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RAPID MIXING OF GLAUBER DYNAMICS VIA SPECTRAL INDEPENDENCE FOR ALL DEGREES

XIAOYU CHEN!, WEIMING FENG! 2, YITONG YIN!, AND XINYUAN ZHANG!

ABSTRACT. We prove an optimal Q (n™!) lower bound on spectral gap of the Glauber dynamics for anti-
ferromagnetic two-spin systems with n vertices in the tree uniqueness regime. This spectral gap holds for
any, including unbounded, maximum degree A. Consequently, we have the following mixing time bounds for
the models satisfying the uniqueness condition with a slack § € (0, 1):

e C(8)n®logn mixing time for the hardcore model with fugacity A < (1 — 8)Ac(A) = (1 - &)

e C(8)n® mixing time for the Ising model with edge activity f € [AA_E?, AA_;;S 5];

(A-p~1.
(A-2)2 >

where the maximum degree A may depend on the number of vertices n, and C(§) depends only on §.

Our proofis built upon the recently developed connections between the Glauber dynamics for spin systems
and the high-dimensional expander walks. In particular, we prove a stronger notion of spectral independence,
called the complete spectral independence, and use a novel Markov chain called the field dynamics to connect
this stronger spectral independence to the rapid mixing of Glauber dynamics for all degrees.
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1. INTRODUCTION

Spin systems are basic graphical models for high-dimensional joint distributions expressed by pairwise
interactions, and have been extensively studied in theoretical computer science, probability theory, and
statistical physics. A two-spin system is specified on an undirected graph G = (V, E) by three real pa-
rameters fB,y,A > 0. Without loss of generality, one can assume that 0 < f < y,y > 0and 1 > 0.
Each configuration o € {-1,+1}" assigns every vertex v € V one of the two spin states from {-1,+1}. A
probability distribution y over all configurations o € {1, +1}", called Gibbs distribution, is defined as:

(o) = lﬁm+l(5) mel(g)/lnﬂ(o')
Z bl

where m; (o) £ |{(u,0) € E | 0, = 0, = i}| denotes the number of i-monochromatic edges for i € {—1, +1}
and ny (o) £ |{v € V | 0, = +1}| denotes the number of +1-spin vertices, and the normalizing factor

7 = Z ﬂm+1(5) },m—l(ff)/lnﬂ(a)
oe{-1,+1}V
gives the partition function. The two-spin system is called ferromagnetic if fy > 1 and is called anti-
ferromagnetic if fy < 1. In particular, two extensively studied classes of two-spin systems are:

e The hardcore model with fugacity A, which corresponds to two-spin systems with f = 0and y = 1.
Every configuration o with (o) > 0 corresponds to an independent set I, in G, and p (o) oc Aol

e The Ising model with edge activity f and external field A, which corresponds to two-spin systems
with § = y. The Gibbs distribution becomes yi(c) o« ™) 1™1(9) where m(o) = m_1(0) + my;(0)
gives the number of monochromatic edges.

A phenomenon that has drawn considerable attention of two-spin systems is the computational phase
transition for sampling. In a seminal work [Wei06], by exploiting a phase transition property based on
decay of correlation, known as the spatial mixing, Weitz showed that sampling from the Gibbs distribution
u of the hardcore model with fugacity 1 < A.(A) on any n-vertex graph of bounded maximum degree A

is tractable in time n®(°¢2) Here the critical threshold A.(A) £ ((AA__%A:
uniqueness/non-uniqueness phase transition for the hardcore model on the infinite A-regular tree [Kel85],
beyond which, i.e. when 1 > A.(A), the infinite-volume Gibbs measure on the A-regular tree is not uniquely
defined, and approximately sampling from the hardcore model on graphs with bounded maximum degree
A becomes computationally intractable [Sly10, SS12, GSV16].

This sharp computational phase transition was extended to all anti-ferromagnetic two-spin systems of
maximum degree A specified by (S, y, A) that is up-to-A unique [LLY12, LLY13, SST14], which corresponds
to the uniqueness condition for infinite regular trees up to degree A. And if (f,y, 1) lies outside this
regime, the sampling problem becomes computationally intractable [SS12, GSV15]. Similar bounds were
also achieved by another family of critical algorithms based on the polynomial interpolation approach for
approximating non-vanishing polynomials [PR19, LSS19, SS20]. A glaring issue with both these families
of critical algorithms is the high time cost, usually in a form of n®(°¢%) which is due to enumerating
O(log n)-sized local structures. Such time complexity grows super-polynomially in the size n of the model
when the maximum degree A is unbounded.

A major open question is whether sampling from spin systems is always tractable for the class of in-
stances within the uniqueness regime, which does not by any means restrict to the graphical models with
universally bounded max-degrees. We wonder whether such fixed-parameter tractable algorithms exist:

is a famous threshold for the

Question 1. Let § € (0, 1) be an arbitrary gap. Can we approximately sample from the hardcore model on
any n-vertex graph G of maximum degree Ag with fugacity A < (1 — §)A.(Ag) in time f () - poly(n)?

For anti-ferromagnetic two-spin systems, the condition A < (1 — §)A.(A) is generalized by the regime
of (B,y, A) that is up-to-A unique with gap 5, which corresponds to the interior (determined by the gap )
of the regime for the uniqueness condition on infinite regular trees up to degree A.
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There is a canonical Markov chain based algorithm for sampling from Gibbs distributions known as
the Glauber dynamics (a.k.a heat bath, Gibbs sampling). The Glauber dynamics for a joint distribution p of
variables from V is a Markov chain (X;),-, on space Q(u), where Q(u) denotes the the support of y. At
the t-th step, the rule for updating X; is:

e pick a v € V uniformly at random;
e update X;(v) according to u projected onto v given the boundary condition X;(V \ {v}).

The chain is stationary and reversible at  [LPW17]. The rate of convergence is given by the mixing time:

V0 <e<1l, Thix(e) = max min{t |dry (X, p) <€},
XoeQ(p)

where dry (X, 1) denotes the total variation distance between the distribution of X; and p.

Let P denote the transition matrix of the Glauber dynamics, which is positive semidefinite [DGU14].
Then P has non-negative real eigenvalues 1 = A; > Ay > -+ > Ajq(y)| = 0. The spectral gap is defined by
Agap(P) = 1 = A5. Given the spectral gap, the mixing time is bounded as:

(1) Tmix(g) <

! 1 ! h £ mi
T (P) 8 (e - ymm)  Where fmin £ it #(0):

It was widely speculated that for a wide range of spin systems, the computational phase transition for
sampling is captured by the rapid mixing of Glauber dynamics

Using coupling based techniques, one can obtain O(nlogn) mixing time bounds. However, previous
critical results using coupling methods held either by assuming girth lower bounds [HV06, EHS*19] or by
assuming ferromagnetism and bounded maximum degree [MS13].

In a series of breakthrough works [ALOV19, AL20, CGM21], the Glauber dynamics was interpreted
as a higher order random walk on simplicial complexes, and techniques for high-dimensional expander
walks were applied to analyze its mixing. In particular, Alev and Lau [AL20] gave a sharp “local-to-global”
argument for lifting the spectral expansions from a local down-up walk to the high-dimensional expander
walk. In a seminal work [ALO20], Anari, Liu and Oveis Gharan formulated a key concept, called the
spectral independence, which is measured by the spectral radius of the influence matrix, in which each
entry (u,v) € V? gives the influence of u’s spin on the marginal probability at v in the Gibbs distribution.
For product distributions, this value is 0. Intuitively, it measures how variables are independent of each
other in a joint distribution. The concept intrinsically connects the spatial mixing properties with the local
spectral expansions of high-dimensional walks. Then by utilizing the “local-to-global” result of [AL20],
Anari, Liu and Oveis Gharan [ALO20] proved an n®?(©(1/%) mixing time bound for the hardcore model
with fugacity A < (1 — §)A.(A). In [CLV20], Chen, Liu and Vigoda proved tight bounds on spectral
independence from spatial mixing properties, and consequently gave an improved n®(1/9) mixing time
bound for all anti-ferromagnetic two-spin systems that are up-to-A unique with gap J, that is, when the
uniqueness condition is satisfied with a slack 6.

This series of breakthroughs culminated in a C(§, A)nlog n mixing time bound for all anti-ferromagnetic
two-spin systems satisfying the up-to-A uniqueness with gap § by Chen, Liu and Vigoda [CLV21], which
was obtained by an ingenious “local-to-global” argument for the relative entropy decay (modified log-
Sobolev constant) in a multi-level down-up walk that corresponds to heat-bath block dynamics. It gave
an optimal O(nlogn) mixing time when the max-degree A = O(1), although in general the bound may
grow like AOWB*[d)p log n. As observed in a very recent work [JPV21], a variance-decay variant of [CLV21]
could in fact imply a O(A° /%) n2) mixing time. All in all, the previous best bound on the mixing time for
classes of near-critical instances without degree or girth restriction is n®(/9).

Now look back to the problems like Question 1. The major unresolved instances are the ones that have
very large degree (e.g. A = n*(V) and contain many small cycles. Indeed for such instances, it is unknown
whether local Markov chains as Glauber dynamics should mix rapidly, or whether there are hard instances
that prevent efficient sampling while only the sub-criticality of the system is fixed.
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1.1. Results for two-spin systems. We show that large degree and small cycles do not slow down mixing.
In particular, we give an optimal lower bound for the spectral gap of the Glauber dynamics for all anti-
ferromagnetic two-spin systems within the uniqueness regime.

Theorem 1.1. Forall § € (0, 1), there exists a finite C(5) > 0 such that for every anti-ferromagnetic two-spin
system on an n-vertex graph G = (V,E) with maximum degree A = Ag > 3 specified by (B,y,A) that is
up-to-A unique with gap 5, the spectral gap of the Glauber dynamics is

S 1
8P = C(6)n’

Remark 1.2. The constant C(J) in the theorem depends only on the gap §, and is independent of the
maximum degree A and the parameters (f,y, 1). This gives an optimal spectral gap Q(n™!) for all anti-
ferromagnetic two-spin systems satisfying the uniqueness condition with a constant gap, regardless of the
maximum degree A. More precisely, C(9) is bounded as C(9) = (%)0(1/5), and for the hardcore or Ising
models, C(J) can be further improved to C(6) = exp(O((—ls)).

A

Due to the well known relation between the spectral gap and the mixing time in (1), Theorem 1.1 implies
the mixing time bound for the same class of spin systems:

1 1
(2) Tmix(€) < C(d)n (nlog ()H-I) +nAlog o + log ;),

where C(9) = (%)0(1/5) is the same factor as in Theorem 1.1, ¢ = (% +2) when f>0and a = (y + % +2)
when S = 0. Therefore, the mixing time of the Glauber dynamics for anti-ferromagnetic 2-spin systems
within the uniqueness regime is always bounded by n**°(!)| even when the maximum degree A or the
parameters (S, y, ) may depend on n, as long as the positive f,y, A € exp (no(l)) N exp (—no(l)).

For the hardcore model and the Ising model, we have even better bounds.

Theorem 1.3. For all § € (0, 1), there exists a C(§) = exp(O(%)) such that for every hardcore model on an
n-vertex graph G = (V,E) with maximum degree A = Ag > 3 and with fugacity A < (1 — §)Ac(A), the
spectral gap and the mixing time of the Glauber dynamics are respectively bounded as

1
A and Thix(e) < C(6)n (nlogA + log —) )
€

1

= = 2o

As far as we know, this is the first fixed-parameter-tractable (FPT) result for the hardcore model within
the uniqueness regime, where the gap J to the critical threshold is the only fixed parameter. Previously,
for the same hardcore uniqueness regime, [CLV20] gave an n°(1/9) and [CLV21] gave a AOBY/ dnlogn
upper bounds on the mixing time. Here we give a O(n?) mixing time bound, which is always bounded
by a polynomial of absolute constant degree, no matter how large the graph maximum degree A is. And
unlike the mixing results in [HV06, EHS*19, JPV21], our result needs not to assume a girth lower bound.

Theorem 1.4. For all 5 € (0,1), there exists a C(5) = exp(O(%)) such that for every Ising model on an
n-vertex graph G = (V, E) with maximum degree A = Ag > 3 and with edge activity f € [AA_E;‘S, AA—;E(S] and
external field A > 0, the spectral gap and the mixing time of the Glauber dynamics are respectively bounded

as

1 1
Agap > m and Thnix(e) < C(6)n (I’l + log ;) .
Compared to [CLV21], which gave A°(/®plog n mixing time bound for the same Ising uniqueness
regime, and [MS13], which gave exp(A°/®))nlog n mixing time bound for the ferromagnetic half of this
regime, our mixing time is bounded by O(n?) for all, including the unbounded, maximum degrees A, while

previously the best known mixing time upper bound when A is unbounded was n®/%) [CLV20, CLV21].
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1.2. Results for spectrally independent joint distributions. Let V be a set of Boolean random variables,
and p1 a distribution over {—1, +1}". We use Q(y) to denote the support of 1. A configurationz € {~1,+1}V
is feasible if € Q(p). For any subset A C V, let ys denote the marginal distribution on A projected from
pi. A partial configuration 7 € {~1,+1}", where A C V, is feasible if 7 € Q(up). For o5 € Q(uy), we use
4% to denote the distribution over {~1,+1}" induced by y conditioned on the configuration on A being
fixed as 0. Formally:

vre {-1,+1}Y, po(r) = Pry., [X=1|Xpy=04].

A

For S C V, we use yi3" to denote the marginal distribution on S projected from y°*, and write yp* = ;1‘{72}.

Definition 1.5 (spectral independence). Let y be a distribution over {—1,+1}". For any A C V, any o, €
Q(up), the influence matrix ‘I’ﬁ“ € R;%\A)X(V\A) is defined as: ‘P;,TA(u, u) =0forallu € V\ A; and for all
distinct u,0 € V \ A,

‘IJ;!TA(u’ v) = maxJA drv (IUZA’W_C’ ponee ) ,
c.c’€Q(p)

where pg™" "¢ denotes the marginal distribution pg*

¢, and drv (-, -) denotes the total variation distance.
Let n > 0. The distribution p is said to be n-spectrally independent if for any A C V, any op € Q(ua),
the spectral radius of the influence matrix ¥;* has

3) p (‘I’ﬁ“) <.

Remark 1.6. The above definition is an alternative to the original definition of the spectral independence
due to Anari, Liu and Oveis Gharan [ALO20], who defined the notion using the signed influence matrix
I (u,0) £ P (+1) — pd* 71 (+1). Here for some technical reasons (explained in Section 2.2), we
adopt the notion of spectral independence proposed in [FGYZ21] defined using the absolute influence
matrix. The two definitions are morally equivalent, and in spin systems they can both be implied by the

spatial mixing property [ALO20, CLV20, CGSV21, FGYZ21].

further conditioned on the value of v being fixed as

In a seminal work [ALO20], Anari, Liu and Oveis Gharan introduced the notion of spectral independence
and proved a n® " mixing time bound for 5-spectrally independent joint distributions of Boolean variables.
For Gibbs distributions specified by spin systems, in a recent major breakthrough [CLV21] Chen, Liu and
Vigoda proved a C(J, A)nlogn upper bound for the mixing time of Glauber dynamics after establishing
a tight O(1/6)-spectral independence [CLV20]. This mixing time bound is remarkably optimal when the
max-degree A is bounded by a constant, however in general the C(6, A) factor can grow as fast as NOX/8),

In this paper, we give a novel connection between the spectral independence and rapid mixing of the
Glauber dynamics, which can give us optimal spectral gap bounds without restricting the maximum degree
of the graphical model. To formally state our result, we introduce the following notions.

Definition 1.7 (magnetizing a joint distribution with local fields). Let y be a distribution over {—1,+1}".
Let ¢ = (¢y)pev, where each ¢, > 0 specifies a local field at v. Denote by ;1(4’) the distribution obtained
from imposing the local fields ¢ onto y. Formally, 7 = u(#) is a distribution over {~1,+1}" such that:

Voe{-1+1}", x(@) o) [| o
veV:oy=+1
In particular, if ¢ is a constant vector with ¢, = 6 for all v € V for some scalar 6 > 0, we write (9 = (¢
After magnetizing with local fields ¢, each variable v € V is locally biased towards +1 if ¢, > 1 or
towards —1 if ¢, < 1. Without loss of generality, we consider only the case with ¢, < 1, which can cover

the ¢, > 1 case by flipping the roles of —1 and +1 for variable v.
4



Definition 1.8 (complete spectral independence). Let n > 0. A distribution p over {—1,+1}" is said to be
completely n-spectrally independent if u'®) is p-spectrally independent for all ¢ € (0,1]".

The notion captures a desirable situation: when establishing the spectral independence, one usually
proves stronger results, so that the spectral independence remains to hold for all smaller local fields. For
instance, in the hardcore model, decreasing A would only make the model more spectrally independent.
For general anti-ferromagnetic 2-spin systems, this becomes more complicated, nevertheless, due to The-
orem 2.10, the same holds after properly flipping the roles of -1 and +1 for variables.

Let y1 be a distribution over {—1,+1}". We use AS (1) to denote the spectral gap of the Glauber dynamics

gap
for p. We further consider the spectral gap up to worst-case pinning, which is defined as:
(@) ASD () = min 28D (),

AQV,UAGQ([JA)

GD /. o . . .. C . . o A7
where Ag,0 (") gives the spectral gap of Glauber dynamics for the joint distribution x** over {-1, +1}

conditioned on oy, with convention that Aga[; (p°%) = 11if p° has trivial support with |Q ()| = 1.

Theorem 1.9 (main technical theorem). Let u be a distribution over {—1,+1}V, and n > 0. If it is completely
n-spectrally independent, then for all 0 € (0, 1),

0 2n+7
GD GD 0
Agap('u) 2 (5) 'Amin—gap (’u( ))'

The above theorem can be thought as a boosting theorem. After magnetizing with external field 0, the
original near-critical 4 is transformed to a much easier ;(¥) whose spectral gap is either known or easy
to bound using standard approaches. Then Theorem 1.9 effectively boosts the mixing result for the easier
distribution u® up to the near-critical regime, with a §°" overhead which is determined by both the
degree of spectral independence and the distance between the critical threshold and the easier regime.

Example 1.10 (hardcore model). A generalization of the analyses in [CLV20] shows that the Gibbs distribution
p of the hardcore model with fugacity A < (1 —8)Ac(A) is completely O(3)-spectrally independent (formally
stated in Theorem 2.10). We then choose 0 = %, so that 19 corresponds to the hardcore model with a smaller
fugacity

A (A-1)A 1
= <

25  25(A—2)0 T 2A
where the last inequality holds for all A > 3. In that regime, there is a coupling of the Glauber dynamics that
decays step-wise, and consequently (see [Che98] and [LPW17, ch. 13.1]), the spectral gap Agi[;_gap (1) > %
Then by Theorem 1.9, the Gibbs distribution u of the hardcore model with fugacity A < (1 — )A.(A) has

1
exp(O(3)) - n
Assuming 5= < A < Ac(A) (the A < 3% case is dealt by coupling), it holds that pmin > (55)". Thus by (1),
1

Tmix (8) S GD
Agap

oA

5

1
288 () 2 60 2% (1) =

) log (Eﬂxlnin) <exp(0(1/6))-n (nlogA + log %) .

Remark 1.11. For general anti-ferromagnetic two-spin systems, similar arguments apply, except that
naively decreasing the external field A might not work. Nevertheless, we observe that for every variable
there always exists a good direction pointing to either —1 or +1 such that biasing the local field of the vari-
able towards the good direction may only make the model easier. This is formally stated in Theorem 2.10.
Therefore, we can flip the roles of -1 and +1 for those variables whose good direction is pointing to +1,
which results in a new Gibbs distribution v that is isomorphic to y, such that the spectral independence for
anti-ferromagnetic two-spin systems proved in [CLV20] in fact means the complete spectral independence
of v. Then the same argument as the hardcore model can apply. The details are given in Section 8.
5



2. THE FieLp DyNAMICS AND PROOFS OUTLINE

2.1. The field dynamics. We introduce a novel Markov chain called the field dynamics, which plays a key
role in the proof of our main theorem (Theorem 1.9) and may be of independent interests.

Given a distribution p over {-1, +1}V and a scalar 0 € (0, 1), the field dynamics for y with parameter 6,
denoted by PP, is a Markov chain on space Q(y) defined as follows.

The Field Dynamics

The initial state is an arbitrary feasible configuration o € Q(u);
The rule for updating a configuration o € Q(p) is:

(1) generate a random S C V by independently selecting each v € V into S with probability

L1 if 0, = —1,
Po= V0 ifo, = +1;

(2) replace os by a random partial configuration sampled according to ﬂg Y\ where 7 = p(@),

\. J

The field dynamics can be thought as an adaptive variant of the heat-bath block dynamics. In each step,
a block S is randomly generated adaptively to the current configuration o. And the configuration on S
is resampled given the boundary condition oy\s according to a properly biased distribution 7 = 19 for
canceling with the bias introduced in the adaptive construction of block S.

For instance, on the hardcore model, the field dynamics gives us the following novel Markov chain:

Example 2.1 (the field dynamics for the hardcore model). Let i be the Gibbs distribution of the hardcore
model on graph G = (V, E) with fugacity A. The rule for updating the current o € Q(p):
e cach occupied vertex v (with o, = +1) is picked independently with probability 1—0; all picked vertices
and their neighbors are removed from V and let S° denote the set of remaining vertices;
o resample oso according to the Gibbs distribution r of the hardcore model on G[S°] with fugacity 6.

The next proposition shows that the field dynamics PgD for y has the stationary distribution y, and is
always ergodic and reversible (hence having real eigenvalues). The proposition is proved in Section 5.1.

