we can compute
a set of size (2/<;d)0(d2k1/d), such that every v; is within distance ¢/2 of some element of our set.

Note that what we did here was that given a set of size S, where each v; was within distance € of some
element, we produced another such set, but where each v; was within distance €/2. Repeating this procedure
O(log(1/n)) times, we get a set of size .S, where each v; is within distance 7 of some element of our set.

Next suppose that min, «; [|[v; —vjll2 > A > Ck*log(km)n, for C sufficiently large. Note that with our
final set of hypotheses, if we compute clusters as described above, the good hypotheses in a given cluster
will be close to one and only one of the v;’s.

Take an additional C'mk samples. For each of these samples, associate it with a cluster if |c - x| <
\/klog(km)e, for c the representative of that cluster but not for the representative of any other cluster. Note
that, with high probability, all samples = coming from the i-th component satisfy |c - 2| < \/klog(km)e,
when c is the representative of their cluster. But this holds with probability at most 1/(2k) when c is the
representative of any other cluster. Thus, with high probability, the set of samples associated with a given
cluster consists of at least m samples coming only from that component of the mixture. Almost certainly
such samples span vil. Thus, from these samples we can recover the components N (0, ] — fu,-viT ) with high
probability.

Thus, if we assume that min ||v; — vj||2 > A for some known A > 0, we can learn the v;’s with N =
O(kdlog(m)/A)°@D +0(m?)poly (klog(m)/A) samples and poly (N )-+m? log(log(m)/A)(k:d)o(dzkl/d)
time.

Given the assumption that d = O(log(k)), this expression can be simplified. In particular, N can be
rewritten as N = (k/A)°@ + (log(m))°@ + O(m?)poly(klog(m)/A). We note that if k& >> log(m),
the (log(m))°@ term is dominated by the (k/A)P(?D term and can be removed. However, if log(m) >> k,
we have that d < loglog(m) and the (log(m))?(?) term is dominated by the O(m?) term and can again be
removed. Thus, we can bound N by (k/A)°@ 4 O(m?)poly(klog(m)/A).
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APPENDIX
A Omitted Proofs and Facts
A.1 Proof of Fact

We note that Fact @l is standard and we include a proof for the sake of completeness. If A C B C C are
finite dimensional vector spaces, by the definition of the codimension we have that

codim¢c(A) = codimp(A) + codime(B) . (15)
By the subadditivity property of codimension under intersectionwe have that
codimy (V NU) < codimyy (V') + codimyy (U) . (16)
An application of (I3) for A=U NV, B ="U,and C = W gives that
codimy (VN U) = codimy (V NU) — codimy (U) .

Therefore,
codimy (V NU) < codimpy (V) ,

as desired.

A.2 Proof of Lemma 1]

Note that a degree-d homogeneous polynomial p on R™ can be expressed as p(z) = (A, 2%9), where A is a
real symmetric tensor of dimension n and order d. An application of the Cauchy-Schwarz inequality gives
that [p(x)| < || A2 [|2%?||2 for any 2 € R™. By definition, we have that ||p||s, = || A2 and ||z®9|]2 = ||z||4,
giving statement (i).

To prove (ii), we similarly note that [p(z) —p(y)| = [(A, 2% — y®%)| < ||Al|g [[#®? —y®?|2, where the
inequality is Cauchy-Schwarz. Recalling that ||p||s, = ||A||2, it suffices to bound from above [|z®¢ —4=7||.
Note that

d—1 d—1
2®d _ y®d Z <y®i @ p®d=0) _ y®(i+l) 2 w®(d—i—l)) _ (y®i ® (z—y) @ w®(d—i—l)) '
i=0 i=0
For all x # y € R", we can thus write:
||l’®d—y®d”2 < H(y®z®(:L,_y)®l,®(d—z—1))”
i=0 2
d—1
. din
= lyll2 12 = yll2 23~
i=0
< dx — ylla max{|z[l2, [ly[2}"" -

