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Abstract

We give an algorithm that computes exact maximum flows and minimum-cost flows on
directed graphs with m edges and polynomially bounded integral demands, costs, and capacities
in m!*°( time. Our algorithm builds the flow through a sequence of m!*°() approximate
undirected minimum-ratio cycles, each of which is computed and processed in amortized m°(")
time using a new dynamic graph data structure.

Our framework extends to algorithms running in m!'T°() time for computing flows that
minimize general edge-separable convex functions to high accuracy. This gives almost-linear
time algorithms for several problems including entropy-regularized optimal transport, matrix
scaling, p-norm flows, and p-norm isotonic regression on arbitrary directed acyclic graphs.
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1 Introduction

The maximum flow problem and its generalization, the minimum-cost flow problem, are classic
combinatorial graph problems that find numerous applications in engineering and scientific com-
puting. These problems have been studied extensively over the last seven decades, starting from the
work of Dantzig and Ford-Fulkerson, and several important algorithmic problems can be reduced
to min-cost flows (e.g. max-weight bipartite matching, min-cut, Gomory-Hu trees). The origin of
numerous significant algorithmic developments such as the simplex method, graph sparsification,
and link-cut trees, can be traced back to seeking faster algorithms for max-flow and min-cost flow.

Formally, we are given a directed graph G = (V, E) with |V| = n vertices and |E| = m edges,
upper /lower edge capacities u™,u~ € R¥, edge costs ¢ € R”, and vertex demands d € RV with
> wey dy = 0. Our goal is to find a flow f € R¥ of minimum cost ¢! f that respects edge capacities
u, < f. < ul and satisfies vertex demands d. The vertex demand constraints are succinctly
captured as BT f = d, where B € RE*XV is the edge-vertex incidence matrix defined as B((ap)w) 18
1if v =a, =1 if v = b, and 0 otherwise. To compare running times, we assume that all ul, u_ , c.
and d,, are integral, and |u}|,|u;| < U and |e.| < C.

There has been extensive work on max-flow and min-cost flow. While we defer a longer dis-
cussion of the related works to Appendix A, a brief discussion will help place our work in context.
Starting from the first pseudo-polynomial time algorithm by Dantzig [Dan51] that ran in O(mn2U)
time, the approach to designing faster flow algorithms was primarily combinatorial, working with
various adaptations of augmenting paths, cycle cancelling, blocking flows, and capacity/cost scal-
ing. A long line of work led to a running time of O(m min{m"/2,n**} log U) [HK73; Kar73; ET75;
GRY8] for max-flow, and O(mnlogU) [GT87] for min-cost flow. These bounds stood for decades.

In their breakthrough work on solving Laplacian systems and computing electrical flows, Spiel-
man and Teng [ST04] introduced the idea of combining continuous optimization primitives with
graph-theoretic constructions for designing flow algorithms. This is often referred to as the Lapla-
cian Paradigm. Daitch and Spielman [DS08] demonstrated the power of this paradigm by combining
Interior Point methods (IPMs) with fast Laplacian systems solvers to achieve an O( 1510g? U)
time algorithm for min-cost flow, the first progress in two decades. A key advantage of IPMs is
that they reduce flow problems on directed graphs to problems on undirected graphs, which are
easier to work with. The Laplacian paradigm achieved several successes, including 6(me‘1) time
(1 + €)-approximate undirected max-flow and multicommodity flow [CKMST11; KLOS14; Shel3;
Pen16; Shel7], and an m*/3e(M 7'/3 time algorithm for bipartite matching and unit capacity max-
flow [Mad13; Mad16; LS20; KLS20; AMV20], and pm o) time unweighted p-norm minimizing
flow for large p [KPSW19; AS20].

Efficient graph data-structures have played a key role in the development of faster algorithms
for flow problems, e.g. dynamic trees [ST83]. Recently, the development of special-purpose data-
structures for efficient implementation of IPM-based algorithms has led to progress on min-cost flow
for some cases — including an O(m logU + n'%log? U) time algorithm [BLSS20; BLNPSSSW20;
BLLSSSW21], an O(n logU) time algorithm for planar graphs [DLY21; DGGLPSY?22|, and small
improvements for general graphs, resulting in an 6(m3/ 2-1/58 logo(l) U) time algorithm for min-
cost flow [BGS21; GLP21; AMV21; BGJLLPS21]. Yet, despite this progress, the best running time
bounds in general graphs are far from linear. We give the first almost-linear time algorithm for
min-cost flow, achieving the optimal running time up to subpolynomial factors.

Theorem 1.1. There is an algorithm that, on a graph G = (V, E) with m edges, vertex demands,
upper/lower edge capacities, and edge costs, all integral with capacities bounded by U and costs
bounded by C, computes an exact min-cost flow in m*+°M) log Ulog C' time with high probability.



Our algorithm implements a new IPM that solves min-cost flow via a sequence of slowly-changing
undirected min-ratio cycle subproblems. We exploit randomized tree-embeddings to design new
data-structures to efficiently maintain approximate solutions to these subproblems.

A direct reduction from max-flow to min-cost flow gives us an algorithm for max-flow with only
a log U dependence on the capacity range U.!

Corollary 1.2. There is an algorithm that on a graph G with m edges with integral capacities in
[1,U] computes a maximum flow between two vertices in time m oMW log U with high probability.

By classic capacity scaling techniques [Gab85; GT88b; AGOT92], it suffices to work with graphs
with U, C' = poly(m) to show Theorem 1.1 and Corollary 1.2. For completeness, we include our
version of the reductions in Appendix C, as we could not find a readily citable version.

1.1 Applications

Our result in Theorem 1.1 has a wide range of applications. By standard reductions, it gives the first
mte() time algorithm for the bipartite matching problem and m*t°(!) log U log C' time algorithms
for its generalizations, including the worker assignment and optimal transport problems.

In directed graphs with possibly negative edge weights, assuming integral weights bounded by
W in absolute value, we obtain the first almost-linear time algorithm to compute single-source
shortest paths and to detect a negative cycle, running in m!'+° log W time (see Appendix D for
a reduction). In an independent work, Bernstein, Nanongkai, and Wulff-Nilsen [BNW22] claim the
first m - poly(log m) log W time algorithm for this problem.

Using recent reductions from various connectivity problems to max-flow, we also obtain the first
m2 o) time algorithms for various such problems, most prominently to compute vertex connectiv-
ity and Gomory-Hu trees in undirected, unweighted graphs, and (1 4 ¢)-approximate Gomory-Hu
trees in undirected weighted graphs. We also obtain the fastest current algorithm to find the global
min-cut in a directed graph. Finally, we obtain the first almost linear time algorithms to compute
approximate sparsest cuts in directed graphs. We defer the discussion of these results and precise
statements to Appendix D.

Additionally, we extend our algorithm to compute flows that minimize general edge-separable
convex objectives. This allows us to solve regularized versions of optimal transport (equivalently,
matrix scaling), as well as p-norm flow problems and p-norm isotonic regression for all p € [1, o0].
We state an informal version of our main result Theorem 10.13 on general convex flows.

Informal Theorem 1.3. Consider a graph G with demands d, and an edge-separable conver cost
function cost(f) = 3=, coste(f.) for “computationally efficient” edge costs cost.. Then in m+o()
time, we can compute a (fractional) flow f that routes demands d and cost(f) < cost(f*) +
exp(—log® m) for any constant C > 0, where f* minimizes cost(f*) over flows with demands d.

We remark that the optimal solution f* to the above convex flow problem can be non-integral,
whereas in the case of max-flow and min-cost flow with integral demands/capacities, there exists
an integral optimal flow.

1.2 Key Technical Contributions

Towards proving our results, we make several algorithmic contributions. We informally describe
the key pieces here, and present a more detailed overview in Section 2.

!s,t max-flow can be reduced to min cost circulation by adding a new edge t — s with lower capacity 0 and upper
capacity mU. Set all demands to be 0. The cost of the t — s edge is —1. All other edges have zero cost.



Our first contribution is a new potential reduction IPM for min-cost flow, inspired by [Kar84],
that reduces min-cost flow to a sequence of m!T°(1) slowly-changing instances of undirected minimum-
ratio cycle. Each instance of undirected min-ratio cycle is specified by an undirected graph where
every edge e is assigned a positive length €. and a signed gradient g., and the goal is to find a
circulation ¢ € R¥ | i.e. ¢ satisfies BT ¢ = 0, with the smallest ratio g' ¢/||Le||1, where L = diag(#)
is the diagonal length matrix. Note that the graph is undirected in the sense that each edge can be
traversed in either direction, and has the same length in either direction, however, the contribution
of the edge gradient changes sign depending on the direction that the edge is traversed in.

Below is an informal statement summarizing the IPM guarantees proven in Section 4.

Informal Theorem 1.4 (¢; IPM Algorithm). We give an IPM algorithm that reduces solving min-
cost flow ezactly to sequentially solving m**°W) instances of undirected min-ratio cycle, each up to
an m°Y) approzimation. Further, the resulting problem instances are “stable”, i.e. they satisfy, 1)
the direction from the current flow to the (unknown) optimal flow is a good enough solution for each
of the instances, and, 2) the length and gradient input parameters to the instances change only for
an amortized m°Y) edges every iteration.

The standard IPM approach reduces min-cost flow to solving 6( \/m) instances of electrical flow,
which is an £ minimization problem, to constant accuracy. At the cost of solving a larger number
of resulting subproblems, our algorithm offers several advantages — undirected min-ratio cycle is
an ¢; minimization problem which is hopefully simpler (e.g. note that the optimal solution must
be a simple cycle) and we can afford a large m°1) approximation factor in the subproblems. Most
analogous to our approach is an early interior point method by [WZ92]? which solved minimum
cost flow using (exact) ¢; min-ratio cycle subproblems. Their subproblems, however, do not satisfy
the stability guarantees that are essential for our approach to quickly solving the subproblems
approximately. Our IPM is robust to updates with much worse approximation factors than those
required in the the recent works on robust interior point methods ([CLS19] and many later works)
and establishes a different notion of stability w.r.t. gradients, lengths, and solution witnesses. This
perspective may be of independent interest.

In contrast to most IPMs that work with the log barrier, our IPM uses a power barrier which
aggressively penalizes constraints that are very close to being violated, more so than the usual log
barrier. This ensures polylogarithmic bit-complexity throughout our algorithm.

Since a large approximation suffices, one can use a probabilistic low stretch spanning tree T
[AKPW95; AN19] computed with respect to the lengths £ and use a fundamental tree cycle to find
an O(1) approximate solution in time O(m) (see Section 2.2). However, the changes to gradient
and lengths by the IPM due to the flow updates during the IPM iterations forces us to compute a
new probabilistic low stretch spanning tree T” with respect to the new edge lengths. But computing
a new tree in time (m) per iteration results in much too large a runtime.

Our approach instead rebuilds only parts of the probabilistic low-stretch spanning tree after each
IPM iteration to adapt to the changes in lengths. To implement this, we design a data structure
which maintains a recursive sequence of instances of the min-ratio cycle problem on graphs with
fewer vertices and fewer edges. These smaller instances give worse approximate solutions, but are
cheaper to maintain. We use a j-tree style approach [Mad10] where we interleave vertex reduction
by partial embeddings into trees with edge reductions via spanners, and exploit the stability of the
IPM. However, using a j-tree as in [Mad10] naively still requires m!*t°() time per instance. Our
second contribution is to push this approach much further, to give a randomized data structure
that can return m°1) approximate solutions to all m'*°(1) undirected min-ratio cycle instances

2We thank an attentive reader for making us aware of this connection.



generated by the IPM in m!T°() total time. Our approach leads to a strong form of a dynamic
vertex sparsifier (in the spirit of [CGHPS20]). The stability of the instances generated by our IPM
algorithm is essential to achieve low amortized time per instance.

Informal Theorem 1.5 (Hidden Stable-Flow Chasing. Theorem 6.2). We design a randomized
data structure for approzimately solving a sequence of “stable” (as defined in Informal Theorem 1.4)
undirected min-ratio cycle instances. The data structure maintains a collection of m°®Y) spanning
trees and supports the following operations with high probability in amortized m°®Y) time: 1 ) Return
an m°® -approzimate min-ratio cycle (implicitly represented as the union of m°W) off-tree edges and
tree paths on one of the maintained trees), 2) route a circulation along such a cycle 3) insert/delete
edge e, or update g, and Le, and /) identify edges that have accumulated significant flow.

To achieve efficient edge reduction over the entire sequence of subproblems, we give an algorithm
that can efficiently maintain a spanner of a given graph (a sparse subgraph that can embed the
original graph using short paths) with explicit embeddings under edge deletions/insertions and
vertex splits. Removing edges can completely destroy the min-ratio cycles in the graph. However,
in that case, we can find a good approximate min-ratio cycle using the removed edges along with
their explicit spanner embeddings. This spanner is our third key contribution.

Informal Theorem 1.6 (Dynamic Spanner w/ Embeddings. Theorem 5.1). We give a random-
ized data-structure that for an unweighted, undirected graph G undergoing edge updates (inser-
tions/deletions/vertex splits), maintains a subgraph H with 6(71) edges, along with an explicit path
embedding of every e € G into H of length m°Y). The amortized number of edge changes in H is
m°D) for every edge update. Moreover, the set of edges that are embed into a fized edge e € H is
decremental for all edges e, except for an amortized set of m°1) edges per update.

This algorithm can be implemented efficiently.

By designing a spanner which changes very little under input graph modifications including
edge insertions/deletions and vertex splits, we make it possible to dynamically combine edge and
vertex sparsification very efficiently, even in a recursive construction.

Finally, note that our data-structures for hidden stable-flow chasing and spanner maintenance
are utilized to efficiently implementing the £; IPM algorithm. Thus, the subsequent undirected min-
ratio cycle instances can change depending on the approximately optimal cycles returned by our
algorithm. In the terminology of dynamic graph algorithms, the sequence of undirected min-ratio
cycle problems we need to solve is not oblivious (to the answers returned by the algorithm). This
adaptivity creates significant additional challenges for the data-structures that need addressing.

1.3 Paper Organization

The remainder of the paper is organized as follows. In Section 2 we elaborate on each major piece
of our algorithm: the ¢1-IPM based on undirected minimum-ratio cycles, the construction of the
data structure for maintaining undirected minimum-ratio cycles for “stable” update sequences, and
a spanner with explicit path embeddings in dynamic graphs. In Section 3 we give the preliminaries.

The algorithm to obtain our main result (Theorem 1.1), the min-cost flow algorithm, is given on
pages 24-72 in Sections 4-9, with some omitted proofs in Appendix B. The rest of the paper addresses
generalization to convex costs, connections to the broader flow literature, and applications.

In Section 4 we give an iterative method which shows that a minimum cost flow can be computed
to high accuracy in m!'T°(!) iterations, each of which augments by a m°®M-approximate undirected
minimum-ratio cycle. In Section 5 we construct our dynamic spanner with path embeddings.
The goal of Sections 6 to 8 is to show our main data structure (Theorem 6.2) for maintaining



undirected minimum-ratio cycles. Section 6 sets up the framework for describing “stable” update
sequences, and describes the main data structure components. Section 7 formally constructs the
data structure modulo a technical issue, which we resolve by introducing and solving the rebuilding
game in Section 8. In Section 9 we combine all the pieces we have developed to give a min-cost
flow algorithm running in time m!*+°(),

In the last part of the paper, Section 10, we extend the IPM analysis to handle general
edge-separable convex, nonlinear objectives, such as normed flows, isotonic regression, entropy-
regularized optimal transport, and matrix scaling.

The appendix contains an overview of previous max-flow and min-cost flow approaches in Ap-
pendix A, omitted proofs in Appendix B, a proof of capacity scaling for min-cost flows in Ap-
pendix C, and an extensive description of applications of our algorithms in Appendix D.

2 Overview

In this section, we give a technical overview of the key pieces developed in this paper. Section 2.1
describes an optimization method based on interior point methods that reduces min-cost flow to
a sequence of m!t°() undirected minimum-ratio cycle computations. In particular, we reduce the
problem to computing approximate min-ratio cycles on a slowly changing graph. This can be
naturally formulated as a data structure problem of maintaining min-ratio cycles approximately on
a dynamic graph.

We build a data structure for solving this dynamic min-ratio cycle problem and solve it with
m°1) amortized time per cycle update for our IPM, giving an overall running time of m!+e(),
Section 2.2 gives an overview of our data structure for this dynamic min-ratio cycle problem, with
pointers to the rest of the overview which provides a more in-depth picture of the construction. The
data structure creates a recursive hierarchy of graphs with fewer and fewer vertices and edges. In
Section 2.3 we describe how to reduce the number of vertices, before describing the overall recursive
data structure in Section 2.4. Nalvely, the resulting data structure works only against oblivious
adversaries where updates and queries to the data structure are fixed beforehand. We cannot utilize
it directly because the optimization routine updates the dynamic graph based on past outputs from
the data structure. Therefore, the cycles output by the data structure may not be good enough
to make progress. Section 2.5 discusses the interaction between the optimization routine and the
data structure when we directly apply it. It turns out one can leverage properties of the interaction
and adapt the data structure for the optimization routine. Section 2.6 presents an online algorithm
that manipulates the data structure so that it always outputs cycles that are good enough to make
progress in the optimization routine. Finally, the overview ends with Section 2.7 which gives an
outline of our dynamic spanner data structure. We use this spanner to reduce the number of edges
at each level of our recursive hierarchy, one of the main algorithmic elements of our data structure.

2.1 Computing Min-Cost Flows via Undirected Min-Ratio Cycles
The goal of this section is to describe an optimization method which computes a min-cost flow on
a graph G = (V, E) in m't°() computations of m°M-approximate min-ratio cycles:
T
. g A
min ——— 1
BTA=0 |LA|; (1)

for gradient g € R¥ and lengths L = diag(£) for £ € ]REO. Note that the value of this objective is
negative, as —A is a circulation if A is.



Towards this, we work with the linear-algebraic setup of the min-cost flow problem:

ffe arg min c'f (2)
BT f=d
Uy S_fggug' for all eeE

for demands d € R¥, lower and upper capacities ™, ut € R”, and cost vector ¢ € R¥”. Our goal
is to compute an optimal flow f*. Let F* = ¢' f* be the optimal cost.

Our algorithm is based on a potential reduction interior point method [Kar84|, where each
iteration we reduce the value of the potential function

o(f) = 20mlog(e” f — F) + 3 ((wf = £ + (£~ u) ™) ®

ecE

for o = 1/(1000logmU). The reader can think of the barrier =% as the more standard —logz
for simplicity instead. We use x~% to ensure that all lengths/gradients encountered during the
algorithm can be represented using 6(1) bits, and explain why this holds later in the section.
When ®(f) < —200mlogmU, we can terminate because then ¢ f — F* < (mU)~'9, at which
point standard techniques let us round to an exact optimal flow [DS08]. Thus if we can reduce the
potential by m~°() per iteration, the method terminates in m!T°() iterations.

Previous analyses of IPMs used ¢ subproblems, i.e. replacing the ¢; norm in (1) with an /fo
norm, which can be solved using a linear system. [Kar84] shows that using ¢, subproblems such a
method converges in O(m) iterations. Later analyses of path-following IPMs [Ren88] showed that
a sequence of 6(\/ﬁ) {5 subproblems suffice to give a high-accuracy solution. Surprisingly, we are
able to argue that a solving sequence of 5(m) {1 minimizing subproblems of the form in (1) suffice
to give a high accuracy solution to (2). In other words, changing the /3 norm to an ¢; norm does
not increase the number of iterations in a potential reduction IPM. The use of an ¢;-norm-based
subproblem gives us a crucial advantage: Problems of this form must have optimal solutions in the
form of cycles—and our new algorithm finds approximately optimal cycles vastly more efficiently
than any known approaches for ¢o subproblems.

There are several reasons we choose to use a potential reduction IPM with this specific potential.
The most important reason is the flexibility of a potential reduction IPM allows our data structure
for maintaining solutions to (1) to have large m°1) approximation factors. This contrasts with
recent works towards solving min-cost flow and linear programs using a robust IPM (see [CLS19]
or the tutorial [LV21]), which require (1 + o(1))-approximate solutions for the iterates.

Finally, we use the barrier x~* as opposed to the more standard logarithmic barrier in order to
guarantee that all lengths/gradients encountered during the method are bounded by exp(logo(l) m)
throughout the method. This follows because if (ul — f.)~® < O(m), then

ut — £ > Om) 1/ > exp(—0(log? Um)).

Such a guarantee does not hold for the logarithmic barrier.?
To conclude, we discuss a few specifics of the method, such as how to pick the lengths and
gradients, and how to prove that the method makes progress. Given a current flow f we define the
gradient and lengths we use in (1) as g(f) & VO(f) and £(f)e & (uf — £) 7 "+ (fo —ug) "

Now, let A be a circulation with g(f)"A/|LA|; < —& for some k < 1/100, scaled so that
|ILAJ, = x/50. A direct Taylor expansion shows that ®(f + A) < ®(f) — x2/500 (Lemma 4.4).

3The reason that path-following TPMs for max-flow [DS08] do not encounter this issue is because one can show
that primal-dual optimality actually guarantees that the lengths/resistances are polynomially bounded. We do not
maintain any dual variables, so such a guarantee does not hold for our algorithm.



Hence it suffices to show that such a A exists with x = (1) because then a data structure
which returns an m°(M-approximate solution still has k = m—°(), which suffices. Fortunately, the
witness circulation A(f)* = f* — f satisfies g(f) T A/ HLAH1 < —Q(1) (Lemma 4.7).

We emphasize that the fact that f* — f is a good enough witness circulation for the flow f is
essential for proving that our randomized data structures suffice, even though the updates seem
adaptive. At a high level, this guarantee helps because even though we do not know the witness
circulation f* — f, we know how it changes between iterations, because we can track changes in f.
We are able to leverage such guarantees to make our data structures succeed for the updates coming
from the IPM. To achieve this, we end up carefully designing our adversary model with enough
power to capture our IPM, but with enough restrictions that our min-ratio cycle data structure to
win against the adversary. We elaborate on this point in Sections 2.2 and 2.5.

2.2 High Level Overview of the Data Structure for Dynamic Min-Ratio Cycle

As discussed in the previous section, our algorithm computes a min-cost flow by solving a sequence of
m!*t°(1) min-ratio cycle problems mingt oo g' A/||LA|; to m°") multiplicative accuracy. Because
our IPM ensures stability for lengths and gradients (see Lemmas 4.9 and 4.10), and is even robust to
approximations of lengths and gradients, we can show that over the course of the algorithm we only
need to update the entries of the gradients g and lengths £ at most m*+t°() total times. Efficiency
gains based on leveraging stability has appeared in the earliest works on efficiently maintaining
IPM iterates [Kar84; Vai90] as well as most recent progress on speeding up linear programs.

Warm-Up: A Simple, Static Algorithm. A simple approach to finding an 5(1)—approximate

min-ratio cycle is the following: given our graph G, we find a probabilistic low stretch spanning tree

T, i.e., a tree such that for each edge e = (u,v) € G, the stretch of e, defined as strl*¢ = o W

where T'[u,v] is the unique path from u to v along the tree T is O(1) in expectation. Such a tree
can be found in O(m) time [AKPW95; AN19)].

Let A* be the witness circulation that minimizes (1), and assume wlog that A* is a cycle that
routes one unit of flow along the cycle. We assume for convenience, that edges on A* are oriented
along the flow direction of A*, i.e. that A* € RE,. Then, for each edge e = (u,v) on the cycle A*,
the fundamental tree cycle of e in T denoted e @ T'[v,u], representing the cycle formed by edge e
concatenated with the path in T from its endpoint v to u. To work again with vector notation, we
denote by p(e @ T[v,u]) € RE the vector that sends one unit of flow along the cycle e @ T'[v, u] in
the direction that aligns with the orientation of e. A classic fact from graph theory now states that

Y= ears0 AL - p(e ® Tlv,u]) (note that the tree-paths used by adjacent off-tree edges cancel
out, see Figure 1). In particular, this implies that g" A* = Dearso AL g ple ® Tv,u)).

This fact will allow us to argue that with probability at least %, one of the tree cycles is an 6(1)—
approximate solution to (1). Therefore, since the stretch str’* of edges e € E is small in expectation,
we can, by Markov’s inequality, argue that with probability at least %, the circulation A* is not
stretched by too much. Formally, we have that >°..a:50 A7 - [[L p(e ® Tv,u])|l1 < v||LA[|; for

v = 6(1) Combining our insights, we can thus derive that

g A* L1 Seazs0 Al g ple® Tlv,ul) . g ' ple® Tlv,u))
LA 77 Yearso AL [Lple® Tlv,ul)i — v eas>0 [|Lple & Tlv,ul)lly
where the last inequality follows from the fact that min;cp, % < %lemwz (recall also that g™ A*
g i€[n] i
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Figure 1: Illustrating the decomposition A* = 37, -~ A7 - ple & T[v,u]) of a circulation into
tree cycles given by off-trees and the corresponding tree paths.

is negative). But this exactly says that for the edge e minimizing the expression on the right, the
tree cycle e @ T'[v,u] is a y-approximate solution to (1), as desired.

Since the low stretch spanning tree T stretches circulation A* reasonably with probability at
least %, we could boost the probability by sampling 6(1) trees 11,715, ...,Ts independently at
random and conclude that w.h.p. one of the fundamental tree cycles gives an approximate solution
to (1).

Unfortunately, after updating the flow f to f’ along such a fundamental tree cycle, we cannot
reuse the set of trees 11,75, ..., T, because the next solution to (1) has to be found with respect
to gradients g(f’) and lengths £(f’') depending on f’ (instead of g = g(f) and £ = £(f)). But
g(f’) and £(f’) depend on the randomness used in trees 11, T, ..., Ts. Thus, naively, we have to
recompute all trees, spending again Q(m) time. But this leads to run-time Q(m?) for our overall
algorithm which is far from our goal.

A Dynamic Approach. Thus we consider the data structure problem of maintaining an m°®
approximate solution to (1) over a sequence of at most m!to() changes to entries of g,£. To
achieve an almost linear time algorithm overall, we want our data structure to have an amortized
m°M) update time. Motivated by the simple construction above, our data structure will ultimately
maintain a set of s = m°®1) spanning trees T, ..., Ty of the graph G. Each cycle A that is returned
is represented by m°M) off-tree edges and paths connecting them on some T;.

To obtain an efficient algorithm to maintain these trees T;, we turn to a recursive approach. In
each level of our recursion, we first reduce the number of vertices, and then the number of edges in
the graphs we recurse on. To reduce the number of vertices, we produce a core graph on a subset of
the original vertex set, and we then compute a spanner of the core graph which reduces the number
of edges. Both of these objects need to be maintained dynamically, and we ensure they are very
stable under changes in the graphs at shallower levels in the recursion. In both cases, our notion
of stability relies on some subtle properties of the interaction between the data structure and the
hidden witness circulation.

We maintain a recursive hierarchy of graphs. At the top level of our hierarchy, for the input
graph G, we produce B = O(logn) core graphs. To obtain each such core graph, for each i € [B], we
sample a (random) forest F; with O(m/k) connected components for some size reduction parameter
k. The associated core graph is the graph G/F; which denotes G after contracting the vertices in



the same components of F;. We can define a map that lifts circulations A in the core graph G/ F;, to
circulations A in the graph G by routing flow along the contracted paths in F;. The lengths in the
core graph £ (again let L = diag(£)) and are chosen to upper bound the length of circulations when
mapped back into G such that [|[LA|; > |[LAl;. Crucially, we must ensure these new lengths £ do
not stretch the witness circulation A* when mapped into G/F; by too much, so we can recover it
from G/ F;. To achieve this goal, we choose F; to be a low stretch forest, i.e. a forest with properties
similar to those of a low stretch tree. In Section 2.3, we summarize the central aspects of our core
graph construction.

While each core graph G/F; now has only O(m/k) vertices, it still has m edges which is too
large for our recursion. To overcome this issue we build a spanner S(G, F;) on G/F; to reduce the
number of edges to O(m/k), which guarantees that for every edge e = (u,v) that we remove from
G/ F; to obtain S(G, F}), there is a u-to-v path in S(G, F}) of length m°1). Ideally, we would now
recurse on each spanner S(G, F;), again approximating it with a collection of smaller core graphs
and spanners. However, we face an obstacle: removing edges could destroy the witness circulation,
so that possibly no good circulation exists in any S(G, F;). To solve this problem, we compute an
explicit embedding Ilg,p,_.s(G,F;) that maps each edge e = (u,v) € G/F; to a short u-to-v path
in S(G, F;). We can then show the following dichotomy: Let /A\( f)* denote the witness circulation
when mapped into the core graph G/F;. Then, either one of the edges e € Eq/r, \ES(G,F,-) has a

spanner cycle consisting of e combined with Ilg/r,_s(c,F,)(e) Which is almost as good as A(f)*, or

re-routing /A\( f)* into S(G, F;) roughly preserves its quality. Figure 2 illustrates this dichotomy.
Thus, either we find a good cycle using the spanner, or we can recursively find a solution on S(G, F;)
that almost matches /A\( f)* in quality. To construct our dynamic spanner with its strong stability
guarantees under changes in the input graph, we use a new approach that diverges from other
recent works on dynamic spanners; we give an outline of the key ideas in Section 2.7.