Proposition 2.2. For every distribution yi over {—1,+1}", and for all 6 € (0,1), the field dynamics PgFD for
is irreducible, aperiodic and reversible with respect to p.

Let )Lg?p (p, 0) denote the spectral gap of the field dynamics PeFD for pi. We state two key lemmas for the
spectral gap of the field dynamics. The first is a mixing lemma that guarantees the fast mixing of the field
dynamics for y assuming the complete spectral independence of .

Lemma 2.3 (field dynamics - mixing lemma). Let p be a distribution over {-1,+1}V and n > 0. If u is
completely n-spectrally independent, then for all 6 € (0,1),

2n+7
Agon (11, 0) > (5) .

On the other hand, the following comparison lemma relates the spectral gap of the field dynamics to
that of the Glauber dynamics, which holds universally for all joint distributions y with Boolean domain.

Lemma 2.4 (field dynamics - comparison lemma). Let u be a distribution over {—1,+1}". Forall § € (0,1),

288 (1) 2 20 (1.0) - A% (1)

Our main technical result (Theorem 1.9) follows immediately from Lemma 2.3 and Lemma 2.4. In the
next, we give outlines of the proofs of these two key lemmas.
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2.2. Mixing of field dynamics via spectral independence. We now give an outline of our proof of the
mixing lemma for the field dynamics (Lemma 2.3). A key observation is that the field dynamics is in fact
a limiting instance for the uniform block dynamics.

Let y be a distribution over {~1,+1}V. The uniform ¢-block dynamics for yi is basically the heat-bath
block dynamics for p where in each step a subset of vertices of size £ is chosen uniformly at random and
gets updated. Specifically, the Markov chain is on space Q(y) and in each step a subset S C V of ¢ variable
is chosen uniformly at random and the configuration on S is updated according to p conditional on the
current configuration on V \ S. In [CLV21], Chen Liu and Vigoda proved the following theorem for the
rapid mixing of the uniform block dynamics from spectral independence.

Theorem 2.5 ([CLV21]). Let u be a distribution over {-1,+1}V, n = |V| and n > 0. If y is n-spectrally
independent, then for any 2[n] < ¢ < n, the uniform £-block dynamics P, for u has A,,, (P;) > (%)zmﬂ,

This is a general result that holds for all joint distributions, and imposes no restriction on the maximum
degree of the underlying model. In fact, the entropy (modified log-Sobolev) variant of Theorem 2.5 proved
in [CLV21] required small degrees. The statement in Theorem 2.5 is a consequence to the “local-to-global”
argument for the variance contraction [CLV21, Theorem A.9]. For completeness, we provide a proof of
Theorem 2.5 in Appendix A using our notion of spectral independence with absolute influence matrix.

Previously, rapid mixing was established for the Glauber dynamics by directly comparing it with the
uniform block dynamics [CLV21], which resulted in a super-polynomial reliance on the max-degree.

Here, we describe a novel way to utilize the rapid mixing of uniform block dynamics.

gap

Definition 2.6 (k-transformation). Let y be a distribution over {—1,+1}" and k > 1 an integer. The k-
transformation of yi, denoted by px = Trans(y, k), is a distribution over {1, +1}V*k] defined as follows.
Let X ~ . Then p = Trans(y, k) is the distribution of Y € {—1, +1}"*I¥] constructed as follows:
e if X, = -1, then Y(,;) = —1foralli € [k];
e if X, = +1, then Y(,;y = +1 and Y(,;) = —1for alli € [k] \ {i"}, where i* is chosen from [k]
uniformly and independently at random.

We use Py, to denote the uniform ¢-block dynamics for i, and A,, (Px ) its spectral gap. Recall that

gap
Agg)p (p, 0) denotes the spectral gap of the field dynamics PgD for y with parameter 6 € (0, 1).
One of our key discoveries is that the field dynamics PeFD for p is a limiting instance for the uniform

[6kn]-block dynamics running on the k-transformations of .

Lemma 2.7. Forall 9 € (0,1), it holds that

AgaDp (1, 0) = liin_iEp Agap (Px.okn1) -

The lemma is proved in Sections 5.2 and 6. In a high level, it is proved as follows: Each feasible o € Q ()
in the k-transformed distribution 4 can be naturally projected back to a feasible c* € Q(y) in the original
p, where o) indicates whether o(,;) = +1 for some i € [k]. This also naturally projects the block dynamics
Py rokn] to a chain on Q(y) that essentially preserves the spectral gap. And more crucially, the projected
chain gives an entry-wise approximation of the field dynamics PGFD.

Next, we prove a Chen-Liu-Vigoda theorem (Theorem 2.5) for the k-transformed distributions.

Lemma 2.8. Let i be a distribution over {—-1,+1}Y, n = |V| and n > 0. If u is completely n-spectrally
independent, then for any integersk > 1 and 2(n +3) < ¢ < kn, it holds that A, (Prs) = (ﬁ)zn+7

The lemma is proved in Section 7. Note that Lemma 2.8 assumes only the spectral independence for g,
while the block dynamics is for p. We show that assuming the complete spectral independence of p, the
k-transformation may only cause a constant additive overhead to the spectral independence. This is the
part where we are technically more convenient to work with absolute influence matrices rather than the
signed ones, because of the monotonicity of spectral radius that holds for nonnegative matrices.
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Lemma 2.7 and Lemma 2.8 together suffice to prove the mixing lemma for the field dynamics (Lemma 2.3).

Proof of Lemma 2.3. Let 8 € (0,1). Let (Ax)ren and (Bg)xen be constructed as:

f9kn1 )2'7"'7 f k' > 2(,7+3)
(Pk, r@kn] ) al’ld Bk = ( 2kn 1 = en N
0 otherwise.

Ak = Agap

By Lemma 2.8, 2 > Ap > By > 0 for all k > 1. We have that lim sup,_, , Ax > lim sup,._,  B.

0 2n+7
Since limy_,., By = (—)

> , by Lemma 2.7, we have

0 2n+7
AgFaE)p (ll, 0) > 11211_}8:;1) Agap (Pk, [6kn] ) 2 (5) .

2.3. Comparing Glauber dynamics with field dynamics. With the rapid mixing result we just proved for
the field dynamics, we already have an efficient sampling algorithm for distribution p. Suppose that we
try to implement the field dynamics. The nontrivial operation in each step of the field dynamics, namely
the step of resampling from the marginal distribution induced by 7 = ;') on a randomly generated block,
can be simulated by running a Glauber dynamics for 7 on the block with boundary condition, which is
known to be rapidly mixing because 7 = ;?) lies in a much easier regime!

Example 2.9 (a hardcore sampler). For the hardcore model on graph G with fugacity A < (1 — 8)A.(Ag),
as discussed in Example 1.10, the Gibbs distribution u is completely O(%)-spectrally independent. We choose
0 = 5. Due to~Lemma 2.3, the field dynamics PgD for i has a spectral gap 1/Cs where Cs = exp(O(3)), and
thus mixes in O(Cs-n) steps. Meanwhile, each transition step ongD is simulated as a subroutine by a Glauber

1
2AG”°

O(n) steps due to path coupling. Together this gives us a sampling algorithm for the hardcore model that runs
in O(Cs - n?) steps of single-site updates regardless of the maximum degree as long as A < (1 — 8)A.(Ag).

dynamics for w = 9) that corresponds to a hardcore model with fugacity 01 = 1/25 < which mixes in

For general anti-ferromagnetic two-spin systems, similar results hold as discussed in Remark 1.11.

This sampling procedure is different from the Glauber dynamics for y. Nevertheless, the rapid mixing
of this new procedure might serve as a “proof of concept” for the rapid mixing of the Glauber dynamics.
Indeed, compared to the Glauber dynamics, in this new procedure, the (+1)-variables are less favored
than (—1)-variables when being chosen to be resampled; but when being resampled, variables have higher
chances to be updated to —1 than in the Glauber dynamics for y, because they are now being resampled
according to = p® for @ € (0, 1). These two types of biases might be canceling each other. Conceptually,
a rapidly mixing Glauber dynamics is somehow conceived in this thought experiment.

Such intuition is formally justified by a comparison of variance decays of the chains. Given any func-
tion f € RW let Var,, [f] and Ep(f, f) respectively denote its variance and Dirichlet form (defined in

Section 3.3). It is well known that A,,, (P) =infy 3:: r(,,f[ﬁ for any reversible chain P.

By comparing the Dirichlet forms of the field dynamics PgD and the Glauber dynamics P,, we establish

(5) Epio(fo f) € ——-—
T A W)

This is proved in Section 4, although there it is expressed as a tensorization of variance for y, which is

equivalent to the comparison of Dirichlet forms. The comparison lemma for the field dynamics (Lemma 2.4)

Sp(f.f)
Var, [f]"

Ep,(f. 1)

follows directly from (5) and characterization of spectral gap A,,,(P) = infy
8



2.4. Wrapping up. We now describe how to prove the main theorem for anti-ferromagnetic two-spin
systems (Theorem 1.1) by the main technical theorem (Theorem 1.9).

In general, magnetizing a distribution i over {-1,+1}" to u'® for a @ € (0,1) does not necessarily
make it easier for sampling. Nevertheless, for anti-ferromagnetic two-spin systems, this issue can be cir-
cumvented by flipping roles of +1 and —1 for certain variables. Given a direction vector y € {—1,+1}", the
distribution v = flip(y, x) obtained from flipping y according to y is defined as:

Vo e {-1,+1}V, v(o) 2 u(c 0 ),

where 0 © y € {~1,+1}" is defined as that (¢ © x), = o, ), forallv € V.
Now consider an anti-ferromagnetic two-spin system on graph G = (V, E), specified by parameters
(B,v,A), where 0 < f <y, By < 1,and y, A > 0. The good direction y € {~1,+1}" is constructed as:
v Ay/2
+1 A< (B)

—1 otherwise,

(6) YoeV, y,=

where A, denotes the degree of vertex v.

Assuming that the anti-ferromagnetic two-spin system is up-to-A unique with gap é (Definition 3.2),
the following theorem guarantees that after flipping according to the good direction y in (6), the Gibbs
distribution y becomes completely O(}S)—Spectrally independent, and if further every local field is biased

by a ©(8?)-factor, the Glauber dynamics is known to be rapidly mixing with spectral gap Q(%)
Theorem 2.10. For all § € (0,1), for every anti-ferromagnetic two-spin system on an n-vertex graph G =

(V,E) with maximum degree A = Ag > 3 that is up-to-A unique with gap 6, the distribution v = flip(y, x)
obtained from flipping the Gibbs distribution p according to the direction x defined in (6), satisfies:

o v is completely %-spectmlly independent;

o forf = % and C = %, it holds that Aga_gap(ﬂ) > &, where 7 = v(9),

Theorem 1.1 is an easy consequence of Theorem 2.10.

Proof of Theorem 1.1. By Theorem 2.10, we can apply Theorem 1.9 to distribution v = flip(y, x), so that

52\ 5 5\% (0 1 1))
GD o . 16D 0) L I (i i
Agap(V) = (128) Amin_gap (V ) > (8\/5) (Sn) = o where C(9) = (5) )
Note that distribution v is isomorphic to the original Gibbs distribution y and the transition matrices of the
Glauber dynamics for y and v are equivalent up to a bijection, and thus have the same set of eigenvalues.

Hence,

Agap (1) = Agap (V) 2

o)
where C(9) = (—) .

C(8)-n )

Theorem 2.10 is proved in Section 8 as follows:

o The first part regarding the complete spectral independence for the flipped distribution v is proved
by observing that the analyses in [LLY13] and [CLV20] remain to hold when each local field 1, is
further biased towards the direction indicated by the y, in (6).

e The second part regarding the spectral gap for the easier distribution 7 = v(?) is due to the decay
of path coupling in that easier regime and its implication to the spectral gap [LPW17, ch. 13.1].

More specifically, there is a good direction for the local fields such that: (1) the uniqueness, spatial mixing,
and spectral independence properties are all closed in that direction; and (2) a natural relaxation of the
uniqueness condition arises from standard path coupling once the system moves towards the good direc-
tion by a constant factor. These discoveries may suggest that the notion of “easier regime” is perhaps more
naturally described in our fashion, as biasing the local fields towards its easier direction.

9



The mixing time bound in (2) follows from (1) and the following straightforward analysis of pmip.

Proof of (2). Define the marginal lower bound by

b min min  min_ g (c).
ACV,0eV\A ceQ(pp) ceQ(ug)

Obviously pimin > b" due to chain rule, hence log uTlm < nlog %
R i
Ya+A yded
When g > 0, by considering the worst configuration of the neighborhood, we have

s A d—s
b > min min min{ Y , b },
1<d<A0<s<d YS+ AT ys + Apd-s

+

[\
~———

. >

When f = 0, the marginal bound has b > min; <z<p { }, which implies 7 < (A+7) ()—1/ +y

which implies that

2+ A+ 5p78

IA
~l—

A
+ +ﬂ ify > 1,

(

1 A
(3+2) ify <1

==

1 (z+2)
- <
b (1 +2)

2+ Ay A+ 18

IA
>l

Overall, log ﬁ <nlog (A + %) + nAlog a, where

{y+l+2 if =0,
a= Y

l .
52 if g > 0.

The mixing time bound in (2) follows from (1). O

For the hardcore mode and the Ising model, similar results hold with better choice of 6 and tighter
bounds of pmin, which are proved in Section 8.3. Hence we have Theorem 1.3 and Theorem 1.4.

2.5. Related work and open problems. Complexity classification of two-spin systems is a fundamental
problem [JS93, DFJ02, GJP03, Wei06, MWW09, Sly10, LLY12, LLY13, MS13, GGS$*14, LLZ14, SS14, SST14,
GSV16, GL18, GLL20, SS20]. Previously, the primary technique for relating the spatial mixing properties
to the rapid mixing of Glauber dynamics for spin systems is coupling [DSVW04, GMP05, HV06, MS13,
EHS*19]. In [ALO20], techniques based on high-dimensional expanders [KM17, Opp18, KO20, AL20] were
applied to bound the mixing time of Glauber dynamics for 2-spin systems through the notion of spectral
independence. The results were substantially improved and strengthened to an optimal O(nlogn) mix-
ing time bound for A = O(1) in [CLV20, CLV21] through entropy factorization [CMT15, CP20]. These
were extended to general spin models beyond Boolean domain and/or more general class of Markov
chains [CGSV21, FGYZ21, CLV21, BCC*21, Liu21].

In this paper, we prove an optimal Q(n™!) lower bound on the spectral gap of the Glauber dynamics for
anti-ferromagnetic two-spin systems satisfying the uniqueness condition with a constant slack. It leaves
several open directions. First, a major open problem is to prove an optimal O(nlog n) mixing time bound
for the same regime with no degree restriction. A powerful tool for this goal is a “local-to-global” argument
for relative entropy decays (modified log-Sobolev constants) as given in [CLV21, GM20]. However, a major
obstacle for this approach is that the current analyses of the uniform block dynamics based on entropy
decay result in bounds that grow exponentially in the max-degree A. And even if this is resolved, another
difficulty is to establish modified log-Sobolev inequalities in the “easier” regime.

Our techniques crucially rely on variables with Boolean domain. It is important to extend our approach
to general distributions with variables beyond Boolean domains, e.g. proper g-colorings.

Finally, an open aspect is to optimize the reliance on J. In fact, it should be restated as to improve the
reliance of the mixing time on the spectral independence. To see this is an important question, consider
graph matchings, whose spectral independence is bounded by O(VA), but so far in this entire line of
research the dependency of mixing time on spectral independence is at least exponential.
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2.6. Organization of the paper. The preliminaries are given in Section 3. The comparison lemma for
the field dynamics (Lemma 2.4) is proved in Section 4. And the mixing lemma for the field dynamics
(Lemma 2.3) is proved in Section 5 (for preparation), Section 6 (for the proof of Lemma 2.7) and Section 7
(for the proof of Lemma 2.8). Finally, the mixing results for the two-spin systems are proved in Section 8.
Additionally, In Appendix A, we provide a proof of Theorem 2.5 for the mixing of uniform block dynamics
assuming our notion of spectral independence with absolute influence matrix; and more proofs for the
uniqueness and spectral independence of two-spin systems with local fields are provided in Appendix B.

3. PRELIMINARIES

3.1. Notation. Throughout the paper, we use log to denote the natural logarithm with base e.

Let V be a ground set. For any configuration o € {-1,+1}", we use 67'(c) 2 {v € V | 0, = ¢} to denote
the pre-image of ¢ € {—1,+1} under o. Let ||o||+ £ |07'(+1)| (and ||o]- £ |67 (~1)|) denote the number
of +1’s (and —1’s) in . For A C V, let 15 € {+1}* denote the all-(+1) configuration on A.

For a probability distribution y, we use Q(u) to denote the support of p.

Let G = (V,E) be an undirected graph. For every vertex v € V, we use A, to denote the degree of v in
G and denote by Ag = max,ey A, the maximum degree of G.

3.2. The uniqueness condition. Let f, y, A be real numbers satisfying
(7) 0<p<y,y>0A>0andfy<1,

that is, (B, y, A) gives parameters for an anti-ferromagnetic two-spin system.
Given any integer d > 1, the univariate tree recursion F; : R — R is defined by

ﬁx+1)d

xX+y

3) Fa(x) = A (
and let x; denote the unique positive fixed point of Fy, i.e. 5 = Fz(xy).

Definition 3.1 (d-uniqueness [LLY13]). Let § € (0,1), and d > 1 be an integer. A (f,y, 1), where B, y, 4
satisty (7), is said to be d-unique with gap § if
d(1 - py)%a

©) fa(&a) = |Fj(xa)| = (Bra+D(Fa+y) =

Definition 3.2 (up-to-A uniqueness [LLY13]). Let § € (0,1) and A € [3,+00]. A (f,y,A), where f,y, 4
satisfy (7), is said to be up-to-A unique with gap § if it is d-unique with gap 8 for all integers 1 < d < A.

Note that the definition includes that A = +co, in which case the d-uniqueness should hold for all d > 1.

Let 7 = (V,E, B,y, A) be an anti-ferromagnetic two-spin system specified by parameters (f, y, A) satis-
tying (7), on graph G = (V, E) with maximum degree A = Ag > 3. If (B, y, A) is up-to-A unique with gap
d, we simply say that 7 is up-to-A unique with gap 6.

3.3. Markov chain, spectral gap and coupling.

3.3.1. Basic definitions. Let Q be a finite state space. Let (X;);>¢ be a Markov chain over Q with transition
matrix P € R, We use matrix P to refer to the corresponding Markov chain if this is clear in the
context. The Markov chain is irreducible if for any X, Y € Q, there is an integer ¢ such that P/(X,Y) > 0.
The Markov chain is aperiodic if for any X € Q, gcd{t > 0 | P/(X,X) > 0} = 1. A distribution y is called
a stationary distribution of P if y = pP. If a Markov chain is both irreducible and aperiodic, then it has
a unique stationary distribution. The Markov chain P is reversible with respect to a distribution y if the

following detailed balance equation is satisfied
VX, Y € Q, uX)P(X,Y) =pu(Y)P(Y,X),

which implies y is a stationary distribution of P.
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Let p be a distribution with support Q. Let P be a Markov chain over Q with the unique stationary
distribution p. The mixing time of P is defined by

Vo<e<l, Tnx(e)= r)r(laémin{t | drv (PY(X, "), p) < 5},
€

where P!(X,-) is the distribution generated by the Markov chain after ¢ transition steps when starting
from X, and drv (Pt (X,-), ,u) denotes the total variation distance between P!(X, ) and p, formally,

!
dry (P1(X, ), ) 2 = Z IP'(X,Y) - pu(Y)|.
YeQ
3.3.2. Spectral gap of reversible Markov chains. For reversible Markov chains, the mixing time is closely
related to the spectral gap. Let u be a distribution with support Q (). For any f,g € R®®, define their
inner product with respect to u by

ot D, mo)f(@)g(o).
o€Q(p)

Let P be a Markov chain over Q = Q(y) that is reversible with respect to p. It is well known that the
transition matrix P is a self-adjoint matrix with respect to inner product (., ) ,, formally,

Vf,g e R®W, (Pf,g), = (f.Pg),.

By standard linear algebra results [LPW17, Lemma 12.2], P has |Q| real eigenvalues 1 = 1; > A, > ... >
Ala| = —1; each ; corresponds to a real eigenvector f; € QR such that Pf; = A;f;, where i = 1 and
fis for - - -, fio| form orthonormal bases of inner product space (R, (-, ). Assume |Q| > 2. The absolute
spectral gap of P is defined by 1 — A, = 1—max{|A;| | 2 < i < |Q|}. The spectral gap Agap(P) of P is defined
by 1 — A,. We simply assume A, = A, = 0 if |Q| = 1. The following relation between mixing time and
absolute spectral gap is well-known [LPW17, Theorem 12.4]:

1 1
10 Tini < 1 , h in = mi .
( ) mix (€) 1- 1, og (Eﬂmin) Wwhere limin 0-2}218;) H(O')

To analyze the spectral gap of a reversible Markov chain P, we introduce the following standard nota-
tions. Let f € R The 2-norm of function f € R®® with respect to y is defined by

11l 2 \JF S

the expectation of f with respect to y is defined by

(11) Eu[f]2 ) u(0)f (o),

the variance with respect to 1 is defined by -

(12) Var, [f1 £ By 1] = By [f)P =5 3 w(@m(d) (o) = ),

and the Dirichlet form with respect to P (where P is revz:ﬂfle with respect to ) is defined by
(13) Enlf.f) = (=PI}, =~ ZQ #(o)P(a,7) (F(0) = f(2))*.