This gives (ii) and completes the proof of Lemma 11l
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A.3 Proof of Claim[23

Fori € {1,2} wehave that g;(z) = >_.j0)=1 ?jga) x®and p;(y) = D4 5/=a 1ﬁ£ )yﬁ,forsomeij\f ),ﬁgﬁ)

R. By linearity of the inner product and orthogonality of monomials (Fact[IQ), it suffices to prove the claim
for the case that the ¢;’s and p;’s are monomials. Specifically, it suffices to show that (z® y®, z® ¢%) =
(1/d) (z®,2%) (y®,4%). By viewing a, 8 as m-dimensional multi-indices with zero coordinates on the
variables corresponding to y and x respectively, we have that

B> (a4 B)! _a!ﬁ!_ﬁ_!_i!
a4+ dl T d T d!

where the first equality uses (the second branch of) Fact [I0] the second equality uses that o and (3 have
disjoint supports, the third and fourth use that |«| = 1 and || = d — 1 respectively, and the last one follows
from Fact[I0l Furthermore, it is clear that if o # o/ or 8 # 3’ then

(@y? 2 y") = 0= (@, 2y’ ") .

This completes the proof of Claim 23]

5 = (1/d) (z*,2*) (v, ") ,

(z%y”, 2%y

A.4 Additional Probabilistic Tools

Here we record a few additional useful facts from analysis and probability.

KL Divergence and Pinsker’s Inequality. The KL divergence between P and @), denoted dk1,(P||@), is
defined as dkr,(P]|Q) = me log dg dP. The following inequality relates this to the total variation distance.
Fact 64 (Pinsker’s inequality). Let P,(Q be two probability distributions over R™. Then dpy(P,Q) <

3k, (PQ).

VC Inequality. We will require the VC inequality, a standard result from empirical process theory. To
state this theorem, we will need the classical definition of VC dimension:

Definition 65 (VC dimension). A collection of sets A is said to shatter a set S if for all S’ C S, there is
an A € A such that ANS = 5’. The VC dimension of .4, denoted VC(.A), is the largest d such that there
exists a S with |S| = d that A shatters S.

For any collection .4 of measurable subsets in R", we define the .A-norm, denoted || - || 4, on measurable
real-valued functions on R™, to be || f|| 4 = supc.4 | f(4)].
We are now ready to state the classical version of the VC theorem:

Theorem 66 (c.f. Devroye & Lugosi Theorems 4.3 and 3.2). Let f : R™ — R be a probability measure,
and let f, denote the empirical distribution after n independent draws from f. Then

VC(A)

E [/~ falla] <

By standard uniform deviation arguments (e.g., McDiarmid’s inequality), Theorem [66] has the following
simple corollary:

Corollary 67. Let f, fn, A be as in Theorem|66l Then, for all 5 > 0, we have

17 = Fulla > WC(AWO%”‘;] =3

Pr

n
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Basics of Hermite Analysis and Concentration We review the basics of Hermite analysis over R™ under
the standard n-dimensional Gaussian distribution N (0, I). Consider Lo (R™, N (0, 1)), the vector space of
all functions f : R" — R such that E, (o, 1) [f(x)?] < oo. This is an inner product space under the inner
product

(f:9) = Evonio,nlf(x)g(@)] .

This inner product space has a complete orthogonal basis given by the Hermite polynomials. For univari-
ate degree-¢ Hermite polynomials, 7 € N, we will use the probabilist’s Hermite polynomials, denoted by
He;(z), z € R, which are scaled to be monic, i.e., the lead term of He;(x) is z'. For a € N, the n-
variate Hermite polynomial He, (), z = (x1,...,2,) € R™, is of the form []}" | Heg, (2;), and has degree
lalls = >_ a;. These polynomials form a basis for the vector space of all polynomials which is orthogonal
under this inner product. We will use various well-known properties of these polynomials in our proofs.
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