Our recursion uses d levels, where we choose the size reduction factor k such that k% ~ m and
the bottom level graphs have m°(1) edges. Note that since we build B trees on G and recurse on the
spanners of G/Fy,G/Fy,...,G/Fg, our recursive hierarchy has a branching factor of B = O(logn)
at each level of recursion. Thus, choosing d < v/logn, we get B = m°1) leaf nodes in our recursive
hierarchy. Now, consider the forests F;,, Fi,,..., F;, on the path from the top of our recursive
hierarchy to a leaf node. We can patch these forests together to form a tree associated with the leaf
node. Each of these trees, we maintain as a link-cut tree data structure. Using this data structure,
whenever we find a good cycle, we can route flow along it and detect edges where the flow has
changed significantly. The cycles are either given by an off-tree edge or a collection of m°™) off-tree
edges coming from a spanner cycle. We call the entire construction a branching tree chain, and in
Section 2.4, we elaborate on the overall composition of the data structure.

What have we achieved using this hierarchical construction compared to our simple, static
algorithm? First, consider the setting of an oblivious adversary, where the gradient and length
update sequences and the optimal circulation after each update is fixed in advance. In this setting,
we can show that our spanner-of-core graph construction can survive through m!—°() /k* updates at
level i. Meanwhile, we can rebuild these constructions in time m!+o(®) /K1 leading to an amortized
cost per update of km°® < m°M) at each level. This gives the first dynamic data structure for our
undirected min-ratio problem with m°!) query time against an oblivious adversary.

However, our real problem is harder: the witness circulation in each round is A(f)* = f* — f
and depends on the updates we make to f, making our problem adaptive. Instead of modelling
our IPM as giving rise to a fully-dynamic problem against an adaptive adversary, the promise that
the witness circulation can always be written as f* — f lets us express the IPM with an adversary
that is much more restricted. Our data structure needs to ensure that the flow f* — f is stretched
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Figure 2: Illustration of a dichotomy: either one of the edges e € Eq/r, \ E S(G,F;) has a spanner
cycle consisting of e combined with Ilg/r,_,s(G,r)(e) which is almost as good as /A\(f)*, or re-
routing /A\( f)* into S(G, F;) roughly preserves its quality.

by m°) on average w.r.t. the lengths £. At a high level, we achieve this by forcing the forests
at every level to have stretch 1 on edges where f. changes significantly and could affect the total
stretch of our data structure on f* — f. Section 2.5 describes the guarantees we achieve using this
strategy. However, the data structure at this point is not yet guaranteed to succeed. Instead, we
very carefully characterize the failure condition. In particular, to induce a failure, the adversary
must create a situation where the current value of ||LA(f)*||; is significantly less than the value
when the levels of our data structure were last rebuilt. This means we can counteract from this
failure by rebuilding the data structure levels. Due to the high cost of rebuilding the shallowest
levels of the data structure, naively rebuilding the entire data structure is much too expensive, and
we need a more sophisticated strategy. We describe this strategy in Section 2.6, where we design a
game that expresses the conflict between our data structure and the adversary, and we show how
to win this game without paying too much runtime for rebuilds.

2.3 Building Core Graphs

In this section, we describe our core graph construction (Definition 6.7), which maps our dynamic
undirected min-ratio cycle problem on a graph G with at most m edges and vertices into a problem
of the same type on a graph with only 6(m /k) vertices and m edges, and handles é(m/ k) updates
to the edges before we need to rebuild it. Our construction is based on constructing low-stretch
decompositions using forests and portal routing (Lemma 6.5). We first describe how our portal
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routing uses a given forest F' to construct a core graph G/F. We then discuss how to use a collection
of (random) forests Fi,..., Fg to produce a low-stretch decomposition of G, which will ensure that
one of the core graphs G/F; preserves the witness circulation well. Portal routings played a key
role in the ultrasparsifiers of [ST04] and has been further developed in many works since.

Forest Routings and Stretches. To understand how to define the stretch of an edge e with
respect to a forest F', it is useful to define how to route an edge e in F. Given a spanning forest
F, every path and cycle in G can be mapped to G/F naturally (where we allow G/F to contain
self-loops). On the other hand if every connected component in F is rooted, where root?” denotes
the root corresponding to a vertex u € V, we can map every path and cycle in G/F back to G
as follows. Let P = ey,..., e, be any (not necessarily simple) path in G/F where the preimage of
every edge e; is eiG = (uZG ,viG ) € G. The preimage of P, denoted P, is defined as the following
concatenation of paths:

k
pe & @F[rootfg,uzc] & eiG S F[Uz‘G> rOOthL
i=1 ‘ l

where we use A® B to denote the concatenation of paths A and B, and F'[a, b] to denote the unique
ab-path in the forest F. When P is a circuit (i.e. a not necessarily simple cycle), P is a circuit in
G as well. One can extend these maps linearly to all flow vectors and denote the resulting operators
as Ip : REG) 5 REG/F) anq H;l : RE(G/F) 5 RE(G) | Since we let G/ F have self-loops, there is
a bijection between edges of G and G/F and thus Ilr acts like the identity function.

To make our core graph construction dynamic, the key operation we need to support is the
dynamic addition of more root nodes, which results in forest edges being deleted to maintain the
invariant each connected component has a root node. Whenever an edge is changing in G, we
ensure that G/F approximates the changed edge well by forcing both its endpoints to become root
notes, which in turn makes the portal routing of the new edge trivial and this guarantees its stretch
is 1. An example of this is shown in Figure 3.

For any edge € = (u®,v%) in G with image e in G/F, we set £F, the edge length of e in G/F,
to be an upper bound on the length of the forest routing of e, i.e. the path F[rootf:@,uG] ® eC @
F[v©, root’;]. Meanwhile, we define str, £ Eg/ﬁe, as an overestimate on the stretch of e w.r.t. the
forest routing. A priori, it is unclear how to provide a single upper bound on the stretch of every
edge, as the root nodes of the endpoints are changing over time. Providing such a bound for every
edge is important for us as the lengths in G/F could otherwise be changing too often when the
forest changes. We guarantee these bounds by scheme that makes auxiliary edge deletions in the
forest in response to external updates, with these additional roots chosen carefully to ensure the
length upper bounds.

Now, for any flow f in G/F, its length in G/F is at least the length of its pre-image in G, i.e.

HLHElf"l < “fFf“l Let A* be the optimal solution to (1). We will show later how to build F

such that HfFA*Hl < v ||LA*||; holds for some v = m°M), solving (1) on G/F with edge length

£ and properly defined gradient g on G/F yields an %—approximate solution for G. The gradient

g is defined so that the total gradient of any circulation A on G/F and its preimage H;lA in G
is the same, ie. g'A = ng'Il?lA. The idea of incorporating gradients into portal routing was
introduced in [KPSW19]; our version of this construction is somewhat different to allow us to make
it dynamic efficiently.

11
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Figure 3: Illustration of the core graph G/F changing as an edge is deleted in G (and in F).
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Collections of Low Stretch Decompositions (LSD). The first component of the data struc-
ture is constructing and maintaining forests of F' that form a Low Stretch Decomposition (LSD) of
G. Variations of which (such as j-trees) have been used to construct several recursive graph pre-
conditioners [Mad10; Shel3; KLOS14; CPW21] and dynamic algorithms [CGHPS20]. Informally,
a k-LSD is a rooted forest F' C G that decomposes G into O(m/k) vertex disjoint components.
Given some positive edge weights v € Rgo and reduction factor k > 0, we compute a k-LSD F' and
length upper bounds oF of G /F that satisfy two properties:

1. sTrf = £ /8¢ = O(k) for any edge ¢ € G with image e in G/F, and
2. The weighted average of s?c?f w.r.t. v is only O(1), i.e. Y eGeq VoG ﬁ'f <O(1) - llvll; -

Item 1 guarantees that the solution to (1) for G/F yields a O(k)-approximate one for G. However,
this guarantee is not sufficient for our data structure, as our B-branching tree chain has d ~ log; m
levels of recursion and the quality of the solution from the deepest level would only be 6(k:)d ~
miteM_approximate.

Instead, like [Mad10; Shel3; KLOS14] we compute k different edge weights vy, ..., v) via multi-
plicative weight updates (Lemma 6.6) so that the corresponding LSDs F1, . .., F}, have O(1) average
stretch on every edge in G: 2?21 ﬁ'fj = O(k), for all e¢ € G with image e in G/F.

f;FJ'le < 0(1) |ILf||; holds for at least

half the LSDs corresponding to F1,..., Fy. Taking O(1) samples uniformly from F1,..., Fy, say
Fi,...,Fp for B=0(1) we get that with high probability

By Markov’s inequality, for any fixed flow f in G,

.|| ~F;
min Hstr 7o LA
JE[B]

SO [ILA™;. (4)

That is, it suffices to solve (1) on G/Fy,...,G/Fp to find an O(1)-approximate solution for G.
We provide all details including definitions and construction of the core graph in Section 6.

2.4 Maintaining a Branching Tree Chain

The goal of this section is to elaborate on how we combine core graphs and spanners to produce our
overall data structure for our undirected min-ratio cycle problem, the B-branching tree chain. We
also describe how the data structure is maintained under dynamic updates, which is more formally
shown in Section 7. A central reason our hierarchical data structure works is that the components,
both core graphs and spanners, are designed to remain very stable under dynamic changes to the
input graphs they approximate. In the literature on dynamic graph algorithms, this is referred to
as having low recourse.

1. Sample and maintain B = O(logn) k-LSDs F, Fy, ..., Fp, and their associated core graphs
G/F;. Over the course of O(m/k) updates at the top level, the forests F; are decremental,
i.e. only undergo edge deletions (from root insertions), and will have O(m/k) connected
components.

2. Maintain spanners S(G, F;) of the core graphs G/F;, and embeddings g /r)—s(G,F)> Say
with length increase v, = m°(1).

3. Recursively process the graphs S(G, F;), i.e. maintains LSDs and core graphs on those, and
spanners on the contracted graphs, etc. Go for d total levels, for k% = m.

13



4. Whenever a level i accumulates m/k® total updates, hence doubling the number of edges in
the graphs at that level, we rebuild levels ¢,7 + 1,...,d.

Recall that on average, the LSDs stretch lengths by O(1), and the spanners S(G, F;) stretch lengths
by .. Hence the overall data structure stretches lengths by 6(75)‘1 = meW (for appropriately
chosen d).

We now discuss details on how to update the forests G/F; and spanners S(G, F;). Intuitively,
every time an edge e = (u,v) is changed in G, we will delete O(1) additional edges from Fj. This
ensures that no edge’s total stretch/routing-length increases significantly due to the deletion of e
(Lemma 6.5). As the forest F; undergoes edge deletions, the graph G/F; undergoes vertex splits,
where a vertex has a subset of its edges moved to a newly inserted vertex. Thus, a key component
of our data structure is to maintain spanners and embeddings of graphs undergoing vertex splits (as
well as edge insertions/deletions). It is important that the amortized recourse (number of changes)
to the spanner S(G, F;) is m°)) independent of k, even though the average degree of G/F; is Q(k),
and hence on average (k) edges will move per vertex split in G/F;. We discuss the more precise
guarantees in Section 2.7.

Overall, let every level have recourse 7, = m°W) (independent of k) per tree. Then each
update at the top level induces O(B~,)¢ (as each tree branches into B trees) updates in the data
structure overall. Intuitively, for the proper choice of d = w(1), both the total recourse O(B~;)?
and approximation factor 6(7@)d are m°1) as desired.

2.5 Going Beyond Oblivious Adversaries by using IPM Guarantees

The precise data structure in the previous section only works for oblivious adversaries, because we
used that if we sampled B = O(logn) LSDs, then whp. there is a tree whose average stretch is
6(1) with respect to a fized flow f. However, since we are updating the flow along the circulations
returned by our data structure, we influence future updates, so the optimal circulations our data
structure needs to preserve are not independent of the randomness used to generate the LSDs. To
overcome this issue we leverage the key fact that the flow f*— f is a good witness for the min-ratio
cycle problem at each iteration.

Lemma 4.7 states that for any flow f, g(f)T A(£)/(100m + |L(f)A(F)],) < —Q(1) holds
where A(f) = f*— f. Then, the best solution to (1) among the LSDs G/F,...,G/Fp maintains
an O(1)-approximation of the quality of the witness A(f) = f* — f as long as

min [E5A()]| <00 [LAAR)], +O0m). (5)

In this case, let A be the best solution obtained from G/Fy,...,G/Fp. We have

gf)'A _ _
[LHA], = OWILEAD, +0(m)

The additive O(m) term is there for a technical reason discussed later.

To formalize this intuition, we define the width w(f) of A(f) as w(f) =100-1+ |L(f)A(f)].
The name comes from the fact that w(f). is always at least |[€(f).(fF — fe)| for any edge e. We
show that the width is also slowly changing (Lemma 9.2) across IPM iterations, in that if the width
changed by a lot, then the residual capacity of e must have changed significantly. This gives our
data structure a way to predict which edges’ contribution to the length of the witness flow f* — f
could have significantly increased.
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Observe that for any forest F); in the LSD of G, we have HIAJFJ'A(f)Hl < HsTrFJ o w(f)”1 . Thus,
we can strengthen (5) and show that the IPM potential can be decreased by m—°() if

cw(f)|| <O [w(f)l;- (6)

min Hs/terJ
Jj€lB]

(6) also holds with w.h.p if the collection of LSDs are built after knowing f. However, this does
not necessarily hold after augmenting with A, an approximate solution to (1).

Due to stability of w(f), we have w(f + A). ~ w(f). for every edge e whose length does
not change a lot. For other edges, we update their edge length and force the stretch to be 1,
ie. s?rfj = 1 via the dynamic LSD maintenance, by shortcutting the routing of the edge e at its
endpoints. This gives that for any j € [B], the following holds:

st o w(f + A)| | < st o w(f)], + llw(f + A,

Using the fact that min;¢p Hs?er o w(f)H1 < O(1) |lw(f)|l,, we have the following:
min HErFJ

min st 0 w(f + A) | £ O Jw(f)lly +lw(f + Al

Thus, solving (1) on the updated G/F1,...,G/Fp yields a good enough solution for reducing
IPM potential as long as the width of w(f+ A) has not increased significantly, i.e. ||w(f + A)[|; <
o) lw (£l

If the solution on the updated graphs G/Fiy,...,G/Fp does not have a good enough quality,
we know by the above discussion that ||w(f + A)[|; > 100 ||lw(f)|; must hold. Then, we re-
compute the collection of LSDs of G and solve (1) on the new collection of G/F1,...,G/Fp again.
Because each recomputation reduces the #; norm of the width by a constant factor, and all the
widths are bounded by exp(log® ) m) (as discussed in Section 2.1), there can be at most O(1) such
recomputations. At the top level, this only increases our runtime by 6(1) factors.

The real situation is much more complicated since we recursively maintain the solutions on the
spanners of each G/F},...,G/Fp. Hence, it is possible that lower levels in the data structure are
the “reason” that the quality of the solution is poor. More formally, let T" be the total number
of IPM iterations. We use t € [T to index each iteration and use superscript z() to denote the
state of any variable z after t-th iteration. For example, f®) is the flow computed so far after ¢
IPM iterations and we define w(® < w(f (t)) to be the width w.r.t. f®. Recall that every graph
maintained in the dynamic B-Branching Tree Chain re-computes its collection of LSDs after certain
amount of updates. When some graph at level i re-computes, we enforce every graph at the same
level to re-compute as well. Since there’s only m°®) such graphs at each level, this scheme results
in a m°M overhead on the update time which is tolerable. For every level i = 0,...,d, we define
prevgt) to be the most recent iteration at or before ¢ that a re-computation of LSDs occurs at level 4.
For graphs at level d which contain only m®®) vertices, we enforce a rebuild everytime and always
have prev((it) = t. We show in Lemma 7.9 that the cycle output by the data structure in the ¢-th
IPM iteration has length at most

d
mD 3 e,
=0

This inequality is a natural generalization of the O(1) (|w(f)|, + |[w(f + A)]|,)-bound when tak-
ing recursive structure into account.
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At this point, we want to emphasize that the fact that we can prove this guarantee depends on
certain “monotonicity” properties of both our core and spanner graph constructions. In the core
graph construction, it is essential that we can provide a fixed length upper bound for most edges.
In the spanner construction, we crucially use that the set of edges routing into any fixed edge in the
spanner is decremental for most spanner edges. This allows us to produce an initial upper bound
on the width for edges in the spanner and continue using this bound as long as the spanner edge
routes a decremental set.

The cycle output by the data structure yields enough decrease in the IPM potential if its
l-norm is small enough. Otherwise, the 1-norm of the output cycle is large and we know that

(®) . . .
>4 lw®ei )| is much more than m°™" ||w®||;. In this way, the data structure can fail because
. ® . . . .
some lower level 4 has ||'w(previt |1 > [|w®];. A possible fix is to rebuild the entire data structure

which sets prevgt) =t at any level 7. However, this costs linear time per rebuild, and this may need
to happen almost every iteration because there are multiple levels. In the next section we show
how to leverage that lower levels have cheaper rebuilding times (levels 4,7 4+ 1,. .., d can be rebuilt
in time approximately m!*o() /k?) to design a more efficient rebuilding schedule.

2.6 The Rebuilding Game

Our goal in Section 8 is to develop a strategy that finds approximate min-ratio cycles without
spending too much time rebuilding our data structure when it fails to do so. In the previous
overview section, we carefully characterized the conditions under which our data structure can fail
against adversarial updates, given the promise that f* — f remains a good witness circulation. In
this section, we set up a game which abstracts the properties of the data structure and the adversary.
The player in this game wants to ensure our data structure works correctly by rebuilding levels of
it when it fails. We show that the player can win without spending too much time on rebuilding.
Recall w® & w( f(t)) is a hidden vector that we use to upper bound the #; cost of the hidden
witness circulation A(f). We will refer to |w®||; as the total width at time t. We argued in the
previous Section 2.5 that our branching-tree data structure can find a good cycle whenever the
total width ||w(®]; is not too small compared to the total widths at the times when the levels

(

0,1,...,d of the data structure were last initialized or rebuilt. We let previt) denote the stage when

. . (®) . . .
level ¢ was last rebuilt, and refer to Hw(pre"it )||1 as the total width at level i. As we saw in the

previous section, the only way our cycle-finding data structure can fail to produce a good enough
cycle is if 14, Hw(pre"gz)) 1> meW[|w®|;. We can estimate the quality of the cycles we find, and
if we fail to find a good cycle we can conclude this undesired condition holds. However, even if the
condition holds, we might still find a good cycle “by accident”, so finding a cycle does not prove
that the data structure currently estimates the total width well. Because the total widths [jw® |,
are hidden from us, we do not know which level(s) cause the problem when we fail to find a cycle.

We turn this into a game that abstracts the data structure and IPM and supposes that total
width ||w(t)||1 is an arbitrary positive number chosen by an adversary, while a player (our pro-

tagonist) manages the data structure by rebuilding levels of the data structure to set prevgt) =1t
when necessary. Now, because of well-behaved numerical properties of our IPM, we are guaranteed
that log(|lw®||;) € [~poly log(m), poly log(m)], and we impose this condition on the total width in
our game as well. By developing a strategy that works against any adversary choosing such total
widths, we ensure our data structure will work with our IPM as a special case. In Definition 8.1
we formally define our rebuilding game.

In our branching tree data structure, level i can be rebuilt at a cost of m!*°(M) /k* and it can
last through roughly m!—°() /k* cycle updates before we have to rebuild it because the core graph
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has grown too large (we call this a “winning rebuild”). But, if we are unable to find a good cycle,
we are forced to rebuild sooner (we call this a “losing rebuild”). Which level should we rebuild if
we are unable to find a good cycle? The answer is not immediately clear, because any level could
have too large total width. However, by tuning our parameters such that the m°® factor in our

condition 3¢, |]w(pre"§t>) 1 > m°W||w®|; is larger than 2(d + 1), we can deduce that if a failure
(®)
occurs, then max®_ H'w(pre"z‘t )1 > 2|w®|);. Thus, if the total width at level i is too large, then a
)
‘) to w®) will reduce its total width by at

losing rebuild at level i (and hence updating w(PreY;

least a factor 2.

This means that for any level ¢, if we do a losing rebuild of level i polylog(m) times before a
winning rebuild of level i, we can conclude that the too-large total width is not at level ¢. This
leads to the following strategy: Starting at the lowest level, do a losing rebuild of each level i up
to polylog(m) times after each winning rebuild, and then move to rebuilding level ¢ — 1 in case
of more failures. We state this strategy more formally in Algorithm 6. This leads to a cost of
O(m°M(m + T)) to process T cycle updates in the rebuilding game, as we prove in Lemma 8.3.

Finally, at the end of Section 8, we combine the data structure designed in the previous sections
with our strategy for the rebuilding game to create a data structure that handles successfully finds
update cycles in our hidden stable-flow chasing setting in amortized m°®) cost per cycle update,
which is encapsulated in Theorem 6.2.

2.7 Dynamic Embeddings into Spanners of Decremental Graphs

It remains to describe the algorithm to maintain a spanner S(G, F;) on the graphs G/F;. Let us
recall the requirements on the spanner given in Section 2.4:

1. Sparsity: at all times the spanner should be sparse, i.e. consist of at most O(|V(S(G, F}))|)
edges. This is crucial for reducing the problem size and as we ensure that F; has only é(m /k)
connected components, we have that S(G, F;) consists of O(m/k) edges, reducing the problem
size by a factor of almost k.

2. Low Recourse: we further require that for each update to G/ Fj, there are at most v, = me®
changes to S(G, F;) on average. This is crucial as otherwise the updates to S(G, F;) could
trigger even more updates in the B-Branching Tree Chain (see Section 2.4).

3. Short Paths with Embedding: we maintain the spannner such that for every edge e in G,
its endpoints in S(G, F;) are at distance at most 7; - £(e) and even maintain witness paths
He_,s(a,r)(e) between the endpoints consisting of 4; edges. This is crucial as we need an
explicit way to check whether e @ Ilg,r, .5(q, Fi)(e) is a good solution to the min-ratio cycle
problem.

4. Small Set of New Edges That We Embed Into: we ensure that after each update, we re-
turn a set D consisting of m®Y) edges such that each edge e in G/F; is embedded into
a path Ilg/r s, Fi)(e) consisting of the edges on the path of the old embedding path
Hg/r—s(a,ry)(e) of e and edges in D.

5. Efficient Update Time: we show how to maintain S(G, F}) with amortized update time km°™).

We note that additionally, we need our spanner to work against adaptive adversaries since
the update sequence is influenced by the output spanner. Although spanners have been studied
extensively in the dynamic setting, there is currently only a single result that works against adaptive
adversaries. While this spanner given in [BBGNSSS20] appears promising, it does not ensure our
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desired low recourse property for vertex splits and this seems inherent to the algorithm (additionally,
it also does not maintain an embedding I,k _s(G,7;))-

While we use similar elements as in [BBGNSSS20] to obtain spanners statically, we arrive at a
drastically different algorithm that can deal well with vertex splits. We focus first on obtaining an
algorithm with low recourse and discuss afterwards how to implement it efficiently.

A Static Algorithm. We first consider the static version of the problem on a graph G/F;,
i.e. to give a static algorithm that computes a spanner with short path embeddings. By using
a simple bucketing scheme over edge lengths, we can assume wlog that all lengths have unit-
weight. We partition the graph into edge-disjoint expander graphs Hi, Hs,..., H; where each
H; has roughly uniform degree, i.e. its average degree is at most a polylogarithmic factor larger
than its minimum degree A, (H;), and each vertex v in G is in at most 5(1) graphs H;. Here,
we define an expander to be a graph H; that has no cut (X,X) where X = V(H;) \ X with

|Em, (X, X)] < Q (m) min{voly, (X),voly,(X)} where Ep,(X,X) is the set of edges in H;

with endpoints in X and S and volg, (Y) is the sum of degrees over the vertices y € Y.
Next, consider any such expander H;. It is well-known that sampling edges in expanders with

4 R
probability p; ~ % gives a cut-sparsifier S; of H;, i.e. a graph such that for each cut (X, X),

we have |Ey, (X, X)| ~ |Es,(X,X)|/p; (see [ST04; BBGNSSS20]). This ensures that also S; is
an expander. It is well-known that any two vertices in the same expander are at small distance,
i.e. there is a path of length at most 6(1) between them. We use a dynamic shortest paths data
structure [CS21] for expander graphs on S; to find such short paths between the endpoints of each
edge e in G/F; and take them to be the embedding paths (here we lose an m°M) factor in the length
of the paths due to the data structure).

It remains to observe that each spanner S; has a nearly linear number of edges because each
graph H; has average degree close to its minimum degree, and edges are sampled independently
with probability p;. Thus, letting S(G, F;) be the union of all graphs §; and using that each
vertex is in at most 6(1) graphs H;, we conclude the desired sparsity bound on S(G, F;). We take
g/ F,—s(a,Fy) to be the union of the embeddings constructed above and observe that the length of
embedding paths is at most m°!) as desired.

The Dynamic Algorithm. To make the above algorithm dynamic, let us assume that there is a
spanner S(G, F;) with corresponding embedding Il /F,—5(a,F;) and after its computation, a batch
of updates U is applied to G/F; (consisting of edge insertions/deletions and vertex splits). Clearly,
after forwarding the updates U to the current spanner S(G, F;), by deleting edges that were deleted
from G/F; and splitting vertices, we have that for some edges e € G/F;, the updated embedding
Hg)F—s(a,r)(e) might no longer be a proper path.

We therefore need to add new edges to S(G, F;) and fix the embedding. We start by defining S
to be the vertices that are touched by an update in U, meaning for the deletion/insertion of edge
(u,v) we add uw and v to S and for a vertex split of v into v and v',; we add v and v" to S. Note
that |S| < 2|U| and that all Ilg/r,_s5(G,F,)(e) that are no longer proper paths intersect with S.

We now fix the embedding by constructing a new static spanner on a special graph J over the
vertices of S. More precisely, for each e = (a,b) in G/F; where I/, s r)(€) intersects with S,
we find the vertices @,b in S that are closest to a and b on e r—s,r,)(e), and then insert an
edge € = (a,E) into the graph J. We say that e is the pre-image of € (and € the image of e in J).

Finally, we run the static algorithm from the last paragraph to find a sparsifier J of J and let

o, 5 be the corresponding embedding. Then, for each edge € that was sampled into J. , we add its
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pre-image e to the current sparsifier S(G, F;).
To fix the embedding, for each € = (a,b) € J, we observe that since e = (a,b) was added to
S(G, F;), we can simply embed the edge into itself. We define for each such edge € the path

-~

P> =1lg/ps(a,r)(€)]a, al ® (a,b) ® g/ psa,r)(€)[b, ]

which is a path between the endpoints of €. This path is in the current graph S(G, F;) since we
added (a,b) to the spanner and by definition of @, we have that Ilg/r_s(G,r7)(€)[d; a] is still a
proper path, the same goes for b.

But this means we can embed each edge f = (¢, d) even if its image f= (c, J) ¢ J, since we can
simply set it to the path

~

Ue/r—sam) (e, d @ P P | olgroscr(f)dd.
EGHJH:]V( f)

By the guarantees from the previous paragraph, we have that the sparsifier J has average degree
O(1), and we only added the pre-images of edges in J to S(G, F}). Since J (and J) are taken over
the vertex set S, we can conclude that we only cause O(|S|) = O(|U|) recourse to the spanner.
Further, since each new path Ilg_, s r)(e) for each e now consists of O(1) path segments from
the old embedding g5 r) (Plus 6(1) edges), the maximum length of the the embedding paths
has only increased by a factor of 5(1) overall. Finally, we take D to be the set of edges on P>
for all € € J. Clearly, each edge f embeds into a subpath of its previous embedding path (to
reach the first and last vertex in S) and into some paths P all of which now have edges in D.
To bound the size of D, we observe that also each path P is of short length since it is obtained
from combining two old embedding paths (which were short) and a single edge. Thus, we have
D] =[U 7P| = O(]J]) = O(JU|) which again is only O(1) when amortizing over the number of
updates. Figure 4 gives an example of this spanner maintenance procedure in action.

By using standard batching techniques, we can also deal with sequences of update batches
UM U@ .. to the spanner and ensure that we cause only m°®) amortized recourse per update/
size of D to the spanner.