We can slightly extend above definitions to allow functions f € R for some S 2 Q, and for these functions
f, the expectation in (11), the variance in (12) and the Dirichlet form in (13) are all well-defined.
For any f, g € R, we write f L, gif {f, g)# = 0. By Courant-Fischer theorem [LPW17, Lemma 13.7],

Agep(P) = inf {Ep(f, ) | £ € ROV, £ 1, 1,]|fll,,, =1}
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Furthermore, the spectral gap can also be characterized as [LPW17, Remark 13.8]:

. | Ep(f. f) Q(p)
(14) Agap(P)=lnf{m |f€R “,Vary [f] #0;,
The Poincaré inequality follows from the above equation:
(15) VFERYW, Ep(ff) = Agyy(P) - Var, [f].

3.3.3. Coupling of Markov chains. Let y and v be two distributions on Q. A coupling of i and v is a joint
distribution (X, Y) over Q X Q such that the marginal distributions of X and Y are pu and v respectively.
The following is the well-known coupling lemma.

Lemma 3.3 ([LPW17, Proposition 4.7]). For any coupling (X,Y) of  and v,

PrX # Y] 2 dry (1) = 5 3 (o)~ v(o)].

oeQ

Furthermore, there is an optimal coupling (X, Y) such that Pr [X # Y] = drv (i, v).

Let P denote a Markov chain over the state space Q. A coupling of Markov chain is a joint stochastic
process (X, Y:);»0 such that each individual process (X;);»¢ and (Y;);>¢ follow the transition rule of P,
and if X; = Y;, then X =Y for all k > ¢t. The following lemma connects the spectral gap of Markov chain
and the contraction rate in coupling.

Lemma 3.4 ([Che98] and [LPW17, ch. 13.1]). Let u be a distribution with support Q, and ® a metric on Q,
where |Q| > 2. Let P € Rgffg be the transition matrix of a Markov chain that is reversible with respect to p.
If there exists 0 < r < 1 such that for any X, Y € Q, there exists a coupling (X,Y) — (X', Y’) of P such that

E[O(X,Y) | X, Y] < (1-rd(X,Y),
then the spectral gap of P satisfies
1-(P)>r,
where A,(P) is the second largest eigenvalue of P.

3.4. Uniform block dynamics and Glauber dynamics. Let y be a distribution over {1, +1}", where V is
a ground set. For any integer 1 < £ < |V, let (‘;) 2 {S C V | |S| = £} denote the collection of all subsets
of size £. The (heat-bath) uniform block dynamics for y is defined as follows.

Definition 3.5 (Heat-bath uniform ¢-block dynamics). For any positive integer 1 < £ < |V|, the (heat-bath)
uniform £-block dynamics for u is a Markov chain (X;);»o over Q(u). The chain starts from an arbitrary
configuration Xy € Q. In the t-th transition step, the chain evolves as follows:

e pickasetS e (‘;) uniformly at random, and set X;(V'\ S) = X,_1(V \ S);

e sample X; ~ ;1;{‘ VA9 where ,u?t(v\s) denotes the marginal distribution on S induced from y con-

ditional on the assignment of X, (V' \ S).

In particular, the uniform 1-block-dynamics is known as the Glauber dynamics for p.
The following proposition was known.

Proposition 3.6 ((DGU14, LPW17, AL20]). Let i be a distribution over {—1,+1}V. For any integer 1 < £ <
|V|, the uniform ¢-block dynamics for yi is reversible with respect to y, and its transition matrix is positive
semidefinite.

13



Let y be a distribution over {—1,+1}" and 1 < £ < |V| an integer. Let P denote the transition matrix of
the uniform ¢-block dynamics for p.

1 1
Tix (€) < 1 , wh n = mi ,
mix (€) 4@ og(gpmm) where pimin Urelg(r;)u(cr)

where A;(P) is the second largest eigenvalue of P.
For Glauber dynamics (uniform 1-block dynamics), its spectral gap can be further characterized by the
approximate tensorization of variance. For any variable v € V, and any function f € R®® | define

plvar, (112 > pyo(0)Vare [f],
o€Q(pv\(a})

where 1© is the distribution over {—1,+1}" obtained from y conditional on the configuration on V' \ {v}
being fixed as 0. We remark that u[Var, [ f]] is also well-defined if f € RS for some S 2 Q(y). The
approximate tensorization of variance is defined as follows.

Definition 3.7. Let C > 0 be a parameter. A distribution y over {—1,+1}¥ with |Q(y)| > 2 is said to satisfy
the approximate tensorization of variance with parameter C if for all f € R,

Var, [f] < CZy[Varu [f1].

veV

Lemma 3.8 (Fact A.3 [CLV21]). A distribution i over {—1,+1}V with |Q(u)| > 2 satisfies the approximate
tensorization of variance with parameter C if and only if the spectral gap A, (P) > &=, wheren = |V|, and
P denotes the Glauber dynamics for .

gap

3.5. Multivariate hypergeometric distribution. Let V be a set of n buckets, each of them has k balls.
Suppose we pick ¢ balls from all kn balls uniformly at random, without replacement. For each bucket
v € V,let a, € Zsq denote the number of balls picked from the bucket v, then a = (a,)yecy follows
multivariate hypergeometric distribution.

Formally, given a set V of size n, an integer k > 1 and an integer 0 < ¢ < kn, the multivariate hyperge-
ometric distribution Iy x ; is defined as follows. The support of Iy x , is defined by

(16) Q(HV,k,t’) £ {a = (av)ueV | Z a,="* and Yo €V, a, € ZZO} >
veV
For any a € Q(Ily ), it holds that
HUEV ( y )
(17) Iy ke(a) = Tau

()

By the negative association property [JDP83] of hypergeometric distribution, we have the following
Chernoff-Hoeffding inequality.

Lemma 3.9 ([JDP83] and [DR98]). Let a ~ Ily . For anyv € V and ¢ € (0, 1), it holds that
ay

P
r[k kn

Proof. For each bucket v € V, we use (v,1), (v,2),..., (v,k) to denote all balls in bucket v. For each ball
(v, 1), we use random variable X, ;) € {0, 1} to indicate whether the ball (v, 1) is picked. It holds that

a, = Z X(U,i)-
ielk]

Since (X(4,1))ie[k] are negative associated [JDP83, Lemma 2.11], the Chernoff-Hoeffding inequality [DR98]

can be applied to a,. m]
14
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4. CoMPARING GLAUBER DyNAMIcs WITH FIELD DYNAMICS

In this section, we prove the comparison lemma for the field dynamics (Lemma 2.4).
Let p be a distribution over {-1, +1}V and 0 € (0,1). Let & = ,u(g), which is defined as in Definition 1.7.
Note that p and 7 have the same support Q £ Q(;r) = Q(p) for 8 > 0. Formally, 7 is defined as:

p(o)glels

(18) Vo e {-1,+1}Y, x(o) = ~

, WwhereZ, % Z p(a)@“”“*.
oe{-1,+1}V
Moreover, we use Prgcy [-] to denote the law for subset R C V that is randomly generated by including
each v € V into R independently with probability 1 — 0. Specifically, for every A C V,

— AT = (1 — ) AlgIVI-IA]
(19) Pr [R=A]=(1-0)M M

Let PgD denote the field dynamics for distribution y with parameter 6. The Dirichlet form of PgFD can be
calculated as follows.

Lemma 4.1. Let 7 = 9 be defined as in (18). For all f € R%,

(20) Epro(f. f) = gl_‘7:| E [7r(1g) - Var, [f]].

where 1g € {—1,+1} denotes the all-(+1) configuration specified on R C V, and the expectation is calculated
assuming the convention that wgr(1g)Var i, [f] = 0 when mg(1g) = 0.!

Intuitively, the R € V corresponds to R = V \ S where S is the random set of resampled variables
generated in the transition step of the field dynamics, such that every v € V with current value —1 is
selected into S, and thus the configuration over R = V' \ S must be 1g. And the quantity Var i, [f] arises
because the current configuration over S is resampled according to 7 = p®) conditional on the current
configuration over R = V'\ S, which is 1g. The proof of Lemma 4.1 is postponed to the end of this section.

Consider the Glauber dynamics for each 7'k, By Lemma 3.8, for all R C V with 7'1,'R(1 r) > 0, the
distribution 77!® satisfies the approximate tensorization of variance with parameter

AGD( 1R)
VfeR® Varyg[f] < ——=—=———— ) #'R[Var,[f m R[Var, [f]],
! n: Aga%(ﬂl vze‘l/ AnG1!?1 gap(”) UZE‘;
where Arcrilijn—gap(ﬂ) < )Lgca?)(ﬂ“) for all feasible partial configuration o, as defined in (4).
Then by (20), the Dirichlet form 8P£D (f, f) is upper bounded as
Zy
(21) Erp(fh) < e ] Z E [me(1g) - x'[Var, [£1]] .

Let I[-] denote the indicator variable. The following identity holds for all f € R®:

B [me(1e) -7 [Var, [£]]] ® g [ E [I[RC o™ (+1)] Var [f]]]

RCV |o~7y\(v}

E

O~V \{o}

E [9|V|—||cr||+ - Var o [f]] ,

O~V \{v}

RPch [R Co 1(+1)] - Var,o [f]]

(22)

where the nontrivial equation (x) holds by veritying for every choice of v € V and R C V as follows:

1Equivalently, one may think this as an expectation Ercy [P (R)] of a function P (R), where P(R) = 0 if 7g(1g) = 0 and
P(R) = nr(1g)Var 1, [f] if 7r(1g) > 0, in which case the variance Var 1, [f] is well-defined.
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e For the case that 7g(1g) > 0 and v ¢ R, it holds that
nr(1g) = Pr [RC o '(+1)] = Pr [Rco'(+1)],

T~V \ (0}
and the variance 7R [Var, [ f]] is well-defined, such that
2! [Var, [fl] = B [Vargo [fIl= E [Varw [f] [RC o™ (+D)].

- R O~y
o ﬂV\{ZJ) \{o}

Therefore,
nr(1g) - w'%[Var, [f]]= Pr [RCo'(+1)]- E [Varge [f]|RC o '(+1)]

O~V \ {0} O~y \{ov}

E [I[RCo'(+1)] - Vare [f]].

O~V \{v}

e For the case that 7g(1g) = 0 or v € R, both sides are 0. On the left-hand-side, if 7z(1g) = 0, then
by convention

7r(1R) - Var, 1, [f] = 0;
or else, if 7r(1g) > 0 but v € R, then the variance 7'*[Var, [ f]] is well-defined, but for o ~ ﬂ‘lji{v},
the 1z W o gives a configuration fully specified on V and hence the variance becomes trivial, i.e.

a'®[Var, [f]] = E [Varn.le*Jc [f]] = 0.
1R
TV\(0}
On the right-hand-side, if 7g(1g) = 0 or v € R, then for o ~ 7y\ (4}, the event R C 07 !(+1) can

never occur, and hence

E [I[RCo'(+1)] - Vargs [f]] =0.

O~V \{v}

This gives the equation (%) in (22). Meanwhile, the other two equations in (22) follows respectively from
linearity of expectation and the fact that Prgcy [R € A] = /VI=IA forall A C V.
Furthermore, it can be verified that

E [ﬁ"arﬂ[ﬂ]: S e o) ()2 (~)AS (1) () — f(0-))
o~y (o) | G111+ Ueﬂ(nmv;)@ .

== > @R (DA (f(0x) - (o))’

T oeQ(rv(o))

szi,, D i (@ (=D (+)(f () - f(2)’

o€Q(my\(})
1
(23) = Z—y[Varu [f11,
T

where o, € {~1,+1}" denote the configurations on V where . (V \ {0}) = ¢ and 0. (v) = +1, the second
equation is due to the chain rule and the relation between & and p in (18), and the inequality is due to the
relaxation

(24) 72 (+1) < i (+1),
which holds because 7 = ;? is obtained by biasing every variable with a local field 6 € (0, 1). Indeed,
n(oy) _ Ou(o.) < p(oy)
(o) +(on)  plo) +Op(en) — o) + p(on)

where the inequality holds for 6 € (0, 1).

g (+1) =

= [l (+1),
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Combining (21), (22), and (23), we have the following upper bound on the Dirichlet form:

Epro(f.f) < > ulvar, [£1]

(1)
mln gap veV
Due to the Poincaré’s inequality (15) for the field dynamics PgD, for all f € R%,

1 1
Var[l [f] FD PFD (fs f) D GD IJ Varu
Agap ( 9) ¢ Agap ( ‘9) Amln gap 'u(e) z;/
This shows that p satisfies the approximate tensorization of variance with parameter
1

AgaDp (/l, 9) AS}Pn -gap (y(B))
By Lemma 3.8, it gives us the following lower bound on the spectral gap of the Glauber dynamics for y

GD GD %
288 (1) 2 Ag8y (1.0) - 250 ooy (1),

which proves the comparison lemma for the field dynamics (Lemma 2.4).

Remark 4.2 (Tightness of Lemma 2.4). Apart from the Poincaré’s inequalities, our proof of Lemma 2.4 is
tight almost everywhere. The only exception is the relaxation of the marginal probability in (24).

Proof of Lemma 4.1. In each transition step of the field dynamics, a random subset S C V of variables is
generated for resampling. Let R = V' \ S. The Dirichlet form can be calculated as

Em(fif) =5 >, nOPP(@0)(f(o) - f(1)’

2 0,7€Q(p)
1 olle
=2 > 2, =Rl gl (o) (o) - £(1)"
0,7€Q(p) RCo~1(+1)
where the second equation is due to the following observations:

e R can only be a subset of 07! (+1) since all variables v € V with o, = —1 are selected into S = V \ R;
e each v € 671(+1) is independently selected into R with probability 1 — 6;
e given an R C o~ !(+1), the current configuration o transits to 7 with probability 7% (7) = 7!k (7).

Hence, fix any R C V, we only need to consider the pair o, 7 € Q(y) such that og = 7z = 1g. We have

_p\ IRl
epiN=3 ¥ (5] X et oue@re@ -1

RCV:1ReQ(uR) 0,7€Q(u'R)

By (18), it holds that 7(0)Z, = p(co)@/°l+. We have

Z, 1-6\% . ,
Epp(fN) = ), (T) > A®(@r(0)(f(o) - f(1)

RCV:1ReQ(nR) 0,7€Q('R)

o\ IRI
%) (R Y, AH@A(0)(f(0) - f(7)?

0,7€Q('R)

== D, =0V R (1p)Var [£]

RCV:1ReQ(nR)

0o | N

RCV:1RreQ(nR) (

=,N

= 2T i E [7r(1R) - Var,i [f1],

where the second equation is due to the fact that og = 1 for ¢ € Q(x'®) and the last equation adopts the

convention that 7g(1g)Var 1 [f] = 0 when mg(1r) = 0. O
17



5. MixiNG orF FIELD DyNAMICS

In this section, and the next two sections, prove the mixing lemma for the field dynamics (Lemma 2.3).
In Section 5.1, we prove Proposition 2.2 for the convergence and reversibility of the field dynamics. In
Section 5.2, we start our proof of Lemma 2.7, which states that the field dynamics is the limiting instance
for the uniform block dynamics on k-transformed distributions.

5.1. Convergence and reversibility (proof of Proposition 2.2). Fix a joint distribution y over {-1, +1}V.
Forany 0 < 6 < 1, let PgFD denote the transition matrix of the field dynamics for p with parameter 6.

First, we verify that PgFD is irreducible and aperiodic. Let 7 = p®), which is as defined in Definition 1.7.
Note that 7 and p have the same support since 6 > 0, i.e.

Q2 Q(n) = Q(p),

In each transition step, the chain constructs a random subset S € V of variables that are going to be
resampled. It holds that S = V with positive probability for 8 > 0, in which case the current configuration
o is entirely resampled according to 7 = (). This means PGFD(G, 7) > 0 for all pairs 0,7 € Q of feasible
configurations. Hence, the Markov chain is irreducible and aperiodic.

Next, we prove the reversibility of the chain with respect to by verifying the detailed balance equation:

(25) VYo, 7€ Q, y(O')PgD(O', 7) = ,u(T)PgD(T, 0).

Suppose that the current configuration is ¢ € {~1,+1}". By the transition rule of the field dynamics,
arandom S C V is constructed so that each v € V with 0, = +1 is added to S with probability § and
each v € V with 0, = —1 is added to S with probability 1. Let R = V \ S denote the complement of the
resampled set. It must hold that R C ¢! (+1) since every variable v € V with o, = —1 is selected into S. To
successfully transform from o to 7, in addition, it should be satisfied that R C 77! (+1) and the resampling
step generates the configuration 75 on S. Therefore, for any o, 7 € Q,

20 PP =p) > (1= 0)ReIlIRIgx ()

RCo™ 1 (+1)NTt71(+1)

=u(o) - glell (—) 7R (7) (since g = 1g)
RCo™1(+1)N7T71(+1)
(27) =pu(o) - glell ( 7 ) ﬂ(;—) ) (since g = 1R)
RCo™1(+1)NT71(+1) ﬂ'R( R)

Note o € Q is feasible with respect to both p and 7. And 7g(1g) > 0 since og = 1g. Thus, the conditional
probability 7% in (26) and the ratio in (27) are well-defined. Recall that 7 = (). By Definition 1.7,

. glizll+
VT e {—1,+1}V, x(t) = %,

where Z(11,0) £ ¥ c(_141yv p(1)017l+ denotes the normalizing factor that depends only on y and 6. We
have

1
Z(p, 0) - mr(1g)’

IR|
p(o)Py° (o, 7) = (l‘(d)ﬂ(f)-9||0||++||r||+) 7 Z 7 (1;0)
RCo ! (+1)NT7! (+1)

which is symmetric in ¢ and 7. Therefore, the detailed balanced equation (25) holds. This concludes the
proof of Proposition 2.2.
18



5.2. Field dynamics as the k-transformed block dynamics (proof of Lemma 2.7). Let u be a distribution
over {—1,+1}V and k € N*. Let yr = Trans(y, k) denote the k-transformation of i defined in Definition 2.6.
We use Vj to denote the ground set for yy, that is,

(28) Vi £V x[k].
For eachv € V and i € [k], for convenience, we denote
v; = (v,i) € V.
Finally, for each v € V, we denote
(29) Co ={o; | i € [K]}.
Recall that Py, denotes the uniform ¢-block dynamics for y = Trans(g, k). To relate the field dynamics

PgD with Py ,, we consider the following natural projection operation which maps a configuration in the
k-transformed distribution g4 back into {1, +1}".

Definition 5.1 (projection of configuration). Let y be a distribution over {—1,+1}" and k > 1 an integer.
Let yx = Trans(u, k) denote the k-transformation of p. For any o € Q(p), the projection o* of o is a
configuration in {—1,+1}" such that for any v € V

()

(30) x A {+1 if31 <i<kst. Oy, = +1
O,

—1 otherwise.

The projection operation defined as above naturally transforms the uniform #-block dynamics for the
k-transformed distribution p to a new stochastic process, called projected block dynamics, defined on the
original space {—1,+1}".

Definition 5.2 (projected block dynamics). Let y be a joint distribution over {—1,+1}", where n = |V|. Let

k > 1 be an integer and p = Trans(y, k). Let 1 < ¢ < kn be an integer and (X;),, the uniform ¢-block

dynamics for y. The (k, £)-projected-block dynamics P]p{)r[oj is a stochastic process defined as (X;")tzo.

Not surprisingly, the stochastic process Pgr;j is a well-defined reversible Markov chain on space Q(u)
with stationary distribution p.

Proposition 5.3. Let u be a distribution oyer{—l, +1}V, wheren = |V|. For all integersk > 1 and1 < ¢ < kn,
the (k, £)-projected-block dynamics Pgr;] is a Markov chain on Q(u) that is reversible with respect to p.

We use Ag,, (P,};rt,oj) to denote the spectral gap of the reversible chain P,}zrt,oj . We first observe that the

projection in (30) applied on the uniform block dynamics Py, does not decrease the spectral gap.

Lemma 5.4. For all integersk > 1 and1 < ¢ < kn,
proj
Agap (P k.t ) 2 Agap (Pre)

Note that the projected bock dynamics P]p{)r[oj has the same state space Q(u) as the field dynamics P(';D.
Therefore, we can compare their transition matrices entry-wisely. The following is a key lemma which
states that the projected bock dynamics P};r{,oj with ¢ = [0kn] gives an entry-wise approximation of the

field dynamics PgFD as k grows to infinity.

Lemma 5.5. The following holds for all 0 < 8 < 1. For any ¢ > 0, there is a finite K = K(11,0,¢) > 1 such
that forallk > K, and all X,Y € Q(p),
FD proj
Py (X,Y) - Py tokn (X,Y)| <e.
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We are now ready to prove Lemma 2.7 by assuming Proposition 5.3, Lemma 5.4 and Lemma 5.5, whose
proofs are postponed to Section 6.

Proof of Lemma 2.7. By Proposition 2.2, the field dynamics PgD is reversible with respect to distribution .

Fix an integer k > 1. Let ¢ = £(k) = [0kn]. By Proposition 5.3, the projected block dynamics P}:rt,oj is also
reversible with respect to distribution p. Let Q = Q(p) denote the support of . By the Courant-Fischer
theorem [LPW17, Lemma 13.7], we have

Agao (PgD) - inf <f, (1 - pgD) f>

feR® 7
I 1l =1.f L1
_ : __ pbroj _ FD _ pproj
-t (R l-r) o), - () s) )
I 1l =1 L1

Since p, 0 and k are all fixed, and f is a bounded function due to ||f]|,, = 1, both <f, (I - Pgr;j) f> and
’ H

< f. (PgD - P,}:t,oj ) f >y are bounded. Therefore, the above quantity can be bounded from below as:

(%)= int ({5 (- 220) 1) - (52 - 220 1) |

feR®
1l =1.f L1
> inf < ,(I—Pproj) > - su < ,(PFD—PprOj) >
feR® f k.t / H feRPQ S\ ke / K
1f 1l =1.f L1 I1f1l,,=1

- Proj FD _ pproj
_Agap (Pk,t’ ) ~ Amax (Pe _Pk,e )

The last equation holds because PgD - P}:rt,oj is a self-adjoint operator for inner-product (-, -),,.
By Lemma 5.5, we know that for any ¢ > 0, there exists K > 1 such that for all k > K,

i £
VX,Y € Q(p), |PFD(X, Y) - PP (x, Y)‘ <
S ke I

where £ = £(k) = [0kn]. Therefore,

FD _ pproj FD proj
Amas (BS = PPY) < e Y;@ PR Y) - B (X V)| < e

Hence, for all k > K and ¢ = [0kn],

FD proj
Agap (Pe ) 2 Agap (Pk,[ ) &
Applying Lemma 5.4, we have that for any ¢ > 0, there exists K > 1 such that for all k > K and ¢ = [0kn],
Agap (P5P) 2 Agap (Pes) .
Since 0 < Ag,, (Prs) < 2forallk > 1, limsup,_,, Agap (Px) exists. We have

Agap (PgD) > 1121 sup Agap (Pr.r) - o
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6. APPROXIMATION OF FIELD DyYNAMICS

This section is dedicated to the analyses of the projected block dynamics P,Ert,oj ,

of the field dynamics. In Section 6.1, we prove Proposition 5.3 for the well-defined-ness and reversibility
of this projected chain; then in Section 6.2, we prove Lemma 5.4 which relates its spectral gap to the block
dynamics Py, for the k-transformed distribution i ; and finally in Section 6.3, we prove Lemma 5.5 for its
entry-wise approximation of the field dynamics PgD. Altogether, they imply Lemma 2.7.

which is an approximation

6.1. Well-definedness of projected dynamics (proof of Proposition 5.3). We show that the projected
block dynamics in Definition 5.2 is precisely the following Markov chain M. The chain M starts from an
arbitrary X € Q(y). In each transition step, the current configuration X € Q(y) is updated as:
e Sample a = (a,)ycv according to the multivariate hypergeometric distribution Iy 4 ¢, and let b = £.
e Construct a random S C V by independently selecting each v € V into S with probability

{1 if X, = -1,
qv =

b, ifX,=+1.

e Replace Xs by a random partial configuration sampled according to y;b’s)’xv\s, where 'uéb,s),xv\s
denotes the marginal distribution on § induced from p(#) conditional on Xy\s, where ¢ € [R‘Z/O is
defined as

b, ifves,
31 YoeV, =
G1) & {1 ifogs.

Note that there may exist a subset H C V such that ¢y = 0y, where 0y denotes the all-zero vector on
H. And by definition of ;(#), this is equivalent to conditioning on the configuration on H being fixed as
(—1)g, which is the all-(—1) configuration on H. For all such v € H, it must hold thatv € S and b, = 0,

which means X, = —1. Since X € Q(u), we have uy((~1)g) > 0. Hence, u(® is well-defined. It is
(b’S)’XV\S

» is also well-defined.

straightforward to verify X is feasible with respect to (%, thus

Lemma 6.1. The Markov chain M is precisely the projected block dynamics P,E’rt,oj. Formally, for all configu-
rations X, Y € Q(p), we have the following identity:

(32) Vo € Q) thato* =X, M(X,Y) = Z Pre(0, 7).
T€Q(p ):t*=Y

The identity (32) automatically confirms the Markovian property of P,frt,oj, because it confirms that in
the pre-projection chain Py, the transition probability 3. cq (. ).-x=y Pr.(0, 7) from any o € Q(p) to the
class of configurations 7 € Q () projected to the same * =Y, is constant for all o € Q(yy) that o™ = X.

Assuming that Lemma 6.1 holds, we can prove Proposition 5.3.

Proof of Proposition 5.3 assuming Lemma 6.1. It suffices to show that the Markov chain M is reversible with
respect to y1. Fix two feasible configurations X, Y € Q(y). Recall that X"} (+1) £ {0 € V | X, = +1} denotes
the pre-image of +1 under X. In each transition step, the chain M first generates a vector b with probability
ITy k¢ (kb), and then samples a random subset S € V. Consider R = V' \ S. To transform from X to Y, it
must hold that R € X~'(+1) N Y~(+1). We denote R 2 V \ R = S. The following equation holds:

b.R),
MXY)= 3 Tygekb) ) [T o] J1=50) |0 )
b:kbeQ(Iy k) RCX-1(+1)nY~1(+1) \veX~1(+1)\R  v€R

(33) = >0 Tyekb) D) [T ] ]-b0) |u®R),

b:kbeQ(Ily ) RCX-1(+1)NY~1(+1) \veX~1(+1)\R  vE€ER
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where the last equation holds because Yg = 1. Also due to Yg = 1, we have

pPR(y) = e

By definition of,u(b’ﬁ) = 11(®) where ¢ € R‘z/o is as defined in (31), we have
I 1
(b.R) S
pPOW) = —p) [ b
veY 1 (+1)\R
where Z = Z(j,b,R) = Y scq( H(0) [Toeo (+1)\r bo- Hence, p(X) M(X,Y) can be expressed as
X)u(y 1
PR S ety Y [—— [] s [] e]]a-ta).

z b:kbeQ(Iy kr) RCX1(+1)NY~1(+1) ,qub’R)(lR) veX1(+1)\R  oveY 1(+1)\R  ©v€R

which is symmetric in X and Y. Therefore, the detailed balance equation is satisfied:
pXOMX,Y) = p(Y)M(Y, X).

The chain M is reversible with respect to p. O

Recall that we use Vi = V X [k] to denote the ground set of yx. For eachv € V and i € [k], we denote
v; = (0,i) € Ve and C, = {uv; | i € [k]}.
Let A € Vi and p € Q(ug.a). Define

F(p) = {v eV |3ie [k]st v; € Aand p, = +1}.
Define the local fields ¢, specified by p € Q(pi A) as

CAN " if o ¢ F(p)

1 ifv € F(p).

YoeV, ¢,(v)= {

We need the following lemma to prove Lemma 6.1.

Lemma 6.2. Forall A C Vi, p € Q(pr.n), and &€ € Q(p), the distribution 18010 s well-defined and

p (P 1r) () = Z p (1),

T€Q(p):
*=¢
where ji(#2)15 () is induced from %) conditional on 1p(p), the all-(+1) configuration on F(p).

We first use Lemma 6.2 to prove Lemma 6.1, and then prove Lemma 6.2.

Proof of Lemma 6.1. 1t suffices to verify the identity in (32).
Consider the transition step ¢ — 7 in the block dynamics. The block dynamics pick a subset S € (
uniformly at random. Observe that the following two processes are equivalent:

)

e Pick a subset S € (‘;" ) uniformly at random.
e Sample a = (ay)yev according to the multivariate hypergeometric distribution ITy k,; for each
v € V, pick a subset S, € (S:) uniformly at random; and finally let S = UyeyS,.

Imagine that we use the second process to pick the subset S = U,cy'S,. We have
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A
Pre(o,7) = Z Iy ke (a) Z (n (a ) )”kvk\s(f), where S = Uyev Sy

acQ(My k) (Sv)oev: veV
Sy CCy and |Sy|=a,

(34) = EGNHV,k,f E (S0)oev: [iu](:Vk\S(T)] , where S = Uyey Sy,

Sou (G2)
where the expectation is taken over the random choices of (S,),ey, where each S, ~y (S”) is sampled from
(g”) uniformly and independently. Recall that the set F(o) C V is defined as

(35) F(o) £ {v €V |3i" € [k] s.t. v+ € Vi and 0,,,. = +1}.

Note that for all v € V, the index i* € [k] is unique. Since o* = X, it is straightforward to verify that
X1(+1) = F(o).

Given a sequence of sets (S,)ycy, where S, C C,, we can define a subset of X~!(+1) as follows

R(s £ e X 1(+1) | v ¢Sy}

U)UEV

where i* = i*(v) € [k] is the unique index for v in (35). In other words, R is the subset of X~ (+1) satisfying
that the unique variable v;+ with o,,, = +1 is not picked by set S. Given R C X' (+1) and a sequence of
sets (Sy)vev, Where S, C C,, We say (Sy)yev is consistent with Rif R = R(s By (34),

U)UEV ‘

(ea
Pre(o,7) = Eqmiy Z E (S)pev: [,levk\s (0)1[R = R(Su)uev] ,
| REX1(+1) SUNU(SZ)

where S = U,eyS,. Fix any Y € Q(p). To prove (32), we need to calculate

Z Pre(0,7) = Eqeny Z E (5y)eer: Z 1, (1R = R(s,) ey |

reQ(ug): REX1(+1)  So~u(52) |7eQ(up):
*=Y | *=Y

To simplify the above equation, we need the following result. Consider the equation (34). We fix a €
Q(My ) and R € X !(+1). We claim the following result holds: For any sequence (S,)ycv, where S, C C,,
if the following two conditions hold together:

e forallo € V, |S,| = ay,
e (S,)yev is consistent with R,

then for S = U,y Sy, and for all Y € Q(p), it holds that

(36) > @) = e iny),

TeQ(p):
™=Y

where @ g is defined as

% ifo¢R

Yo eV, v) =
¢ar(0) {1 ifv € R.

Equation (36) follows from Lemma 6.2. This is because F(oy,\s) = Rand C, \ (Vx \ §) = C, NS and
|Cy N S| =[Sy] = a.
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Hence, we have the following equation

Z Pre(0,7) = Eqentyy, Z p(#ar)1R(Y)E Sodocv: [1IR = Res,)er]]
r€Qu): RCX1(+1) So~u (52)
™=Y )

= EaEHV’k’[ Z )u((pa,R)’lR (Y)Pr (SU)UEV: [R(SU)UEV = R]

| REX!(+1) So~u (§?)
= Z HV,k,t’(a) Z 1—[ (%) (] — %) ll(‘Pa,R),lR (Y),
acQ(Ily k) RCX-1(+1)NY~1(+1) \oeX~1(+1)\R veR

4

where the last equation holds because for each v € V and i € [k], probability of event v; € S, is Z* and
p(®ar)}IR(Y) = 0 if Yg # 1g. Recall that b = a/k. By (33), we have

MXY) = Y Tyg@ [T (TT(-2)|aPm),

acQ(My k¢) RCX1(+1)NY~1(+1) \oeX 1(+1)\R vER
where R = V' \ R. By the definition in (31), u(%/ kR) is obtained from 1 by imposing the local fields ¢, where

b,=% ifogR
1 ifv €R.

YoeV, ¢U={

Hence, p'%/ kR and p(#aR) are the same distribution, which implies

MXY)= > Prlo;1).

T€Q(pk):
™*=Y

This proves (32). O

Proof of Lemma 6.2. For any v € V such that ¢,(v) = 0, it must hold that v ¢ F(p) and |C, \ A| = 0, which
implies C, € A and p,, = —1for all i € [k]. Therefore, for any o € Q(,ui), o* (defined in (30)) is a feasible

configuration of ;1(##)1F(»)  This guarantees that y(#2)-17) is a well-defined distribution.
Fix £ € Q(p). By definition of distribution ., we have

S e Y Trwhzpamdled e P Y=d
T€Q(pge): r€Q(pg): Pry . [Ya = pl retln): Pry_, [Ya = p]
T*Zf z'*:é—' T*:f,TA:p

Note that if 7* = £, then it holds that ||7]|,; = ||]|,,. It holds that

€N
S Pryg [Y =7 = () (%) > alm=pl

T€Q(pk): T€Q(p):
™=, TA=p =&

1€
=u(§)(%) ek =1r0] [ 1G\AL

vet~ (+1)\F(p)

The last equation holds because:
e if 7* = £and 75 = p, then it must hold that &r(,) = 15(,);
e forall v € £71(+1), we need to choose one index i € [k] and set 7,, = +1, if v € F(p) such index is

fixed by p, ifv € £1(+1) \ F(p), there are |C, \ A| ways to choose such index.
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Reorganizing above equation gives

IF(p)|
1 1Co \ Al
Z Pry . [Y = 1] = p(O1[Erp) = 1r(p)] (E) —
T€Q(g): 0eE 1 (+1)\F(p)
T*=§’TA=P
Next, we have
IF(p)|
1 1Co \ Al
Pry-y [Ya=pl= > p(milnee) = 1)) (;) —

neQ(p) ven~(+1)\F(p)

By definition, Y ~ py is obtained by first sampling X ~ p, then transforming X to Y. The above equation
enumerates all values 1 for X. The event Y5 = p occurs if and only if:
e n, =+l1forallv € F(p);
e forall v € F(p), there is a unique index i € [k] fixed by p such that v; = +1 (this event occurs with
e 1\ IF(p)\.
probability () );
e for all other v € n71(+1) \ F(p), we choose an index i € [k] to set v; = +1 and v; ¢ A (this event
. n IC,\A|
occurs with probability [,e,-1(+1)\F(p) —F)-
Combining above two equations together, we have
P _ PI‘YNIUk [Y = T]
Z H (1) = Z Pry_, Vo= ol
req () = reQ(u) T =ta=p L AT

Cy\A
(O Erp) = 1r()] TToe (o1 r(p) S

IC\A|

Zyeaqw HMLNEp) = 1r(o) ] Tloer cnrep)
_ 1[&r(p) = lp(p)]y(d’p)(é‘f)
 Eyeag Unre) = 1rp) 119 (1)
1[&r(p) = 1F(p)]'u(¢p)(§)
Zpea(ueeny 1nEp) = 1r () 1192 ()
= p(ehire (),

where the second to the last equation holds because Q(u(%»)) € Q(p). This proves the lemma. O

6.2. Comparing projected block dynamics with block dynamics (proof of Lemma 5.4). By Proposi-
tion 5.3, P,Srt,oj is a reversible Markov chain. We establish the following lemma which implies Lemma 5.4.

Lemma 6.3. Forany function f : Q(p) — R satisfying Var,, [ f] # 0, there exists a function f’ : Q(p) — R
such that Var,, [f'] # 0 and

g D) &, (7 17)
Var, (f) Var,, (')
With this lemma, Lemma 5.4 follows immediately from the characterization of spectral gap in (14):

Ep(f.f)

femou Var, [f]
Var, [f]#0

Agap (P) =

Now, we prove Lemma 6.3.
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Proof of Lemma 6.3. Given a function f : Q(u) — R satisfying Var, [f] # 0, the function f’: Q(u) — R
is constructed as follows:

(37) V&€ Que),  f1(§) = f(&),

where &* is as defined in (30).
Next, we prove the following identities that implies the lemma:

SPM (f,’f,) = Spllzrgj (f, f),
Var,, (f) = Var,(f).

For any X,Y € Q(pu), by the definition of i, it holds that

(38) Yo € Q(u) satisfying o* = X, p(o) = Z i ().
5659(;%)

By (32), it holds that

(39) Vo € Q(u) satisfying o* = X, P,}:’rt,oj(X, Y)= Z Pr.(o, 7).
T€Q(pr)
™=Y
Therefore, we have

1

Ep, (f f) = 2 Z 1 (0)Pre(0.7) (f'(0) = f/(1))?
o,7€Q(pk)

-3 Z Z 1 (0) P (0, 7) (f'(0) = f/(1)°

X, YeQ(u) o0,7€Q(p)
o*=X,7*=Y

(by definition of ) == >3 (0P (F(X) = FYV))

X, YeQ(p) o,7€Q(px)

o*=X,7*=Y
=2 Y FO-FOF Y @) Y, Pulon)
X, YeQ(p) UEi)_(,uXk) re?ﬁ;{;{)
by B9 and (39) =5 > pORIICV)(FOO = FV) = Eppes(f. f).
X,YeQ(y) ’

Similarly,

Var, [f1=3 D mlo)m(® (o) - /()

o,7€Q (k)
:% S -0 Y mle) Y ()
X,YeQ(p) aeizy)?) Teiziglf)
(by (38)) =% Z p(X)u(Y)(f(X) = f(Y))? = Var, [f].
X,YeQ(p)

This proves the lemma. O
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6.3. Approximation of the field dynamics (proof of Lemma 5.5). Letn = |V|. Fix areal number 0 < 0 < 1.
Given ¢ > 0, we show that for any X,Y € Q(pu), thereisa K = K(X,Y, 1,6, ¢) such that for any k > K,

FD proj
(40) ‘PQ (X.Y) ~ P (X, Y)| <e

Note that Q () is independent of k. Lemma 5.5 follows by taking K(y, 0, €) = maxx,yeQ(u) K(X.,Y, 1, 0,¢).
Fix X,Y € Q(y) and integer k > 1. Let £ = [Onk]. By Lemma 6.1 and Equation (33),

proj — g _ @) (a/kR).1g
@ PUXY= > My Y [T 2[T0-2)]w ().
a:acQ(Iy k) RCX-1(+1)NY~1(+1) \oeX~1(+1)\R vER
where p(%/ kR) is distribution 19 for local fields ¢ € R‘Z/O defined by

% ifogR
1 ifvoeRr

Yo eV, ngU:{

Let f, x,y(w) : (0, 1)V — R be a function defined as follows:

foxyw) = ) [T wol(1-wo) |[p™Px(x)

RCX1(+1)NY~1(+1) \oeX1(+1)\R v€ER

= Z 1—[ w, 1—[(1 — W) H(Y) [Toey— (+1)\R Wo

RCX-1(+1)NY-1(+1) \oeX~1(+1)\R  ©e€R 2zea(:zr=1r H(Z) [oez-1 (+1)\r Wo

Since Y € Q(u) and Y = 1g, for allw € (0,1)Y, it holds that 2zea():zr=1 F(Z) [Toez-1(41)\r Wo > 0. The
function f,, x y(w) is a rational function. Thus f,, x y(w) is continuous on (0, 1)V. Formally, we have:

Fact 6.4. Foranye > 0 andw € (0, 1)V, there exists a constant § = o(p, X, Y, w,e) > 0 such that for all
w’ € (0,1)V satisfying |lw —w’|| < 8, it holds that

[fux.yw) = fuxyw')| <&,
where |[w —w’||, £ max,ey |[w(v) — w’(v)| is the infinity norm ofw — w’.
We now prove (40). Fix a parameter ¢ > 0. Let @ = (0),ey = 01. By Fact 6.4, there exists a § =
in{6,1-0 . .
o(p, X,Y,0,¢) € (0, %) such that for allw € (0,1) satisfying |lw — 0|, < &
£
(42) lfxyw) — fux v(0)] < 3

Define a subset of Bs5x C Q(Ily k) by
(43) B ={ac oo |2 -6 =0,

Note that the function f, x y satisfies

vwe (0,1)V, 0< fixyw) < > [T wo]a-wa|=1

RCX1(+1)NY1(+1) \oeX1(+1)\R vER
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Combining (42) and (43), for any a ¢ Bs, since § € (O, W), a is a positive vector and it holds
that |fy,x,y(a/k) —fy,x,y(e)| < 5. By (41), on the one hand,

i a
PPI(X,Y) > My ke(@ fuxy (7
acQ(Iy ke )\Bsk
€
> (ﬁ;,X,Y(G) - 5) Z My ke(a)
acQ(Iy ke )\Bsk
€
(44) = (fuxr(0) = 5) (1= Pravmy,, a € Bsc]).
This implies that
~ €
(45) P,Iz,rfoj(X, Y) > fuxy(0) - 3 Pro,,., |a € Bskl.

This is because (45) holds trivially if f, x,y(6) < 5, and if otherwise f, x,y(0) > 3, since f, x,y(8) < 1, (45)
is a consequence of (44).
On the other hand,

P;S,r;j (X,Y) = Z My ke(@) fux,y (%)

acQ(Ily kr)
a a
= Z Oy ke(a@) fuxy (—) + Z Oy ke(a) fux,y (—)
k k
acBsk acQ(Ily k,e)\Bs k
&
< D M@+ (fuxy@+3) D Tyk(@
acBs acQ(Iy ke )\Bsk
&
= PI‘GNHV’k’t, [a € Bg,k] + (ﬁlxy(e) + 5) (1 - PrGNHV’k’t, [a € Bg,k])
&
(46) < Pra~nvyk1 [a € B&k] +ﬁ1’x’y(0) + 5,

Finally, we also claim that there is a K = K(y, X, Y, 0, ¢) such that for any k > K

(47) Pro.my,,, [a € Bsk| <

DN | ™

Altogether, (45), (46) and (47) implies (41).
It remains to prove (47). Recall that n = |V| and ¢ = [6kn]. Observe that when k > %,

Promy ., [a € 85’]{] =Promy,, [30 ev, % - 9‘ > (5]
aU
< > Pramy, [ = - e‘ > 5]
eV
a, [0kn]| &
48 < ) Prg. -2 > —|,
(48) —U;, farllvie |10 ™ T 2]

where the last inequality holds for k > %
Furthermore, by Lemma 3.9, there exists a constant Ky = Ko (1, 6, ¢) such that for k > Ko,

a, [0kn] 19} 5%k £
- > 2 < 2exp 5 < —.

49 V, Prg. —
(49) VoV, Pramy,, k kn |~ T 2n

Note that § = §(p, X, Y, 0, ¢) and n is determined by p. Combining (48) and (49) proves (47).
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7. MIXING oF Brock DyNAMICS

In this section, we prove Lemma 2.8 for the mixing of the uniform block dynamics for the k-transformed
distribution p = Trans(y, k), assuming the complete spectral independence of u. Together with Lemma 2.7
proved in the last two sections, this proves the mixing lemma for the field dynamics (Lemma 2.3)

With the Chen-Liu-Vigoda theorem (Theorem 2.5), to prove Lemma 2.8, we only need to verify that
the k-transformed distribution py is spectrally independent knowing that the original distribution y is
completely spectrally independent.