An Efficient Implementation. While the algorithm above achieves low recourse, so far, we
have not reasoned about the run-time. To do so, we enforce low vertez-congestion of Ilg/r, ,s(q,F;)
defined to be the maximum number of paths Il p,_,s(c,r)(e) that any vertex v € V(G/F;) oc-
curs on. More precisely, we implement the algorithm above such that the vertex congestion of
He ) p—s(6,F;) () remains of order veAyq.(G/ F;) for some v, = m°®) over the entire course of the al-

gorithm. We note that by a standard transformation, we can assume wlog that A, (G/F;) = O(k).

Crucially, using our bound on the vertex congestion, we can argue that the graph J has max-
imum degree Y.Apqa:(G/F;). Since we can implement the static spanner algorithm in time near-
linear in the number of edges, this implies that the entire algorithm to compute a sparsifier J only
takes time ~ |U|YAmae(G/F;) = |U|m°ME, and thus in amortized time km°1) per update.

It remains to obtain this vertex congestion bound. Let us first discuss the static algorithm.
Previously, we exploited that each sparsifier S; is expander since it is a cut-sparsifier of H; in a
rather crude way. But it is not hard to see via the multi-commodity max-flow min-cut theorem
[LR99] that this property can be used to argue the existence of an embedding Iy, s, that uses
each edge in §; on at most 6(1 /pi) embedding paths and therefore each path has average length

19
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Figure 4: Illustration of the procedure for maintaining S(G, F;) under edge deletions.
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O(1). In fact, using the shortest paths data structures on expanders [CS21], we can find such an
embedding and turn the average length guarantee into a worst-case guarantee.

This ensures that each edge has congestion at most O(1/p;) = O(Anmaz(G/F;)) and because
S(G, F;) has average degree 6(1), this also bounds the vertex congestion. We need to refine this
argument carefully for the dynamic version but can then argue that due to the batching we only
increase the vertex congestion slightly. We refer the reader to Section 5 for the full implementation

and analysis.

3 Preliminaries

Model of Computation. In this article, for problem instances encoded with z bits, all algorithms
work in fixed-point arithmetic where words have O(logo(l) z) bits, i.e. we prove that all numbers
stored are in [exp(—1log®® 2), exp(log®™ 2)].

General notions. We denote vectors by boldface lowercase letters. We use uppercase boldface to
denote matrices. Often, we use uppercase matrices to denote the diagonal matrices corresponding
to lowercase vectors, such as L = diag(€). For vectors x,y we define the vector x o y as the
entrywise product, i.e. (xoy); = x;y;. We also define the entrywise absolute value of a vector
|| as |x|; = |z;|. We use (-,-) as the vector inner product: (x,y) = 'y = >, z;y;. We elect
to use this notation when «,y have superscripts (such as time indexes) to avoid cluttering. For
positive real numbers a,b we write a ~, b for some o > 1 if a~'b < a < ab. For positive vectors
T,y € ]R[;%, we say © ~, y if ®; &, y; for all i € [n]. This notion extends naturally to positive
diagonal matrices. We will need the standard Chernoff bound.

Theorem 3.1 (Chernoff Bound). Suppose X1, Xa,..., Xy € [0, W] are independent random vari-
ables, X =% ; X; and p =EX. For any 6 > 1/2, we have P[X € [(1 — ), (1+0)u]] > 1— 2e~ 5 .

Graphs. In this article, we consider multi-graphs G, with edge set E(G) and vertex set V(G).
When the graph is clear from context, we use the short-hands E for E(G), V for V(G), m =
|E|,n = |V|. We assume that each edge e € E has an implicit direction, used to define its edge-
vertex incidence matrix B. Abusing notation slightly, we often write e = (u,v) € E where e is an
edge in E and u and v are the tail and head of e respectively (note that technically multi-graphs
do not allow for edges to be specified by their endpoints). We let rev(e) be the edge e reversed: if
e = (u,v) points from u to v, then rev(e) points from v to w.

We say a flow f € RF routes a demand d € RV if BT f = d. For an edge e = (u,v) € G we let
b. € RV denote the demand vector of routing one unit from u to v.

We denote by degq(v) the degree of v in G, i.e. the number of incident edges. We let Apax(G)
and Apin(G) denote the maximum and minimum degree of graph H. We define the volume of a

set S C V as volg(95) Lof >ves degq(v).

Dynamic Graphs. We say G is a dynamic graph, if it undergoes batches UM, U@ ... of updates
consisting of edge insertions/ deletions and/or vertex splits that are applied to G. We stress that
results on dynamic graphs in this article often only consider a subset of the update types and we
therefore explicitly state for each dynamic graph which updates are allowed. We say that the graph
G, after applying the first ¢ update batches UM U@ U® is at stage t and denote the graph
at this stage by G(Y). Additionally, when G is clear, we often denote the value of a variable z at
the end of stage t of G by z(®, or a vector « at the end of stage ¢ of G by x(®).
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For each update batch U"), we encode edge insertions by a tuple of tail and head of the new
edge and deletions by a pointer to the edge that is about to be deleted. We further also encode
vertex splits by a sequence of edge insertions and deletions as follows: if a vertex v is about to be
split and the vertex that is split off is denoted v™EW, we can delete all edges that are incident to
v but should be incident to vN*W from v and then re-insert each such edge via an insertion (we
allow insertions to new vertices, that do not yet exist in the graph).

For technical reasons, we assume that in an update batch U®, the updates to implement the
vertex splits are last, and that we always encode a vertex split of v into v and vNEW such that
degen) (VNEW) < degen) (v). We let the vertex set of graph G® consist of the union of all
endpoints of edges in the graph (in particular if a vertex is split, the new vertex v™FW is added due
to having edge insertions incident to this new vertex vNFW in U (t)).

ENc(u) of an update u € U® be the size of the encoding of the update and note that for
edge insertions,/ deletions, we have ENc(u) = O(1) and for a vertex split of v into v and vNEW
as described above we have ENc(u) = O(deggrn (vNFW)). For a batch of updates U, we let
ENc(U) = > ,ep ENC(u). In this article, we only consider dynamic graphs where the total size of
the encodings of all update batches is polynomially bounded in the size of the initial graph G(©).

We point out in particular that the number of updates |U| in an update batch U can be
completely different from the actual encoding size ENC(U) of the update batch U.

Paths, Flows, and Trees. Given a path P in G with vertices u, v both on P, then we let P[u, v]
denote the path segment on P from u to v. We note that if v precedes u on P, then the segment
P[u,v] is in the reverse direction of P. For forests F', we similarly define F[u,v] as the path from
u to v along edges in the forest F'. We ensure that u, v are in the same connected component of F’
whenever this notation is used.

We let p(F[u,v]) € RF(@) denote the flow vector routing one unit from u to v along the path
in F. In this way, |p(F[u,v])| is the indicator vector for the path from u to v on F. Note that
p(F[u,v]) + p(Flv,w]) = p(Flu,w]) for any vertices u,v,w € V.

The stretch of e = (u,v) with respect to a tree T is defined as

(& p(TluvDl) _ | | Leerfuobe

T.¢ def
str.” =1+
€ L. L.

This differs slightly from the more common definition of stretch because of the 14+ term — we
do this to ensure that str’* > 1 for all e. It is known how to efficiently construct trees with
polylogarithmic average stretch with respect to underlying weights. These are called low-stretch
spanning trees (LSSTs).

Theorem 3.2 (Static LSST [AN19]). Given a graph G = (V,E) with lengths £ € RZ; and

weights v € RE there is an algorithm that runs in time O(m) and computes a tree T such that

S eep Vestrl < O(||v||1 log nloglogn).

We let 2,957 & O(log nloglogn).

Graph Embeddings. Given graphs G and H with V(G) C V(H), we say that Illg—py is an
graph-embedding from G into H if it maps each edge e = (u,v) € E(G) to a u-v path Ilg— (%) in
H. We define congestion of an edge e by econg(llg—m, ) & [{e€ € E(Q) | e € Tg—s g (e%)}|
and of the embedding by econg(Ilg— ) o MAX H ¢ () econg(Ilg—s 7, e). Analogously, the con-

gestion of a vertex v € V(H) is defined by veong(Ilg— g, v?) & [{eC € E(Q) | v € Hg— ()}
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and the vertex-congestion of the embedding by veong(Ilg—sz) = max,n cy () veong(llg—m, o).

We define the length by length(Ilg— 5) & max.ccp(q) Tg— 7 (e)|. We let (boldface) IIg_, (e) €
RF for e = (u,v) denote a vector representing the flow from u — v. Thus B IIg_,z(e) = be.

For a path p; with endpoints u — v and po with endpoints v — w, we define p; @ p2 as the
concatenation, which is a path from v — w.

Sometimes we consider the edges that route into an edge e € E(H). Given graphs G, H and
embedding T, g, for edge e € E(H) we define TI5!, ;(¢) = {¢/ € G : e € TI(¢/)} . The notation is
natural if we think of II as a function from an edge e to the set of edges in its path, and hence II~!
is the inverse/preimage of a one-to-many function.

Dynamic trees. Our algorithms make heavy use of dynamic tree data structures, so we state a
lemma describing the variety of operations that can be supported on a dynamic tree. This includes
path updates either of the form adding a directed flow along a tree path, or adding a positive value
to each edge on a tree path. Additionally, the data structure can support changing edges in the
tree, and querying flow values on edge. Each of these operations can be performed in amortized
O(1) time.

Lemma 3.3 (Dynamic trees, see [ST83]). There is a deterministic data structure D) that main-
tains a dynamic tree T'C G = (V, E) under insertion/deletion of edges with gradients g and lengths
£, and supports the following operations:

1. Insert/delete edges e to T, under the condition that T is always a tree, or update the gradient
ge or lengths .. The amortized time is O(1) per change.

2. For a path vector A = p(T[u,v]) for some u,v € V, return (g, A) or (£,|Al) in time O(1).

3. Maintain a flow f € R¥ under operations f J +nA forn € R and path vector A =
p(T[u,v]), or query the value f. in amortized time O(1).

4. Maintain a positive flow f € Rgo under operations f < f+n|Al forn € R>g and path vector
A = p(T[u,v]), or or query the value f. in amortized time O(1).

5. DETECT(). For a fized parameter €, and under positive flow updates (item 4), where AW g
the update vector at time t, returns

SO =lecre, Y AV >¢ (7)
t'eflastt? +1,4]
where last®) is the last time before t that e was returned by DETECT(). Runs in time O(|S®)).

Proof. Every operation described is standard except for DETECT, which we now give an algorithm
for. Note that (7) is equivalent to the following:

S Al -~ >o.
t’e[lastgt)—l—l,t}

This value can be maintained using positive flow updates (item 4), i.e. |A| to a tree path. We
reset the value of an edge e to —¢/£,. once it is detected. Locating and collecting edges satisfying
(7) is reduced to finding edges with nonnegative values, which can be done in O(|S®]) time by
repeatedly querying the largest value on the tree, and checking whether it is nonnegative. O
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The DETECT operation allows our algorithm to decide when we need to change the gradients
and lengths of an edge e in our IPM.

4 Potential Reduction Interior Point Method

The goal of this section is to present a primal-only potential reduction IPM [Kar84] that solves the
min-cost flow problem on a graph G = (V, E) with demands d € Z", lower and upper capacities
u”,ut € ZF, and costs ¢ € ZF such that all integers are bounded by U:

e arg min c'f. (8)
BT f=d
ug <fe<ug for all eeE

Instead of using the standard logarithmic barrier, we elect to use the barrier z=¢ for small «.
This is because we do not know how to prove that the lengths encountered during the algorithms
are quasipolynomially bounded for the logarithmic barrier. Precisely, we consider the following
potential function, where F* & ¢! f* is the optimal value for (8), and o = 1/(1000logmU). We
assume that we know F™*, as running our algorithm allows us to binary search for F™.

O(f) = 20mlog(c' f—F*)+ Y ((uj —feo)  + (fe — “?)ﬂ) ®)

eckE

We show in Section 4.3 that we can initialize a flow f on a larger graph (still with O(m) edges)
such that the potential ®(f) is initially O(mlogmU) (Lemma 4.12). Additionally, given a nearly
optimal solution, we can recover an exactly optimal solution to the original min-cost flow problem
in linear time (Lemma 4.11). A simple observation is that if the potential is sufficiently small, then
the cost of the flow is nearly optimal.

Lemma 4.1. We have c' f — F* < exp (®(f)/(20m)). In particular, if ®(f) < —200m logmU
then ¢' f — F* < (mU)~10.

Proof. From (9) and the fact that u; < f. < u}, we get
d(f) > 20mlog(c’ f — F*).
Rearranging this gives the desired result. O

Given a flow f € RF we define lengths £ € Rfo and gradients g € RF to capture the next /;
problem we solve to decrease the potential.

Definition 4.2 (Lengths and gradients). Given a flow f € RF we define lengths £ € RF as
e —1l-a \—1l—«
0= (uf = f) "+ (fo—up) (10)
and gradients g € RF as g(f) £ VO(f). More explicitly,

9(f)e £ [VO(F)], = 20m(c’ f — F*)lee+a (uf - fe)flfa —a(fo—uy) T 11)

The remainder of the section is split into three parts. In Section 4.1 we show that approximately
solving the cycle problem induced by gradients and lengths approximating those in Definition 4.2
allows us to decrease the potential additively by an almost constant quantity in a single iteration.
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Then in Section 4.2 we bound how such iterations affect the lengths and gradients in order to
show that approximate versions of them only need to be modified m'T°(1) times across the entire
algorithm, and in Section 4.3 we discuss how to get an initial flow and extract an exact min-cost
flow from a nearly optimal flow.

The following theorem summarizes the results of this section.

Theorem 4.3. Suppose we are given a min-cost flow instance given by Equation (8). Let f* denote
an optimal solution to the instance.
For all k € (0,1), there is a potential reduction interior point method for this problem, that,
given an initial flow £f© € RE such that @(f(o)) < 200mlog mU, the algorithm proceeds as follows:
The algorithm runs for O(mk?) iterations. At each iteration, let g(f®) € RE denote that
gradient and £(f") € RE, denote the lengths given by Definition 4.2. Let g € RE and le RE, be

any vectors such that HL(j:(t))*1 (§ - g(f(lt))>HOo < k)8 and £~ L(f).

1. At each iteration, the hidden circulation f* — f®) satisfies

g (f — )
100m + [|L(f+ = £O)|

< —a/4.

1

2. At each iteration, given any A satisfying BT A = 0 and ?A/HiAHl < —k, it updates fH1)
PO +nA forn — &2/(50 - |gA]).

3. At the end of 6(m/<;2) iterations, we have ¢' f& < T f* + (mU)~10.

Intuitively, the algorithm will compute a sequence of flows f(©, ) and maintain approxi-
mations g, £ of g(FD), £(f®) respectively. Each iteration, the algorithm will call an oracle for
approximating the minimum-ratio cycle, i.e. mingra_o9' A/||Lal|,. The first item shows that the
optimal ratio is at most —«/4. Thus if the oracle returns an m°®) approximation, the returned
circulation has x > m~°(1). Scaling A appropriately and adding it to f*) decreases the potential
by Q(k2), hence the potential drops to —O(m logm) within O(mk~2) iterations.

In Section 9 we will give a formal description of the interaction of the algorithm of Theorem 4.3
and our data structures to implement each step in amortized m°1) time. As part of this, we argue
that we can change g and £ only 6(ml€_2) total times. This is encapsulated in Lemma 9.4.

4.1 One Step Analysis

Consider a current flow f and lengths/gradients £(f),g(f) defined in Definition 4.2, with L =
diag(£). The problem we will solve approximately in each iteration will be

g(f)'Aa

min ————. 12
5" [L(PAT, -
Alternatively, this can be viewed as constraining BT A = 0 and g(f)" A = —1, and then minimizing

|IL(f)All;. Our first goal is to show that an approximate solution to (12) for approximations of
the gradient and lengths allows us to decrease the potential.

Lemma 4.4. Let g € RE satisfy |L(f)~" (@ — g(f))|l. < #/8 for some k € (0,1), and £ € RE,
satisfy £ ~o £(f). Let A satisfy BTA =0 and ?A/HiAul < —k. Letn satisfy ng' A = —x?/50.

Then

I{Q

O(f +nA) < O(f) oo
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Before showing this, we need simple bounds on the Taylor expansion of the logarithmic barrier
and z~¢ in the region where the second derivative is stable.

Lemma 4.5 (Taylor expansion for 2~®). If |A.| < & min (u} — f., f. — u_) for e € E then
((wf = fom B+ (Fe+ Ac—u) ™) < ((wf = f0) 7" + (fe—ug) ™)
+a ((u: —5) " (fe - u;)‘“) Acta ((uj —5) T (e ) A7 (13)
Also we have that

(u

o+

—fo— AT = (uf — £) 70 < 20Ad(uf — £ (14)
and
(et A —ug) 7 = (fo—ug) 0 S 2AAN(Fe —ug) (15)

(14) and (15) are useful for analyzing how a step improves the value of the potential function
®(f), as well as showing that the gradients g(f) and lengths £(f) are stable, i.e. change only
m o) times over m!+°() iterations.

Proof. Define ¢(x) & (uf —2) 4 (z —u. ). ¢ is a convex function with derivative

(@) = ((uf =)~ =) 7 0)
and second derivative
¢"(x) = a1 +a) ((uf —2) >+ (x —uy) 7).

In particular note that ¢(fe +6) ~1.3 ¢"(fe) for any || < & min (uf — fe, fo — u; ), because
1.12+® < 1.3 by the choice of a. Thus by Taylor’s theorem we get that

S(Fet A) < O(F) + 0 (f) A+ 2 max  ¢"(1)A2 < 6(f.) + &' (F) A + 136" (f,) A2

ye[feyfe“l‘Ae]

<o(f)+ o (A +a ((ul - 1)

—2—«

- u) ) Al

which when expanded yields the desired bound. (14), (15) follow from a similar application of
Taylor’s theorem on a first order expansion. O

Lemma 4.6 (Taylor expansion for logx). If |y| < z/10 for x > 0 then
log(z +y) < log(x) +y/x +y*/2*. (16)

Proof. This is equivalent to log(1 + y/z) < y/x + y?/x? for |y/x| < 1/10, which follows from the
Taylor expansion log(1 + z) = Y450 2/k for |2| < 1. O

Proof of Lemma 4.4. We first bound g(f)" A by

o)A -5 A| L [Li) G- g ILWALL < 2w a7 Al <g7 A/
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where (i) follows from Hélder’s inequality with the £1,{s norms, (ii) follows from the lemma
hypotheses and |L(f)Al1 < 2||LAJ1, and the final inequality follows from ¢ < x/8. Hence

20" A<g(f)'A<g'A)2 (17)

We can also bound ¢" A by

20m(e’ f - F) e A= lof) Ao X (- £) T muw) ) A ()
ecE
o) A+ alLAl, £ @+20/mg Al (19)

where (7) follows from the triangle inequality, and (é¢) from (17) plus the problem hypotheses. In
particular, we deduce that

I ot sam)g Al (20)

A def

Let A = nA, the circulation that we add. From (20) we get that

T * T *
C f—F ~T C f—F ~T K T
- (242 Al —— 4 Al < —

20m (2+2a/r)lg < 20m n/xlg < 500m (C f )

by the choice of 1 in the problem hypothesis. Additionally, we have

lc"Al<n-

|Lal|, <2|La| <2/x-|ga] <2075 |gal, < x/25 (21)
by the choice of n. This implies that
‘Ze| < "i/25 : (uj - fe)lJra < H/25 ' (QU)a : (uj - fe) < H/lo : (u: - fe)a

where the last inequality follows from the choice o = 1/(1000logmU). |A.| < k/10 - (f. — u_)
follows similarly.
This bound allows us to apply:

e Lemma 4.5 on the current u*, u™, f, and A, and

e Lemmad6forz=c'f—F-andy=c' A

to get
~ T )2 + —2-a y—2—a | R2
O(f +A)—2(f) <g(f)TA+20m (i) + D af(uf —fo) "+ (fomu) )AL
eckE
(1) K2 oy @) g2 K2 aK K2
<g A2+ T 10- |L(HA]] < ——— o
<9 Af2+ g Tas/10 H (f) H1 = 7700 T 10000 T 250 = 500

Here, (i) follows from (17), and the bound |A.| < £/10 - min (ul — fe, fe —u), and (i) from
g 'A=ng"A=—k?/50 and (21). O

Our next goal is to show that a straight line to f*, i.e. A = f* — f satisfies the guarantees of
Lemma 4.4 for some x > Q(l) This has two purposes. First, it shows that an m°M-optimal solution
to (12) allows us to decrease the potential by m—°W) per step, so that the algorithm terminates in
mAto() steps. Second, it shows that the problems (12) encountered during the method are not fully
adaptive, and we are able to use this guarantee on a good solution to inform our data structures.
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Lemma 4.7 (Quality of f* — f). Let g € RE satisfy |[L(g) (g — g(f))|, < e for somee < a/2,
and € € RE ) satisfy €~ €(f). If ®(f) < 200mlogmU and log(c" f — F*) > —10logmU, then

g (f -
100m + Hi(f* —f)H

—a/4.
1

The additional 100m in the denominator is for a technical reason, and intuitively says that
the bound is still fine even if we force every edge to pay at least 100 towards the ¢; length of the
circulation.

Proof. We can bound g(f)" (f* — f) using

o) = ) =20m SIS (- ) g ) ) (0 1)

eckE

< vom—a X ((uf 1) (o)) 1 1

eck
+ 2« Z ((uj - fe)ia + (fe — ue_)a>
eck
= =20m — a [L(F)(F* = Fll, + 20 (O(F) - 20mlog(c” f — F*))

(i

< =20m — o ||[L(f)(F* — Py + 2c - 400m log mU
(iii)

< —=19m — o [L(F)(F* = Pl -
where (i) follows from the bound u; — f. < f¥ — f. <ul — f. forall e € E, so
(ud = fo) 71T~ fe) = (ud = f) TS —ud Fud — fe)
(: fo)™ = (uf = fo) 77O f2 — |
2( .fe) a_(u:_.fe)_l_a|f:_fe|a

and similar for the —(u — £.)"1=%(f* — f.) term, (i4) follows from the lemma hypotheses, and
(#i7) from the choice o = 1/(1000logmU). We now bound

g =NH=9NH' -9+ @-9() (F -7
(4)
< —19m — LA = Al + LA @ - 90| _ L@ = Py

(i

SZ) =19m — o« |[L(F)(F* = Ol + e LS = Oy
< =19m —a/2- LA F = Oy

where (i) follows from the above bound on g(f) ' (f* — f) and Holder for the ¢1/f,, norms, and
(i) follows from the the conditions on g. Thus we get that

IN

G S ome a2 OGO,
100m + Hf,(f* - f)H1 ~ 100m + 2[[L(f)(f* )||1 ’
where we have used the above bound on g' (f* — f) and £ ‘. O
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4.2 Stability Bounds

Our algorithm ultimately approximately solves (12) by using approximations g of g(f) and 2 of
£(f) satisfying the conditions of Lemma 4.4. The goal of this section is to show that g(f) and £(f)
are slowly changing relative to the lengths, so that our dynamic data structure can only update
their values on m°1) edges per iteration.

We start by showing that the residual cost is very slowly changing, by about 1/m per iteration.

Lemma 4.8 (Residual stability). Let g € R¥ satisfy L~ (f}—g(f))”Oo < € for some ¢ €
(0,1/2], and £ € RE, satisfy £ ~o €(f). Let A satisfy BTA = 0 and ftf'TA/HfAH1 < —k for
€ (0,1). Then
cTA| ~T
m <lg Al/(km).
Proof. We can write

cTA] @)
c'f—F* = 20m
(i)
<
- 20m

< (g7 Al+ 2LAN)/(20m) < 1§ Al/(xm),

" (jg" Al +alL(H)A])

L (1gT A+ L)@ — 9 LA + ol L)AL

(7;
where (i) uses the triangle inequality, (ii) uses the triangle inequality and |z Ty| < ||2||oo|ly]|1, and

(i4i) uses the hypotheses and £~ £(f). O

Hence if |g(f)TA| < O(k?) and |L(f)A|l1 = O(k) such as in the hypotheses of Lemma 4.4,
the residual cost changes by at most a 1/m factor per iteration.
We show that if the residual capacity of an edge does not change much, then its length is stable.

Lemma 4.9 (Length stability). If [|[L(f)(f — f)llec < € for some e < 1/100 then £(f) ~143- £(f).

Proof. Because HL(f)(f - f)”oo < 1/100, we have for all e € E

e — Fel S e(uf — fo)* = c(ul — f)(2U)* < 2e(uf — fo).

Simﬂaﬂy’ ’fe - ?e‘ < QE(fe - u;) Hence u+ fe ~exp(2¢) e f and fe U, Rexp(2e) ?e — U,

S0 we get
0F)e = (uf = F) 0+ (Fo—ug) 0
Nexp(2e(14a)) (u: - fe)ilia + (.fe - uei)ilia = e(f)e
This completes the proof, as 2¢(1 + a) < 3e. Ul

Next we show a similar stability claim for gradients. Here, we scale by the residual cost ¢' f — F*
to ensure that the leading term is 20me. Thus, the gradient is stable if the residual capacity of an
edge does not change much, and if the residual cost is stable. We know that the residual cost is
stable over O(m) iterations by Lemma 4.8.
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Lemma 4.10 (Gradient stability). If [|[L(f)(f — f)lloc < € and r =14 ¢' f — F* then g defined as
Ge = 20mee/r +a(ul — fo) Y —a(fe—u;) " foralle € E

satisfies
HL(f)fl (§ - (CTf —F*)/r- g(,f)) H < 6ae.
Proof. We can first compute that

+a((ud = fo) 77— (uf = F) 7T —al(fe—ug) T = (Fe—ug) 7). (23)

We bound the terms in (22) and (23) separately. To bound (22) we write

(1= T ) fon (@ - o)

T o0

- (1 - CTf) oL e D dea- (14 3¢) < 200,

r

where (7) follows from the hypothesis and Lemma 4.9. To bound (23) we write

oL ((wr = He = W = HT) = (F ) = (Fow) )

—
.
~

IN
[\)
Q
=
o
><
=
g
S
\
oh
e
=
\
g
o
e
-
=
=
[
\
)
g
IN
[\)
2
[\)
S
Q
m
IN
i
Q
™

where (7) follows from Lemma 4.5, specifically (14), (15). Summing these gives the desired bound.
O

We now show the main result of this section, Theorem 4.3.

Proof of Theorem 4.3. The first item follows from Lemma 4.7. To show the third item, note that
the update in the second item exactly corresponds to Lemma 4.4, so ®(f®)) < &(£¢1) — Q(k?).
Once the potential has reduced to —O(mlogm), then ¢' f) — ¢ f < (mU)~° (Lemma 4.1), so
the algorithm takes O(ms~2) total iterations. O

4.3 Initial and Final Point

In this section we discuss how to initialize our method and how to get an exact optimal solution
from a nearly optimal solution. For the latter piece, we can directly cite previous work which gives
a rounding method using the Isolation Lemma.

Lemma 4.11 ([BLNPSSSW20, Lemma 8.10]). Consider a min-cost flow instance T = (G, d, c) on
a graph G = (V, E) with demands d € {~U,..., U}V and cost c € {~U,...,UYE. Assume that all
optimal flows have congestion at most U on every edge.

Consider a perturbed instance I = (G,d,c) on the same graph G = (V,E) and demand d,
but with modified cost vector ¢ € R¥ defined as €. = co + ze for independent, random z. €
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{4méU2, 4m§U27 cee 43,1”;52} for alle € E. Let f be a solution for T whose cost is at most 712ml3U3

from optimal. Let f be obtained by rounding f to the nearest integer on every edge. Then f is an
optimal flow for the instance T with probability at least 1/2.

It is worth noting that scaling up the cost vector ¢ of the perturbed instance 7 in Lemma 4.11
by 4m?U? results in a min-cost flow instance with integral demands and costs again.

Now we describe how to augment our original graph with additional edges without affecting
the optimal solution, but allows us to initialize a solution with bounded potential. The proof is
deferred to Appendix B.1.

Lemma 4.12 (Initial Point). There is an algorithm that given a graph G = (V, E) and min-cost
flow instance T = (G, d,c,u™,u™) with demands d € {~U,..., U}V, and costs and lower/upper
capacities c,u”,ut € {~U,...,U}V, constructs a min-cost flow instance 7 = (C:‘,d:?:, ut,u)
with O(m) edges and d e {=2mU,....2mU}V D) e at a- € {—4mU?,...,4mU*}*D) and a
flow £V on G routing d such that ®(f1iY)) < 200m log mU .

Also, given an optimal flow ffor f, the algorithm can either compute an optimal flow f for T
or conclude that Z admits no feasible flow. The algorithm runs in time O(m).