Lemma 7.1. Let y be a distribution over {—1,+1}V and n > 0. If u is completely n-spectrally independent,
then for all integers k > 1, . = Trans(y, k) is (7 + 2)-spectrally independent.

Lemma 2.8 is an easy consequence of Theorem 2.5 and Lemma 7.1.
Our remaining task is to prove Lemma 7.1. Recall that we use Vx £ V X [k] to denote the ground set of
uy. For eachv € Vand i € [k], we denote v; £ (v,i) € Vi and C, = {v; | i € [k]}.

7.1. Spectral independence of k-transformed distribution (proof of Lemma 7.1). We define a mapping
from feasible partial configurations for distribution p to feasible partial configurations for distribution p.
Let A C Vi and 0 € Q(px p), where o denotes the marginal distribution on A projected from p. We
define the following subsets of V:

A, 2{veV|Vielk], ve Ao, =-1},

o,—1 =
(50) Ay 2 {oeV|Fie [k]sto; € Aoy, =+1},
A2 U,

Note that A} _; and Ay |, are disjoint. Let o™ € {-1, +1}"¢ indicate whether each v € A¥ is in Ay, or
A’ _,. Specifically,

-1 ifoeA* |
(51) YoeA,, o,= i o1
+1 ifoe A ;.

In other words, o* fixesaov € V to be —1if o fixes all v; € C, to be —1; and ¢* fixesav € Vtobe +1if o
fixes some v; € C, to be +1.
Given a o € Q(p ), we construct the following vector of local fields A,

1 ifv e A,

(52) VoeV, A (0)= {lcvk\Al ifo¢ AL

By definition, for every v € V' \ A7, it holds that |C, \ A| > 0. Hence, A, is a positive vector.
We have the following lemma that bounds the spectral radius of the influence matrix.

Lemma 7.2. For any integer k > 1, any A C Vi and any o € Q(uk ), it holds that o* is a feasible partial
configuration with respect tov £ ‘*<) and

0 (\If;jk) <p (\P;’) 12,
where ¥, and ¥} are the influence matrices defined as in Definition 1.5, and p(-) denotes the spectral radius.
Lemma 7.1 immediately holds from Lemma 7.2.

Proof of Lemma 7.1 assuming Lemma 7.2. Fix an integer k > 1, a subset A C Vi and a feasible partial
configuration o € Q(p o). By Lemma 7.2, we have

p (\Flclrk) <p (‘Pf*) +2, wherev = y(ld)_
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Note that v = g**) and A,(v) € (0,1) for allv € V. Since y is completely p-spectrally independent,

p (‘I"VT ) <n.
This proves the lemma. O
7.2. Spectrum-preservation of k-transformation (proof of Lemma 7.2). We first prove that o* defined
in (51) is feasible with respect to v as long as o € Q(px a). By definition of ¢* and py, if 0 € Q(uk p), then
o* is feasible with respect to . Consequently, o* is also feasible with respect to v, because v = p*) has

the same support as p for a positive vector A,.
It remains to prove

(53) p(s) <p(¥)+2
For any distribution v over {-1,+1}V, any H C V, and any feasible partial configuration o € {1, +1}
with respect to v, let 7,7 € [R‘Z/E)(V be a matrix defined as:
(54) Yu0 eV, I%H(uov)= max dry (VjH’“‘_i, ng’qu) .
ijeQ( vy

Note that by definition, if |Q(VZH)| =1or |Q(VZH)| =1, then ;)% (u,0) = 0,and forallu € V, 1,7 (u,u) =
Qg™ # 1]. _ .

To prove (53), we define two new matrices ¥ and ¥} . Recall that o € {-1, +1}" is a partial configu-
ration on A C Vi. For each variable v € V, we denote by

my = |Cv \Al

the number of variables in C, whose values are not fixed by o. Without loss of generality, we enumerate
the variables in C, \ A as
Co\A={v; | i € [my]}, where [m,] ={1,2,3,...,my}.
The matrix ¥ € R(V\VX(Ve\A) js defined by
2 : *

— = ifu=vando ¢ A*,
55 Yu,oeV,ie[m,],j€ [my], ¥°(ujv;) 2™ 7
59 mul. € m] (i 05) {m%)fv“(u,o) ifu#ovorveAl.

This is well-defined because it only involves those u, v € V such that m, > 1 and m,, > 1. The following is
easy to observe.

Observation 7.3. For anyu,v € V, all the entries PO (u;, v;) have the same value fori € [m,] and j € [m,].

Next, we define the matrix ¥ ¢ RV\A)X(VAAG) where A is defined in (50). By Observation 7.3, go
can be decomposed into a set of blocks, all the entries in the same block have the same value. The matrix
¥ is defined by compressing blocks in ¥°. Formally,

(56) Vuoe VAL 7 (no) & Z ¥ (uy,v;).
Jj€lmy]

The matrix ¥ is well-defined because by the definition of AJ, it is straightforward to verify m, > 1 and

my > 1forallu,o € V\ AL, thus the u; in (56) exists. By Observation 7.3, it holds that for all u,0 € V' \ A%,
Vie[my, ¥ (wo)= Z T (u;,0;).
Jje[my]

The next lemma bounds the relation between spectral radiuses of ¥ , ¥/ " and ¥°,¥°"

Lemma 7.4. It holds that p (‘{fk) <p (@") and p ("{\’5) <p (\{’3) +2.
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We first use Lemma 7.4 to prove Lemma 7.2, then prove Lemma 7.4.

Proof of Lemma 7.2 assuming Lemma 7.4. Due to Lemma 7.4, it suffices to show that
p (‘T’U) <p ("I\"T) :

We will prove that for any eigenvalue A.j; € C of Yo if Aeig # 0, then A is also an eigenvalue of o,
Hence, p (‘T"’) <p (@“*), this proves the lemma.

Fix an eigenvalue Az # 0 of P9, Let f : Vi \ A — C denote the corresponding eigenvector. For any
variable v € V, any i, j € [m,], by Observation 7.3, it holds that ¥ (v;, ) = ‘T"’(vj, -). We have

Reigf (@) = (F71) (03) = (¥7f) (2)) = Aeigf (2)).

Since Acig # 0, we have f(v;) = f(v;).

Next, we define a vector g : V' \ A}, — C according to f. For any v € V' \ A}, by (50), m, > 1. Define

9(v) = f(v1).

It holds that
(57) Yo e VAAG i€ [mo], g(v) = f(v).

We show that if f is an eigenvector of ¥ with eigenvalue Acjg # 0, then g is not a zero-vector. This fact
can be verified according to the following two cases.

o If there exists v ¢ A}, such that f(v1) # 0, then g is not a zero-vector.

e Otherwise, for allo € V and i € [my], if f(v;) # 0, thenv € A}. Forany v € A and i € [m,],
by (55), it is straightforward to verify that ‘?’“(w, v;) = 0 for all w € Vi \ A, thus it holds that
‘T"’f = 0. Since Aejg # 0, this case cannot occur.

We show that A is also an eigenvalue of ¥ with eigenvector g. We have:

Yue V\AL (‘Y’”*g) (u) = Z T (4, 0)g(v)

veV\AL
= D D wm,0)g() (by (56))
veV\AL j€[my]
(58) = D W (us,0)) f(0)). (by (57))
veV\AG je[my]

We claim that the following equation holds

(59) D DL Wwopf) =2 > ¥ (unu)f(v)).

veV\AL je[my] 0€eV je[my]
To verify (59), we consider a v € A}, with m, > 1. Since u € V' \ A}, it must hold that u # v. Since v € A},
the value of v is fixed by ¢*, thus |Q(VU )| = 1. By definition in (54), we have
— 1 x
Yoe Ay jemy], ¥9(uy,v;) =—1I; (u,0) =0.
my

Hence

DL D Vluopfon= Y D, Tluo)fop+ Y, >, ¥ (u0)f(v))

veV je[m,] veEVAAG j€[my] VEAG j€[my]

= > D ¥ (u0)f()).

veV\AL je[my]
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This proves (59). Combining (59) and (58), we have
Vue VAN, (T7g) =0 3 Funon (o) = (F7) () = Aeigf (@) = Aegg(w).
veV je[my]

Since g is a non-zero vector, A, is also an eigenvalue of ¥7 . O

7.3. Spectral radius bounds for the intermediate matrices (proof of Lemma 7.4). Let A, B € R™" if for
all i, j € [n], A(i, j) < B(i, j), then we denote A < B. We need the following proposition in linear algebra.

Proposition 7.5 ([HJ12, Corollary 8.1.19]). Let A, B € RZ{" be two nonnegative matrices. If A < B, then it
holds that p(A) < p(B).

We first prove that
(60) p (\Tl"*) <p (\P;’) +2

By the definition of ¥ in (56), for any u,v € V '\ A satisfying u # v, it holds that

= =~ I (u,0) o o
(o) = Y W(upop) = ) e =17 (wo) = ¥7 (1,0),
. . My
jelmo] j€lmy]
where the last equation holds due to Definition 1.5 and the fact u # 0. For any v € V \ A7,
~ ~ 2
¥ (v,0) = Z ¥ (vy,05) = Z — <2
Jj€lmo] j€lmy] 7
Combining above inequalities together, we have
¥ < w9 42l

where I is the identity matrix. By Proposition 7.5, we have

0 (\f/f’*) <p (\113* +21) <p (‘{"V’) 12
This proves (60).
We next prove that
(61) p (‘{’;,’k) <p (‘F{V"’) .

By Proposition 7.5, it suffices to show that ¥}7 < ¥°. By Definition 1.5, for all w € Vi \ A, it holds that

¥5. (w,w) = 0, and for all w,w” € Vi \ A with w # w’, it holds that ¥ (w,w’) = Z7 (w,w’). By the

definition of ¥ in (55), to prove Lemma 7.4, it only remains to verify the following facts:

(62) YuveV witho € AL Vie[myl.je[m]: ¥5 (uv;) =¥ (us05) =0;

1 . ~
(63) Yu,v eV withu#0o,Vi€[ml.je[m]: ¥ (u05) =1, (wi,0;) < —17 (u,0) =¥ (u,0));
my
. * . . o o 2 o
(64) VueV,ije[my] withogAgandi#j: ¥, (w,u;) =1, (wu) < m =¥ (uy, uj).
We first verify (62), which holds trivially because [Q(p7 )| = |Q(V§f*)| =1.
»0j

The rest of this section is dedicated to verifying the facts given in (63) and (64). Without loss of gener-
ality, when proving (63) and (64), we assume that

Qug,,) = {=1+1} and Q(ug,, ) = {-1,+1},
Qug,,) = {-1+1} and Q(ug,, ) = {~1,+1}.
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Otherwise, if Q(,ulfu) # {-1,+1} or Q(,ulfv) # {—1,+1}, then it must hold that |Q(,u,‘<’ )] = 1or
1Q(ug )| =1, thus I,7 (u;,05) = 0 and (63) holds trivially; if Q(,u,‘: ) # {-1,+1} or Q(,ulf ) i {-1,+1},
»0j
then it must hold that |Q(y, )| =1 or [Q(y7 )| =1, thus 7 (u,,uj) = 0 and (64) holds tr1v1ally By our
, i ’ J

assumptions, we can conclude that
ug¢ AN ando ¢ AJ.
Because if u € A}, then it holds that |Q(”Zu«)| = 1;and if v € AL, then it holds that |Q(,u,‘c”uj)| =1.
We first prove (63). Note that 7,7 (u;, v;) = drv (;1;:;"(_+1, 'UZZZ(_ 1) By definition, we have

Pry_y [Yo, =+1A Y, =+1A Y, = 0']
Pry.p, [Yu, =+1 A Yy = 0|

je—+1
T CVES

Recall A} |, is defined in (50). Let N = |A] ,|. By the definition of distribution i, we have
Pry, [Yo, =+1A Y, =+1 A Y, = 0]

N = —
(65) = Z P01 [Xa: = o' (%) 1—[ % (1 [Xz;n— +1]) (1 [Xl;n_ +1])‘

XeQ(p) weV\AL:X,y=+1

Recall that to draw a random sample Y ~ i, one needs to draw a random sample X ~ p, then transform
X to Y according to the rules in Definition 2.6. Equation (65) holds due to the following arguments:

e If YA = o, by definitions in (50) and (51), it must have Xx: = 0" and for every w € A7 ,, a particular
variable w, € C,, (determined by o) is picked and is assigned with value +1. The probability of such
event is (%)N . Furthermore, for every w € V'\ A%, o requires that k —m,, variables in C,, must take
value —1. If X, = +1, a variable among the remaining m,, variables should be picked and assigned
with value +1. Such event occurs with probability [],,ev\az.x,,=+1 T

e If Y,, = +1, then X, = +1, and v; must be picked and is assigned with value +1. Since v ¢ A},
cond1t10nal on previous events, this event holds with probablhty —

e If Y,, = 41, then X, = +1, and u; must be picked and is a551gned Wlth value +1. Since u ¢ A},
conditional on previous events, this event holds with probability - e

Similarly, we have

N
PI'YNIUk [Yui =+1AYy = O'] = Z P(X)l [XA’; _ O'*] (%) 1—[ % (

1[X, =+1] )
XeQ(p) weV\AL:X,,=+1

my
Recall v = p*) where the local fields A, are constructed in (52). We have
Txenqn VOO [Xy, = 0°] (L=l ) (1a=l)

Exeap VX1 [Xay = 0*] (%)
1 Prx., [Xa; = 0" A Xy = +1 A X, = +1]
T My Pryo, [Xa, = 0" AX, = +]
v HH(41)

my

el (+D) =

(66) =

Note that since +1 € Q(p ), we have +1 € Q(vy "), and thus v ““*!(+1) is well defined.
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Next, we calculate
1 () = Pryy [Yo, =+1A Y, =-1A Yy =0]
Pry.p, [Yu, = —1A YA = 0]

le,Uj

By the definition of distribution py, we have
Pry [Yo, =+1AY,, =-1A Y\ =0]

N _ —
= Y w01 Xy, = o] (3) 1= (M)(lmzﬂ] Tl X, = -1

XeQ(p) k weV\AYL Mo My
Xyw=+1
Compared with (65), the only difference is calculating the probability of event Y,, = —1 conditional on
other events. Note that u ¢ A. If X}, = —1, then it must hold that Y;, = —1; and if otherwise X, = +1, a

variable among all m,, unfixed variables in C,, is picked, and such variable cannot be u;, which occurs with

probability mrz;l. Similarly, we have

PI‘YNIUk [Yl. =—1AYy= O']

N
- Z p(X)1 [Xpz, = 0| (%) l_[ % (1 [X, = +1] 24— L1 [X, =-1]

XeQ(p) weV\AL:X,,=+1

We define a vector of local fields A/, as

my—1 :
——  ifw=u,

VweV, A (w)=q72 ifweV\({u} UAY),
1 ifweAj.

Note that A/ differs from A, only at u, where A/ (u) = m’;<_1 and A, (u) = G%. Since u,v € V '\ A, we have

X)1 | Xp: =0"
PrYN”k [Yuj=+1/\Yui=—l/\YA:o'] = Z ,U( ) [k]:]\o O'] 1_[

XeQ(u) weVAAL

Xyw=+1

2 (w) (1 [X, :+1])’

[/

and

X)1 [ Xp =0F
Pry.,, [Yui:—l/\YA:U]: Z HX) [k]:,\” G] l_[ A(w) .

XeQ(p) weV\AL
Xw=+1

We define a new distribution 7 by imposing the local fields A, to u:

p—c

If m, > 1, then A is a positive vector, the distribution 7 is well-defined. If m,, = 1, then A (u) = 0 and
A (w) > 0 for all w # u. In this case, variable u can only take value —1, and the distribution = is well-
defined as long as y,(—1) > 0. Note that Q(,u,‘:ui) = {—1,+1}. Conditional on o, u; takes value —1 with
positive probability in distribution . Since my = 1, with a positive probability, all variables in C,, take
value —1. By the definition of distribution p4, we have

(67) my=1 = p°(-1)>0.

Hence p,(—1) > 0 and the distribution 7 is always well-defined.
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We have
xeaq HX)1 [Xp;, = 07| (”X,ﬁ,—::l]) (HweV\A’;:XW:H AQ(W))
Sixeaqn #O01 [Xa, = 0°] (Tweving oo A (W)
Sxeag F(X)1 [Xay = o] (%)

Zxea T(X)1 [Xaz = 0]
1 Prxg [Xa, = 0" A X, = +]]
- my Prx.. [XA;} = O'*]
o,*
(68) 7o ),
my

Combining (66) and (68), we have
Iy‘z (ui,vj) = dry (ﬂ,i’:fjibﬂ, u;,’;”i“‘l)

U,ui(—+1(+1) _ }103”1-(__1 (+1)|

Uje——1 _
My (+1) =

= 'uk,l)j 0j
1 X «
= — g ) - g (+)
0
1 o' u—+1 _o*
(69) = —dry (Vv ? > Ty ) .
0
Finally, we bound drv (vg*’w_ﬂ, g *) We construct the following coupling between vJ ! and 77":
e sample a random value ¢ € {—1, +1} according to the distribution 77 ;
e sample c,, ¢/ jointly according to the optimal coupling between vJ **~*! and 77 *¢

Recall that v = y*) and 7 = y*<). We claim that

(70) +1€Q(v?) and Q%) c Q(LY).

Assume that (70) is correct. Recall that A/ differs from A, only at u, where A/ (u) = ml;C_l and A, (u) = 5=
It is straightforward to verify that

o* o*u—c _ o' u—c
Ve e Q(r;] ), =vy .

By the coupling inequality, we have
drv (Vg*’”(_ﬂ, 713*) < Prc, # ¢}
— Z 71,;7* (C)dTV (Vg*,u<—+1, ﬂ,g*,w—c)
ceQ(ng")
Z ﬁ,lc:'* (C)dTV (Vg*,u<—+l’ Vg*,w—c)
cEQ(ﬂ{{*)

< max dTV(vg"”(_’,vg’uHJ)
L,jeQ(v7 )

(71) = IV“* (u,0).

Combining (69) and (71) proves (63).
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We now verify (70). Since A, is a positive vector, then v and p have the same support. Note that we
assume Q(p7 ) = {-1,+1}. By the definition of y and ¢*, it holds that +1 € Q(uS), hence +1 € Q(v9).

We now show that Q(z7 ) € Q(vJ ). Note that A/ (u) = m“T_l and A,(u) = 7*. There are two cases:

e Ifm, > 1,then A, and A/, are both positive, v and 7 have the same support. Thus, Q(z7 ) = Q(vJ ).
e If m, = 1, in this case Q(n’f) = {-1}, by (67), -1 € Q(,u,‘f). Since A, is a positive vector, p and v
have the same support, thus —1 € Q(vJ ).

Next, we prove (64). Recall that without loss of generality Q(p7 ) = {-1,+1}. We have
T (i y) = dyy (i, g ) = g (),
k,

which is due to that ,ug’:j‘:‘_ﬂ (+1) = 0. By definition,
J

Pry.y, [Yy, =+1A Y, =-1AY, =0]
PI‘YNFk [Yui =—1AYy= O']

Suje——1 —
M (1) =

Recall N = |A? _,|. By the definition of distribution i, we have

Pry y [Yu, =+1A Y, =-1A Y, =0]

a1 my, | 1[X, = +1]
- S wooriw =) m 115 =21
my,
XeQ(p) weV\AL:X,,=+1

Compared with (65), the only difference is calculating the probability of event Y,, = -1 A Y, = +1 condi-
tional on other events. Note thatu ¢ A} If Y, = -1 A Yy, = +1, then X, = +1, and we pick variable u; to

set its value to +1. Conditional on other events, this event occurs with probability mL
We assume Pry ., [Yuj =+1AY,=-1AY) = a] > 0, since if otherwise 7,7 (u;, u;) = pZ’Zf(__l(+l) =0

»Uj

and (64) holds trivially. Similarly,
Pry.p, [Yu, = —1A YA = 0]

> 01 [Xy = 0] (

XeQ(p)

1 N m,, my —1
Z ,u(X)l[XA;:a](E) 1_[ - (1 (X, = +1] — )

XeQ(p) weV\AL: X y=+1

(my = DPry_p [Yu, =+1A Y, =—1A YA =0].

==

)N
weV\AL: X y=+1

\%

In (64), we assume i # j, which implies m, > 2. We have

Pry . [Yu, =+1A Y, = 1A Yy = 0]

17 (ujuj) =
M AR PI‘YNIUk [Yi:—l/\YAZO']
1
<
m, —1
2
S _’
my

which proves (64). Together with the above proof of (63), this proves Lemma 7.4, which concludes our
proof of Lemma 2.8.
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8. SPECTRAL GAPS OF TWO-SPIN SYSTEMS

In this section, we prove Theorem 2.10 and its slightly strengthened variants for the hardcore and Ising
models, which respectively imply Theorem 1.1, Theorem 1.3 and Theorem 1.4.
Let I = (V,E, A, B, y) denote a two-spin system on an n-vertex graph G = (V, E) with maximum degree
A = A > 3 specified by parameters (f, y, A). Let i denote the Gibbs distribution induced by 7. We assume
that the system is anti-ferromagnetic, thatis, 0 < f <y, fy < 1,and y, 4 > 0. Let § € (0, 1) be a positive
gap. We assume that (S, y, A) is up-to-A unique with gap § (Definition 3.2).
Given any y € {~1,+1}", recall the distribution v = flip(y, x) obtained by flipping y according to y:
Vo e {-1,+1}", v(o) £ u(c 0 ),
where 0 © y € {~1,+1}V satisfying (¢ © x), = 0, ), for all v € V. Obviously, i = flip(flip(1, x), x).
Given any y € {-1, +1}V, for any vector 0 € (0, 1]V or scalar 0 € (0, 1], we write:
(72) 0% £ (0)°)oey and 6% £ (6%%)pev.
The following fact for flipping follows easily from the factorization of local fields.
Fact 8.1. Forany 6 € (0,1]" and y € {-1,+1}", v(® = flip(u'®"), x) where v = flip(1, x).
Proof. Forall 6 € (0,1]" and 0,7 € Q(v),
V(G)(O') _ v(o) Hu€0‘1(+1) Oy _ p(o© x) nuea‘1(+1) Ou (*) p(o© x) Hue(o@x)‘l (+1) 91)4(14 _ ,U(gx)(O'Q X)
V(0 (7) v(7) HUET’1(+1) 0y p(r© x) HUET’1(+1) 0y u(r o y) Hve(r@x)‘1(+l) 91),(0 ,U(Gx) (ro X)’

where the equation (*) holds because

Mucwoy o) 0" Hueo cong= () Ou - Tocot (cony=1 (<) 7; * Twvex-1(-n) Ow

Mocrox 11 05" Tuert eyng= (1) Ou - oert (cnay -1 75 eyt (-1) Ow
~ Mueoranny11) Ou - oeornyng-1(-1) O Tueo141) Ou

- Huer—1(+1)mx—1 (+1) Hu : Huer—1(+1)ﬂx—1(—1) 90 - Huer—1(+1) 90 ‘
The above equation implies v(? (¢) = 4% (¢ © x), i.e. v(® = flip(u®), x). O
We generalize the notion of complete spectral independence (Definition 1.8) to different directions.

Definition 8.2 (complete SI in a direction). Let y € {-1,+1}". A distribution y over {1, +1}" is said to
be completely n-spectrally independent in direction y if (%) is n-spectrally independent for all @ € (0,1]".

The complete n-spectral independence defined in Definition 1.8 is the special case of the above definition
with direction y = 1, where 1 = (+1),cy denotes the all-(+1) vector. The following observation follows
from Fact 8.1 and the fact that flipping defines isomorphisms for measures and dynamics.

Observation 8.3. Let v = flip(y, x) for distribution y over {—1,+1}" and y € {-1,+1}".

o v is completely n-spectrally independent if and only if u is completely n-spectrally independent in
direction x;
e Forany @ € (0,11, it holds that )anq'i?]_gap (u(0%)) = Aga_gap(v(e)).

The good direction y € {-1,+1}" is defined as follows.

)AU/Z

+1 AS(%

—1 otherwise,

5

(73) YoeV, yx,=sgn(A,A) =

where A, denotes the degree of v in G and we assume that )6/ = +oo for y > 0.
With Observation 8.3, Theorem 2.10 can be equivalently stated as follows.
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Lemma 8.4. Forall§ € (0,1), for every anti-ferromagnetic two-spin system on an n-vertex graph G = (V,E)
with maximum degree A = Ag > 3 that is up-to-A unique with gap 5, for the y € {~1,+1}V in (73),

(1) the Glbbs distribution yi is completely =5 144 -spectrally independent in direction y;
(2) for0 =g andC = 8 it holds that ACP (y(gx)) > 1

min-gap

The rest of Section 8 is organized as folows: In Section 8.1 we prove the first part of Lemma 8.4, and in
Section 8.2 we prove the second part of Lemma 8.4.

8.1. Complete spectral independence up to uniqueness (in the right direction). Let 7 = (V,E, B,y, 1)
denote the anti-ferromagnetic two-spin system specified by (f,y, 1) on a n-vertex graph G = (V, E) with
maximum degree A = Ag > 3. Let @ € (0,1]" be arbitrary and y € {-1,+1}" as defined in (73). Let u
denote the Gibbs distribution of 7 and 7 = p(®*). Note that Q () = Q(y) since 0 is positive.

We denote by I, = (V,E, B, v, (Ay)vev) the two-spin system that is the same as I except that in 7, each
vertex v € V is associated with the local field

(74) Ay = A01°.
It is easy to see that 7 = (%) is the Gibbs distribution induced by Z, more specifically:
w(o)ecp(o) ] 0% cpm@ym T A,
veV:o(v)=+1 veV:o(v)=+1

where m; (o) £ |{(u,v) € E | 0y, = 0, = i}| for i € {—1,+1}. It is then sufficient to verify the 1%;“—spectral
independence of 7 for arbitrary 6 € (0,1]V.
For every v € V, let A, denote the degree of v in G = (V,E) and d, = A, — 1. We have A = max,ey A,.

Lemma 8.5. If (f,y, A) is up-to-A unique with gap &, then foreveryov € V, (B, v, Ay) is dy-unique with gap 6.
The above lemma is implied by the following proposition from [LLY13].

Proposition 8.6 ([LLY13]). If = 0, then the following holds for all integersd > 1:

(1—5)dd}/d+l

o (0,y,A) is d-unique with gap 6 iff A < A, s5(d) = 18T

Assume > 0. Let A = 1+\/\/: The followings hold for all integers d > 1:
o Ifd < (1- 5)é, then (B, y, ) is d-unique with gap & for all A > 0.
o Ifd > (1-0)A, then f3(x) =1 — 5 has two nonnegative roots x;(d) and x»(d) such that

{s(d) — Vs (d)? — 4(1 - 6)%By d %) = {s(d) +y/s(d)? — 4(1 - §)2By
21-0)f e = 2(1-5)p ’

where {s(d) 2 d(1 - fy) — (1 -8)(1+ fy) > 0.
e Ford > (1-8)A andi € {1,2} let

x1(d) =

xi(d) +y )”’

Ai(d) = x;(d) (m

d+1
It holds that A1 (d) A2 (d) = (%) .And (B, y, A) isd-unique with gap § iff A € (0, A1(d)]U[A2(d), +00).
The proposition is slightly refined from the one proved in [LLY13] by taking the gap 6 into consideration.

A proof of Proposition 8.6 is included in Appendix B.1 for completeness.
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Proof of Lemma 8.5. Fix an arbitrary v € V. We consider the following two cases.

Assume f = 0. Note that (0, y, A) is d,-unique with gap 8. By Proposition 8.6, A < A.s(d,). According
to (73), when f = 0, y, = +1 regardless of A,. Hence, 1, = 10, < A < A.s5(d,). By Proposition 8.6, (0, y, 4,)
is dy-unique with gap .

Assume f§ > 0. We may further assume d, > (1 — §)A. Otherwise, by Proposition 8.6, (8,¥,1,)
is d,-unique. Since (f,y, 4) is d,-unique with gap &, by Proposition 8.6, it holds that 1 € (0,4;(d,)] U
[A2(dy), +00). We further consider the following two sub-cases.

o If 4 < Ai(dy), since A (do)Aa(dy) = (y/B% = (y/B)™, we have A < A1(dy) < (y/P)E. By (73),
we have 1, = 10, < 1 < A1(d,).

e If 1 > Ai(dy), since (B, A,y) is d,-unique, we have A > Ay(d,) > (y/ﬂ)% By (73), we have
Ay = A/eu > A2 AZ(dU)

In both cases, A, € (0, ;(dy)] U [A2(d,), +00), and by Proposition 8.6, (S, v, A,) is d,-unique with gap §. O
We consider the following well known tree recursions for two-spin systems [Wei06]. Let 0 < f < y,

Yy > 0and A > 0 be reals (not necessarily satisfying the anti-ferromagnetic requirement fy < 1). For
integer d > 0 and real A > 0, the tree recursion for marginal-ratios Fy 4 : [0, +00]¢ — [0, +c0] is defined as

’Bx,'+1
y+xi

d
(75) Fra(e,x, %) 2 A

i=1

In particular, F;, = A is a constant for the trivial case d = 0. The tree recursion for log-marginal-ratios

Hj 4 : [—00,+00]% — [—00,+00] is given by Hj 4 = log oF) 4 o exp, specifically
d .
N Pe¥i+1
(76) Hya(ys, -+ ya) =log A+ ;bg( ity )
For y € [—o0, 4+00], let
(1 = By)e?
h(y) = - .
77 W= e ey

It holds that aiyl.HA,d(yl’ -+ ,yq) = h(y;) forall 1 < i < d. Note that for f > 0, h(y) = 0 iff y = +o0; and for
B =0,h(y) =0iff y = —oco.

Given a function ¢ : [—00, +00] — [0, +c0) such that ¢(y) > 0 for any y € [—co, +oo] that |h(y)| > 0, let
h? : [0, +00] — [0, +00) be defined as that for any y € [—co, +0c0], h?(y) = 0if h(y) = 0, and if A(y) # 0,

(78) W (y) = ——==
Furthermore, let Jy 4 = H) 4[—oo, +00]? denote the image of H, 4. Specifically, J o = {log A} for d = 0 and

ifd >0,
(2] o

e [1og (Ap) , log (;—d)] if0 < fy < 1;
[1og(yid),1og (wd)] it By > 1,

Definition 8.7 ((«, ¢)-potential function). Let I = (V,E, f,y, (Ay)vev) be a two-spin system with local
fields, where 0 < f < y,y > 0,and A, > Oforallo € V. Forevery v € V, letd, = A, — 1, where A,
denotes the degree of v in G = (V, E). Let ¢ : [—co,+c0] — [0, +00) be a function such that ¢(y) > 0 for
any y € [—oo, +co] that |h(y)| > 0. For any a € (0,1) and ¢ > 0, we say ¢ is an (&, c)-potential function
with respect to 7 if it satisfies:
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(1) (a-Contraction) For every v € V with d, > 1 and every (yi,...,yq,) € [—o0, +oo]dv, we have

dy
b(y) > b () <1-a
i=1

where y = H) 4, (y1,...,Yd)-
(2) (c-Boundedness) For every u,v € V, every y, € J), 4, and y, € Jj, 4,, we have

Y, 2c
P (yo) - h? (yu) < A A

Theorem 8.8 ((CLV20]). Let I = (V,E, B, v, (Ay)vev) be a two-spin system with local fields, where0 < <y,
Y > 0,and A, > 0 forallv € V. Fora € (0,1) and ¢ > 0, if there is an («a, ¢)-potential function ¢ with respect
to I, then the Gibbs distribution & of I is 2;C-spectmlly independent.

Remark 8.9. The potential function ¢ in Definition 8.7 is in fact the derivative of the potential function in
[CLV20, Definition 4]. Theorem 8.8 holds without assuming that ¢ has an explicitly defined integration.

Remark 8.10. Theorem 8.8 holds for general two-spin systems that are not necessarily anti-ferromagnetic.
The theorem stated here is in fact a refinement from the one proved in [CLV20] to the two-spin systems
with local fields. In Appendix B.2, we reprove the theorem by going through the analyses in [CLV20].
Another slight difference is that our spectral independence is defined with the absolute influence matrix
instead of signed influence matrix. This is not an issue, because in the proof of Theorem 8.8, the spectral
independence is guaranteed by establishing a sufficient condition of weighted total influences, which is
sufficient to imply spectral independence with either absolute or signed matrix.

It remains to verify the contraction and boundedness properties for the instance 7, = (V, E, B, y, (Ap)ev),
where the local fields (A,),ev are as specified in (74).
For anti-ferromagnetic 2-spin systems, a good potential function ¢ is the one discovered in [LLY13]:

(79) IMERVLIONN

For such choice of potential function it obviously holds that ¢ (y) > 0 for any y € [—oo, +00] that |h(y)| > 0,

and moreover, for any y € [—oo, +00],

h (y) = $(y) = VIh(y)!.
Lemma 8.11 ([LLY13]). Letd > 1 be an integer, and let B, y, A be real numbers satisfying that 0 < f <y,
Yy > 0,4 > 0 and py < 1. For the function ¢ defined in (79), for any § € (0,1), if (B, y, A) is d-unique with
gap S, then for every (yy,- -+ ,yq) € [0, +0]? and y = Hy.q4(y1, Y2, - -, Ya),

d d
(80) b)Y (=D TG < V-5 <1- 7.
i=1 i=1

Remark 8.12. It was proved in [LLY13] that (80) holds for all integers 1 < d < A if (f,y, 4) is up-to-A
unique, which was in fact proved by showing that (80) holds if (S, y, A1) is d-unique, which is the exact
statement in Lemma 8.11. A proof of Lemma 8.11 is included in Appendix B.3 for completeness.,.

Assume that (S, y, A) is up-to-A unique with gap §. It follows immediately from Lemma 8.5 and Lemma 8.11
that the potential function ¢ defined in (79) satisfies ‘g-contraction with respect to instance 7;.
The following lemma for boundedness was proved in [CLV20].

Lemma 8.13 ([CLV20]). Let A > 3 be an integer, and let B, y, A be real numbers satisfying that0 < f <y,
Yy > 0,4 > 0 and By < 1. For the potential function ¢ defined in (79), for any 6 € (0, 1), if (B,y, A) is up-to-A
unique with gap 6, then for any integers 0 < dy,d, < A — 1, forevery y; € Jy 4, and y, € J) 4,

$(u) - b () = VIR (2] < —2

d1+d2+2.
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Now, to verify the boundedness for ¢ with respect to 7, it is sufficient to show that for every v € V,

(81) max |h(y)| < max lh(y)l.

Y€JAn.do Y&

Note that the maximum on the right-hand-side is taken over J 4, and the maximum on the left-hand-side
is taken over J; g4, where A, = 0* is the local field associated with v € V in I, specifically

5

A0, A< (%)AU/2

A/6, otherwise,

Ay =

for an arbitrarily fixed 6, € (0, 1).

When =0, |h(y)| = e;iy is monotonically increasing in y, and for every v € V, we have 4, = 1-6, < A

and hence max Jj, 4, < max J) 4,. It holds that

max |h(y)| = |h(max Jy,q,)| < |h(max J4,)| = max |h(y)].
Y€ p.dy Y€ rdy

The inequality (81) follows.

In the following we assume f > 0,1ie. 0 < fy < 1. Note that |h(y)| = (=pye”

(Bev+1) (eV+y)
increasing in y when y < 3 log (%), and monotonically decreasing in y when y > 7 log (%), so that |h(y)|

is monotonically

achieves the maximum at y = % log (%) Then, we can verify (81) by considering three cases:

(1) t1og (%) € Jra,
@) L1og(}) > log (Z);
(3) 4log }) < log (2p%).
For Case.1, (81) holds trivially because max,cj, , |h(y)| achieves the global maximum of |h(y)|.
We then verify (81) in Case.2. Notice that when % log (%) > log (),%Tu)’ it holds that

)

% d2+1 Ay/2
(1) _(r x _(y
A<y (ﬁ) (ﬁ) Pr) S(ﬁ) ’

which implies 4, = A - 8, < A and hence max J 4, < max Jy4, = log (Y%) < %log (%) Since |h(y)| is

monotonically increasing in y when y < % log (%), it holds that

max |h(y)| = |h(max Jy,q,)| < |h(max J;4,)| = max |h(y)].
YE Dy dy YENdy

Finally, we verify (81) in Case.3. Notice that when % log (%) < log (Aﬂd”), it holds that

dp+1

Ve (r) o (r\*"
(5 =(5) o= (5)

which implies A, = /6, > A, and hence %log (%) < log (Aﬁd”) = min J) 4, < min Jy q4,. Since |h(y)| is

monotonically decreasing in y when y > 1 log (%), it holds that

max |h(y)| = [h(min J,4,)| < |h(min J; 4,)| = max |h(y)|.
Y€ o.do yE€\dy
Therefore, we prove (81). It immediately follows from Lemma 8.13 and (81) that the potential function ¢
defined in (79) satisfies 36-boundedness with respect to instance 7;.
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Along with the g—contraction we have established for ¢ with respect to Z, this guarantees that ¢ is
144

a (£, 36)-potential function with respect to Z,. Due to Theorem 8.8, the distribution 7 is =5 -spectrally
independent. Note that this holds for 7 = u(®*) for arbitrary @ € (0,1)V. This proves the complete
1%;4-spectral independence of y in direction y claimed in the first half of Lemma 8.4.
8.2. Spectral gap in an easier regime. We now prove the second half of Lemma 8.4.

Let § € (0,1). Assume that the anti-ferromagnetic 2-spin system I = (V,E, 5, y, A) is up-to-A unique
with gap 8. Fix 0 = §2/64 and C = 8/5. Let

where y is the Gibbs distribution associated with 7, and y € {-1,+1}" is the good direction defined in (73).
Our goal is to show that

1
GD
(82) Aoingap(7) 2
where )Lra'?n_gap (1) = Mina v,y eQ(ra) Aga% (%) denotes the minimum spectral gap of the Glauber dynam-

ics for & with worst-case feasible boundary condition.

Let A C V be a subset of vertices and o € Q(7p) a feasible partial configuration specified on A. Let P,
denote the Glauber dynamics for 7°. We consider the following coupling of chain P,.

For any two configurations X,Y € {-1, +1}V, we use (X, Y) to denote the weighted hamming distance
between X and Y. Formally

aXY)E Y @,
veV:X,#Y,

where for each v € V, @, is defined by

(D é 1_§ 7AU:17
A, LAy > 1,

where A, denotes the degree of v in graph G = (V, E).

Lemma 8.14. Assume that I is up-to-A unique with gap 6. For any X, Y € Q(n°), there is a coupling
(X,Y) = (X", Y') of Markov chain P, such that

E[®(X.Y) | X, Y] < (1 - %)@(X, Y).

Due to the well known connection between coupling and spectral gap (Lemma 3.4), our desired spectral
gap bound in (82) is implied by Lemma 8.14, and hence this proves the second half of Lemma 8.4.

Remark 8.15. Usually when using coupling to analyze the mixing time upper bound, the metric ®(-,-) is
required to satisfy miny yeq ®(X,Y) > 1. Our weighted Hamming distance per se does not satisfy this.
This does not matter though, because our purpose of using coupling here is not to bound the mixing time,
but the spectral gap, and Lemma 3.4 holds as long as there is sufficient decay in the metric. If one wants to
analyze the mixing time using our coupling, one can simply renormalize by replacing ® with 29, so that
the minimum distance is bounded from below and the step-wise decay in Lemma 8.14 still holds.

It only remains to prove Lemma 8.14.

Proof of Lemma 8.14. Observe that 7 = ;%) corresponds to the Gibbs distribution of a 2-spin system
where the pairwise interactions on edges are the same as in p, but now each v € V has a local field:

o 2 A0%,

42



More specifically, for every 7 € {-1, +1}V,
7(7) ﬂm+1('[) ymfl(f) l_[ Ao,

0t (0)=+1

where m;(r) = |{(u,v) € E | 1, = 1, = i}| for i € {-1, +1}.

The coupling is constructed by the path coupling [BD97]. Note that P, is a Markov over Q(x?). To apply
the path coupling, we first extend P, to the entire space {—1,+1}". Suppose the current configuration is
X € {-1,+1}V, not necessarily feasible with respect to 7. Upon transition, a vertex v € V is picked
uniformly at random; if v € A, then the value of v is fixed by ¢ and set X, « 0,; if v € V' \ A, then the
current value of X, is updated to a random value ¢, € {—1,+1} such that

S

A XV\ (0 a
Pr [Cv = _1] = 'qu\{ }(_1) :pv(—l,S) = ! Ap—s’
YS + Ao
(83) X A ﬂAu_s
_ _ A Xv\{o} _ A ° S
Pr [Cv = +1] =Ho (+1) - PU(+1’5) - }’S + AUIBAU—S’

where s = |[{u | v € T, A X, = —1}| denotes the number of —1’s assigned by X to the neighborhood T, of v
in G, and the value of %% is computed with convention 0° = 1.2

In (83), /i extends the definition of conditional distribution induced by p to the boundary conditions that

[ X [
may be infeasible in general. For any feasible configuration X, it is easy to see that /i, el - =1, "M

Let X,Y € {—1,+1}" be disagreeing with each other at only one vertex v € V. The coupling (X,Y) —
(X’,Y’) is constructed as follows:

o the two chains pick the same vertex w € V uniformly at random, and X;, = Y, for all u # w;
e (X],Y!) is drawn according to the optimal coupling of their marginal distributions in (83).

If the Glauber dynamics picks v, then X/ = Y;; otherwise, X # Y,. We have Pr [X, # Y, | X,Y| =1- 1.
For any w ¢ T, U {0}, it holds that Pr [X/, # Y}, | X,Y]| = 0. For any u € T,, X/, # Y, only if the Glauber
dynamics picks u and the coupling on vertex u fails. We have

1
(84) Vuel(v), Pr[X,#Y,|X,Y]<-R(uo),
n

where R(v,u) corresponds to the Dobrushin’s influence matrix, formally defined as follows:

( OV\{u} ATV\{u})

R(v,u) = (max dry | fiy s fy

0,T)€B,
where B, denotes the set of all pairs (o, 7) € {—1,+1}V x {~1,+1}" that disagree only at v. We have

R(v,u) = max |pu(+1 s+1) —py(+1,s)]

0<s<

= max A”ﬂA vt Yy (1-=By)
0<s<Ay—1 (Yt + ApRu=s=1) (S + A, fAu=s)

B AuﬂsyA“_s_l(l _ .BY)

T X (hu—s Y (1 Au—s—1 1
oss<hut (YN + ABT) (P 4 2y f)

3 Auﬂs}/_A““H(l _ ﬂ)/)

B os?;%},fq (y + ,1’55 —Au+S+1)(1 + Au’gs+1},—Au+s+1)

= max fA ()L (ﬂ)/)s),

0<s<A,—1 Ay

(by replacing s with A, —s — 1)

(since y > 0)

%This convention is assumed throughout the proof without further mentioning,
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where the function f; for integer d is as defined in (9):

__d(-pyx
Ja(x) = Bx+1D)(x+y)
Altogether, we have
(85) E[®(X,Y) | X, Y] < <I)U(1 _ l) 1 Z fA (/1 (/3?/) )
n n uely,

Remark 8.16. Note that fp, (-) captures the contraction of the tree recursion for the marginal ratio of
(A, + 1)-regular tree. We know that fo, < 1 at the fixed point for the tree recursion, if we had assumed
the (A, + 1)-uniqueness. However, we only assume the up-to-A uniqueness of (S, y, 1). Such discrepancy
is due to the non-self-avoiding nature of path coupling argument. Nevertheless, since we have moved to
an easier regime 7 = ;%) that effectively alters the local fields from A to A, = 10%¢, we could hope for

that fa, still contracts at % as long as it is fairly close to the fixed point.