5 Decremental Spanner and Embedding

The main result of this section is summarized in the following theorem. Intuitively, the theorem
states that given a low-degree graph G, one can maintain a sparsifier H of G and embed G with
short paths and low congestion into H.

Theorem 5.1. Given an m-edge n-vertex unweighted, undirected, dynamic graph G undergoing
update batches UD UR) .. consisting only of edge deletions and O(n) vertex splits. There is a

log(m)
log logm

randomized algorithm with parameter 1 < L < o < ), that maintains a spanner H and an

embedding Ilg_ g such that

1. Sparsity and Low Recourse: initially H) has sparsity 6(n) At any stage t > 1, the algorithm
outputs a batch of updates Ug_l) that when applied to H=Y produce H® such that H® C
G, H® consists of at most O(n) edges and dov<t ENC(UI(;,)) =0 (n + D v<t U@ nl/L),

and

2. Low Congestion, Short Paths Embedding: length(Ilg_g) < (’yl)O(L) and veong(Illg_ ) <
(’YC)O(L)AmaX(G); fO’I" Vi, Ye = eXP(O(\/m : log IOg m))7 and

3. Low Recourse Re-Embedding: the algorithm further reports after each update batch U®) at
stage t is processed, a (small) set DO C E(H®) of edges, such that for all other edges
e € E(HW)\DW, there exists no edge ¢’ € E(G®) whose embedding path HgLH(e’) contains
e at the current stage but did not before the stage. The algorithm ensures that at any stage
t, we have 7y« D) =0 (Ztlgt U®)] -nl/L(’ycﬁn)O(L)), i.e. that the sets D) are roughly

upper bounded by the size of UY on average.

The algorithm takes initialization time 6(m’yl) and processing the t-th update batch U® takes
amortized update time O(ENC(U®) - nY L (y,7)2") Apax (G)), and succeeds with probability at least
1 —n~Y for any constant C > 0, specified before the procedure is invoked.
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Taking L = (logm)'/* in Theorem 5.1 gives a parameter v, = exp(0(10g3/4mlog logm)) such
that the amortized runtime, lengths of the embeddings, and amortized size of D are all O(vs). We
emphasize that the guarantees 1 and 3 are with respect to the number of updates in each batch
U® and not with respect to the (possibly much larger) encoding size of U (). This is of utmost
importance for our application.

In this section, we will prove Theorem 5.1 under the assumption that the update sequence is
bounded by n — 1 and that each update batch consists only of a single update. This is without loss
of generality as one can restart the algorithm every n updates without affecting any of the bounds.

5.1 The Algorithm

Data Structures. Our algorithm to implement Theorem 5.1 works with a rather standard batch-
ing approach with L + 1 levels. The algorithm therefore maintains graphs Hy, H1, ..., H;, which
form the sparsifier H o U H; implicitly. The algorithm recomputes each graph H; every so often,
with shallower levels being recomputed less often than deeper levels. However, each H; undergoes
frequent changes since after each stage we apply the updates to G to each graph H; (if applicable)
such that the graphs remain subgraphs of G with the same vertex set at any stage.

It further maintains embeddings Ilp,II;,...,II; where each embedding II; maps a subset
of E(G) into the graph Hc; = Ui<j Hi- In the algorithm, the pre-image of the embeddings
Iy, Iy, ..., Iz is not disjoint, and in fact, we let Iy always have the full set E(G) in its pre-image.
We define the embedding II<; which to be the embedding that maps each edge e € E(G) via the
embedding II; with the largest ¢ < j that has e in its pre-image.

Whenever we recompute a graph H;, we also recompute II; such that after recomputation Il<;
embeds the current graph G into the current graph H<;. As for the graphs H;, we apply updates to
G to the embedding paths in II; which means that eventually an edge e € E(G) with endpoints a, b
might not be mapped by II;(e) to an actual a-b path; either because edges on 1I;(e) are deleted, or
vertices are split or both. However, the algorithm ensures that most edges are correctly mapped via
Il<; at all times and the small fraction of edges that is not properly dealt with are then dealt with

by embeddings 1I;11,11;19,...,II; on deeper levels. The embedding Ilg_.y is again maintained
def

implicitly and defined llg_,g = Il<r.
Finally, we maintain sets Sg, S1,...,5. Each set S; consists of the vertices that are touched
by the updates to G since the last time that H; was recomputed. We give a formal definition for

touched vertices below.

Definition 5.2. We say that the t-th update to G touches a verter u if the update is an edge
deletion and u is one of its endpoints, or if the update is a vertex split and u is one of the resulting
vertices from the split.

Initialization. We start our algorithm by running the sparsification procedure below to initialize
HO and Ho.

Theorem 5.3. Given an unweighted, undirected graph G. There is a procedure SPARSIFY(G) that
produces a sparse subgraph Hy C G and an embedding Ily of vertex-congestion at most 27:Amax(G)
and length at most 7y, with high probability. The algorithm takes time O(my;).

For j > 0, we initialize H; to the empty graph and II; to be an empty map. We set all sets S}
(including Sp) to the empty vertex set.
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Updates. At each stage t = 1,2,..., we invoke the procedure UPDATE(?) that is given in Algo-
rithm 1. As mentioned earlier, the algorithm works by batching updates made to the graph G. In
Line 3, the algorithm determines the current batch level 7 which in turn determines the batch size
that has to be handled at the current stage t. Once j is determined, we also find the last stage t;_1
that a level-(j — 1) update occurred.

The algorithm then sets all graphs and embeddings of level j,j+1,..., L to the empty graphs/
embeddings in Line 6.

It then forms the graph J which is the key object in this section. This graph is constructed
by finding all edges e whose embedding path in II;(e) was affected by updates since the last
recomputations of Iy, IIy, ..., II;_; and adds some projection € of e onto the vertex set S;_1 to J.

The idea behind this projection is that as S;_; is the set of vertices touched since this stage,
we have that an affected edge e has some vertex of S;_; on its path. Assuming for the moment
that the edge e itself is not incident to a vertex that was split since the recomputation stage, we
essentially project the endpoints a, b of e to the nearest vertices a,E in S;_1 on the old embedding
path II-;(e). Note in particular that by definition the path II.;(e)[a,a] and II.;(e) [b,b] are then
still in G.

We give the following more formal definition that also defines a projection for the slightly more
involved case where the edge e is incident to a vertex that splits over time.

Definition 5.4 (Edge-Embedding Projection). For any 0 < j < L, embedding I1;, set S;j_1 being
the set of all vertices touched by updates to G since the last stage that Il-; was modified, and edge
e € E(G) such that Ticj(e) N Sj—1 # (. Then, we let proj;_,(e) be a new edge € that is associated

with e and has endpoints a and b being the closest vertices in S;_1 to the endpoints of e in the
current graph I1j(e), respectively. Here Il ;(e) refers to the graph over the entire vertex set V(Q)
obtained from adding the edges that are on Il ;(e) and then applying the relevant updates that took
place on G since ll; was last modified.

As previously mentioned, we project these edges e whose embedding path II.;(e) was affected
by updates onto Sj_; to obtain edge € which is added to the graph J. Note that as projected edges
are associated with edges e in G, the graph J can be a multigraph.

Along with J, there is also a natural embedding of the projected edge € into the sparsifier H;:
we can simply take the path II;(e)[a,a] ® e @ II.;(e) [b,b] which we already argued to exist in the
current graph H_;. This embedding is constructed in Line 13.

Finally, the procedure SPARSIFY is invoked on the graph J. While we have seen this procedure
before in the initialization stage, here, we use a generalized version that incorporates the embedding
from J into H constructed above. The guarantees of our generalized procedure SPARSIFY are
summarized below. Note that letting J = G; and letting I1;_,¢ be the identity function, we recover
Theorem 5.3 as a corollary.

Theorem 5.5. Given unweighted, undirected graphs H' and J with V(J) C V(H') and an embed-
ding g from J into H'. Then, there is a randomized algorithm SPARSIFY(H', J,11; ) that
returns a sparsifier J C J with |[E(J)| = O(|V(J)|) and an embedding 11, 5 from J to J such that

1. veong(Ily g oI, %) < e - (veong(Ilj—pr) + Amax(J)), and

2. length(Iljpr oIl 5) < - length(Il;p).

The algorithm runs in time O(|E(J)| - v) and succeeds with probability at least 1 — n=C for any
constant C, specified before the procedure is invoked.
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Algorithm 1: UPDATE(t)

1 Update all sparsifiers Hy, Hy, ..., Hr, with the t-th update if it applies.

2 Add the vertices touched by the ¢t-th update to each of the sets Sg, S1,...,SL.

3 j < min{j’ € Zsq | t is divisible by n'~7'/L}. // Determine j level of stage t.
4 tjq « |t/nt=GTD/E L pl=G=D/L /7 ¢, 4 is the most recent level-(j — 1) stage.
5 fori=34,7+1,,...,L do // Re-set level-> j sparsifiers.
6 L H; < (V,0); Set II; to be an empty map; S; + 0.

// Auxiliary Graph and embedding by projecting embedding paths onto S;_i.

7 J 4 (Sj-1,0); S B U geored < 0-
8 Eaﬁected <~ {6 S E(G) with H<j(6) M Sj—l 75 @}

©

foreach edge e € Eypecteq do
10 € < proj,_4(e). // Find Projected Edge of e.
11 Let a and b be the endpoints of e, and @ and b be the endpoints of €.
12 Add € to J.
13 HJ_>H<jUEaﬁected (/e\) <_ H<](€) [ZL\’ a] @ € @ H<] (6) [b7 ]
// Sparsify Auxiliary Graph and translate back to re-build H.
14 (J, HJ_>J~) — SPARSIFY(H<j U Eaﬁecteda J, HJHH<jUEaffected)'
15 foreach edge e € Egecteq and € = projj_l(e) € J do Add e to Hj.
16 foreach edge e € Fyfecteqd dO
17 € = proj,_4(e)
18 Let a and b be the endpoints of e, and a and b be the endpoints of €.

~

19 ]'_'[.7 (6) A H<](6) [a’ a] @ [HJ‘)H<jUEaﬁected ° HJ-}ﬂ(é\) @ H<J(6) [b7 b]

20 return D = I1j5 0 _,UB, g (J)-

We defer the proof of the theorem to Section 5.2 and finish the description of Algorithm 1.
Given the sparsified graph J (along with the embedding map), we find the pre-images of the edges
in J and add them to H. We then re-embed all edges (a,b) in G that were no longer properly
embedded into H by using the embedding Iz oIl 5 to get from @ to b and then prepend
(append) the path II; , +(e) from a to @ (from b to b). To gain better intuition for the resulting
embedding, we recommend the reader to follow the analysis in Lemma 5.6.

Proof of Theorem 5.1. As a first part of the analysis, we establish that the algorithm indeed
maintains an actual embedding.

Lemma 5.6. For any 0 < i < L, and stage t divisible by n*~"/L, Hg embeds G®) into ng) In
particular, at any stage t, HgLH = H(St)L embeds G into H®.

Proof. We prove by induction on the stage t. For the base case (t = 0), we observe that in the
initialization phase ITy embeds G(©) into Hy via the algorithm in Theorem 5.3. For all other j > 0,
IT; is an empty embedding and therefore, the claim follows.

()

Let us next consider the inductive step t —1 — ¢: We let j = j) and tj—1 =t ,. Consider any

j_
edge e € E(G®). We first note that the path Hg»*l)(e) in Hg*l) exists since we can invoke the
induction hypothesis by the fact that ¢;_; < ¢ which follows from the minimality of j (see Line 3).

By definition of S;_; being the vertices touched by all updates to G since t;_1, we have that if
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Hg;(e) N Sj(tjl = (), that Hg (e) still embeds e properly into H(<tj) Since the foreach-loop in Line 16

is not entered for such edges e, we further have that Hg(e) = Hg;(e).

It remains to analyze the case Hg (e)N S]@1 # () where we note that & = proj,_;(e) is well-
defined. We start with the observation that II;_ g <,UE
()
<J
seen easily from its construction in Line 13. But H ](-t) consists exactly of the pre-images of J as can

be seen from Line 15, so each such embedding path is in H Sj) Since 11 ;_,7 maps all edges ein J

to paths in .J, we thus have L) H o jUB gecrea © L, 51(€) In H(St]) ’

By the way the algorithm sets the new embedding path H;t)
argue about the path segments Hg;(e) [a,a] and Hg-(e) [b,b] where a,b are the endpoints of e and
a, b are the endpoints of e. But again, b(};) definition of € (see Definition 5.4), we have that both of
<j

Finally, for all i > j, 1 is set to be empty and therefore Hg) = H(St) ]

(€) restricted to the edges in .J only

affected

maps to the edges in H_; and the pre-images of edges € € J under the proj,;_;(-) map as can be

(e) in Line 19, we thus only have to

these path segments are contained in H

It turns out that the proof of Lemma 5.6 is already the most complicated part of the analysis.
We next bound congestion and length of the embedding.

Claim 5.7. For any 0 <i < L, we have Vcong(Hg) < AYTIA LK (G).

Proof. Again, we prove by induction on stage t. We have for i = 0, that H((]O) as computed in the
initialization stage has vertex-congestion at most v.Ampax(G) by Theorem 5.3. For i > 0, we have

that HEO) is empty; therefore its congestion is 0.
For t — 1 — t, we define j = j) and tj1 = tgt_)l. Observe that for each edge e considered

in the first foreach-loop starting in Line 9, I1j g_,;UE, ... (€) consists only of the edges in Hg-(e)

and the edge e itself, it follows that every embedding path that contributes to vertex congestion of

a vertex v in veong(llyg_.uE also contributes to the vertex congestion of v in Vcong(Hg;),

affected )

and hence veong(Il;g_,uE ) < Vcong(Hg;). Further, we can see from the construction of the

affected
graph J that A(J) < Vcong(Hg).

Let us next analyze Vcong(Hg-). By minimality of j (see Line 3), we have t;_; <t and we can

use the induction hypothesis to get Vcong(Hgl*l)) < W7 Aax (G). Tt is further immediate to
see that since the embedding II.; was not affected by any recomputations since stage ¢;_; that the
vertex congestion can only have dropped ever since.

Thus, when the graph J is sparsified in Line 14, by Theorem 5.5, we can conclude

veong (HJ_,HQU]EWMM o HJ_J) <2. 4j_1fyg+1Amax (G).

Finally, when we construct the embedding II; in Line 19, the path segments [l 1_;0E, g ©

I, . j] () incur vertex congestion at most veong(Il;—n_;u Eogrected © 15, j)7 and the path segments

II.;(e)[a,a] and I1;(e) [b,b] incur total vertex congestion at most Vcong(Hgg)).

As congestion is additive, we can upper bound the total congestion of Hgt) by (497 1J + 2.
4714 ) AL (G) and can finally use Vcong(l'[g») < VCODg(H§-t)) + Vcong(Hg-) < WVyIHA L (G).
()

For all 7 > j, we note that II;”” is empty and therefore, Vcong(Hg) < vcong(H(St}). O
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Claim 5.8. For any 0 < i < L and stage t divisible by n'~"% we have length(ﬂg) < Qiﬁ'“.

Proof. We again take induction over time t. For t = 0, we note that Ily has length v by The-
orem 5.3. For t —1 — t, for j = j® and tj—1 = t§~t_)1, we have by induction hypothesis that

Hg;-_l)(e) < 2;’—1%]" But note that when we set the path H§~t) (e) in Line 19, then the segments
Hg)-(e) [a,a] and Hg-(e)[g, b] (combined) are of length at most 27 _17{ because they survived from

J
Hg;-’l)(e) by definition of S;j_;. Further, the segment [ILjn_,uE, .0 © I1; ,5](€) has length at

most 7; - length(I1;_ g <5 U ogecte ,) by Theorem 5.5. But by construction in Line 13, the embedding
1) H_ U, has length at most 1ength(H(<t§-_1)(e)) +1.

Combining these insights, we have length(Hg) <2110 yl(length(ﬂg_l)(e)) +1) < 20471
For i > j, we have length(Il<;) = length(Il<;). O

Now that we established all properties of the embedding, it remains to analyze the sparsifier H.

Lemma 5.9. At any stage, H consists of at most 6(11) edges and the amortized number of changes
to the edge set of H per update is O(n'/E). DW is of amortized size Q(nl/L(wcwl)O(L)). Initialization
time of the algorithm is O(m~;) and it has amortized update time O(n™*(7.y)°") Apmax (G)).

Proof. The graph Hj is computed during initialization and remains fixed and therefore consists of
6(71) edges by Theorem 5.3 and contributes no recourse. For each j > 0, H; is initially empty
and only has edges added in stages t divisible by n!=3/L (but not by pl=G=1/ LY in Line 15. In
each such stage t, the graph J is formed over the vertices Sj_;. It is straight-forward to see by
Definition 5.2 and Line 6 that S;_; is of size at most n1=G=D/L at any stage. Thus, when the
graph J is computed, it consists of at most 6(n1_(j ~D/LY edges by Theorem 5.5. The bounds on
overall sparsity of H follow.

For the claim on the recourse, we note that in stages t divisible by n!=3/E (but not by pi=U-1/L ),
we recompute a spanner on the vertices Sj_1 which are a subset of the vertices in G® and add
5(n1_(j —D/L) edges. For the graphs H ](f) for 7/ > j, the graphs are empty after the algorithm
finishes. Using an inductive argument, we can argue that the number of edge deletions at stage
t can also be upper bound by O(n!~G=1/L) Thus, it is not hard to see that at most O(n!/L)
amortized changes to the edge set of H are made. It remains to argue about a rather subtle detail:
if the update is a vertex split applied to G~ to obtain G® | then we also need to account for the
recourse caused by the vertex split to the graphs H]g_l) for j/ < j. But note that we only pay in
recourse cost for edges that are moved from a vertex v to a vertex v’ if the degree of v’ after the
vertex split is at most half the degree of v’s degree. Thus, we can charge each edge that is moved
this way. Further, if v"’s degree is then again increased by a factor of 3/2, we can further re-pay
that cost of moving by charging the newly inserted edges. Following this charging scheme, we can
argue that each edge can be charged to pay O(log(n)) on insertion and an additional O(log(n)) in
recourse for the halving of degrees (after being recompensated if the degree goes up again). Since
there are 5(71) edges initially in H and at most 5(711/ L) new edges after each update appear, our
recourse bound follows.

To obtain the bound on D®, we first observe that for each path I1;(e’) constructed in Line 19,

~

by induction over time, we can straight-forwardly establish that II.;(e")[a,a] and II.;(e")[b, b] are

subpaths of ng}{(e’ ) by the properties of set S;_;. Thus, the only edges e on any such II;(e’)
not already on the path Hg:}l){(e’ ) are the edges in the subpath [ILj—#_;UE, g © 11 j](eA’ ). But

clearly, [HJ_>H<juEaﬁected o HJ_)j](e’) C HL]_>H<juEaﬁect€d(J). It remains to use our bound on the
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number of edges in J and the fact that the map . p_,uE
’y(?(L) in H by Claim 5.8.

For the running time, we use Theorem 5.3 for the initialization, and observe that each vertex in

maps edges to paths of length

affected

J as analyzed above has degree at most O(%O (L)AmaX(G)) as discussed in the proof of Claim 5.7.
Thus, using Theorem 5.5 computing each sparsifier J of J only takes time O(|V (J )|’ch (L)Amax(G)).
By standard amortization arguments and the fact that the time to compute the sparsifier dominates
the update time of UPDATE(t) asymptotically, the lemma follows. ]

To complete the proof of Theorem 5.1, we only have to analyze the success probability, which is
straight-forward as the only random event at each stage is the invocation of the procedure SPARSIFY.
Thus, taking a simple union bound over these events at all stages gives the desired result.

5.2 Implementing the Sparsification Procedure

It remains to prove the procedure that statically sparsifies graphs.

Theorem 5.5. Given unweighted, undirected graphs H' and J with V(J) C V(H') and an embed-
ding 1y g from J into H'. Then, there is a randomized algorithm SPARSIFY(H', J, HiﬁH’) that
returns a sparsifier J C J with |[E(J)| = O(|V(J)|) and an embedding 11, 5 from J to J such that

1. veong(Ily g o HJ_>j) < e - (veong(ILj - p) + Amax(J)), and
2. length(IT;_, g+ o HJ_J) < - length(IT;_ gr).

The algorithm runs in time O(|E(J)| - ;) and succeeds with probability at least 1 —n=C for any
constant C, specified before the procedure is invoked.

Additional Tools. At a high level, the proof of Theorem 5.5 follows by performing an expander
decomposition, uniformly subsampling each expander to produce a sparsifier, and then embedding
each expander into its sparsifier by using a data structure for outputting short paths between
vertices in decremental expanders. To formalize this, we start by surveying some tools on expander
graphs. Recall the definiton of expanders.

Definition 5.10 (Expander). Let G be an unweighted, undirected graph and ¢ € (0,1], then we
say that G is a ¢-expander if for all) # S C V, |Eq(S,V \ S)| > ¢ - min{volg(S),volg(V \ S)}.

We can further get a collection of expander decomposition with near uniform degrees in the
expanders. The proof of this statement follows almost immediately from [SW19] and is therefore
deferred to Appendix B.2.

Theorem 5.11. Given an unweighted, undirected graph G, there is an algorithm DECOMPOSE(G)
that computes an edge-disjoint partition of G into graphs Gy, G1, ..., Gy for £ = O(logn) such that
for each 0 < i < ¢, |E(G;)| < 2in and for each nontrivial connected component X of G;, G;[X]
is a Y-expander for ¢ = Q(1/log*(m)), and each x € X has degg, (z) > 2. The algorithm runs
correctly in time O(mlog”(m)), and succeeds with probability at least 1 —n~=C for any constant C,
specified before the procedure is invoked.

Further, we use the following result from [CS21]. Given a ¢-expander undergoing edge deletions
the data structure below implicitly maintains a subset of the expander that still has large con-
ductance using standard expander pruning techniques (see for example [NSW17; SW19]). Further
on the subset of the graph that still has good conductance, it can output a path of length me®)
between any pair of queried vertices.
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Theorem 5.12 (see Theorem 3.9 in arXiv vl in [CS21]). Given an unweighted, undirected graph G
that is ¢-expander for some ¢ > 0. There is a deterministic data structure DS ggppqin that explicitly

grows a monotonically increasing “forbidden” vertex subset VC V(G) while handling the following
operations:

. DELETE(@A): Deletes edge e from E(G) and then explicitly outputs a set of vertices that were
added to V' due to the edge deletion.

o GETPATH(u,v): for any u,v € V(G) \ V returns a path consisting of at most VEzpPath €dges
between u and v in the graph G[V(G) \ V]. FEach path query can be implemented in time

YEzpPath, Where YEwppath = (log(m)/¢)°V108(m) - The operation does not change the set V.

-~

The data structure ensures that aftert edge deletions vols) (V') < vgert/¢ for some constant vg4e =
O(1). The total update time taken by the data structure for initialization and over all deletions is

O(E(GO) Y gappath)-

The Algorithm. We can now use these tools to give Algorithm 2 that implements the procedure
SPARSIFY(H', J, 11 ;7 pr).

Algorithm 2: SPARSIFY(H', J, 11, /)

1 Jo,J1,...,Js < DECOMPOSE(J).

2 J « (V,0).

3 foreach e € E(J) do 11,  +(e) < 0.

4 foreach i € [0, /] and connected component X in J; do

/* Sample the edges that are added to the sparsifier J. */

Cdef . 96C log(m)
5 ])){7Z = mln{m7l}

6 Construct graph Jx; by sampling each edge e € E(J;[X]) independently with

probability px ;.
7 Add all edges in J x,i to J.
/* Embed all edges in J;[X] into the sampled local graph Jy,. */
8 foreach e € J~X’,» do II, e) « e.

9 while there exists an edge e € E(J[X;]) with 11,  +(e) =0 do

10 JNAPSP + a copy of sz

11 Initialize DS gyppatn, on graph Ja psp with parameter ¢ o 1 /4 maintaining set V.
12 foreach e € E(le) do cong(e) < 0.

13 while there exists an edge e € E(J[V \ V]) with II, +(e)=0do

14 Let u and v be the endpoints of edge e.

15 HJ_>:]V(€) < DSEzppath.GETPATH(u, U).

16 foreach e € I, , +(e) do

17 cong(e) < cong(e) + 1

18 if cong(e) > 1< %}fjez then

19 L Remove edge e from Japsp via DS gypparn-DELETE(e).

20 return (J,II, <)
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The algorithm has two key steps:

1. Sampling: The graph J is first decomposed via Theorem 5.11. Then, the algorithm iterates
over 1-expanders J;| X ] with near-uniform degrees. It is well-known that to obtain a sparsifier

J. x,; of such graphs, one can simply sample each edge with probability roughly ML("LJ-)[X])‘

To obtain the final sparsifier J we only have to take the union over all samples Jx; -

2. Embedding: We then proceed to find an embedding for edges in J;[X] into J x,i- The sampled
edges can be handled trivially by embedding them into themselves. To embed the remaining
edges e € E(J) into J X,i» we exploit that J x,i is an expander graph which allows us to employ
the data structure from Theorem 5.12 on .J. x,; to query for a path between the endpoints of e in
J. x,; efficiently. We further keep track of the congestion of each edge in J. x,; by our embedding
and remove edges that are too congested (at least until we cannot embed anymore in any
other way).

We point out that Algorithm 2 in no way uses the embedding II;_, gs. Still, we show that due to
the structure given, we can tightly upper bound the congestion and length of the embedding given
by the composition II;_, g/ o II I T
Proof of Theorem 5.5. We start by proving the following structural claim. For the rest of the
section, we condition on the event that it holds for each relevant i and X.

Claim 5.13. For each i, and connected component X in J;, the corresponding sample jXﬂ' satisfies
for each S C X that %|E5X7i(S,X \ 9)|/pxi < |Es (S, X\ 9)| < 2’E:fX,i(S,X \ 9)|/px,;; with
probability at least 1 — n=2C.

Proof. Since for i =0, J;[X]| = J x,; and px; = 1, the claim is vacuously true. For ¢ > 0, consider
any cut (S, X \ S) in J;[X] and assume wlog k = |S| < |X \ S|. Since J;[X] is a y-expander,
we have that [E (S, X \ §)| > ¥vAnin(Ji[X])|S| by Definition 5.10. The algorithm samples each
such edge e into the sample J x,; independently with probability px ;. Thus, E’ij (S, X\ 9)| =

|Ec(S, X\ S)|-px; > 48Clog(m)|S|.

Using a Chernoff bound as in Theorem 3.1 on the random variable ’ij (S, X\ S)|, we can

thus conclude that our claim is correct on the cut (S, X \ S) with probability at least 1 — 2m—4Ck,
Since there are at most (\)k(l) < | X|?* cuts where the smaller side has exactly k vertices, we can
finally use a union bound over all cuts to complete the proof. ]

By the claim above, and the fact that each graph J;[X] (for i > 0) is a ¢-expander by Theo-
rem 5.11, we can conclude that each Jx ; is a 1/4-expander.

Corollary 5.14. For any i > 0 and X as used in Algorithm 2, jX,i is a 1 /4-expander.

This implies that our initializations of the data structure DS gy, pasp, in Line 11 are legal according

to Theorem 5.12. Next, let us give an upper bound on the congestion of the embedding II T

Claim 5.15. For any i € [0,¢] and X as used in Algorithm 2, we have econg(Il J%J’E i [X]))
’YX,’L' = O (%ddlog(ﬁb)

Px ~ restricted to edges
PX.i
in Ji[X].

) where ]._.[JA):]"|E'(J7:[XD denotes the embedding 11, 5
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Proof. We first observe that only in the foreach loop iteration on ¢ and X, can any congestion
be added to edges in J. x,i by the disjointness of the graphs J; (see Theorem 5.11). Further, in
the particular iteration on ¢ and X, up to the while-loop starting in Line 9, the congestion of
II, +E(J;[X]) is at most 1 since only edges sampled into Jx.i are embedded into themselves.

It is straight-forward to observe that the congestion of the partial embedding I1 T (restricted
to E(J;[X])) throughout each iteration of the outer-while loop starting in Line 9 is increased by at
most 7 as the algorithm track congestion of the current iteration explicitly and removes edges that
are too congested in Line 19. It thus remains to bound the number of iterations of the outer-while
loop starting in Line 9 by by O(log(m)). We can then conclude that the total congestion on the
edges is at most O(7log(m)).

To bound this number of iterations, let us analyze a single outer while-loop iteration (starting
at Line 9), and fix the end of such an iteration. Let ¢ be the number of deletions processed by the
data structure DS gyppasn throughout the iteration and V FINAL , the set V at the end of the while-
loop iteration. Using that the while-loop terminates, we can further conclude that the only edges
not embedded after the current iteration are those outside E(J;[X \ VFNVAL]) By Theorem 5.12,

Volei(XA/FINAL) < 440t /1 and therefore by Claim 5.13, we have |E(J;[X])\ E(J;[X \ VFINAL)| <
VOlJi[X]<‘7FINAL) < %. But at the same time, we know that at least t - 7/vgzpatn, edges have

been embedded in the current while-loop iteration, since each edge embedding adds at most vgzppatn
units to the total congestion. We conclude that each iteration, we embed at least a %—fraotion of
the edges in J;[X] that where not embedded before the current while-loop iteration. It follows that

there are at most O(log(m)) iterations, which establishes our claim. O
Claim 5.16. veong(Il;pr o I1, ) < 7. - (veong(ILj—p) + Amax(J)) with probability at least
1—n~2%,

Proof. Let us fix any vertex v € V(H’). We define E, = {e € E(J) | v € II;,z/(e)} to be the
edges in J whose embedding path contains v. By definition of vertex congestion for embeddings,
|Ey| < veong(ILj—pr).

Next, for each edge e € E,, let e be in J; after the decomposition in Line 1 in the component
X, we define the random variable

vxi ifee B(J)
Y, =
0 otherwise
Note that the random variables Y. are independent as edges are sampled independently at random
into J in Line 6. Further, by Claim 5.15, we have for each edge e, econg(HJ_J|E(Ji[X}),e) <Y,
and thus veong(ILjpr oI,  5v) <X cp, Ye.

We will bound this sum using a Chernoff bound. We first observe that every variable Y, € [0, W]
for W' = YyarYEmpPath Amax(J) for some scalar 7,q, which follows from the definitions of vx,; in
Claim 5.15 and px,; in Line 5. Across all the edge congestion variables Y, we have a uniform
bound fleqge On the expectation given by E[Ye] = px; - 7x,i = Medge- Therefore E[3° cp Ye] <
Hedge - veong(ILy_, gr). We can conclude by Theorem 3.1 that

P| Y Y. <24Clog(n) - W + 2pteqgeveong(Iy ) | > 1 —2n7%C.
EEEU

We can now set v, = 24C'1og(n) - YEzpPath - Yoar +2Htedge = (VEzp path)o(l) which is consistent with our
requirements on .. Finally, it remains to take a simple union bound over all vertices v € V(H'). O
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Claim 5.17. length(Il;_ g o HJHZIV) < - length(I1;_ gr).

Proof. Consider any edge e € E(J). If e is sampled into J, then HJ_J(G) = e, as can be seen

in Line 8. Otherwise, 11 J_J(e) is of length at most gy pem as can be seen from Line 15 and
Theorem 5.12. Setting v; = Yggppasn thus ensures our claim. ]

Combining Claim 5.16 and Claim 5.17, we have established the properties claimed in Theo-
rem 5.5. The success probability follows by taking a straight-forward union bound over the events
used in the analysis above and the success of Theorem 5.11. The run-time of the algorithm can
be seen from inspecting Algorithm 2, Theorem 5.11, the fact that the while-loop in Line 9 runs
at most O(log(n)) times for each iteration of the outer foreach-loop (established in the proof of
Claim 5.15) and finally the run-time guarantees on the data structure in Theorem 5.12.

6 Data Structure Chain

The goal of Sections 6 to 8 is to build a data structure to dynamically maintain m°M-approximate
undirected minimum-ratio cycles under changing costs and lengths, i.e. for gradients g € R and
lengths £ € REO return a (compactly represented) cycle A satisfying BT A = 0 and

<g7A> —o(1) . <g7f>
<m min .
LA — BT f=0 |Lflx

(24)

Our data structure does not work against fully adaptive adversaries. However, it works for updates
coming from the IPM. We capture this notion with the following definition.

Definition 6.1 (Hidden Stable-Flow Chasing Updates). Consider a dynamic graph G® undergoing
batches of updates UM, ... .UM .. consisting of edge insertions/deletions and vertex splits. We
say the sequences g, 1) and U®) satisfy the hidden stable-flow chasing property if there are
hidden dynamic circulations ¢ and hidden dynamic upper bounds w® such that the following
holds at all stages t:

1. ¢® is a circulation: Bg(t)c(t) = 0.

2. w® upper bounds the length of c®); \E(et)cgt)\ < wgt) for all e € E(G(t)).

3. For any edge e in the current graph G(t) and any stage t' < t, if the edge e was already
present in G de. e € GO\ UL 11 U®), then w < 2w,

4. Each entry of w® and £ is quasipolynomially lower and upper-bounded:

OW m,10g%M m] and log€? e [—10g®M m,1og® M m] for all e € E(G®).

logw!) € [—log

Intuitively Definition 6.1 says that even while g() and £) change, there is a witness circulation
¢ that is fairly stable. More precisely, there is some upper bound w® on the coordinate-wise
lengths of ¢ that increases by at most a factor of 2, except on edges that are explicitly updated.
Interestingly, even though both ¢® and w(® are hidden from the data structure, their existence is
sufficient.

The IPM guarantees in Section 4 can be connected to Definition 6.1 by setting ¢® = f* — £(t)
and w® = 10 + |£(f®) o ¢®)|, where f*) is the current flow maintained by our algorithm. The
guarantees of Definition 6.1 then hold by a combination of Lemmas 4.7, 4.9 and 4.10. This is
formalized in Lemma 9.2 in Section 9.
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Our main data structure dynamically maintains min-ratio cycles under hidden stable-flow chas-
ing updates.

Theorem 6.2 (Dynamic Min-Ratio Cycle with Hidden Stable-Flow Chasing Updates). There is a
data structure that on a dynamic graph G®) maintains a collection of s = O(logn)? spanning trees
T, Ty, ....,Ts CGY ford= O(logl/8 m), and supports the following operations:

. UPDATE(U(t),g(t),E(t)) . Update the gradients and lengths to g and £9) . For the update to
be supported, we require that UM contains only edge insertions/deletions and g e® and
U satisfy the hidden stable-flow chasing property (Definition 6.1) with hidden circulation
c® and upper bounds w®, and for a parameter o,

(g, )
lo®)ly

« QUERY(): Return a tree T; fori € [s] and a cycle A represented as m®Y) paths on T; (specified
by their endpoints and the tree index) and m°W) explicitly given off-tree edges such that for
r = exp(—0(log”® m - loglog m)),

g, a) _
ILOA[; ~

K.

Over T stages the algorithm succeeds whp. with total runtime m°M (m + Q) for Q = >telr] U@

To interpret Theorem 6.2, note that A = ¢® would be a valid output by the guarantees in
Definition 6.1, i.e. HL(t)AH1 < Hw(t)Hl from Item 2. Thus the data structure guarantee can be

interpreted as efficiently representing and returning a cycle whose quality is within a m°(®) factor
of ¢, Eventually, we will add A to our flow efficiently by using link-cut trees.

Section 6 focuses on introducing the general layout of the data structure, and is definition-heavy.
Section 7 explains how to plug in the circulations ¢ and upper bounds w in our data structure, and
shows a weaker version of Theorem 6.2 in Theorem 7.1. We use the weaker Theorem 7.1 to show
the full cycle-finding result Theorem 6.2 by defining a rebuilding game in Section 8.

6.1 Dynamic Low-Stretch Decompositions (LSD)

In the following subsections we describe the components of the data structure we maintain to show
Theorem 6.2. At a high level, our data structure consists of d levels, each of which has approximately
a factor of k = m!'/? fewer edges than the previous level. The edge reduction is achieved in two
parts. First, we reduce the number of vertices to 6(m/ k) by maintaining a spanning forest F' of G
with 6(m/ k) connected components, and then recurse on G/F, the graph where each connected
component of F in G is contracted to a single vertex. While G/F now has O(m/k) vertices, it
still potentially has up to m edges, so we need to employ the dynamic sparsification procedure in
Theorem 5.1 to reduce the number of edges to O(m/k).
We start by defining a rooted spanning forest and its induced stretch.

Definition 6.3 (Rooted Spanning Forest). A rooted spanning forest of a graph G = (V, E) is a
forest ' on V' such that each connected component of F' has a unique distinguished vertex known
as the root. We denote the root of the connected component of a verter v € V as root! .
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Variable Definition
20 g Lengths and gradients on a dynamic graph G®)
c® w® Hidden circulation & upper bounds with [€® o ¢®] < w® (Definition 6.1)
F Rooted spanning forest of G (Definition 6.3).
p(F[u,v]) Path vector from u — v in a forest F'
strl® Stretch of edge e with respect to spanning forest F' and lengths € (Definition 6.4)
stre Stretch overestimates stable under edge deletions (Lemma 6.5)
C(G,F) Core graph from a spanning forest ' (Definition 6.7)
€ Image of edge e € E(G) into the core graph C(G, F')
S(G,F) Sparsified core graph S(G, F) C C(G, F) (Definition 6.9)
Go,---,Ga B-branching tree chain (Definition 6.10)
Go,...,Gy Tree chain (Definition 6.10)
TG0sGa Tree in G corresponding to tree chain Gy, ..., G4 (Definition 6.11)
TC Collection of BY trees on G from B-branching tree chain (Definition 6.11)
prevl(-t) Previous rebuild times of branching tree chain (Definition 6.12)

Table 1: Important definitions and notation to describe the data structure. In general a (t)
superscript is the corresponding object at time ¢ of a sequence of updates.

Definition 6.4 (Stretches of F'). Given a rooted spanning forest F of a graph G = (V, E) with
lengths € € Rgo’ the stretch of an edge e = (u,v) € E is given by

TEE: 1+ (£, [p(F'u, v])[) /£ if root!’ = root!’
© 1+ <£, |p(F[u, rootE])| + |p(F|v, rootf])|> /L. if rootl” £ root!

where p(F[-,-]), as defined in Section 3, maps a path to its signed indicator vector.

When F is a spanning tree Definition 6.4 coincides with the definition of stretch for a LSST.

The goal of the remainder of this section is to give an algorithm to maintain a Low Stretch
Decomposition (LSD) of a dynamic graph G. As a spanning forest decomposes a graph into vertex
disjoint connected subgraphs, a LSD consists of a spanning forest F' of low stretch. The algorithm
produces stretch upper bounds that hold throughout all operations, and the number of connected
components of F' grows by amortized 6(1) per update. At a high level, for any edge insertion or
deletion, the algorithm will force both endpoints to become roots of some component of F. This
way, any inserted edge will actually have stretch 1 because both endpoints are roots.

Lemma 6.5 (Dynamic Low Stretch Decomposition). There is a deterministic algorithm with total
runtime 6(m) that on a graph G = (V, E) with lengths £ € RE,, weights v € RY, and parameter k,
initializes a tree T spanning V', and a rooted spanning forest ' C T, a edge-disjoint partition W of
F into O(m/k) sub trees and stretch overestimates str.. The algorithm maintains F' decrementally
against T batches of updates to G, say UV, UP ... U, such that str, | for any new edge e
added by either edge insertions or vertexr splits, and:

1. F has initially O(m/k) connected components and O(qlog®n) more after t update batches of
total encoding size ¢ = Yoie1 ENc(UW) satisfying g < O(m).

2. strft <str, < O(kyrsst log* n) for all e € E at all times, including inserted edges e.

3. D ecEO) vestre < O(||v||1vssT log? n), where E©) is the initial edge set of G.
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4. Initially, W contains O(m/k) subtrees. For any piece W € W, W C V, |oW] < 1 and
volg(W \ R) < O(klog®n) at all times, where R D OW s the set of roots in F. Here, OW
denotes the set of boundary vertices that are in multiple partition pieces.

Intuitively, the first property says that F' has O(m/k) roots initially and each update x adds
O(ENc(x)) roots to it. For example, each edge update adds O(1) roots to F. This allows us to
satisfy the second property, which is that the stretch of e with respect to F' (Definition 6.4) is
upper bounded by some global upper bound str.. Note that str, stays the same for any edge e
across the execution of the algorithm. The third property says that these global upper bounds are
still good on average with respect to the weights v up to 6(1) factors. The final property is useful
for interacting with our sparsifier in Theorem 5.1 whose runtime and congestion depend on the
maximum degree of the input graphs.

We defer the proof of Lemma 6.5 to Appendix B.3.

6.2 Worst-Case Average Stretch via Multiplicative Weights

By doing a multiplicative weights update procedure (MWU) on top of Lemma 6.5, we can build a
distribution over partial spanning tree routings whose average stretch on every edge is 6(1) This
is very similar to MWUs done in works of [Rac08; KLOS14] for building ¢+, oblivious routings, and
cut approximators [Mad10; Shel3].

Lemma 6.6 (MWU). There is a deterministic algorithm that on a graph G = (V, E) with lengths £
and a positive integer k computes t spanning trees, rooted spanning forests, and stretch overestimates
{(T;, F; C Ty, stro)Y_, (Lemma 6.5) for some t = O(k) such that

t .
Z)\ig'cvrz < O(ypsstlog?n) for alle € E, (25)
i=1

where X € ]R[;]O is the uniform distribution over the set [t], i.e. X =1/t.
The algorithm runs in O(mk)-time.

The proof is standard and deferred to Appendix B.4.

If we sample a single tree/index from the distribution A, then any fixed flow will be stretched by
O(vLsst log?n) on average. Hence any fixed flow will be stretched by O(yrssr log?n) by at least
one of O(logn) trees sampled from A with high probability. We will leverage this fact to analyze
how the witness circulation ¢ in Definition 6.1 and Theorem 6.2 is stretched by a random forest.

6.3 Sparsified Core Graphs and Path Embeddings

Given a rooted spanning forest F'; we will recursively process the graph G/F where each connected
component of F' is contracted to a single vertex represented by the root. We call this the core
graph, and define the lengths and gradients on it as follows. Below, we should think of G as the
result of edge insertions/deletions to an earlier graph G(), so str, = 1 for edge inserted to get from
G to @G, as enforced in Lemma 6.5.

Definition 6.7 (Core graph). Consider a tree T and a rooted spanning forest E(F) C E(T)
on a graph G equipped with stretch overestimates str. satisfying the guarantees of Lemma 6.5.
We define the core graph C(G,F) as a graph with the same edge and verter set as G/F. For
e = (u,v) € E(GQ) with image € € E(G/F) we define its length as KS(G’F) ' strol. and gradient as

g> ) g 4 (g, p(Tv,u])).

e
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Remark 6.8. In our usage, we maintain C(G, F) where G is a dynamic graph and F is a decre-
mental rooted spanning forest. In particular, T, F, and str are initialized and maintained via
Lemma 6.5. As G undergoes dynamic updates such as edge deletions or vertex splits which adds
new vertices to G, T won’t be a spanning tree of G anymore. Definition 6.7 responds to such
situation by allowing T not being a spanning tree nor a subgraph of G.

Thus, for e = (u,v) € E(G), u and v may not be connected in T. In this case, the value of
gg(G’F) is simply ge. Also, the support of the gradient vector g is E(G) U E(T'). This corresponds
to the case when some edge in T is removed from G, we keep the gradient on that edge as it is.

Note that the length and gradient of the image of an edge e € FE(G) in Definition 6.7 do
not change under edge deletions to F', because they are defined with respect to the tree 1. This
important property will be useful later in efficiently maintaining a sparsifier of the core graph,
which we require to reduce the number of edges in the sparsified core graph to é(m/ k).

Definition 6.9 (Sparsified core graph). Given a graph G, forest F, and parameter k, define a
(Vs, Ve, Ye)-sparsified core graph with embedding as a subgraph S(G,F) C C(G, F) and embedding
Hee,ry—»s(a,F) satisfying

1. For any e € E(C(G,F)), all edges € € Il py—s(a,F)(€) satisfy AS(G’F) R~ Lg(G’F).

2. length(le(q, my—sa,r)) < and econg(Tleq,ry—sa,r)) < ke
3. S(G, F) has at most mvys/k edges.

4. The lengths and gradients of edges in S(G, F) are the same as in C(G, F) (Definition 6.7).

In Section 7 we give a dynamic algorithm for maintaining a sparsified core graph of a graph G
undergoing edge insertions and deletions. We defer the formal statement to Lemma 7.8 where we
not only maintain a sparsified core graph but also show that the witness circulation ¢® and upper
bounds w® from Definition 6.1 are preserved approximately.

6.4 Full Data Structure Chain

Our data structure has d levels. The graphs at the i-th level have about m/k® edges, and each such
graph branches into O(logn) graphs sampled from the distribution A from Lemma 6.6.

Definition 6.10 (Branching Tree-Chain). For a graph G, parameter k, and branching factor B,

a B-branching tree-chain consists of collections of graphs {Gi}o<i<a, such that Gy © {G}, and we
define G; inductively as follows,

1. For each G; € G;, i < d, we have a collection of B trees T¢ = {T1,Ts,...,Tg} and a
collection of B forests F% = {Fy, Fy, ..., Fg} such that E(F;) C E(T}) satisfy the conditions
of Lemma 6.5.

2. For each G; € G;, and F € F%, we maintain (s, ve, V1) -sparsified core graphs and embeddings
S(Gi, F) and g, ry—s(a,,F)-

3. We let Gip1 < {S(G;, F) : G; € G, F € FGi},

Finally, for each G4 € G4, we maintain a low-stretch tree F.

We let a tree-chain be a single sequence of graphs Go, G1, . .., Gq such that Gi+1 is the (s, Ye, V1) -
sparsified core graph S(G;, F;) with embedding Ue(q, F)—s(G,,F,) for some F; € FCi for0<i<d,
and a low-stretch tree Fy on Gg.
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In general, we will have B = O(logn) throughout, and we will omit B when discussing branching
tree-chains. Note that level ¢ of a branching tree-chain, i.e. the collection of graphs in G;, has at
most B? = O(logn)? graphs for B = O(logn). A branching tree-chain can alternatively be viewed
as a set of O(logn)? tree-chains, each of which naturally corresponds to a spanning tree of the top
level graph G.

Definition 6.11 (Trees from Tree-Chains). Given a graph G and tree-chain Go,G1, ..., Gq where
Gy = G, define the corresponding spanning tree TC0:G1Ga = f:(] F; of G as the union of
preimages of edges of F; in G = G.

Define the set of trees corresponding to a branching tree-chain of graph G as the union of
TG0.C1Ga gyer all tree-chains Go, Gy, . . ., Gq where Gy = G

TG L TC0C1Ca . G Gy, ...,Gq s.t. Gipr = S(Gi, Fy) for all 0 < i < d}

We can dynamically maintain a branching tree-chain such that we rebuild G;41 from G; every
approximately m/k* updates. Between rebuilds, the trees TC of graphs G’ € G; stay the same,
while the forests in F&' are decremental as guaranteed in Lemma 6.5.

Definition 6.12 (Previous Rebuild Times). Given a dynamic graph G with updates indexed by
times t = 0,1,... and corresponding dynamic branching tree-chain (Definition 6.10), we say that
nonnegative integers prev[()t) < prevgt) <. < prev&t) =t are previous rebuild times if prevgt) was
the most recent time at or before t that G; was rebuilt, i.e. for G € G; the set of trees T was

reinitialized and sampled.

We will assume that our algorithm rebuilds all G; € G; at the same time: if we recompute a set
of trees TC for some G; € G;, then we also recompute the trees TG for all other G, € G;. In the
following Section 7 we show Theorem 7.1, we gives a data structure whose guarantee is weaker than
Theorem 6.2. Precisely, the quality of the cycle returned depends on the previous rebuild times.
We later boost this to an algorithm for Theorem 6.2 by solving a rebuilding game in Section 8.

7 Routings and Cycle Quality Bounds

The goal of this section is to explain how to route the witness circulations ¢ and length upper
bounds w® through the branching tree-chain, and eventually recover an approximately optimal
flow A. The main theorem we show in this section is the following.

Theorem 7.1. Let G = (V, E) be a dynamic graph undergoing T batches of updates v, UM
containing only edge insertions/deletions with edge gradient g and length €Y such that the update
sequence satisfies the hidden stable-flow chasing property (Definition 6.1) with hidden dynamic
circulation ¢ and width w®. There is an algorithm on G that maintains a O(log n)-branching
tree chain corresponding to s = O(logn)? trees Ty, Ty, ..., Ts (Definition 6.11), and at stage t
outputs a circulation A represented by exp(O(log7/8mlog logm)) off-tree edges and paths on some
T;,i € [s].
The output circulation A satisfies BT A = 0 and for some r = exp(—O(log™® mloglogm))

(90.4) _  (g®.e")
1600 ALy s faperen

Z(-t),i € [d] are the previous rebuild times (Definition 6.12) for the branching tree chain.

The algorithm succeeds w.h.p. with total runtime (m + Q)m°M) for Q = S°7_, ’U(t) < poly(n).

Also, levels i,1+1,...,d of the branching tree chain can be rebuilt at any point in m1+°(1)/k:i time.

where prev
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(®) ()

The final sentence about rebuilding levels 7,4 + 1,...,d allows us to force prev;”’ = prev;/; =
s = prevg) = t. This is necessary because it is possible that [w(

(g ()

()

D P P
This is not sufficient to show Definition 6.1, which only guarantees that the latter quality is at
most —a, but does not assume a bound on the former. We will resolve this issue in Section 8 by
carefully using our ability to rebuild levels 7,i+1, ..., d periodically whenever the cycle A returned

(t) .
prev; )Hl is much larger than

<g(t)7c(t)>
[w®]

|lw®]; for some 0 < i < d. This could result in being much more than

by Theorem 7.1 is not good enough, and we deduce that ||w(prevgt))||1 is much larger than [Jw® ||
for some 0 <3 < d.

7.1 Passing Circulations and Length Upper Bounds Through a Tree-Chain

Towards proving Theorem 7.1 we define how to pass the witness circulation ¢ and length upper
bounds w downwards in a tree-chain. It is convenient to define a wvalid pair of ¢, w with respect
to a graph G with lengths £. Essentially, this means that ¢ is indeed a circulation and w are valid
length upper bounds, i.e. items 1 and 2 of the hidden stable-flow chasing property Definition 6.1.

Definition 7.2 (Valid pair). For a graph G = (V, E) with lengths £ € RE,, we say that ¢,w € RE
are a valid pair if ¢ is a circulation and |lec.| < w, for alle € E.

7.1.1 Passing Circulations and Length Upper Bounds to the Core Graph
We first describe how to pass ¢, w from G to a core graph C(G, F') (Definition 6.7).

Definition 7.3 (Passing ¢, w to core graph). Given a graph G = (V, E) with a tree T, arooted
spanning forest E(F) C E(T), and a stretch overestimates str. as in Lemma 6.5, circulation ¢ € RF

and length upper bounds w € REO, we define vectors cCGF) ¢ RECGE) gnd wC(GF) ¢ ]RE(()C(G’F))

as follows. For e € E(C(G,F)) with preimage e € E, define é(G’F) < ¢, and 'wg(G’F) L strow,.

We verify that ¢(@F) is a circulation on C(G, F) and that w°( ) are length upper bounds.

Lemma 7.4 (Validity of Definition 7.3). Let ¢, w be a valid pair (Definition 7.2) on a graph G with
lengths £. As defined in Definition 7.3, ¢“\GF) wCGF) are a valid pair on C(G, F) with lengths
LCGE) (Definition 6.7), and
C(G,F) —~
H'w Hl < Z strewe.
e€E(Q)

Proof. The proof is primarily checking the definitions. Recall that the edge set of C(G, F') is G/F.
Contracting vertices preserves circulations, hence ¢(@¥) is a circulation (as ¢ is).

In Definition 6.7 we define Lg(G’F) = str.£.. So

C(G,F) C(G,F C(G,F
’Eg( ) )%( ) w/e\( ) )

)| = stro|lec] = strelfece| < strow, =

)

where the inequality holds because ¢, w are a valid pair.
The bound on ||w®(@)||; follows trivially by definition. The reason for the inequality (instead
of equality) is that some edges may be contracted and disappear. O

Finally we state an algorithm which takes hidden stable-flow chasing updates on a dynamic
graph G () and produces a dynamic core graph. Below, we let ¢()€(G:F) 45®).C(GF) denote the result
of using Definition 7.3 for ¢ = ¢ and w = w®, and similar definitions for g(*)-€(GF) ¢®).C(G.F)
used later in the section.
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Lemma 7.5 (Dynamic Core Graphs). Algorithm 3 takes as input a parameter k, a dynamic graph
G undergoes T batches of updates UM, .. .U with gradients g\9, and lengths €9 at stage t =

0,..

., T that satisfies Y.7_; ENc(U®) < m/(klog®n) and the hidden stable-flow chasing property

with the hidden circulation ¢ and width w®.

For each j € [B] with B = O(logn), the algorithm maintains a static tree T;, a decremental

rooted forest Fj(t) with O(m/k) components satisfying the conditions of Lemma 6.5, and a core

graph C(GW), Fj(t)):

1. Core Graphs have Bounded Recourse: the algorithm outputs update batches U J(t) that produce

c(GW, Fj(t)) from C(G4D), Fj(t_l)) such that 3, < |U](t )| =0 (Ztlgt ENc(U®) - log? n) .

2. The Widths on the Core Graphs are Small: whp. there is an j* € [B] only depending on w®

()
such that for wCCDFT) o defined in Definition 7.3 for E(F;) C E(Tj), and all stages
te{0,...,7},

(t) ()
lw @) < O(yssrlog? n)w©|y + [lw®]):. (26)

The algorithm runs O(mk)-time.

Algorithm 3: Dynamically maintains a core graph (Definition 6.7). Procedure INITIALIZE
initializes all variables, and DYNAMICCORE takes updates to G).

1
2

3

10
11

12

13

14

procedure DYNAMICCORE(G®, UM g1 ¢1)

global variables

B <+ O(logn): number of instantiations of Lemma 6.5
AgLSD) for j € [B]: algorithms implementing Lemma 6.5
T; for j € [B]: trees initialized by AE»LSD)

(LSD)

str’ for J € [B]: stretch overestimates initialized by A .

L j
procedure INITIALIZE(G = G £, k)

Let A and {77, ...,T{} be returned by Lemma 6.6 on G with lengths £ and t = O(k)
For j € [B] sample i; € [t] proportional to X, and T} < TZ-’J_

Initialize A§~LSD) on T} for j € [B]

for j € [B] do

Pass U® to AE-LSD) which updates Fj(t71) to Fj(t).

// A1l edges e € G N (Uigt U(i)) have str’ = 1 by Lemma 6.5

Let Uj(t) be the batch of vertex splits that updates C(G¢~1), Fj(t_l)) to
C(G(tq),];aj(t))_

_ Append U}” with U® which updates (G, F") to ¢(G®, F\").

Algorithm 3 initializes B trees T1,...,Tp from the MWU distribution output by Lemma 6.6.

For each of these B trees, we maintain a forest E(Fj(t)) C E(Tj) satisfying the conditions of

Lemma 6.5 with the goal of forcing the stretch of every newly appeared edge e in G® to be 1, ie.
str) = 1 for all j € [B].
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Given an update batch U®, Algorithm 3 first updates the forest Fj(tfl) to F j(t) for any j € [B]
using the algorithm of Lemma 6.5. For any update z € U® if z updates some edge e, both

endpoints are roots in the forest Fj(t) and they appear in the core graph. If x splits some vertex u,
u is made a root in the forest and it appears in the core graph as well. In both cases, the update
x can be performed in the core graph C(G*=1, Fj(t)) (notice that it is not C(G®), Fj(t))). Thus, we
can apply the entire batch U® to produce C(G(t), Fj(t)) from C(G(tfl), Fj(t)).

When a vertex u € V(G®~) is split, the algorithm of Lemma 6.5 treats it as a sequence of one
isolated vertex insertion and O(degq (uVEW)) = O(ENC(z)) edge insertions/deletions. The newly
added isolated vertex stays isolated in the forests Fj,j € [B] as they are maintained decrementally
edge-wise.

We adapt the reduction when applying U® to produce C (G(t), F j(t)) from C (G(t_l), F j(t)). Thus,
the number of updates in the core graph is at least the total encoding size of updates in the original
graph. As we will show, it is upper-bounded by the total encoding size as well.

Proof of Lemma 7.5. Note that 3¢ ENc(U®) = m/(klog?n), we can take ¢ = O(m/(klog®n))

in Lemma 6.5. Thus by item 1 of Lemma 6.5, Fj(t) has O(m/k) connected components.