The above intuition is formally justified by the following claim.

Claim 8.17. Foranyu € V, if A, > 1, then for any integer 0 < s < A, — 1, it holds that
A $ )
i ( (ﬂy) ) <98

1

Claim 8.17 will be proved later. We now use Claim 8.17 to bound (85). Without loss of generality, we
assume the underlying graph G = (V, E) is connected. Otherwise, we can decompose the spin system J
into a set of independent systems. Consider the following two cases:

e Case A, = 1. We have &, = 1 - g. Let T, = {u}. If A, = 1, since G is connected, G only contains
two vertices, such instance is trivial. If A, > 1, it holds that &, = A,,. By (85) and Claim 8.17,

E[®(X',Y) | X,Y] < (1—5) (1—1)+l(1_§)
8 n n 4

< (1 - i) d,.
8n

e Case A, > 1. We have &, = A,. Fix any neighbor u € I},. If A, > 1, then &, = A, by Claim 8.17,
S
&fu(/lu(ﬂy) ) <19

A" yAul 4
IfA,=1,then®, =1- %, by the definition of R(v, u), it is straightforward to verify that
R(v,u) = —fA (/1 ('BY) ) <1

Thus, we have

D, Au(By)*
A_quu ( }/Au—l < q)u =1-

(-3
— |1-=
n 8

0
5
Therefore, by (85), we have

E[®(X,Y') | X,Y] <A, (1 - %) "

-]
=(1-—|d,.
8n



Recall that we have extended the Markov chain P, to the entire space {—1,+1}". Since the weighted
Hamming distance is a well-defined metric on {~1,+1}V, due to the path coupling theorem [BD97], for
any X,Y € {-1, +1}V, there is a coupling (X,Y) — (X’,Y’) of P, such that

E[®(X,Y) | X, Y] < (1 - ﬁ) d,.
8n

This step-wise decay property holds for every X,Y € {—1,+1}", thus it holds for every X,Y € Q(x°).
This proves the lemma. O

It remains to prove Claim 8.17.

Proof of Claim 8.17. Let § € (0,1). Fix a vertex u € V with A, > 2. The effective local field of u in 7 is

given by A, = 0%, where 0 = 2_421’ and y, = sgn(Ay, A) is as defined in (73):

)Au/Z

+1 As(%

—1 otherwise.

II>

sgn(Ay, A)

We denote
D=A, and d=D-1.

Clearly,2 < D<Aand1<d<A-1

Recall that (f, y, A) is up-to-A unique with gap §, which means that (f, y, 1) is d-unique with gap §. To
prove the claim, it suffices to prove the following proposition: For any (f,y, A1) with0 < f <y, fy < 1 and
¥, A > 0, for any integer d > 1, if (f,y, A) is d-unique with gap J, i.e. the following holds:

d(1 - By)xa _
(Bxa+ 1) (xa+y) ~

(86) Ja(xa) =

5

d
where x; = F(x4) is the unique positive fixed point for F;(x) = A (ﬂ;:/l) ,thenforD=d +1,
A@sgn(D,A) (ﬁy)s 5
8 _— 1—--.
(87) osl?s%(—lﬁj( ve ) < 4
We first consider the case f# = 0. In this case, f;(x) = %. Hence, f3(x) < 1-9ifand only if x < (dl__l(i)g.

And the fixed point x; = F(x,) satisfies A = x4(xq + y)¢. Thus, the assumption (86) implies that
(1L=8)y) (=0 ¢ (1= s)yad
d-1+6/\d-1+6 C(d=1+8)d+1

Note that in this case, sgn(D, A) = 1 for all integer D > 2 and real number A > 0. Also note that if s > 1,
then (By)* = 0 and fp(0) = 0. We then only need to prove Claim 8.17 when s = 0. Formally, this is

equivalent to show that
oA o
fD ()/_d) <1--.

(88) A=xq(xqg+p)¢ < (

4

Note that fp(x) = %;/ when f = 0. Hence, fp(x) < 1 - g if and only if x < 4(YD(4__1()515 = Yi;;?. We then

only need to verify
Yd+1 (1 _ g)

o)
d+Z
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Note thatd > 1 and 0 < § < 1. By (88), it suffices to verify

52 1 (d—1+6)d+1
0= <-. .
2 d

T 64 T

32°
increasing in t for t > 1 and h(1) = &2. To verify the increasing of h(t), observe that

, 1-6) (1-0)(+1)
(In h(t)) :In(l— " )+ (1=1+90)
(1=-06)(-3t+6t+1-9)
2(t—1+6)2
Next, we focus on the main case f > 0. We first show that without loss of generality, we can assume
A < (y/B)P’?. Suppose A > (y/B)P/%. Let X = 1+ (y/B)P. The following two properties hold:
e if (B,y, A) is d-unique with gap J, then (', B, y) is also d-unique with gap J;
e ) < (y/B)P/? and it holds that

Aesgn(D,)L) (,B}/)s
Yd

t+1
Let h(t) = (#) . The above inequality can be expressed as h(d) > & which holds because h(t) is

— 0ast — oo,

<0ift > 1.

(Inh(1))"” =

Azesgn(D,)t') (ﬁy)s )

(89) max_ fp ( v

= max Jp
0<s<D f (

0<s<D

We verify the first property. If d < (1 - 8)A, then by Proposition 8.6, the property holds trivially. Now
suppose d > (1 — 8)A. By Proposition 8.6, 1;(d)A,(d) = (y/p)P. Since (B, y, A) is d-unique with gap & and
A> (y/ﬁ)D/z, we have 1 > A5(d) and A’ = % “(y/B)P < Ai(d), thus (X, B,y) is also d-unique with gap &.

We then verify the second property. Since A > (y/ﬂ)D/z, N=1- (v/B)P < (y/B)P/%. To verify (89),
observe that the following holds for the function fp:

D(1 - fy)x 4
Vx > 0, == —.
0 P G e TP s
This implies
26°52 0N (By) Y v
o2ax, fo vd ~02s2p P\ B 20580 (fy)s
Azgsgn(D,A’) (,B}/)d_s )
}/d
Azgsgn(D,A’) (,B}/)s )
v '

With the above two properties, we only need to prove the following result. Let § € (0,1). For any
(B.y,A), any integerd > 1and D = d+1, if (§,y, A) is d-unique with gap & (formally, (86)) and A < (y/B)"/?,
then it holds that

= max fp
0§s<Df (

= max fp
OSs<Df (

sen(DA) (By)s s
(90) Vinteger0<s<D-1, fp (M) _ 5 (Ae(ljy) ) < i
v

<1--.
}/d

Furthermore, we have the following technical proposition.
Proposition 8.18. For integerd > (1 - 8)A, if (B,y, A) is d-unique with gap 5, then

A(By)*é
m < x1(d),
for any integer 0 < s < d, where {5(d) =d(1 - py) — (1 -06)(1+ By).
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The proposition is proved later.
We now prove (87). Consider two cases: D > (1 - g) A+1landD < (1 - g) A+1.

Case 1 (D > (1-6/2) A+1). Inthiscase,d=D—-1> (1— g)Z > (1 - 6)A, we claim

6
©1) Pra(d) + —o = 5 (14 ),

52
64

<
= )
A0(By)s  APy)* & S O
ya < W 2-5 8 < 8x1(d) < +\y/B.

where (%) is due to Proposition 8.18 and (*) holds because x;(d)x2(d) = y/p and x;(d) < x2(d), thus
x1(d) < Jy/B. Furthermore, it is easy to verify that fp(x) is increasing on (0, 1/y/f]. We have

where x;(d) is defined in Proposition 8.6. Since 6 =

f (/19(6}’)5) <6 (éxl(d))
% 8
_ D(1 - By)
$pxi(d) + St + 1+ By
L Da=-hn
- %xl)(/d) +1+ By
3 D(1- By) (since x;(d) < \fy/B)
4 (pi(d) + ) + 1+ By
< D(1- By) (since 0 < § < 1)
§(pri@+ ) w10 pr+2 (bn (@ + g
D(1 - fy)
= 2(Bxi(d) + gy + 1+ By) ren
= 2 falaa(d)
< (1-9),

where the last inequality holds because x;(d) is the root of fz(x) = 1 — § (due to Proposition 8.6).
We finish the analysis of this case by verifying (91). Note that it holds that

1 1++/By)? A1
(92) thr (1+Vhy) == < —,
d1=Fy) ~da++By)(1-+By) 4 1-%
where (*) holds because D > (1 - ‘%) A + 1. Moreover, we have
Pr(d+xtm 1

di=Py)  d(-fy)  faCa(d) 1-08

Combining (92) and (93), we have

Pors@ (N8 L0
1+ fr —(m)( _5)_2—25+ ~2

Case 2 (D < (1-5/2) A + 1). Without loss of generality, we assume A > 2725, since otherwise we have

D < (1 - g) A+1 < 2, hence the only possible value for D is 1. However, in (87), we assume D = d+1 > 2.
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We claim that the following equations hold in this case

cefpl) bR <2

A(By)® 4
95) B \/%- :
Y
Note that 6 = & = £ . & Then by (95), it holds that

20B° _ 6 \/z< \/z
yt T 1w\NpTNB

It is easy to verify that fp(x) is monotonically increasing on (0, 4/y/f]. It holds that

fD(Ae(ﬁy)S) fD(é\/Z)(;) _5D <;>§'§+1<1_§
ye 16\ p

4A-1) 4 A-1 4

where () follows from (94), () is due to that D < A + 1, and the last inequality holds since A > 2
Now, we verify (94), it holds that

= ﬁ.
£ (\/Z) . _Dba-pp __ DU-+B)  __ DO-vBy
"1 - (-2 T G2 ’
Pl iNbr+1v by LBre e By S2Br+ 1+ 4BY)
where the last inequality holds because \/_y < 1and ¢ < I, which implies

D(1-+By) _ 2D 2D 4¢-D
fD([)_ 1+ £ +/By A = <

L) A+(1-L) T (1+L)A-1) T A-1
Now we verify (95). It holds that

ABy* A @ (r\" 1
y? W = (5) Wz(

)d/2+1/2

1
yd

==

A

(1
= 1t holds at
2 \/_Vthldth tvBy

where (%) is due to our assumption A < (y/f)P/2. For A

A-1 \which implies
A+1
2-8

/1(,5)/)8<\/z L d_\/z M d(z) K A+1 T(*)\/7 _5 \/7
yd NP m - B\A-1 B B\A o

where (*) is due to that d < (1 - g) A, and (%) is due to that the function h(t) (
decreasing when t > 1 and A >

= %)t is monotonically
%. The monotonicity of function h(t) can be verified as

2t t+1
(lnh(t))’=—t2_1 +ln(%) — 0ast — oo,

(Inh(t))” = R 0.
Combining the two cases proves (87). m]
Proof of Proposition 8.18. Recall that {s(d) = d(1 — By) — (1 - 6)(1+ By). By Proposition 8.6,
2(1-46 21-96
xi(d) = (1-9d)y L2 =9d)y

Us(d) +y0s(d)? —4(1 =02y Ls(d)
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Y

Since — B

2(1-9)y
ad+y _ o@ TV d+(1-9)

frr(d) +1 %H‘Y d—(1-0)

which, by Proposition 8.6, implies

) x(d) +y | a [d+(1=8)) 2-98
M@ =@ (F28 ) <@ (THER] E n@ e 5
where (%) holds because f(t) = (ﬁﬁ:?) )t is decreasing in t when t > 1 and d > 1. And thus,
B A g 223
Y é

Finally, we note that f(¢) is monotonically decreasing because

. 2t(1 - 8) t+(1-9)) _ .
(Inf(r)) = (t+(1—(5))(t—(1—(5))+10 (—t—(l—(S)) 0ast — +oo,
(Inf(1))" = il - 0. .

(t+(1-8))%(t - (1-9))?

8.3. Hardcore and Ising models. We now prove Theorem 1.3 and Theorem 1.4, respectively for the hard-
core and Ising models. For these models, the constant C () can be improved to exp(O(1/6)) as the param-
eter 6 can be chosen to be a universal constant.

Proof of Theorem 1.3. Without loss of generality, we assume that 1 > 5 A, and for A < 3 A, the standard path
coupling technique gives us O(nlog n) mixing time upper bound and ( -) spectral gap lower bound.

Choose 0 = 1 . We have

(A=A 1

T S 25(A-2)8 "2

Again, by the standard path coupling method, for the hardcore model with fugacity 04 < 5 A, the Glauber
dynamics has a E spectral gap lower bound, which further holds up to an arbitrary feasible boundary
condition oz € Q(pp) where A C V. Therefore
1
26D ( a/s)) « L
# ) T 2n

min-gap

On the other hand, by Lemma 8.4, the Gibbs distribution y is completely ﬁ-spectrally independence. It
follows from Theorem 1.9 that

1\ 285+ 4 1
AGD > [ - =
gap (1) 2 (50) 2n C(d)n
for a C(5) = exp(O(l/&)) For A > 2A’ the marginal bound b > min { Top 1+/1} > Tlﬂ’ which implies that
Hmin > b" 2 GATE +1)n The mixing time bound follows from (1). O

For the Ising model with edge activity f > 0, without loss of generality, we can assume A1 < 1, because
by symmetry, this covers the 1 > 1 case by switching the roles of —1 and +1 for all vertices.

Proof of Theorem 1.4. Let u be the Gibbs distribution of the Ising model on graph G = (V, E) with edge

activity f > 0 and A < 1. Assume that § € [& Eg‘s AA 255], where A = Ag is the maximum degree of G.
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We first verify that p is completely %—Spectrally independent. Consider the Ising model with local
fields I’ = (V,E, f, (Ay)vev) defined on the same graph G = (V, E) with the same edge activity f €

AA_E:’S‘S, AA—_;E(S]’ where each vertex v € V is associated with an arbitrary local field 4, < 1.
It is straightforward to verify that the trivial potential function ¢(y) = 1 is a (J, 2)-potential function
@2
with respect to 7’ (Definition 8.7): for h(y) = —%,

(1) (6-contraction) forany 1 <d < A-1landyy,...,yg € [—00,+00],

L 1= pev (A-D1-p| _
Z|h(l)|_z(ﬁeyl+l)(eyl+ﬂ) g SO

(1-p4eY [1-8| 2
Bevr)(eV+h) = 14 = i < &

By Theorem 8.8, the Gibbs distribution of such 7’ is always %-Spectrally independent, Wthh means that

(2) (2-boundedness) similarly, for all y € [—oo, +0], |h(y)| =

u is completely %-Spectrally independent.

On the other hand, the standard path coupling method gives an O(nlogn) mixing time upper bound
and a 5. spectral gap lower bound for A S 500, which holds up to an arbitrary feasible boundary condition
oA € Q(,uA) where A C V. Choose 8 = 500 We have

1
Arct]*u[:n -gap (/1(1/500)) 2_
It follows from Theorem 1.9 that

8/5+7 1 1
Agap (1) = — =
gap 1000 2n C(6)n
for a C(6) = exp(O(1/8)).For f € [AA_E+5 AA2+5] and = 500 < A £ 1, the marginal bound b > —— 14000 [CLV21],
which implies that pp;, = b" > (T})oo)n' The mixing time bound follows from (1). m]
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APPENDIX A. MiIXING OF UNIFORM BLocK DYNAMICS FROM SPECTRAL INDEPENDENCE

Here we give a short proof of Theorem 2.5 using theorems and lemmas proved in [CLV21, FGYZ21]. Let
V be a ground set of size n. For n > 0, y1 is an n-spectrally independent distribution over {—1,+1}". For
2[n] < ¢ < n, we want to show that the spectral gap of the uniform ¢-block dynamics for u satisfies

) 2[n]+1
gap(Pt’) > (27‘[) .

For any subset A C V, any feasible partial configuration op € Q(u,), define the local random walk P,
on Uy, = {(uc) € (V\A) x {-1,+1} | g7*(c) > 0} as

. . [u 7& U] O, —i/ -
V(w,1), (v,)) € Usy,  Po, ((w.0), (0,))) = mﬂ:f’u ‘().
where p“(j) denotes the marginal distribution at v induced from y conditioned on the configuration

on A being fixed as o and the value of u being fixed as i.
Then, for > 0, we say pis a ({o, - - - , {n—2)-local spectral expander if for every 0 < k < n — 2, every
A C V such that |A| = k, and every feasible partial configuration oy € Q(pp), we have

A2(Poy) < L.

Theorem A.1 ([CLV21, Theorem A.9]). Let (o, (1, ...,{n—2 € [0, 1] be a sequence of positive real numbers. If
pisa (Lo, -+, {n-z)-local spectral expander, then for any 1 < £ < n, it holds that

ant’k

Agap(Pe) =2 —5—
gap\* { Zkzork

where Fk L f;ol % fO}"k > 0 and Fo £ 1.

The following lemma from [FGYZ21] assumes our notion of spectral independence defined using the
absolute influence matrices ¥,;* (Definition 1.5).

Lemma A.2 ([FGYZ21, Lemma 3.6]). Forn > 0, if u is n-spectrally independent, then there is a sequence
80,15+ + 5 {n—2 € [0, 1], such that p is a ({o, - - - , {n—2)-local spectral expander, where for0 < k < n — 2,

(96) g:mmbjt%?ﬂ.

Proof of Theorem 2.5. Let C = [n]. Note that p is C-spectrally independent assuming that p is -spectrally
independent. By Lemma A.2, for the {i’s given in (96), p is a ({o, - - - , {u—2)-local spectral expander. By
some calculation, one can verify that for any 1 < k < n — 1, it always holds that

1 (n—k-C)(n-k-C+1)...(n—k+C—1)

n-C)(n+1-C)---(n—1+0)

—& _
i=0 I+ g]

~.

Therefore, by Theorem A.1,

A (P) > angk(*)l—[f+k t— C2C+1> £\
gap ! ZZle n+k \n-C ~\2n ’

where we use the fact that n > ¢ > 2C, and (%) is due to the equation Zj-\f:f)l (i) = (k]:-fl)' O
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APPENDIX B. UNIQUENESS AND SPECTRAL INDEPENDENCE FOR TWO-SPIN SYSTEMS WITH LocAL FIELDS

In this section, we give missing proofs in Section 8.1. Specifically, they are the proofs of Proposition 8.6
(in Appendix B.1), Theorem 8.8 (in Appendix B.2), and Lemma 8.11 (in Appendix B.3). All these theorems
have been proved in some variant forms previously. But here our goal is to reestablish them for the two-
spin systems with the local fields that are biased towards the easier directions as indicated in (6). In
principle, such alternatton should only make these theorems more satisfied. However, to formally verify
this, we have to reiterate their respective existing proofs.

B.1. Proof of Proposition 8.6. When f = 0, recall that (f,y, 1) is d-unique if and only if

) i = e R

= — = — <1-6,
(Pra+1)(y+Xq) y+3xg

d d
where %, is the fixed point of function Fy(x) = A (M) =1 (L) , namely Fy(Xy) = %4.

y+x y+x

Note that (97) holds if and only if x; < (dl__f?g, which is equivalent to
A d d.,d+1
. [ Xaty A a_ (1-8)d%
A < = < — = .
_xd(ﬁ£d+1) Ya (a+ )" < gy e

We assume that # > 0. Similar to previous discussion, (f,y, A1) is d-unique if and only if

.\ d(-py)xa B
©8) JaGa) = e D+ 7

69

Px+1
y+x

When d < (1 - 8)A, the following holds for any x > 0.
di-py)x __da-py) _ _da-pp _d0-VBp
(Bx+1)(x+7y) ﬂx+§+1+ﬂy_1+ﬁy+2m 1.,.\/’5_}, '

Therefore, (B, y, A) is d-unique with gap & if d < (1 — §)A.
Ifd > (1 - 8)A, it can be verified that equation AUPYx_ 4 _ § has two positive roots

(Bx+1) (x+y)
{s(d) — \s(d)? — 4(1 - 6)*Py and  xy(d) = {s(d) +Ts5(d)? — 4(1 - 6)2By
2(1-0)8 2 2(1-6)p ’

x+y
Px+1

d
where %, is the fixed point of function Fy(x) = A ( ) , namely F;(%q) = x4.

fa(x) =

x1(d) =

d
and (98) holds if and only if X5 < x1(d) or X4 > x,(d). Note that x ( ) is monotone increasing in x for
any fixed d. So, (f,y, A) is d-unique with gap ¢ if and only if

A € (0,41(d)] U [A2(d), +0),

d
where 4;(d) = x;(d) ( [j;;fg’;;fl) ie{1,2).

Lastly, x1(d)x,(d) = % by Vieta’s formula. Therefore,

(y +x1 () (y + x2(d)) )”’

(Bx1(d) + 1) (fxz(d) + 1)
Y2+ y(x1(d) +x2(d)) +x1(d)x,(d) )”’
P (d)xa(d) + B(x1 (d) + x5 (d)) + 1
Ly (y2+ L+ y(x(d) +x2(d)))”’ ) (y)dﬂ

~\p

" B\yB+ 1+ (xi(d) + x2(d))
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B.2. Proof of Theorem 8.8. Assuming the existence of (¢, c)-potential function ¢ with respect to a two-
spin system I = (V,E, B, v, (Ay)vev), we prove that its Gibbs distribution r is 27.f—spectrally independent.
By Definition 1.5, it is sufficient to bound the the spectral radius of the influence matrix ¥,;" for any feasible
partial configuration oy € Q(7,) specified on any subset A C V.