Next, we prove Item 1 that bounds the number of updates to the core graph. After ¢ batches of
updates UM, ..., U®), .AgLSD) increases the number of components in F; by O (Et/gt ENC(U(tl)) -log? n)
according to Item 1 of Lemma 6.5. Every new components appeared in F} splits a vertex in the core
graph C(G, Fj). Thus, there will be O (Zt/gt Enc(U®)) . log? n) vertex splits happened in the core
graph. After updating Fj, every update batch U®) updates C (G, Fj) as it updates G. Thus, we
can bound the number of updates to C(G, F}) up to first ¢ stages by O (Zt/g Enc(U®) - 1og? n)

To show Item 2, by Lemma 7.4 we first get that

).C (G<t>,Fj<t>) (i)

Hw c Y e Y &efs Y wl
1 eeB(GW) e\ (U!_, U) cecn(J_, U®)
<2 Z st w(®) + H'w(t)‘ , (27)
ccGO) '

where (7) follows because every edge e appeared in G® due to some update in some U® has
sTri = 1 by a condition of Lemma 6.5. (ii) follows because the hidden stable-flow chasing property
(Definition 6.1 item 3) gives that any edge e € G\ 'L, U® C GO has w! < 20w

Now recall that T; is sampled from the collection {T7,...,T{} of trees given by Lemma 6.6,
with probabilities proportional to A. Hence

IETJ.[ Z sTriwgo)} = Z 'w,(zo) Z)\jstrf3 < O(yLsst log? n)||'w(0)||1,
e€G) e€G) 1=]
by the guarantees of Lemma 6.6, so by Markov’s inequality
Pr[ Y sl < O(yussrlogn)[w ] > 1/2
7 eeGO

Since we sample B independent trees T, for B = O(logn), we get that there exists an i* satisfying
(26) with probability at least 1 —27% > 1 — 71_6(1).
Finally, the algorithm runs in total time O(mk) by Lemma 6.6 and Lemma 6.5. O
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7.1.2 Passing Circulations and Length Upper Bounds to the Sparsified Core Graph

C(G,F)

We describe how to pass ¢ wC(EF) on a core graph to a sparsified core graph S (G, F).

Definition 7.6 (Passing ¢, w to sparsified core graph). Consider a graph G with spanning forest

F, and circulation €(GF) ¢ RECGE) and upper bound wC ) e RE(()C(G’F))

He(G,ry—s(a,F) for a (s, e, 1) -sparsified core graph S(G, F) € C(G, F). Define

, and embedding

SGF) Z OS\(G7F)HC(G,F)—>S(G,F)(€) (28)
e€E(C(G,F))
wSGN —g 3 wg(G’F) ’HC(G,FHS(G,F) (g)‘ : (29)

ecE(C(G,F))
We check that ¢5(GF) is a circulation on S(G, F) and w(EF) are length upper bounds.

Lemma 7.7 (Validity of Definition 7.6). Let ¢“(GF) wC(&F) be o valid pair on graph C(G,F)
with lengths €€(GF) . As defined in Definition 7.6, ¢S GF) wS(GF) s o valid pair on S(G, F) with
lengths £5(GF) (Definition 6.9). Also,

@1 < w1 < O(n) Jw S| 1.

Proof. Let Bg, B¢ be the incidence matrices of S(G, F),C(G, F) respectively. To see that ¢3(¢F)
is a circulation, we write

S(G, —~ S(G,
B{cS@F = % Cg( OB rsson@ = > &6( o= BL CEF) =,
ecE(C(G,F)) eeE(C(G,F))

To see that wS(@F) are valid upper bounds, for all & € E(S(G, F))

S(G.F) S(G,F S(G,F) c@a,ry| Y S(G,F) C(G,F)
= D DR D S
e €lle(q,ry—»s(G,r) (€) e €lle(q,r)—»s(G,r) (€)
<2 Z wg(GuF) —_ ng(G,F)‘

e €lle (g, ry—s(a,r)(€)

Throughout, we used several properties guaranteed in Definition 6.9, and (i) specifically follows by
item 1. The final equality follows by the definition of wS(@¥) in (29).
Finally we upper-bound [|wS(@¥)||; by

C(G,F >
@Ol <2 Y wl P Mg py s @)
eEE(C(G,F))

< 2||wC ) || length (e p) s s(6,)) < O |wE 1,

because S(G, F) is a (Vs, Ve, 1) sparsified core graph. [|wC(EF)|; < |wSEF)||; follows directly
from the definition. O

We can now give an algorithm that takes a dynamic graph G*) undergoing hidden stable-flow
chasing updates, and maintain a sparsified core graph also undergoing hidden stable-flow chasing
updates, such that the total size of updates increases by a factor of at most m°®) . This shows how
to pass from level ¢ to i 4+ 1 in a tree-chain (Definition 6.10).
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Lemma 7.8 (Dynamic Sparsified Core Graphs). Algorithm j takes as input a parameter k, a
dynamic graph G undergoes T batches of updates UV, ... U™ with gradients g\9, lengths £Y) at
stage t = 0,...,7 that satisfies > 1_y ENC(U®) < m/(klog?n) and the hidden stable-flow chasing
property with the hidden circulation ¢V and width w®.

The algorithm maintains for each j € [B] (for B = O(logn)), a decremental forest Fj(t), a static

tree T satisfying the conditions of Lemma 6.5, and a (s, Yi,Ve)-sparsified core graph S(G(t),Fj(t))

for parameters s = v, = v = exp(O(log® * mloglogm)) with embedding HC(G@ FOYL 860, F®)
g g

1. Sparsified Core Graphs have Low Recourse: the algorithm outputs update batches U g; that

produce S(G®, Fj(t)) from S(G*=1), Fj(t_l)) such that 3y <, ENC(Ug(St’,-)) =V < ENnc(U®))
3/4

for some v, = exp(O(log®* mloglogm)),

2. Sparsified Core Graphs undergo Hidden Stable-Flow Chasing Updates: for each j € [B], the
(1),S(GOF)

update batches Ugi to the sparsified core graph along with the associated gradients g
(t)
:S(G.E) defined in Definition 6.9 satisfy the hidden stable-flow chasing

and lengths £
(t) (t)
property (see Definition 6.1) with the hidden circulation c(t)’S(G(t)’FJ' ), and width w(t)7S(G(t>’Fj )

as defined in Definition 7.6, and
3. The Widths on the Sparsified Core Graphs are Small: for each j € [B], the width on the spar-
sified core graph S(G(t)Fj(t)) is bounded as follows:

< O(m) (\w(o)’C(G(O)’F;O))Hl + Hw(t)H1> '

H 2w DSED.FY)

1

Also, whp. there is an j* € [B] only depending on w'®) such that

) )
Hw<t>,5(c FD)

=000 ([ + [[w®] ). (30)

The algorithm runs in total time O(mk - ~,).

Algorithm 4 essentially maintains the sparsified core graphs S (G(t), Fj(t)) by passing the core
graphs C(G(t), F j(t)) into the dynamic spanner Theorem 5.1. Intuitively, because F j(t) is decremental,

the graph C(G(t),Fj(t)) changes by undergoing vertex splits, plus additional edge insertions and
deletions induced by the update batch U®),

Similar to Lemma 6.5, Algorithm 4 treats each update batch U®) to G as O(ENc(U®)) edge
insertions/deletions and isolated vertex insertions. In particular, for any update z € U (®) that splits
a vertex u € G~ it is treated as an update sequence of inserting one isolated vertex uN#"W and
then deleting/inserting degg ) (uVPW) edges.

However, each edge insertion/deletion causes O(1) vertex splits in the core graph C(G®), F j(t)).

As vertices in C(G(t),Fj(t)) could have degree Q(k), we cannot afford treating vertex splits in the
core graph as a sequence of edge insertions/deletions. This would represent S (G(t),Fj(t)) using
updates of total encoding size O(k - 3, ENc(U®)) = O(m) instead of O(m'*t°(M) /k). Using the
dynamic spanner of Theorem 5.1 resolves the issue as it handles vertex splits with low recourse.
In particular, S (G(t), F j(t)) can be represented using a sequence of updates with total encoding size
O(m°W - 3, Enc(U®)).
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Algorithm 4: Dynamically maintains a sparsified core graph (Definition 6.7). Procedure
INITIALIZE initializes all variables, and DYNAMICSPARSECORE takes updates to G().

1 global variables
2 B <+ O(logn): number of instantiations of Lemma 6.5 in Lemma 7.5

3 AlCore): algorithm implementing Lemma 7.5

4 AgSp anner) for J € [B]: algorithms implementing Theorem 5.1

5 procedure INITIALIZE(G = G0, £, k)

6 | A INITIALIZE(G, £, k)

7 for j € [B] do

8 Let W be the partition in Lemma 6.5 item 4, and R O 9V an initial set of roots
obtained from running the algorithm in Lemma 6.5.

9 Create graph C~J by splitting vertices of C(G, Fj) into vertices u, for each r € R, and

a vertex uyy for the set of vertices W \ R for each W € W. // The vertices

u, will not be split further, and wy all have degree at most 6(k)

Also, a deletion to Fj will only split a single vertex.

10 Let A; = Ac~j—>c(G,F]-) be the bijection between E ((Z) and E (C(G, Fj)).
11 Initialize A§-Sp anner) on CNj, the split version of C(G, Fj).
12 | Let g‘] be the spanner maintained by A;Spanner) and S(G, F}) o A](S’])

13 procedure DyNAMICSPARSECORE(GW), U®), g ¢®)
14 | A DynamicCorg(GH, UM, g®) ¢®)
15 for j € [B] do

16 Let Uj(t) be the update batch that produce C(G®), Fj(t)) from C(G(*-1), Fj(t_l)).

17 Let Uj(tH cU ](t) contain all edge insertions.

18 Let UJ@_ - U}t) contain the rest.

19 Update gj(-t*l) to gj(-tfo'f’) with Aj’l(Uj(t)*) using Ag-smn"er).

20 Update :Sv’](-t_%) to gSN’J(t) via inserting edges of AJ»_I(UJ(»tH) directly.

21 Let Rg-t) CFE (gj(t)) be the re-embedded set output by A§-Sp anmer)

22 Let Ug)] be the corresponding update batch that produce & (G(t), F j(t)) from

S(@D, FY),

23 Append Uét; with A;(R;) and output Uétz // Despite edges in A;(R;) remain
unchanged in S(G(t)ij(t)), we force re-insertions on them in the
output batch of updates.

Formalizing this approach requires discussion of several technical points. First, we cannot
simply maintain the spanner of C(G() ,Fj(t)) using Theorem 5.1 which does not support edge
insertions. Instead of modifying the dynamic spanner algorithm, we deal with edge insertions
naively by inserting each of them to S(G®), F j(t)). As the total number of edge insertion is at most
>telr] Enc(U®) = o(m/k), S(GY, Fj(t)) is still sparse enough.

Second, vertices in core graphs C(G(t),Fj(t)), j € [B] might have degree Q(k). To ensure a
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maximum degree bound of 6(k) which is required by Theorem 5.1, we artificially split vertices

in C (G(t), F j(t)) to create a graph é;(-t) on which we maintain the spanner. Precisely, we create a

5(0) (0)

new vertex uyy in Cj for each piece W in the partition W of the forest F';”’, and a vertex u, for

J

each root in the initial forest Fj(o). Throughout the execution, we ensure that every vertex of 5]@
is either wu, for some r being a root in the current forest, or ux for some connected component
X C W of an initial piece W € W. In the former case, u, corresponds to a single vertex in the
original graph G) and thus it is never split due to edge removals from the forest Fj(t). In the later

case, ux corresponds to the set of vertices X \ R and thus its degree is bounded by 6(k) due to 4
of Lemma 6.5.

Proof of Lemma 7.8. We first argue that the graph C~] for all j € [B] has maximum degree 6(k)
and O(m/k) vertices, and undergoes a total of O(m/k) vertex splits, and edge insertions/deletions.
This shows that the application of the dynamic spanner algorithm in Theorem 5.1 is efficient.

For any j € [B], each vertex of (?j is either u, for some root » € R or ux for some connected
component X of an initial piece W € W. In the case of u,., it will not be split further. In the case of
uy, it corresponds to the set of vertices X \ R. Since X is a connected component in F' of an initial
piece W € W, the degree of ux is at most dego (W \ R) which is O(k) due to 4 of Lemma 6.5.

The data structure implementing Lemma 6.5 inside A7) ensures that F j is decremental. Edge
deletions in F} does not affect either gradients nor lengths of edges in C(G, F}) (Definition 6.7).
Thus, one edge deletion in F}; corresponds to only a single vertex split in C(G, Fj). The total number
of vertex splits happened to C(G, Fj) can be bounded by the number of edge removals in Fj. The
number is O(m/k + qlog?n) = O(m/k) for ¢ = ST, ENc(U®) < m/(klog?n) by item 1 of
Lemma 6.5. Similarly, each edge deletion to F} causes one vertex split in (:"vj To see this, first note
that no root vertices u, € (?j are ever split. For the deletion of an edge e to F j(t), let W e W be
the partition piece containing e. The vertex uy may have been split further already, so let e be
currently inside the connected component X C W. Now, because OW C R at all times, we get
that only ux was split in CNj, as desired.

After updating Fj(t) and the enlarged vertex set of C (G(t),F j(t)), we process every update of

U, U® naively as O(q) edge updates. As each edge update to C(G®, F}) corresponds to one edge
update to @, the number of edge updates happened to @ is also O(q) = O(m/(klog?n)). It remains
to bound the initial number of vertices in C; by O(m/k). As noted in Algorithm 4, there is one
vertex per root of the initial forest F; and one vertex per cluster of the partition V. The number of
roots initially is O(m/k) (Lemma 6.5). The number of clusters in W is also O(m/k) (Lemma 6.5).
Thus, (?j has O(m/k) vertices initially.

As noted in Algorithm 4, it is at most twice the initial number of roots in F; which is O(m/k).

Bounding the total size of ng (Item 1): Fix some j € [B]. As discussed above, processing

all updates in the data structure of Lemma 6.5 causes at most O(m/k + 3=, Enc(U®)log?m) =
O(m/k) vertex splits to C;. So, the graph C; undergoes at most O(m/k) vertex splits and edge

Spanner)

insertions/deletions. By item 3 of Theorem 5.1, the data structure .AE outputs the re-

embedded set R;t) of amortized size at most ,, by taking L = (logm)*/* in Theorem 5.1. Thus,

the total size of re-embedded edges Y, \RP\ is bounded by O(m~,/k). Similarly, Theorem 5.1 also

shows that S(G®), F j(t)) are (s, vVe, 1) sparsified core graphs with the embeddings Hg-t).
Now, we move towards checking the remaining conditions: showing the hidden stable-flow

chasing property of the outputs on S (G(t),Fj(t)) for all j € [B], and (30). For simplicity, we use
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Hg-t) to denote the embedding I1 c throughout the remainder of this proof.

(®) (®)
(GO, F;")=S(GW,FY)

() (t)
Showing hidden stable-flow chasing property (Item 2): c(t)’S(G(t)’Fj ) and w(t)’S(G(t)’Fj )

form a valid pair by Lemma 7.7. Therefore, items 1 and 2 of Definition 6.1 are satisfied.
Next, we prove item 3 of Definition 6.1. At any stage t € [r] and any edge e € S(G®, F j(t)) for

some j € [B], suppose e also appears in an earlier stage ¢/, i.e. e € S(G*), Fj(t/)) for some t' < t.

e is not included in any of Ué‘?;, s € (', t]. Thus, we have (Hgt))_l(e) C (Hgtl))_l(e) otherwise e is

included in some Ué‘?-, s € (t',t] due to the definition of re-embedded set (Item 3 of Theorem 5.1).

For any edge €' € (Hgt))*l(e), it exists in the core graph at both stage ¢ and ¢/, i.e. € €

C(G(t),Fj(t)) and C(G), Fj(t,)). Let ¢/ be its pre-image in G. €/ also exists in G at both stage ¢
and t'. Since G is undergoing hidden stable-flow chasing updates, by item 3 of Definition 6.1 we
have

(t),G® (t),a"
we/G < 2- we/G .

Definition 7.3 and the immutable nature of str from Lemma 6.5 yields

O.CGDFD) 1 .60 T, 0
w,, = stre,JG wi,)d <2. stre,JG w

!
(.G _ (t).e(GM) F*))
= W, .
e’G e

(31)

Combining with the fact that (Hﬁ»t))*l(e) C (Hgtl))*l(e) and Definition 7.6 yields the following
and proves item 3 of Definition 6.1:

£),8(G®,F" .c(G® . F®
WOSCOED _y g ,0eE0n)
e’E(H;t)) (e)
/ " ph
<2.2. Z wS ),C(GUFY)
e’e(Hg.t))_ (e)
<9.9. Z w(t,)’C(G(tl)’Fj(tl)) . w(t'),S(G(t,),Fi(t/))
= o _ { .

e/G(HE.t,))_l(e)

(t) (t)
Item 4 follows directly from the definition of E(t)’S(G(t)’Fj ) and ’w(t)’s(G(t)’Fj ).

(t)
Upper-bounding H'w(t)""’ﬂ(c*y(t)’Frf )||; (Item 3): For any i, Lemma 7.7 yields

Hw<t>,s<a<f>,F;*>>

< O(m)

’w<t>,c<c<f>,F§“)

1 1

Lemma 7.5 gives that there is an i* € [B] such that for all ¢,

< O(yrssrlog® n)[[w® 1 + w1

Hw(t>,c<c<f>,F§f>>
1

Combining these gives the desired bound.
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Runtime: Time spent on the data structure implementing Lemma 6.5 is O(mk). Before using
the dynamic spanner of Theorem 5.1, we split each C(G, Fj),j € [B] in Line 9. This makes the
max degree of the input graph to each of A§Sp (mner), j € [B] being ©(k). By Lemma 7.5 none of
these vertices is split in an update to C(G, F}), so we may still apply Theorem 5.1. Thus, the time
spent on every dynamic spanner is O(mk~,). O

7.1.3 Maintaining a Branching Tree-Chain

Note that definitions Definitions 7.3 and 7.6 give a way to pass ¢, w® from the top level graph
G downwards through a tree-chain (Definition 6.10). We formalize this by proving that we can
dynamically maintain a branching tree-chain (Definition 6.10).

Lemma 7.9 (Dynamic Branching Tree-Chain). Algorithm 5 takes as input a parameter d, a dy-
namic graph G® undergoes T batches of updates UV, ... U with gradients g, length €0 at
staget = 0,...,7 that satisfies the hidden stable-flow chasing property (Definition 6.1) with hidden
circulation ¢, and width w®. The algorithm explicitly maintains a B-branching tree-chain (Def-
inition 6.10) with previous rebuild times prev(()t), cee prevg) (Definition 6.12). If MG w®C for
G e g§t) for all 0 < i < d are recursively defined via Definition 7.3, 7.6 then there is a tree-chain
Go, ey Gd with

I rev(?) :
[y < O() (an(“a >||1+||w<t>||1) for all i € {0,1,...,d}. (32)

=0

The algorithm succeeds with high probability and runs in total time mO(v47,)° @D (m + Q) for
Q= Y, ENc(UM) < poly(n).

Remark 7.10. Theorem 7.1 maintains the data structure implementing Lemma 7.9 on dynamic
graphs undergoing only edge insertions/deletions. However, it can be modified to also support vertex
splits since it is built using Lemmas 6.5 and 7.8 and Theorem 5.1, all which support vertex splits.

Algorithm 5 initializes a B-branching tree chain as in Definition 6.10. For every graph G € G; for
some level ¢, it maintains a collection of forests, trees, and sparsified core graph using the dynamic
data structure from Lemma 7.8.

However, the data structure of Lemma 7.8 can only take up to m/(k log? n) updates if the input
graph has at most m edges at all time. This forces us to rebuild the data structure every once
in a while. In particular, we rebuild everything at every level i > ig if any of the data structures
of Lemma 7.8 on some level ig graph G € G;, has accumulated too many updates (approximately
m/k%). We will show that the cost for rebuilding amortizes well across dynamic updates.

Proof of Lemma 7.9. At any level i = 0,...,d, there are at most O(logn)’ graphs maintained at
i-th level at any given stage t due to Lemma 7.8. That is, we have \g§t)| < O(logn)* for any t and
i. At any stage t and level i > 0, every graph G € QZ-(t) has at most my.~1/k¢ vertices and m(vs/k)"
edges. This is again due to Lemma 7.8.

To analyze the runtime, note that every m~y/ (k”l log? n) updates to some graph G € G;
create O(myty, /K1) updates to every S(G, Fj) for j € [B] by Lemma 7.8. Therefore, over the
course of () updates to the top level graph G, the total number of updates to the B = O(logn)
graphs at level i is

Q-0 (7 log’ n) .
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Algorithm 5: Dynamically maintains a B-branching tree chain (Definition 6.10). Proce-
dure INITIALIZE initializes all variables, REBUILD rebuilds the data structure of level at
least dy at stage ty, and DYNAMICBRANCHINGCHAIN takes updates to G().

1 global variables
2 d + log!/8
3 k < m!/4: reduction factor used in Lemma 6.5.

4 B + O(log n): number of sparsified core graphs maintained in Lemma 7.8.

n: number of levels in the maintained branching tree chain.

5 procedure INITIALIZE(G?), £)
6 Initialize Gy = {G(O)}.
| REBUILD(0, 0)

8 procedure REBUILD(ig, to)

9 for i =14y,...,d — 1 do

10 prev,; 1 < to.

11 Giq1 < {}

12 for G € G; do

13 L Agparsecwe).INITIALIZE(G,fg)
14 For j € [B], add S(G, Fj) to Git1.

15 procedure DyYNAMICBRANCHINGCHAIN(G® UM g(t) ¢(®))

16 U é()t) —U®

17 fori=0,...,d—1do

18 if The accumulated encoding size of updates of any G € G; exceeds
m(vs/k) ! /log? n then

19 | REBUILD(i, )

20 for G € gz do

21 t {U S(G.F) ‘ jel ]}  AParseCore) DyyNaMICSPARSECORE(G, UL)

Next we analyze the runtime cost of rebuilding level ig. By Lemma 7.8, it takes O(m(vs/k)" k)
time to initialize A("®) for any graph G € G; at any level 7. Therefore, the cost of rebuilding the
graphs of every level 7 > ig is

d
i i mo5
> O(ogn)" - m(ys/k) ke = 15+ O(7) k-
=10
However, the rebuild happens at most every m(ys / k)i / log? n total updates to graphs at level .

(1
Thus, over the course of at most @ - O (% log? n) ’ updates to every graph at level ig, the total
runtime cost spent on rebuilding level ¢y is at most

(m + Q) kO (y57,) .

The overall runtime bound follows because k = m!/.

We now show (32) by induction on ¢t and the the level i, and prove the result for level ¢ + 1 at

a time ¢ given a partial tree chain Gy, ..., G; satisfying (32). Let G(prev ) be the version of graph
()

G; when it was rebuilt at time prev,
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(

2(21 < t, we can use the same chain Gy, ..., G;41 as the change from stage previi)1 because
Lemma 7.8 guarantees that there is an index j* € [B] which satisfies (30) for all stages in [prevgl, t],

where Gi11 = S(Gj, Fj+). By induction and Lemma 7.8, we deduce that

(t)
Q) ~ er®) i)
o | [wlm)e

If prev

Hw(t)ﬁiﬂ (t),Gs

+ Hw

1

(t)
<prevj )
=0

(prev§t)>
w

(prevy))
w

1

O (Z

=0

o)

| T Hw(t)H1) ’
1
) e (t)

(i) is because the vector w® in Lemma 7.8 corresponds to w(Prei )¢ , as previt is the
initialization time of level i. (i7) is by induction on the stage ¢ and level i. Thus we have shown
(32) by induction, which completes the proof. O

0)

7.2 Finding Approximate Min-Ratio Cycles in a Tree-Chain

In this section we explain how to extract a cycle A from a branching tree-chain (such as the one
maintained in Lemma 7.9) with large quality |g" A|/|[LA|1, satisfying the guarantees of Theo-
rem 7.1. As a branching tree-chain consists of O(logn)? tree-chains, we focus on getting a cycle A
out of a single tree-chain. More formally, our setting for much of this section will be a tree-chain
Go,G1,...,G (Definition 6.10), with a corresponding tree T’ & 7G0,Ga a5 defined in Defini-
tion 6.11. For g, £ and a valid pair ¢, w (Definition 7.2), we can define ¢&0 < ¢ and w £ w, and
c% and w% recursively for 1 < i < d via Definitions 7.3 and 7.6. Let £%¢, g% be the lengths and
gradients on the graphs G, and £°(Gi-Fi) gC(Gi:Fi) he the lengths and gradients on the core graphs.

Note that every edge e € E(G)\ E(T) has a “lowest” level that the image of it (which we call
e) exists in a tree chain, after which it is not in the next sparsified core graph. In this case, the
edge plus its path embedding induce a cycle, which we call the sparsifier cycle associated to e. In
the below definition we assume that the path embedding of a self-loop e in C(Gj, F;) is empty.

Definition 7.11. Consider a tree-chain Gy = G, ...,Gq4 (Definition 6.10) with corresponding tree

T & 7Go--Ga yhere for every 0 < i < d, we have a core graph C(G;, F;) and sparsified core graph

S(Gy, F;) € C(Gy, F;), with embedding Ue(, r)—s(Gi,F)-

We say an edge e € E(G) is at level level e =i if its image e is in E(C(Gi, F;))\E(S(Gi, F})).
Define the sparsifier cycle a(e) of such an edge e = ey € C(G;, F;) to be the cycle a(e) = ey @
rev(Ile(q,,m)—s(cy,m)(€0) = eo D e1 @ - @ er. We define the preimage of this sparsifier cycle in
G to be the fundamental chain cycle

a®(e%) = eff @ T, uf ) @ ef @ T uf] @ @ ef & T, uf, ],

where e = (u¥,v{) is the preimage of edge e; in G for eachi € [L] and where we define ufﬂ =uf§.

We let a(e) and a®(e%) be the associated flow vectors for the sparsifier cycle a(e) and funda-
mental chain cycle a®(e®).

At a high level, our algorithm will maintain the total gradient of every fundamental chain cycle
explicitly. Note that this implies that the gradient of at most m®!) fundamental chain cycles change
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per iteration on average. Also, the algorithm maintains length overestimates of each fundamental
chain cycle, as maintaining the true length dynamically is potentially expensive. The algorithm
will return the overall best quality fundamental chain cycle.

Definition 7.12. Consider a tree-chain G = Gy, ...,Gq with corresponding spanning tree T o
TCorCa. For any edge e € E(G)\ E(T) at level i with image e in C(Gy, F;) \ S(Gy, F;) we define

—~ G e e . ;
len.c, an overestimate on the length of €@ ’s fundamental chain cycle, as len,c = (€€(GiFi) |a(e)|).

Because the lengths and gradients on all edges in all the G;, and embeddings ¢, F)—s(a;,F)

are maintained explicitly in Lemma 7.9, we can store length overestimates len ¢ for all fundamental
chain cycles, and their total gradients with a constant overhead.

There are two more important pieces to check. First, we need to check that the gradients
defined on the core graphs Definition 6.7 indeed given the correct total gradient for each cycle, and
that the values l/e\;lec are indeed overestimates for the lengths of all the fundamental chain cycles
a®(e%). Then we will show that using the length overestimates lalec still allows us to return a
sufficiently good fundamental chain cycle.

Lemma 7.13 (Gradient correctness). Let e“ ¢ E(T) be an edge with level.c = i and let e be its
image in G;. Then the total gradient of the cycle a(e) and its preimage a®(e¥) are the same, i.e.

(g9, ae)) = (g,a%(e)).

Lemma 7.14 (Length overestimates). Let e ¢ E(T) be an edge with level,c = i and let e be
its image in G;. Then the values len,c overestimate the length of the preimage cycle aG(eG)
len.c > (£, |a®(e%)|).

, i.e.
It is useful to define the concept of lifting a cycle back from C(G;, F;) to G; in order to show

Lemmas 7.13 and 7.14.

Definition 7.15 (Lifted cycle). Consider a cycle C in C(Gy, F;) with edges €1 ©éa® - Der, such
that e; = (u;,v;) is the preimage of &; in G;. We define the lift of C into G; as the cycle

e1 @ Fijvi,ug] ®ea®--- ®er ® Filvp, ug).

Now we can show Lemmas 7.13 and 7.14 by repeatedly lifting cycles until we are back in the
top level graph G.

Proof of Lemma 7.15. Tt suffices to show that any cycle C' in C(G;, F;) and its lift C' in G; have
the same gradient. Precisely, if we let € and ¢ denote the flow vectors of C' and C respectively,
we wish to show (g¢(GiFi) &) = (g ¢). To see this, recall that by the definition of g¢(Gi-¥%) in

~

Definition 6.7, for C' = ¢é1 @ --- @ er, for e; = (uj,v;) and E(F;) C E(T;) for some tree T; (namely
the tree used to initialize the forest F; of C(Gj, F3)),

L L
i Fi) = C(Gi,F; i f
(g9GF) &) = 3 g2 = 3 G+ (g% p(Tifuj, )
j=1 ’ j=1
(i) &
=3 g8+ (g%, p(Tilvj, uj44)))
Jj=1

L

(#1) ) . _

= deGf + (g%, p(Flvj,uj]) = (g%, ¢),
=1
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where (i) follows because Zle p(Tilvj, uj]) = ]Lzl p(Ti[vj, uj+1]) (for ur4q £ 1) because both
sides route the same demand on a tree Tj. (i) follows because F; C T, and vj;, uj41 are in the same
connected component of F;. The last equality follows by the definition of C. 0

Proof of Lemma 7.14. Similar to the above proof of Lemma 7.13, by repeatedly lifting until we
get to G, it suffices to show that the length of a cycle C in C(G;, F;) is larger than that of its
lift C. Formally, if ¢ and ¢ denote the flow vectors of C and C respectively, we wish to show
(C(GF) 2]y > (053 |c|). For C=¢é1 @ --- @ ef, for ej = (uj,v;) and forest Fj, we have

L
<£C GZ,F,L ’\ Zeejaqu é Z EGZ > Zster,g ZKG

:ng?+<£G%\p(ﬂ[ua‘7f00tﬁ])\> + (€9, [p(Ei[vg, root;])])
j=1
L

=D £0 (€ [p(Fifvg, root )]} + (€9, p(Fi[uj41, rooty! | ])])

L
>N €G 4 (0% p(Filv, uja))]) = (€54, [el),

J

where (i) follows from the definition of £¢(¢:+#%) in Definition 6.7, (ii) follows from Lemma 6.5 item
2, and (7i7) follows from rootfj’ = rootf;’_ ., and the triangle inequality. The final equality is from

the definition of C' as the lift of C. O

We now show that it suffices to maintain the “best quality” fundamental chain cycle, i.e.
MAX G e B(G)\ B(T) (g%, a%(e“))|/len,c. To show this, we first explain how to express a cycle ¢
as the combination of fundamental chain cycles.

Lemma 7.16. Given a circulation ¢ in graph G, recursively define ¢ for alli = 0,...,d via
Definitions 7.3 and 7.6. Then

d
= Z Z cgiaG(eG).

1=0 eG:level g=i

Proof. Define y = Y4 226G level =i cgi a%(e%). We will show that c,c = y.c for any edge e
G\T.

First, define for any ¢ = 0,...,d, II; as the embedding ll¢ (g, r)—s(a,,F,) and e’ as the image in
G; for any edge e € G. Clearly, ¢’ is well-defined if i < level,c. We also denote the image of e’ in
the core graph C(G;, F}) as €

At any level i, observe that if e™! € G;;1, we have & = e'™! II;(€") = {e'*1} and therefore
cgfll = c_;'. Otherwise, c % is added to CGZ“,f € T1;(€"). Let ¥ be any edge in G\ T at level i.

Followmg from Definition 7.6, we can express cg as

i—1
ci=coty, Y e TG (33)

Jj=0 fG:IeveIfgzj
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On the other hand, we know that e“ does not appear in any of the sparsifier cycle of fC at
level j > i. Thus, [a%(f%)].c = 0. If level ;o = j < i, [a%(f)).c = —IL;(f7)5 where the —1 term

comes from that the sparsifier cycle takes ]?j and the reverse of the path H](,]?J> This yields that

i1
Gy G, S ()
veo=ci'=>, D, () = e,
3=0 f%:level ;g =j

where (i) follows by rearranging (33).
The lemma follows via the fact that a circulation is uniquely determined by the amount of flows
on non-tree edges. O

Lemma 7.17. Let c,w be a valid pair. Let T = TC0Cd for a tree-chain Gy,...,Gq. Then

O [ N W (V]

eCeE(G)\E(T) len c O(k) ;'izo ||wGi || 1 '

Proof. Recall that for an edge € € C(G;, F;) with preimage e in Gj, its length is !é(Gi’Fi) o s?c/rz,ﬁfz
defined in Definition 6.7. Thus by the definition of 1’&16G in Definition 7.12,

d d .
Yo (fiflene =Y Y [str'eficli + 3 £ G|

i=0 oG- —; i=0 oG- —;
=0 eC:level =i =0 eC:level o =i e'€lle(G,,ry)—5(Gy,Fy) (€)

—~
=

Y ~ . _ d
<> > (o(k:)wfwwgl“)SO(k)ngwfillh

1=0 ¢G:level g=i

where (i) follows str' < O(k) from Lemma 6.5 item 2, and the fact that ¢, wS are all valid
pairs (see Lemmas 7.4 and 7.7) so £57|cli| < |w&i|, and the definition of w* in Definition 7.6.
Additionally, note by the triangle inequality and Lemma 7.16 that

d
Hg.al<> > eIl (g, a%(€)l.

i=0 ¢G:level =i

Hence, we get by the fact that
max 2 > 7226”] =
€] Yi  Diem) Yi

for x,y € RY that

(g, a%(c))| Yo Xettevel, i [€€7]| (g, a (D)) .1 lg.o)

O(k) g w1

max — > y o=
e@EB(G\E(T) len e Zi:O Zeczlevel a=i |c€ ' |lenec

O

Remark. We can adapt the statement and proof of Lemma 7.17 to remove the 6(k) by being more
careful. However, this further complicates the statements of Lemma 7.17 and its interaction with
Section 6, and the extra O(k) does not meaningfully affect our runtimes.

We can now complete the proof of Theorem 7.1.
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Proof of Theorem 7.1. The first part is to dynamically maintain an explicit O(logn) branching
tree chain with path embeddings using Lemma 7.9. With O(1) overhead, the algorithm can also
maintain the values of (g,a®(e%)), len,e for all fundamental chain cycles of the O(logn)? trees
in the branching tree chain, because the branching tree chain maintains all edge gradients/lengths
explicitly, and Definition 7.12 and Lemma 7.13. Hence in 6(1) overhead it can maintain the

[(9.a5 ()|

maximizer arg max.cepg(q)\E(T) as desired in Lemma 7.17 for each tree. To show that

len &

the best out of these works, note that by Lemma 7.9 with high probability there is a tree-chain

with
1 gl 1 g.e . lg.e?)
O(k) Xilo [wlls = OW)O(0)OD Sy Jaw®r=n )y~ 5o [l

for k = 1/(O(k)O(1)°@) as desired.

The total runtime is (m + Q)m°M for Q = > telr] Enc(U®) by Lemma 7.9 for the choice
Vs = Yp = exp(log3/4 loglogm),d = log!/®m and k = m?. Thus k = exp(—O(log7/8 mloglogm)).
Also, ) approximates Ete[r] U (t)] up to a polylog factor since U®) contains only edge inser-
tions/deletions.

Finally, we can rebuild levels 4,7 + 1,...,d in time m!to( /K time because the graphs on
level i have m(vs/k)" edges, there are O(logn)? such graphs, and the initialization time is almost
linear. O

8 Rebuilding Data Structure Levels

The goal of this section is to use Theorem 7.1 to get Theorem 6.2 through a rebuilding game to

handle the cases where ||w(prevgt)) |1 is much larger than [[w®||; for some 0 < i < d. The surprising
aspect is that this is doable despite the fact that the w(®) are all hidden. We now introduce the
rebuilding game that captures these notions. Each round of the rebuilding game corresponds to our
algorithm successfully returning a good enough cycle. When is this does not happen, we instead
have to rebuild part of our data structure. The rebuilding game is designed to let us formally
reason about strategies for rebuilding the data structure when it fails to find a good cycle.

Rebuilding game parameters and definition. The rebuilding game has several parameters:
integers parameters size m > 0 and depth d > 0, update frequency 0 < 7, < 1, a rebuilding cost
C, > 1, a weight range K > 1, and a recursive size reduction parameter k L ml/d > 2 and finally
an integer round count T" > 0.

Definition 8.1 (Rebuilding Game). The rebuilding game is played between a player and an ad-
vesary and proceeds in rounds t = 1,2,...,T. Additionally, the steps (moves) taken by the player
(s) (s)

are indezed as s = 1,2, . ... Every step s is associated with a tuple prev(®) := (prevy’,...,prev; ) €

[T+, Both the player and adversary know prev(®) . At the beginning of the game, at round t = 1
and step s = 1, we initially set prevgl) =1 for all levels 1 € {0,1,...,d}.

At the beginning each round t > 1,

1. The adversary first chooses a positive real weight W) satisfying logW® ¢ (—K,K). This
weight is hidden from the player.
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2. Then, while either of the following conditions hold,

d
W) S o(d 4 1w (34)
1=0

or

For some level I, at least 'ygm/k:l rounds
have passed since the last rebuild of level I. (35)

the adversary can (but does not have to) force the player to perform a fixing step. The player
may also choose to perform a fixing step, regardless of whether the adversary forces it or not.
In a fizing step, the player picks a level i € {0,1,...,d}, and we then set prev§-s+1) —t for
je{i,i+1,...,d}, and prevg«sﬂ) — prevgs) for j €{0,...,i—1}. We call this a fix at level
i, and we say the levels j > i have been rebuilt. This move costs C,m/k" time.

3. When the player is no longer performing fizing steps, the round finishes.
The goal of the player is to complete all T' rounds in total time cost O( Cﬁyifd(m +1)).

Remark 8.2. We emphasize an important point about our terminology in the rebuilding game: A
fix at level i causes a rebuild of all levels j > i. The adversary can force a rebuild of a level I if it
has participated in vgm/k:l rounds since it was last rebuilt — and the latest rebuild may have been
triggered by a fix at level I or by a fix at some level i < I.

(t) def

To translate the rebuilding game to the setting of Theorems 7.1 and 6.2 we can set W\" =
|lw®|;. We give an algorithm where the player completes all 7' rounds with total time cost
O(nyifd(m + T)). For our choice of parameters, this will be almost linear. Note that it is trivial
for the player to finish all T' rounds in time O(C,mT), as they could just always do a fix at level

i = 0, as this sets all prev§-s) +— t.

Algorithm 6: Strategy for the rebuilding game.

1 foreach i =0,...,d. do

2 We maintain a "fixing count", fix;, initialized to zero.
3 And we maintain a "round count", round;, also initialized to zero.
4 foreach roundt=1,2,...,T of the game do
5 if there is a level | with round; > v,m/k! then
6 Find the smallest level ¢ such that round; > ’ygm/ kt
7 Fix level i, thus rebuilding levels j > 1.
8 For levels j =4,i+1,...,d set fix; <~ 0 and round; < 0.
// We call this a WIN at level 1.
9 while the adversary continues to force a fixing step do
10 Let 7 be the smallest level in 0,...,d s.t. for all j >4, fix; = 2K
11 Fix level i, thus rebuilding levels j > 1.
12 Set fix; « fix; +1
// We call this a LOSS at level 1.
13 For all levels j = 0,1,...,d, set round; - round; + 1.
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The following lemma tells us that a fairly simple strategy can deterministically® ensure that the
player always wins the rebuilding game.

Lemma 8.3 (Strategy for Rebuilding Game). There is a deterministic strategy given by Algorithm 6
for the player to finish T rounds of the rebuilding game in time O(C;—ial(m +7)).

Before we state the proof, we first introduce some important terminology for understanding
Algorithm 6 and its analysis.

The rebuilding game algorithm. Overall, our goal is the following: we (as the player) want to
ensure that our vector of weights W(p’e"z('s>) at different levels i € {0,1,...,d} is such that we must
frequently succeed in completing a round without making too many fixing steps, and we need to
ensure we do not spend too much time on fixing steps. To implement our strategy in Algorithm 6,
we maintain two counters round; and f£ix; for each level i. These two counters are used to decide
which level to rebuild in each step s of the game.

The first counter, round;, is very simple. It counts the number of rounds that have occurred
since level ¢ was last rebuilt. Ideally, we would like to complete as many rounds as each level can
handle, before we reset it. The adversary can force a fixing step if it has been more than ~v,m/k’
rounds since level ¢ was last rebuilt. In the setting of Theorem 7.1, this corresponds to a level
of the branching tree chain accumulating enough updates that it should be rebuilt. We preempt
the adversary by always rebuilding a level if it has been through this many rounds, regardless of
whether the adversary forces us to or not. When this occurs, the level can “pay for itself”, since
the cost of fixing is low when amortized across the rounds since the last rebuild. Thus we declare
a “WIN” at level i and rebuild levels j > 1.

The second counter, fix;, is the more interesting one. When a fixing step occurs and we decide
to fix level ¢ (thus rebuiling levels j > i) we say a “LOSS” occurred at level i. The fix; counter
tracks how many times a fixing step occured and we had a LOSS at level 4, counted since the last
time we rebuilt level ¢ due to a WIN at some level [ < i. In a fixing step, we always decide to let
the LOSS occur at the largest level index ¢ where fix; < 2K.

8.1 Analyzing the rebuilding game algorithm

Before we start our formal proof of Lemma 8.3, we will outline the main the main elements of the
analyses of the time cost of using Algorithm 6 to play the rebuilding game.
. . (s)
Ideally, we would like to say that “if a LOSS occurs at level 4, then the weight W(Previ ) must

be large compared to the current round ¢ weight W®” because then rebuilding would reduce

(s+1) L. . . (s)
WPrev," ) However, this is not true, as it may be that some other level’s weight WP ) for

j < i is large enough to make Equation (34) hold, allowing the adversary to force a fixing step.
Instead, the invariant we maintain is this: We ensure that when a fixing step occurs, if we choose
to rebuild level 7, it must be that either.

Case (A) either some level | < i has an even larger weight than all levels j > ¢ and thus can be
“blamed” for the fixing step, or

Case (B) no level j > i has a weight large enough to force a fixing step.

4Note that when we employ the rebuilding game strategy in our overall data structure, the data structure uses
randomization. However, the randomized steps succeed with high probability union-bounded across the entire al-
gorithm. The rebuilding game strategy corresponds to the behavior of the data structure assuming all these data
structure randomization steps are successful. We address this formally in the proof of Theorem 6.2.
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prev(s

Handling Case (B). In case (B), we significantly reduce the weight W (Previ ) compared to

(s) . . .
WPrev;") at level 4 for the next step s + 1. Once we have fix; = 2K for all j > 7, there must be
level | < i with weight larger than level ¢, as repeated occurrence of (B) ensures this.

Handling Case (A). Now, the remaining key point is to make sure that in case (A), we do not
waste too much time rebuilding at level i before moving to rebuilding at level ¢ — 1, so that we
eventually start rebuilding the most problematic level | < i with larger weight. Fortunately, our
threshold of 2K fixes at level i is low enough to ensure this. Finally, to help us formalize that
we make progress on reducing the weight at level i specifically in Case (A), we introduce a notion
of “prefix maximizing” levels. At any step s, we say a level ¢ is “prefix maximizing” if its weight

s (s)
W(pre"z(' ) is strictly larger than the weight WP ) at all levels j < This leads to the following
definition.

Definition 8.4. In the Rebuilding Game, at the start of each step s, we define a set ) of “prefiz
mazximizing” levels, given by

s (3)
70— fie (0.1,odp | WO S WO for attj <},

Note that 0 € Z() for all s, and the player does not know which levels are prefix maximizing.

This next lemma shows formally that strategy of Algorithm 6 successfully implements the kind
of weight tracking we described above. Concretely, the lemma tells us that when a level ¢ is prefix
maximizing, the weight of the level must be pushed down as fix; increases.

Lemma 8.5 (Bound on fixing step count). In the rebuilding game, suppose the player uses the
strategy of Algorithm 6, then we always have fizy < 2K.

This lemma tells use that we never have 2K LOSSes at level 0 before the next WIN at level 0.
Since Algorithm 6 trivially ensures fix; < 2K for all levels j > 0, this gives us tight control over
the number of fixing steps that can be forced by the adversary.

Proof of Lemma 8.5. We consider an instance of the rebuilding game and suppose the player uses
the strategy given by Algorithm 6. To prove our lemma, we first introduce a condition which must
be satisfied in each step by each level ¢ which is prefix maximizing. This condition essentially

. . . (s)
states that the fix; counter is correctly tracking an upper bound on the level weight TW(PreVi ") For
convenience of our analysis, we define the condition for levels regardless of whether they are prefix
maximizing, although we only need to show that it holds for such levels.

Definition. At the start of step s, if for some level i we have,

(s)
log, (W(pre"i )> < K — fig; (fim; correctness condition) (36)

we say that level i satisfies the £ix; correctness condition at step s.
Given this notion, we can now state the induction hypothesis.

Inductive Hypothesis. At the start of step s, Condition (36) holds for each i € 70,
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We will prove this claim by induction on the step count s. First, we establish that proving this
(s)

claim is sufficient to prove the lemma. By assumption, we have log, (W(pre"i )> > —K, and hence
the above claim would imply fix; < 2K for all i € Z(5), for all s. Since 0 € Z() for all s, we get
that fixg < 2K always.

We first establish the base case s = 1. Note that trivially for all ¢« € {0,1,2,...,d}, we have
fix; = 0, and by assumption we have logQ(W(prevz('S))) < K = K —f£ix;. This implies Condition (36)
holds for every level i, and hence it holds for each level i € Z(5). This establishes the base case.

Now, we now assume the induction hypothesis at the start of step s and prove it for the start
of step s + 1, i.e. we want to show Condition (36) holds for each i € Z(+D) at the start of step
s+ 1. We break the analysis into two main cases, depending on what happens in step s. The first
case (1) is when a WIN occurs. The second case (2) is when a LOSS occurs at some level i. We
further break the second case into two sub-cases, separately handling when (2A) i is not a prefix
maximizing level at step s and when (2B) i is a prefix maximizing level at step s. Conceptually,

the key case is (2B), when we have a LOSS and i € Z(®), which means we have to ensure that we
. (s+1) . (s)
make progress by reducing W (Prev: ) compared to the earlier value W(Previ ),

Case 1: a WIN occurs. In this case, a WIN must occur at some level i € {0,1,2,...,d} (since
vym/k? < 1). Let i denote the level at which the WIN occurs. In this case, for all levels j > i, we

rebuild and set fix; = 0, and by the definition of K, we thus have (for the updated value of fix;)

that logQ(W(pre"z('SH))) < K = K — fix;. Thus, for each j > i, we have that Condition (36) holds,

and thus, in particular, it must hold for each j € Z(s+1),

s+1)) l(s))

For each level | < i, £ix; does not change and W(pre"l< = WP ) The latter implies that
for each | < i, 1 € Z6TY if and only if [ € Z(9). We also conclude that Condition (36) holds at
the beginning of step s 4 1 if it held for level [ at the beginning of step s. Hence, by the induction
hypothesis at step s, Condition (36) holds for all I < i with [ € Z(:t1,

This proves the induction hypothesis for step s + 1 in the case where a WIN occurs.

Case 2: a LOSS occurs. We next consider the case when a LOSS occurs in step s, and we
let the current round be denoted by t. The LOSS occurs at some level i. In order to analyze this
case, we are going to split it further into two subcases 2A and 2B, depending on whether the LOSS
occurs at level 4 which is in the prefix maximizing set or not (2B and 2A respectively). However,
first we make some observations that are common to both cases 2A and 2B.

To start, we deal with levels [ < i. As in the case of a WIN, we again have that, for each [ < i,
fix; does not change and W(pre"§5+1)) = W(preV§S)). The latter implies that for each [ < i, [ € Z(+1D)
if and only if [ € Z(). Hence, by the induction hypothesis, Condition (36) holds for each | < i with
1 e 76+,

Next we need to deal with levels j > i. As a LOSS occurs in step s, we must have that

()
;l:o WP ) > 2(d +1)W®. This implies

mix W(prev;s)) > Mw(t) > o), (37)
=0 d+1
We claim that in this case, we must have
9N {i+1,...,d =0. (38)
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Suppose for a contradiction that for some j > i we have j € Z(). As f ix; = 2K, we conclude
(s)
by the induction hypothesis, that at the start of step s, we have logQ(W(prer )) < K—fix; = —-K,

(s) (s)
and hence logQ(W(prer )) < —K. But, this is impossible, as logQ(W(prer )) > —K by the game
definitions.

Subcase 2A: LOSS at level i & ). We now further restrict to the case when at the start
of step s, we have i € Z(9). We thus have at the start of step s, by the condition observed in
Equation (38), that Z®) N {i,i+1,...,d} = 0.

This allows us to conclude that

(s) (s)
for all j € {i,i+1,...,d} there exists { < j with W®ei ) > pPrey; ) (39)

L (s) (s)
By Equation (39), we conclude that there exists | < i with Wierey”) > MaX e (i i41,....d} W (previ ),

(s)
Furthermore, we can conclude that maxye(o,.. -1} Werevi) > o1 (1) since the maximum in Equa-
tion (37) is not achieved by an index > i. Consequently, when the LOSS at level i occurs and we

rebuild, for all levels j € {i,i+1,...,d}, we set prev( s+ t, and hence at the start of step s+ 1,

we have for all 7 > 4 that

(s+1 )) . (s)) ]_ (S+1))

max WE®h) == max W

W(prev 1
2 hefo,...i—1} 2 hefo,...i—1}

and hence for all j > i we conclude that j ¢ Z(+1) . Altogether, this proves the induction hypothesis

for step s + 1 in the case where a LOSS occurs at level i and i ¢ Z(5).

Subcase 2B: LOSS at level i € Z(8), We now consider the case when at the start of step s,
we have i € Z(9). This is the most important case, where we ensure a reduction in the weight

P (orevy™ ) compared to W e, By Equation (38), we have Z() N {i +1,...,d} = 0, and hence

(s)
we conclude that WErey”) — max W(prev ) > 2W®. By the induction hypothesis, we have
(labelling fix; explicitly by step for clarlty)

logy(W®i™)) < K — £1x®

hence,

(5>)

log, (WE™) = 1og, (W) < log, WPy 1 < K —£ix® — 1=K — £1x""D.  (40)

Thus, Condition (36) holds for i at the end of step s + 1, regardless of whether i € Z(s+1,

(s+1) s
Furthermore, for all j > 4, we set WP ) = () = P (previ ™t >) and hence j ¢ 7611,
Again, recall that we already dealt with established Condition (36) for | < i above in Equa-
tion (39). Thus the induction hypothesis holds for step s + 1 when i € (),

This completes our case analysis, establishing the inductive hypothesis, and hence the lemma. [J

At this point, armed with the conclusion of Lemma 8.5, we are ready to analyze the running
time of the rebuilding game strategy given by Algorithm 6, to prove the main lemma of this section,
Lemma 8.3.

Before starting the proof, we will briefly outline its main elements. The costs of the rebuilding
game occur during fixes as part of either a WIN or a LOSS in Line 6 and Line 10 respectively.
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We use a standard amortization argument to account for the cost of fixes that occur during
WINs. We can count the cost occurred during WINs separately at each level, and finally add it up
across these. In each level, the cost per round can be bounded by C. /v,.

Next, we have to account for the cost of fixes carried out during LOSSes. These fixes are all
accounted for by increases in some fix; counter. We then bound the total cost of fixes that later
have their fix; counter reset by amortizing the cost toward the rounds that cause the reset of the
fix; counter through a WIN at some level i < j. Because Lemma 8.5 guarantees the fix; counters
are bounded by 2K, we can bound the additional cost amortized toward the rounds during the
WIN at level i by 4I§Cr per step. Finally the bound on the fix; counters from Lemma 8.5 also
tells us that the leftover cost unaccounted for by amortization through resets is also bounded, this
time by 4K C,m in total.

Proof of Lemma 8.3. To bound the running time, we use a simple amortized analysis across the
steps of the rebuilding game.

The round counter at level 4, i.e., round; increases by 1 in each round and hence the sum of the
increases is T'. If a WIN occurs at level ¢, we incur a time cost through a fix of level ¢, with a cost
of C,m/k* (Line 6). At the same time, we reduce the round counter at i and all deeper levels j > i,
and in particular, we reduce round; by y,m/ k'. We will amortize the cost of this fix toward the
rounds that increased round; from zero to the threshold y,m/ k', and thus the amortized cost from
fixes during WINs at level ¢ per round is at most C,/v,. When we add this up across 7' rounds,
the total cost from fixes during WINs at level ¢ is T - C,. /4. Thus the total cost added across our
d + 1 levels from fixes during WINs is

cost from fixes during WINs < T'(d + 1)C; /. (41)

All the cost incurred during a LOSS at some level ¢ (Line 10) leads to an increase of the fixing
step counter fix; by 1, and has an associated time cost of C,m/k‘. We will break the cost form
LOSSes into two parts:

1. Cost accounted for by a fix; counter increase where the fix counter is later reset to 0.
2. Cost accounted for by a fix; counter increase where the fix counter is not reset.

We can bound the cost arising from Part 2 very easily: By Lemma 8.5, fix; < 2K, and so the
cost from fixing of level 7 without a reset of the counter following is bounded by fix; - C.m/k* <
2K - C,m/k'. Adding this cost across all levels we get that the total cost from Part 2 is upper
bounded by

d
cost from fixes during LOSSes with no fix counter reset < Z 2K - Cpm/k' <4KCym.  (42)
i=0

Finally, we bound the cost from Part 1. Consider the resetting of some counter fix; associated
with a level j. Any such counter is reset during a WIN at some level ¢ < j. We will bound the cost
part by amortizing it toward the rounds that caused this WIN at level ¢. In particular, note that
the level i experienced least yym/ k! rounds since it was last rebuilt and at this point fix; was reset
(though it may also have been reset again since). This means we can count the cost associated
with the increases in fix; toward the WIN at level ¢. The total cost we need to account for in this
way toward the WIN at level ¢ is then

d d
> fix; - Com/K <2K Y Com/K <AKCym/k'.

j=i j=i
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Thus, the amortized cost per round associated with WINs at level 7 through these fix; resets is at
most )
4KCym/k'  4AKC,
Ygm/ K’ Vg
As we have T rounds, the total cost associated with WINs at level i through fix; resets is then
%C"T. Since a round can contribute toward a WIN at each of our d+ 1 levels, this means the cost

g
amortized to toward a round across all levels is .

4. 4KC, 4AKC.(d+1)

cost from fixes during LOSSes with fix counter reset < ZT . T. (43)

i=0 Vg U9
Finally, adding together the costs accounted for in Equations (41), (42), and (43), and the cost
of executing rounds, we get a bound on the total cost of O(%g"d(T +m)) as desired. O]

8.2 Dynamic Min-Ratio Cycle Using the Rebuilding Game

In this section we combine Theorem 7.1 and Lemma 8.3 to show Theorem 6.2 which gives a data
structure for returning min-ratio cycles in dynamic graphs with hidden stable-flow chasing updates.

Proof of Theorem 6.2. Let W® < |lw®]|;. The adversary plays the following strategy. They feed
the inputs g(*), £, U to Theorem 7.1 and get a cycle A. Let (71 be the approximate parameter

def

from Theorem 7.1. Let © = k(71 /(2d + 2). The adversary checks whether
(g, A)/[1€" 0 Ally < —ka. (44)

Because A is represented using m°®) edges on a tree T, this can be performed in amortized m°™®)
time by using a dynamic tree (Lemma 3.3). If (44) holds, the adversary allow a progress step, and
this completes the QUERY () operation of Theorem 6.2. Otherwise, they force the player to perform
a fixing step. This is valid because by Theorem 7.1 we must have

KD (g0,e0) (g, A)
24 [l

pe 908 oy g0
- ||E(t) o A||1 - gl:O H,w(prevl(,t))H1

so Y4, |\w(pre"z('t>)\|1 > 2(d + 1)[Jw®||;. Our algorithm for Theorem 6.2 is then to implement the
player’s strategy in Lemma 8.3 on top of Theorem 7.1.

Correctness of QUERY() follows by definition. To bound the runtime, by Theorem 7.1 we
can take the constants d = log'/®m, k = exp(O(log”/®m)), 7, = exp(—O(log™® mloglogm)),
C, = exp(0(10g7/8 mloglogm)), T = (m+ Q) exp(0(10g7/8 mloglogm)). Thus by Lemma 8.3 the
total runtime to execute the player’s algorithm is (m+ Q) exp(O(log”™/® mloglogm)) as desired. [J

9 Computing the Min-Cost Flow via Min-Ratio Cycles

In this section we given the full pseudocode for proving Theorem 1.1, modulo getting an initial
point and final point, which are explained in Lemmas 4.11 and 4.12.

We explain the implementation in procedure MINCOSTFLOW given in Algorithm 7. The al-
gorithm maintains approximate lengths £ and gradients g(*), updating them when the dynamic
tree data structures D) report that some edge has accumulated many changes. It updates these
lengths and gradients, and passes the result to a data structure DSFC) which dynamically main-
tains the trees 717, ...,Ts and a min-ratio cycle on them under hidden stable-flow chasing updates.
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Algorithm 7: MINCosTFLOW(G, d, c,ut,u™, f(O F*). Takes graph G, demands d,
costs ¢, upper/lower capacities u™, ™, initial feasible flow f 0) (Lemma 4.12), and guess
of the optimal flow F™

1 global variables

[SL NGV M

© 00w =N o

10

11
12

13
14
15
16
17
18
19

20
21
22

23

24
25
26

27

28
29

30

a < 1/(10001log mU)

ki exp(—O(log™® mloglogm)) // Approximation quality in Theorem 6.2
d + O(log'/® n) // Data structure depth
DHSFC) // Hidden Stable-Flow Chasing (HSFC) data structure in
Theorem 6.2

Ty, Ty, ..., T, for s < O(logn)? // Trees maintained by data structure DHSFC)
£ < ko /(1000s). // Error tolerated within each tree.
D7) // Dynamic tree data structure for trees 7;
fioooo fo+—0€RF and £ &< £O 4 >icls) fi // Flows on trees T;
f(t) // Approximate flow at stage ¢, remembers which edges have been
updated.