Let D € RV be the diagonal matrix with D(v,0) = A, for all V. By similarity, D"'®¥Z* D has the same
eigenvalues as ¥;*, and

p(¥2) = p(D™'¥D) < D7D, -

The next lemma follows immediately.

Lemma B.1. Let A C V and op € Q(mp). Letp > 0. If foreveryr € V' \ A,

(99) 3 Ay ¥ (ro) <7 A,
veV\A

then it holds that p(¥;*) < 7.

Fix A c Vandop € Q(up). Tobound p(¥;*), we only need to bound the weighted row sum of ¥7* given
by (99) (which corresponds to weighted total influence in 7). This follows from a two-step argument:

o First, show that there is a two-spin system J7 defined on a SAW-tree rooted at r that preserves the
influence from r to other vertices in 7 (Appendix B.2.1).

e Next, show that for any two-spin system Jr on a a rooted tree, the a-contraction and the c-
boundedness of ¢ implies that the weighted total influence from the root to all other vertices in 77
is always bounded by % - A, (Appendix B.2.2).

B.2.1. Self-avoiding walk tree. Let I = (V,E, B,y, (Ay),ey) be a two-spin system on a connected graph
G = (V,E) with Gibbs distribution 7. Assume a total ordering among all vertices in G. Given a vertex
reV,letT = Tsaw (G, r) = (Vsaw, Esaw) be the self-avoiding walk (SAW) tree rooted at r. The unique path
between r and each vertex u in T is either a self-avoiding walk that ends at u or a self-avoiding walk with
u being a cycle-closing vertex. The vertices in T enumerate all such walks in G and u is v’s parent in T iff
v’s walk extends u’s. The two-spin system I on T is defined as follow:

(1) A boundary condition is imposed to I on every cycle-closing leaf, such that a +1 is imposed on
such a leaf if the cycle is formed from a smaller vertex to a larger vertex in the total ordering (and
a —1 is imposed if otherwise). Denote this cycle-closing boundary condition on J7 as Tsaw.

(2) I7 has the same edge interactions f, y as 7, and for every free vertex v in T, the local field of 9 is
set to be A, if 6 is a copy of v in T.

We denote the Gibbs distribution of 11 as 7say. For each v € V, we denote by C, the set of all free (not
fixed by 7) copies of v in 7. For any partial configuration oy € Q(mp) specified on a subset A C V, a
corresponding partial configuration osaycan be constructed in J7 by assigning o, to each copy 0 in C, for
any v € V. Together, osaw W Tsaw forms the boundary condition on Agay that is imposed on 7. With
slightly abuse of the notation, we also use g, to denote this boundary condition ogayw W zsaw on I7. We
use ¥2* and ¥7* to denote ¥7* and W34 UISAW respectively, when T = Tsaw (G, r) and I are generated
according to the above construction.

The following signed influence is introduced in [ALO20].

Definition B.2 (pairwise signed influence). Let I = (V, E, f, v, (1) ,ev) be a two-spin systemon G = (V, E)
with Gibbs distribution 7. Let A C V and o5 € Q(pa). The pairwise signed influence is defined as follows.
For every u,v € V such that u # o, let

[on o AT ) = AT ) I Qpt) = {1+,
Mu,0) = o

otherwise,

and for every u € V, let I7* (u,u) = 0.
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Here, for convenience, we also use Ig/‘ and I‘TTA to denote I.* and I,fé‘AW, respectively.

The following lemma is taken from [CLV20], which was proved for two-spin systems with local fields.

Lemma B.3 ([CLV20, Lemma 8]). Let I = (V,E, B,v,(Ay),ey) be a two-spin system on G = (V,E) with
Gibbs distribution m, where 0 < f < y,y > 0, and Ay, > 0 forallv € V. Letr € V be a vertex, and It
the two-spin system obtained from I according to the SAW-tree transformation Tsaw (G, r). Let A C V and
on € Q(pp). Foranyu € V\ A, it holds that

P (ru) = ) M (rd).
ueCy
Let A C V,0p € Q(up), and r € V' \ A. By the construction of J; and Lemma B.3, the followings hold:

e for any v € V, every free copy 0 in 1 has the same degree and local field as v in J;
e it holds that

Z NG ¥ (r,0) = Z NG 12 (r,0)| = Z NGy - Z 122 (r, 9)

veV\A veV\A veV\A 0€Cy
OA AN OA ~
< Y D Ao )= Y Arg - ¥PrD),

veV\A 0eCy, 0eVsaw \Asaw

where Ag ,, At denote the degree of v in G and 0 in tree T = Tsaw (G, r) respectively, and Vsaw \
Agaw is the set all free vertices in I7.

In order to get an upper bound for the weighted row sum of ¥Z* with respect to r, it is then sufficient for
us to get an upper bound for the weighted row sum of ¥7* with respect to r.

B.2.2. Influence on trees. We now bound the total influence on trees by assuming («, ¢)-potential function.
To work with SAW trees with boundary conditions, we slightly generalize the definition of («, c¢)-potential
function in Definition 8.7. Let 7 = (V,E, B, v, (Ay)vev) be a two-spin system with local fields. Let ¢ :
[—00,+00] — [0,+00) be a function such that ¢(y) > 0 for any y € [—oo,+0o] that |h(y)| > 0, where
the function A is defined in (77). Let S € V be a subset. For any @ € (0,1) and ¢ > 0, we say ¢ is an
(@, c)-potential function with respect to I on S if it satisfies the following conditions:

(1) (a-Contraction) For every v € S with d, > 1 and every (yy,...,yq,) € [0, +oo]d”, we have

dy
$y) > M) <1-a
i=1

where y = Hy 4, (y1,...,Yd)-
(2) (c-Boundedness) For every u,v € S, every y, € Jj, 4, and y, € Jj4,, we have

¢(yv) ' h¢(yu) <

Ay + A,

Recall that h? : [—co, +00] — [0, +00) is defined as that for any y € [—oo, +o0], h? (y) = 0 if h(y) = 0, and
if h(y) # 0,

o Ih)]
=50

The only difference from Definition 8.7 is that in the above definition, the a-Contraction and c-Boundedness
properties are required to hold on a subset S. We will prove the following lemma.

Lemma B.4. Let I = (V,E,B,y, (Ay),ev) be a two-spin system on a tree T = (V, E) with Gibbs distribution
7, where0 < f <y,y >0,and Ay, > 0 forallv e V. Letr € V, A C V \ {r} and op € Q(mp). For any
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a € (0,1) and ¢ > 0, if there is an (a, c)-potential function ¢ with respect to I onV \ A, then it holds that
2
Ay ¥R (o) <A
veV\A @

Fix A C V\ {r}, and op € Q(up). Without loss of generality, we assume that A only contains leaves of
T, since for any v € A, due to conditional independence the descendants of such v can be removed without
affecting the influence from the root. We use T, to denote the subtree of T rooted at vertex v € V, and
Ly(k) € V \ A for the set of all free vertices at distance k away from v in the subtree T,. Moreover, we
define

oA = WoA 4+,
where I denotes the identity matrix. We will prove the following lemma.

Lemma B.5. Let ¢ > 0 and @ € (0,1) be two real numbers. If there is an (a, c)-potential function ¢ with
respect to I on'V \ A, then for any integer k > 1, it holds that

Z ALY (rou) < Z A YA (r u) < 2¢(1 - a)IA,.
ueL, (k) ueL, (k)

Lemma B.4 is an easy consequence of Lemma B.5.

Proof of Lemma B.4. Note that ¥7*(r,r) = 0. It holds that

+00 0o

2¢
O, _ O, k-1 —
Z Ay -7 (r,u) —Z Z Au-‘I’TA(r,u)SAr-ZZC(l—a) = ;Ar,
ueVr k=1 ueL, (k) k=1
where the inequality is due to Lemma B.5. O

Letu € V be a vertex in the rooted tree T. Let 7,, = 77, denote the two-spin system induced by 71 on the
subtree T, rooted by u. Let v be the Gibbs distribution associated with 7,,. Let 7 denote the configuration
obtained by restricting o on T, formally, 7 = o4 (V7, ), where V, denotes all vertices in T,,. We define the
marginal ratio at u by

A

ERAC)
It is well know [Wei06] that each R, can be calculated by the following tree recursion. For a vertex u € V
whose local field is A, denote the children of u as wy, wy, - - - , Wg,, where d,, is the number of u’s children

in T,,. The recursion of the marginal ratio is defined explicitly as follow:
0 ueho,=-1;
Ru: +00 uEA,O'u=+1;
Fay.dy (Rwl’RWz’ T stdu) ugA,

where we recall that the tree recursion F 4, is defined as:

PR, +1
F)Lu’du (Rwl’RWZ’ e :RWdu) = Au llz—ll m
Now, we prove Lemma B.5. Recall that for two vertices u,o € V \ A, if u # v, then
Y;A (u, U) = \I/;l’_'l\ (u, U) = max dTV (”3A,u(_i, ﬂ_zc)rA,u<—j)
i,jeQ(m™)

gives the influence from u to v; and Y;* (w,w) = 1 forany w € V' \ A.
The following lemma is taken from [ALO20], which can be straightforwardly extended to two-spin

systems with local fields.
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Lemma B.6 ([ALO20, Lemma B.2]). Let u,0,w € V \ A be distinct vertices in tree T such that u is on the
unique path from o to w. The signed influence matrix I;* defined in Definition B.2 satisfies

Mo, w) = I (o,u) - T (u,w).
Note that for any u,0 € V' \ A with u # o, it holds that Y;* = |I,(T7A (u, U)|, and for any w € V \ A, it holds
that Yo" (w, w) = 1.
Corollary B.7. Let u,u,w € V \ A be (not necessarily distinct) vertices in tree T such that u is on the unique
path from v tow. It holds that
YA (0, w) = YoM (0,u) - YoM (u, w).
The following lemma [CLV20] was proved for two-spin systems with local fields.

Lemma B.8 ([CLV20, Lemma 16]). Letv € V\ A andu € V \ A a child of v in the subtree T,. If |Q(75")| = 1,
then Y, (v,u) = 0; otherwise, it holds that
74 (v, u) = I (v, u)| = |h(log Ry)|,

___(-ppeY
(Bev+1) (V4] °

Now, we are ready to prove Lemma B.5.

where h(y) =

Proof of Lemma B.5. Suppose there is a (a, ¢)-potential function ¢ with respect to 7 on V \ A. We denote
the children of r by uy, uy, - - - , ua,. Then by Corollary B.7 and Lemma B.8, for any integer k > 1,

Z Ay - Y2 (r,0) :iYgA(r, U;) Z YA (u,0) Ay
=1

veL, (k) i v€Ly,; (k-1)

A
(by Lemma B.8) < Z |h(10gRul.)| Z YoM (ui, 0) Ay
i=1

€Ly, (k1)
A,

(100) < Y h?(logRy) Y. $(logRy)T (u;,0)A,,
i=1 €Ly, (k1)

where (100) holds because of the fact that ¢(y) > 0 for all y € [—o0, +00] that |h(y)| > 0 and the definition

of h? (y) such that % (y) = 0 if h(y) = 0 and h?(y) = lg%' if h(y) # 0. We have for any integer k > 1,

(101) Z Ay - YA (r0) < Ay - 12}32( {h¢(10gRui)} - max Z ¢ (log Ry, ) Y7* (ui, 0) Ay

1<i<A,

vel, (k) veLy, (k1)

To bound the right-hand-side of (101), we claim that for allw € V'\ ({r} UA) and k > 0,

(102) D1 Ap-§(logRW)YP (w,0) < max {A, - p(logR,)} - (1- ).
it veLy (k)

Combining (101) and (102), we have

Z Au . Y;A(r, U) < Ar - max {h¢(lOgRul)} - max max {AU . ¢(IOng)} . (1 _ a)k—l
oL o) 1<i<A, 1<i<A, veLy, (k-1)

1<i<A,

= A, - max {h¢(1ogRui)}~ nLlaé){Av.gﬁ(logRu)}-(1—a)’<—1
vel,

— A, ax {AU - h? (log Ry,) - ¢(1ong)} (1= )k

. m
u€l,(1),0€L, (k)
(%) <A -2 (1-a)f
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Inequality (%) holds because of the boundedness property and the fact that u,v € V' \ A are free variables.
We now use induction on k to prove (102). The base case is k = 0. We have

Ay - p(log Ry) YN (w, w) = Ay, - p(logRy),

which holds because Y7* (w, w) = 1.

Now, suppose (102) holds for some integer k —1 > 0. Fix w € V'\ (AU {r}). Let wy, w, ..., wq,, denote
the children of w in T;,. Since w # r, we have 1 < d,, < A. We assume d,, > 0 because (102) holds trivially
if d,, = 0. By Corollary B.7 and Lemma B.8, we have

dyy
D1 Ay plogR)T (w,0) = > log RIYP (wows) > Te(wy0) - A,

0€Lyy (k) i=1 vELy, (k1)

dw
< > ¢(logRy) [h(logRy)| > YT (wy0) - A,
i=1

€Ly, (k1)

By a similar argument in (100), we have

dw
D0 Ap- §logRW)TP(w,0) < ) plogRy)A (logRy,) > $(logRy) T (w;,0) - Ay,

o€l (k) i=1 veLy, (k-1)

By the induction hypothesis, it holds that

dw
§ Av : ¢(10ng)YgA(W, U) < E ¢(10ng)h¢ (longi) Lm;ﬁc( ){Au : ¢(1OgRu)} : (1 - a)k_l
V€L, (k-1
v€L,, (k) i=1 i

dyy
< . (1=-a)kt. ¢ !
< max {Aq - @(logRy)} - (1) ;qsaong)h (logR.y,)

< A, - d(logR,)} - (1 — a)F,
_venLl%){ #(logRy)} - (1 - a)

where the last inequality holds because w € V' \ A and d,, > 1, and ¢ satisfies the a-Contraction property
onV \ A. O

Proof of Theorem 8.8. Recall that I = (V,E, S, v, (Ay),ey) is a two-spin system with Gibbs distribution =
where 0 < f <y,y > 0,1, > 0forallv € V, and ¢ is an (&, ¢)-function with respect to 7. Forany r € V,
A CV\{r}, and op € Q(mp), let I denote the two-spin system on the SAW tree Tsaw (G, r) whose Gibbs
distribution is 7zsaw. Recall that we use ¥7* to denote ¥2,  and Y2 to denote ¥7* respectively. Then, by
Lemma B.3, we have

(103) Dl Ao ¥R (o)< D Are- W),
UEV\A aEVSAW\ASAW

By the SAW-tree construction, for any v € V, if ¢ is a free copy of v in 77, then v and 9 have the same local
field and degree. It is straightforward to verify that the function ¢ is also an («, c)-function with respect
to I7 on Vsaw \ Asaw. Lemma B.4 can be applied to I, and it holds that

. 2c
(104) Z Mg ¥ (r,0) < A =

deVsaw \Asaw

Finally, Theorem 8.8 is proved by combining (103) and (104) with Lemma B.1. m]
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B.3. Proof of Lemma 8.11. Recall the definition of the tree recursion for marginal ratios Fj 4(x1, ..., x4)
in (75). For X = (xq,...,xq) € [0, +oo]d, let

. (1= By)Fpa(X) (1= By)xi
o) = \/(ﬂ&,d<x>+1 ) (Fra(® +7) 4 Z P+ Dty

Recall the definition of the tree recursion for log-marginal-ratios Hy 4(yi, . . ., y4) in (76), function h(y)
in (77) and h? (y) (78). For any integer d > 1, any y, s, ..., yq € [—00,+c0]? and y = H) a(y1, Y2, - -, Yaq), it
holds that

d d
(105) $(y) > 1 (y) = D VIR = aale™, .., e%).
i=1 i=1

For x € [0, +00], let ¢y (x) denote the symmetric version of ag(xy, ..., xg), specifically,
aa(x) £ ag(x,...,x) = v/ fa(Fa(x)Vfa(x),
~———
d
pre1)?

where Fy(x) £ A ( ) , defined in (8), is the symmetric version of the tree recursion for marginal ratios

x+y

Fjq(X); and fz(d) = % is defined in (9). The following symmetrization was well known.

Lemma B.9 ([LLY13, Lemma 13] ). Letd > 1 be an integer, and let f,y, A be real numbers satisfying that
0<pB<y,y>0,A=>0andpfy < 1. Foranyxy, xs,...,xq € [0,+00), there exists X € [0,+c0) such that

aq(x1, X2, ..., Xq) < ag(X).
Furthermore, it was known that a4 (x) is bounded by +/f;(%4) when (S, y, 4) is d-unique.

Lemma B.10 ([LLY13]). Letd > 1 be an integer, and let f,y, A be real numbers satisfying that0 < <y,
Yy >0,1>0and Py < 1. If(B,y. A) is d-unique with gap 3, then for any x € [0, +0),

aa(x) =\ fa(Fa(x))Vfa(x) < Vfa(Ra) < V1=,

d .
where X4 denotes the unique positive fixed point of Fz(x) = A (ﬂxxT;l) and fq(%q) = |F}(Xa)| = (/;jﬁ(:%.

Remark B.11. In [LLY13], the lemma was proved by assuming the up-to-A uniqueness (but the conclusion
was also stronger which held for all 1 < d < A). Lemma B.10 can be proved by going through that proof.

Proof. By taking derivative

(106) @) = e(x) - [P v = Plabo” )

d(1-py)x  (BFa(x) + D) (Fa(x) +y) ]

where ¢(x) > 0 is a function that is always positive for x € [0, +o0). Note that % is decreasing in x

and ranges from +co to —co and F(x) is decreasing in x and has a bounded range [14% Ay~?]. Then the
equation

y—pxt Y — PFa(x)’
d(1-By)x  (BFa(x)+1)(Fa(x) +y)
has a unique positive solution x4 € (0, +00), at which a4 (x) achieves its maximum. Substituting (SF;(x4)+

1)(Fa(xq) +y) = d(l_ﬂY)x;_(z;ng ) 5 aqg(xgq), we have

(107)

(y = px2)  Fa(xa) .~
(Bxa+1)(xa+y) (v —PFa(xa)?)
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aq(xa) = \/d(l - py) -

a(xq).



We then claim that if (S, y, A) is d-unique, then &;(xy) < @4(%4) for the fixed point X5 = F;(%X4). To see
that this is sufficient to prove the lemma, note that a;(x) < ag4(xg) = @4(xg) < @q(%4), and by substituting
Fj(x4) = x4, we have

&d<»ed>=\/ A=t _ e,

(Bxa+1)(Xa +7y)
Next, we prove this claim. It is sufficient to show that &;(x) is decreasing in x € [%4, x4] if X4 < x4 and
a4(x) is increasing in x € [xg, X4] if X4 > x4.
e Case 1: X7 < xg4. In this case, according to (106), a’(x4) > 0. Note that

s N A — Bx ! - -
o' (Xa) = c(%a) (y — B%y) (d(l —By)ka (Bra+1)(%a+ y))’

where c(%4) > 0. Due to the d-uniqueness of (f,y, 1), we have |f](X4)| = (ﬂf&fil:l% < 1, that

is, d(1—/13y)aed - (ﬂfd+1;(fd+y) > 0. Therefore a’(x;z) > 0 means that y — ﬂ)?fl > 0. Since Fy(x) is

monotonically decreasing in x and X is its fixed point, we have
y = BFa(xa)* >y — PFa(%2)* =y — p&5 > 0.

Since x4 satisfies (107), y — ,/)’x2 and y — BF;(x4)* must be simultaneously positive or negative, thus

it also holds that y — fx? > 0. Then both i ﬁi};l)?xlw and = 1;”;( oy are positive and monotonically

decreasing in x € [X4, x4]. Therefore, &;(xq) < ag(%y).
o Case2: x4 > xd By symmetry, we have y—fF;(%4)? = y—[b?czl < 0,y—PF4(xq)? < 0,and y—ﬁxé < 0.

Thus both 0 ﬂx +1)( xiy) and = ;‘;d ()x) 7y are negative and monotonically decreasing in x € [xg, X4],

hence their product is positive and increasing in x € [x4, X4]. Therefore, &;(xy) < az(%y).
O

Proof of Lemma 8.11. We now prove Lemma 8.11. Given y;, Y, . .., yYq € [—00, +0], define
— oUi
Xij =¢€e7".

If all y; € [—o0,+00), then all x; € R5,. By (105), Lemma B.9 and Lemma B.10, it holds that

d
(108) é(y) Z W (y:) = ag(e?, ..., e%) = ag(xi, ..., xq) < V1= 0.
i=1

The lemma follows.
Suppose there is a subset S C [d] such that y; = +co for alli € S and y; € [~oo,+00) forall j € [d] \ S.
In this case, x; = +oo for alli € S, and x; € R for all j € [d] \ S. Define a function

9(x) = ag(z1, 22, . . ., 24),

where z; = x foralli € S, and z; = x; = e¥/ € [0,+00) for all j € [d] \ S. By (105) and definition of
aqg(xy, ..., xq), it is straightforward to verify lim,_, g(x) exists and it holds that

ag(e”, ..., e%) = ag(xy,...,xq) = lim g(x).
X—00

By (108), for any x € [0, +o0), we have g(x) < V1 — J. Hence

d
$(y) ), h (y) = lim g(x) < VI3, 0
i=1
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