FO — £0O) // Total flow at stage t, implicitly stored
74— 00 // Estimate of cost difference from optimal.

procedure MINCoSTFLOW(G, d, c,ut,u™, fO, F*)

while ¢ f® — F* > (mU)~1° do

if ¢ is a multiple of |em| then

Explicitly compute f® « f©) 4+ >icls) fis FO — 5O,

T4 ch(t) — F*. // Cost difference from optimal.

g g(F®), 20 — p(£1) // Definition 4.2

Rebuild DHSFC) and update the T;. // Because 7 may have changed by a
1+ ¢ factor.

Ul « Uie[s} D(Ti).DETECT() // Lemma 3.3
foreach ¢ e U do
Set f1) e £ = £ + Tici(F)e, £ ¢ UFO)e // Definition 4.2
L 9 20mee fr+ a(uf — FEY o —a(FfY —ug) e
/* No change to e ¢ U® y
forcach ¢ ¢ U0 do g « glt V0 iV, F10  FO°D,
DWHSFC) UppaTe(U®, g, 1), and update the T; for i € [s] // Theorem 6.2

(i, A) < DUHSFC) QuERy(), where i € [s] and

A = (u1,v1) @ Ti[vr, uz] © (uz,v2) @ - -+ @ (ug,vy) © Tj[vy, uq] for edges (u;,v;) and

1 < me, // A represented via m°! off-tree edges and paths on 7;
A < nA for n + —r2a2/(800(g), A))  // Scale A so (g, A) = —k2a?/800
fi — fi+ A using D7), Lemma 3.3 item 3 // Implicitly set f() DL A
t+t+ 1.

| return F®
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We check that the updates to £(Y), g(!) are indeed hidden stable-flow chasing in Lemma 9.2. Finally,
the DHSFC) rebuilds itself every em iterations, after which the residual cost ¢ f — F* might have
changed by a 14 ¢ factor. It terminates when ¢' f — F* < (mU) ™!, which happens within mlite()
iterations.

To analyze the progress of the algorithm, we will show that MINCosTFLOW (Algorithm 7)
satisfies the hypotheses of our main IPM result Theorem 4.3. Thus, applying Theorem 4.3 shows
that MINCOSTFLOW (Algorithm 7) computes a mincost flow to high accuracy in O(ms~2) iterations
for some xk = m~°W),

We first note that £) and g(*) are approximately correct lengths and gradients at all times.

Lemma 9.1 (Stability in MINCOSTFLOW). During a call to MINCoSTFLOW (Algorithm 7), for
FO — O 4 > icls) fi» we have ) 11 £(FWD), forr defined in line 17, r =14 ¢ fO — F*, and

|LGFD) (g = (T £ = F)/r- g(F9))]| < 1082 = ar/100.

Proof. To show £ ;1 £(f®)) it suffices to check that f « FO and F « O satisfy the
hypotheses of Lemma 4.9, precisely ||L(f®)(f® — f(t))Hoo < se. Indeed, this follows directly by
the guarantees of DETECT in Lemma 3.3 and the fact there are s trees, because if no tree returned
e, then the total error is at most se.

To show the bound on the gradient, we use Lemma 4.10. Because we have argue above that
IL(FO)=1(f® — FB)|| < se, it suffices to check that r ~1,. ¢ f() — F*. Recall that r is reset
every |em| iterations in line 17 of Algorithm 7. For the scaled circulation A in line 27, Lemma 4.8,
for g = g\ and £ = £®) in Algorithm 7, tells us

\CTA\ (t) 2
— < < <
O S lg""“ Al/(km) < o®k/(800m) < 1/(800m),
where the hypotheses of Lemma 4.8 are satisfied because of the guarantee of DUSF C).QUERY()
(Theorem 6.2), and we used the bound on |[g¥ A| from line 27 of Algorithm 7. Hence over em
iterations, ¢ f(*) — F* can change by at most a (14 1/(800m))™ < 1+ ¢ factor, as desired. [

Our next goal is to define circulations ¢® and upper bounds w(® to make g, £®) ¢® w®
as defined in MINCoSTFLOW (Algorithm 7) satisfy the hidden stable-flow chasing property. This
shows that the solutions A returned by the data structure have a good ratio.

Lemma 9.2. Let g ") U® be defined as in an execution of MINCosTFLOW (Algorithm 7).
For f* < arg mingr_q ' f, let D E f*— f and w® = 50 + €D o c®|. Then g®), €® U®
satisfy the hidden stable-flow chasing (Definition 6.1) with circulations ) and upper bounds w®.

Proof. We check each item of Definition 6.1 carefully. For the circulation condition in item 1,
note that BTe® = BT f* — BT f®) = d —d = 0 because f* and f® both route the demand d.
For the width condition in item 2, by the definition of w® = 50 + [£®) o ¢®| we trivially have
160 o M| < w® coordinate-wise.

To check that the upper bounds w(® are stable (item 3), for an edge e let ¢’ € [last{"), ] be so
that e was not updated by any U®) since stage t’. By the guarantees of DETECT we know that

D150 — £ < e,

Hence we get that

’ 7 / (”) /
w® —w)| L OO — £ <& < 17100/,
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) _ egastg’f))

Here, (i) follows because £¢ because e was not updated in any U® since stage Iastg)

and (i7) is because w'") > 50 for all . Hence ]wét)] < 1.1\w£t,)\ as desired.
To check that the lengths and widths are quasipolynomially bounded for item 4, note that

Q%hgﬂ—ﬁhﬁ—ng}ZQXﬂ“YUQZemK—O@ngUn,

by our assumption that ®(f®)) < O(m) always. Also, ]c,(f)| < O(U) for all e € E. This shows that
log eét), log w.(gt) < O(log? mU) for all e € E. The lower bound 'w,(gt) > 50 is by definition. Also, the
lower bound th) > 1/U* > 1/U? is trivial by the definition of Egt). ]

As a result, we deduce that DHSFC) gucceeds whp. This allows us to prove that MINCOSTFLOW
satisfies the hypotheses of Algorithm 7, and allows us to bound the total number of iterations.

Lemma 9.3. An execution of MINCosTFLOW (Algorithm 7) runs for O(ms2a~2) iterations.
Proof. We will define g, Z A, 7 and flows f® to show that an execution of MINCOSTFLOW (Algo-
rithm 7) satisfies the hypotheses of Theorem 4.3, which implies that MINCoSTFLOW (Algorithm 7)
terminates in O(mk~2a2) iterations.

For f® as defined in MINCOSTFLOW (Algorithm 7), note that ®(f®) < 200m log(mU) at all
times. This is because it holds at the initial point f(©) (Lemma 4.12) and the potential is decreasing.

Next we define g, £, the approximate gradients and lengths. Let g = r/(c” f® — F*) . g and
£ =2 for g £®) as defined in MINCOSTFLOW (Algorithm 7). By Lemma 9.1 we know that
£~ 1 £(f®) and

IL(FD) G — g(£FD)leo = 7/(cT £ — F¥)

LF) T gW = (T £ = F) r-g(F )]

< (14¢e)ar/100 < ar/50,

—~
=

where (i) uses the bounds on r and g() in Lemma 9.1. Thus for ¢ = f* — f® as in Lemma 9.2,

g (fr = fv)
50m + [|[L®c® |

g®T

[0 ®]]2

I/\S

= (c"f —F*)/r-

—(1-¢)a/4 < —a/8,

where (i) follows from the first item of Theorem 4.3 (Lemma 4.7) and 7 ~14. ¢' f® — F* from
Lemma 9.1. Hence, by the guarantees of DUSFC) QuERy() (Theorem 6.2) as called in line 26 of
MiNCosTFLow (Algorithm 7), we know that whp.

OTA
g
—Kka/8. (45)
[LOA[L AH1
Thus, for the scaling 7 as in MINCOSTFLOW (Algorithm 7), Theorem 4.3 (where we change « to
ark/8 for this setting) shows that the algorithm computes a high-accuracy flow in O(m/{ 2a72)
iterations. 0

The final piece is to analyze the runtime of MINCOSTFLOW (Algorithm 7) by bounding the
total size of the update batches U® as defined in line 20.

Lemma 9.4. Conszder a call to MINCosTFLOW (Algorithm 7) and let U®) be as in line 20. Then
S UD] < O(mr—2a72e71) < miteD),
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Proof. Because of the guarantee in line 27 of Algorithm 7, we know that |g()T A| = k2a?/800.
Additionally by the guarantees of DHSFC) QuERy() (Theorem 6.2) as called in line 26 of MIN-
CosTFLOW (Algorithm 7), we get that (see (45))

ILOAL < 8/(ra)lgT Al < 1.

Hence the sum of |[L®A|; over all iterations is O(ms=2a~2) by our bound on the number of

iterations in Lemma 9.3. Each time an update on edge e in U®) it contributes Q(¢) to this sum by

the guarantees of DETECT in Lemma 3.3. Hence Y2, |[U®| < O(mx—2a"271). O

Combining these pieces shows our main result Theorem 1.1 on computing min-cost flows.

Proof of Theorem 1.1. Given a min-cost flow instance, we will first use Lemmas 4.11 and 4.12
to compute the initial flow f(©. We then run MINCoSTFLOW with initial flow f(©, and use
Lemma 4.11 to round to an exact min-cost flow.

The only remaining piece to analyze is the runtime. The main component of the runtime is the
data structure DU SFC) (Theorem 6.2). The inputs g, e U to pHSFC) satisfy the hidden
stable-flow chasing property by Lemma 9.2. Hence the data structure DSFC) runs in total time
e~ (m + Q)m°™ = m!*+°() time by Theorem 6.2, because the data structure reinitializes O(e~1)
times (in line 15), and Q = 3, |U®| < m!'+t°() by Lemma 9.4.

The remaining runtime components can be handled in sm°® = m°®) time per operation by
using dynamic trees (Lemma 3.3), as there are s trees, and the fact that the cycle in line 26 of
MiINCosTFLOW (Algorithm 7) is represented by exp(O(log7/8 mloglogm)) < m°W) paths, so the
total runtime is m*t°M) as desired. O

10 General Convex Objectives

The goal of this section is to extend our algorithms to the setting of optimizing single commodity
flows for general decomposable convex objectives.

10.1 General Setup for General Convex Objectives

Formally, for a graph G = (V,E) let h : R — R U {400} be convex functions. For a flow f
let A(f) = Y.cphe(fe). Our goal is to minimize h(f) over all flows f routing a demand d, i.e.
B'f=d.

We cast this in the setting of empirical risk minimization (see [LSZ19]) by introducing new
variables y € RF and convex sets X, & {(f,y) : y < he(f)}:

min A(f) = min 1Ty = min 17y. 46
BT f=d (f) BT f=d Y BT f=d Y ( )
YyEREP .y <h(fe) for all e€cE (fe,ye)EXe for all eeE

Let F* < ming¢_g h(f). We will assume that we have access to gradients and Hessians of v-self-
concordant barriers for X, 1. : X, — R. Explicit self-concordant barriers are known for several
natural objectives he (see e.g. Chapter 9.6. of [BV04], or Section 4 of [Nes98|), and it is known
that every subset X C R™ admits an n-self-concordant barrier [Nes98; Nes04; Che21; LY21].

We now formally introduce the definition of self-concordance.
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Definition 10.1 (v-self-concordance [Nes04, Definition 4.2.2]). We say that a function ¢ : X — R
on an open set X C R™ is a self-concordant barrier if 1 is convez, 1(x) — oo as & approaches the
boundary of X, and for allx € X and v € R"

‘V%}(:ﬂ) [v,v, 'v]‘ <2 (UTVQw (x) v)3/2 .

We say that f is v-self-concordant for some v > 0 if f is self-concordant and for all x € X and
v € R™ we have
(Vi (@), 0)2 < 0TV () .

Analyzing the runtime of our algorithm requires assuming that various quantities are quasipoly-
nomially bounded such as the starting flow, demands, and convex objectives, and the underlying
self-concordant barriers.

Assumption 10.2. We make the following assumptions for our method, for a parameter K = 5(1)
1. We have access in O(1) time to gradients/Hessians of the self-concordant barriers ve(fe,ye).

2. All capacities, demands, and costs are polynomially bounded, i.c. |f.| < m® foralle, ||d| s <
m®&, and |he(z)| < O(mE + |z|%) for all x € R.

3. We shift the barriers VU(fe,ye) such that inf|¢ | |y |<pi U(fe,Ye) = 0. We can shift the barriers
because that does not affect self-concordance. This implies that .(f.) > 1 on the whole
domain.

4. There is a feasible flow £O and variables |y£0)] < m® such that m=5T < V24),( e(O)’ y(0),) =
m&T for all e, and 1.( e(o),yéo)) <K.

5. The parameters «, e, k used throughout are all less than 1/(1000v).

6. The Hessian is quasipolynomially bounded as long as the function value is 6(1) bounded, i.e.
for all points | fe|, |ye| < M with Ye(feo,ye) < O(1), we have V2e(fe, ye) < exp(log@™ m)I.

We assume everything stated above for the remainder of the section. The final assumption
in item 6 is to ensure that all lengths/gradients encountered in the algorithm are bounded by
exp(logO(l) m). This holds for all explicit O(1)-self-concordant barriers we have encountered, such
as those for entropy-regularized optimal transport, matrix scaling, and normed flows.

We make direct use of the following lemmas from [Nes04].

Lemma 10.3 ([Nes04, Theorem 4.2.4], first part). For a self concordant function f, and any x
and y in its domain, we have

(Vi(@),y—z) <v

Lemma 10.4 ([Nes04, Theorem 4.1.7], first part). For a self concordant function f, and any x
and y in its domain, we have

2 — Y11 %2 o
Vv —Vf(x),y—ax) > .
(Vfy)-Vf(z),y—=z) L+ 2 = yllve
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Lemma 10.5 ([Nes04, Theorem 4.1.6]). For a self concordant function f, and any x and y in its
domain such that

lz = yllvop@ <1
we have
1

(1= e~ yllg2sm)

Fix some « € (0, 1/10), set a path parameter ¢ and minimize the following objective

U(fy) Et-1Ty+ Y exp(ae(fe,ye) = Y (tye + explate(fe, ye)))

eeE eEFR

V2 f ()

(1=l — yllyeym) V2F (@) < 92F (3) =

over BT f = d. This is analogous to our a-power potential in Equation 9 at the start of Section 4.
Note that for a fixed flow f, we can eliminate the variables y in the following way. We should
set Ye = Ye(fe) for ye(fe) < arg min, ty + exp(atbe(fe,y)). Thus we can write

min \I’t(f y) HllIl Z tye .fe +exp(a¢€(fevy6(f6))))v

B'f=dy Blf=d %
Let C,(f.) = exp(athe(fe,y(£e))), and Co(fe) = tye(fe) + C.(f.) and define the potential
Zi(£)Z Y e fe). (47)
ecF

Our first main lemma (Lemma 10.8) will be that up to scaling, the function (. is self-concordant.
To show this, we start by studying the derivatives of the function ty.(f.) + (c(fe)-

Definition 10.6. For a function ¢ : R® — R, and a sequence (i1,ia,...,i;) € [n]*, define the
mized partials

0 0

TiqseesTipy, dxi, "'axik

.
Lemma 10.7. Let f : X — R be a convexr function on an open set X C R%. For x € R let
y(x) = argming(z,y). Let ((z) 2 p(a, y(x)). Then for v [y(lx)] ,

((z) = (VY (2,y(2)),v) = fal@,y(2)), (48)
¢"(z) = v V2 (2, y(2))v, (49)
¢"(@) = V¥(z,y(@))[v, v,v]. (50)
Y (@) = —uy(@, y(x)) /gy (2, y (). (51)

Proof. Note that 1y (x,y(x)) = 0 by the optimality of y(z). By the chain rule for total derivatives

(@) = falz,y(2)) + ¥y (@, y(@)y () = (Vi(z,y(2)), v)

which shows the first equality (48).
Taking the derivative of the first equality of (48) gives us

¢"(2) = Yaa(2,y(2)) + 20y (2, y(2))y' () + byy (2, y(2))y' (2)° + fy(2, y(2))y" (z)
= (@, y(2)) + 2y (2, y(2))y' (2) + Yy (2, y(2))y (2)° = v V(2 y(2))v,

74



where we have used that ¢, (x,y(z)) = 0. This shows (49).
Taking the derivative of (49) gives

¢"(@) = Vawa(@,y(@)) + 3taay(@,y(2))y (@) + 3ayy(,y(2))y () + vyyy (@, y(2))y ()
+ 2 (Yay (2, y(2)) + Py (2, y(2))y' () ¥ (2).

However, note that taking the derivative of the identity 1, (z,y(z)) = 0 gives us

Yay (2,9 (%)) + Py (2,y (2)) ¢ (2) = 0.
Plugging this into the above gives us
¢ (@) = G (0, Y(@)) + 3ty (@, y(@))y (2) + Btbayy (2, y(@))y' (07 + oy (2, y(2))y (2)
- V3'¢(1', y(m))['v, v, ’U]

as desired.
To show (51), recall that f,(z,y(x)) = 0. Taking a derivative of this in x gives

%y(l‘» y(l‘)) + ¢yy(l’> y(l‘))y,(.l?) = 07
which rearranges to (51) as desired. O

Now we show that the (. functions are self-concordant. Note that we do not claim that (. is
v-self-concordant, just self-concordant.

Lemma 10.8. For alle € E, a~'(./4 is a self-concordant function.
Proof. We calculate
o' (fe) = a7 'V (exp(atre(fe, ye(fe))) v, v, V]
= (Ve ferve(£2)) [0, v, ]
+ 30V (For ye(fo) [0, 0] + 0% (Ve fer e (£0)), 0)° ) Co(£e),

1
Ye(fe)

where v = [ ] . By v-self-concordance of 1., we can bound the previous expression by

@ ¢ (fe) < AV for yefo)) [0, 0] ()Y < 4l ()2,

where the last inequality follows by the formula for £(f.). Scaling by a factor of 4 completes the
proof. O

Our algorithm for solving (46) will fix a value of ¢ and reduce the value of the potential (47)
until 1Ty < F* + 50vm/t. Once this holds, we will double the value of ¢ and start a new phase.
Each phase will requires approximately m!+°(1) a2 iterations.

We now formally define the gradients and lengths. The gradient is

9(F)e = [VZi(F)le = C(fe), (52)
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and the lengths we define as
€(f)e = \Jam ¢ (fe)
- \/(UTV%/}e(fev Ye(fe))v + a{Vie(fe, ye(fe)), v)2)Ce(fe) for v = [y/ (1f€)1 ‘ (53)

Here, the equality starting line 2 follows from Lemma 10.7, (49) applied to the function (.(f.).

Define f; < arg ming+ f—a Zt(f). We now bound the optimality gap of f;. This will ultimately
show that if Z;(f;) — F™* is much larger than 4m, then we can reduce the potential by m—°M in a
single step.

Lemma 10.9 (Optimality gap). For sufficiently small o = Q(1/log max(t,2)), we have that
Zi(ff) — F* < 4m.

Proof. Recall that f(©,4(©) are the initially feasible points. Let f* be the optimal flow and Y=
he(£). We will upper bound Z;(f) for a flow f = £ + (1 — B)f* and y = By + (1 — B)y*
for a parameter 3 € [0,1] chosen later. Define Q = h(f(©)) — F*, the optimality gap of the original
flow. By our assumptions, we know that log@ = O(1). We set 8 = min(1,m/(tQ)). For s € [0,1]

1et f(s) déf f(o) + S(f* _j(o)) and y(s) déf y(o) _|_ S(y* — y(o))
Define the function ¥, (s) < ¢e(fe(s), yes)), which is v-self-concordant as it is the restriction of
. onto a line. By self-concordance, . (s) > 1. (s)/(21/¥.(s)), so integrating both sides gives

T )~ T0) = B - 5) — E o).
By v-self-concordance and [Nes04, Theorem 4.2.4] (Lemma 10.3), we know 6@2(1 —B) < v, and
¥, (0) > —\/vi. (0). Rearranging this gives us

Do(1— B) < 20/v0,(0) +v/B. (54)

We use this to bound ¥, (fe, ye) = ¥, (1 — 3). We can assume that 1, (0) > 0 because 1, (s) is an
increasing function, so we might as well start our integration at the minimizer on the line.
Now, by rearranging the v-self-concordance condition we get

—!
Tiis) < )y
Pe(s) +1
Integrating both sides gives us
Gl -5 +1

we(l—ﬁ)—we(())gylog< >+1§V10g< V¢Z(1—ﬁ)+1>+1.

Po(0) + 1

Recall by our assumption that ), (0) = 4/ féo), yéo)) <K :~6(1). Additionally by (54) the RHS of
the above expression is also bounded by O(1)+log(v/3) < O(1)+max(0, O(logt)) because log Q =
O(1). Thus, we get that ¢.(1—8) = O(1)+max(0,O(logt)), and in turn for « = Q(1/log max(t, 2)),

Zy(f) <t-1Ty+ " explatbe(fe, ye)) < tBQ + 2m < 4m.
ecl
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Using this, we will bound the quality of the solution f;" — f, i.e. how negative its gradient is
compared to its total length.

Lemma 10.10. Let o be set as in Lemma 10.9. If 1T y(f)—F* > 10m/t and |L(F)"H(G—9(F) e <
e for e < /100 then

9" (ff = ) < —a/4- LAY~ Hllr —m/4.

Proof. We first handle the case where «|L(f)(f; — f)|l1 < 10m. In this case, by the convexity of
Zi(f), we get

g (ff = 1) S Zuf7) — Zi(f) = (Zu(ff) = F*) — (Zu(f) — F)

which upon applying Lemma 10.9 to the first term, and the assumption of 1Ty(f) — F* > 10m/t
to the second gives
<4dm —t-10m/t < —6m.

Thus, we get

g() (fF = H) <g() " (ff = )+ ILEF) @G~ g(F)lllLEF — Dl
< —6m+e-10m/a < =5m < —a/4-[[L(F)(f = F)llL —m/4.

Now, we handle the case where o||L(f)(ff — f)|l1 > 10m. Consider the function

66(.1:6) = a_ICe(.fe)/4a

which by Lemma 10.8 is self-concordant. Invoking [Nes04, Theorem 4.1.7] (Lemma 10.4) on this
function, we get for all e,

ZE(fE)”Hft*]E — f€‘2
L4/ (£ — £l

>\ C(F) e — Fol = 1.

(CUFe) = CUENFe — fo)

v

Rearranging the above equation gives us

G~ £ < 40 (CARINNe ~ £~ VEENE) ~ £l +1)
= 404@([]‘?]6)([]0:]6 — fe) —a/2-L(f)|[f/]e — fe| + 4av.

By the optimality of f; we know that g(f;) = Bz for some z, so the first term is 0 because the
difference f;" — f is a circulation. Hence

g(f)T(ff = fo) < —a/2 - |[L(F)(FF = £l + dam.

which upon incorporating errors from the approximate gradient gives

9" (ff = ) < —a/2-[ILH(SF = Pl +dam + L) = HIWNEGF)G = 9())lo
< (=a/248) - LA = Pl +dam < —a/4-|[LH)(F = Pl —m/4

as long as a||L(f)(ff — f)|l1 > 10m, for the choice of a. O

We move towards analyzing how a step A decreases the potential Z;. We start by showing that
the gradients and lengths are stable in a Hessian ball.
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Lemma 10.11 (Stability bounds). For a flow f and vector f € RE satisfying |L(f)(f—Fllo < €
for e < 1/1000, then £(f) ~115: £(f), [L(F)~ (g(f) — g(F))l <e.

Proof. The stability of lengths follows from self-concordance of a~'¢./4 shown in Lemma 10.8, plus
the Hessian stability of such functions shown in [Nes98, Theorem 4.1.6] (Lemma 10.5). To analyze

gradient stability, let ¢(s) < ¢/(£*)). Now

[6() = [Fo = Fel¢Z (FO) = al o — Fel(£)? < 200(F0)%(F, — fel < 202Le(F).
Hence |[£.(f)~1(#(1) — ¢(0))| < 2ae < ¢ as desired. O
We can use Lemma 10.11 to show that a good quality circlation A decreases the potential Z;.

Lemma 10.12. Let L ~5 L(f) and |[L(f) (g — g(f))||lsc < € for € < /100. If circulation A

satisfies §' A/|LA||1 < —k, then for n > 0 chosen so that ng' A = —k2/50 satisfies
Zi(f +1A) < Zi(f) — #2/100.
Proof. Let A = nA. Define f(*) = f 4+ sA, and ¢(s) = Z;(f®)). By Taylor’s theorem, we know

Zo(f +nA) — Zi(f) = ¢(1) — (0) < ¢'(0) + max ¢"(s)%/2
Cog(F)TA+ R V2 (A
<ng'A+(g(f) —9) A+ a|L(HA|3
< —r*/50+ IL(F) " Hg(f) — @)l ILHANL + |LHA|3
< —k?/50 + ek /50 + (k/50) < —k2/100,

where (i) follows from length stability in Lemma 10.11. O

We can now state and show our main result on optimizing flows under general convex objectives.

Theorem 10.13 (General convex flows). Let G be a graph with m edges, and let d be a demand.
Given convez functions he : R — R U {400} and v-self-concordant barriers v¥e(f,y) on the domain
{(f,y) : y < he(f)} satisfying the guarantees of Assumption 10.2, there is an algorithm that runs
in m*t°M) time and outputs a flow f with BT f = d and for any fized constant C > 0,

h(f) < jmin A(f") +exp(- log® m).

Proof. Initialize t = m~°®M), and set o = Q(1) as in Lemma 10.9. For this fixed value of ¢ run
the analogue of Algorithm 7, and we repeat the same analysis as in Section 9. We will store the
approximate values of f,y(f). Every Q(m) iterations, we recompute f,y(f) exactly and check
whether 1Ty(f) — F* < 20m/t. If so, we double ¢ and proceed to the next phase. We stop when

t =mOPW | so there are at most O(1) phases.

By Lemmas 10.10 and 10.12, the value of Z; decreases by x 202 = m~°M per iteration.
When ¢ doubles, because we know that 17y(f) — F* < 20m/t by the stopping condition, Zo;(f) <
20m + Z;(f), i.e. the potential increases by at most 20m. Hence over all O(1) phases, the total
potential increase is 5(m) So the algorithm runs in at most m!'+°() iterations. The number of
gradient /length changes is bounded by m!t°(1) if they are updated lazily by Lemma 10.11.
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Because Z;(f) < O(m) always, by the choice of o we know that the(fe,y.) < O(1) at all
times. Thus, by item 6 of Assumption 10.2, all lengths are quasipolynomially bounded during the

algorithm. Additionally, Lemma 10.10 and an identical analysis to Lemma 9.2 for ¢ o fi —fand

w = 50+ ||£(f) oc||; shows that the updates to g, £ satisfy the hidden stable-flow chasing property
(Definition 6.1). Hence our min-ratio cycle data structure Theorem 6.2 succeeds whp. in total time

mito) as desired. O

10.2 Applications: p-Norms, Entropy-Regularized Optimal Transport, and Ma-
trix Scaling

Using our main result Theorem 10.13 we can give algorithms for the problems of normed flows, iso-
tonic regression, entropy-regularized optimal transport, and matrix scaling. We start by discussing
p-norm flows. In this case, we allow the convex functions on our edges to be the sum of arbitrarily
weighted power functions where the power is at most 5(1)

Theorem 10.14. Consider a graph G = (V,E) and demand d whose entries are bounded by
exp(logo(l) m), and convex functions he which are the sum of 6(1) p-norm terms, i.e. he(x) =
S wilzlPi for ce < O(1) and p; < O(1), and w; € [0,exp(log® V) m)] for all i € [c.]. Let
h(f) o Y ecr he(fe). Then in m* ) time we can compute a flow f satisfying BT f = d and for
any constant C' > 0 .
h(f) < Bg}{p:dh(f ) + exp(—log™ m).

Proof. By splitting up an edge e into ¢, edges in a path we can assume that each h.(x) = w|x|P
for some p < O(1). It is known that the function ¢ (xz,y) & —2logy — log(y?/? — 22) is 4-self-
concordant for the region {(z,y) : y > |z|P} [Nem04, Example 9.2.1]. For this barrier, all items in
Assumption 10.2 hold by observation, except those involving V2% (z, y) which we now calculate.

4 42 __day?/r?

2 — | Wr—a?)? g2 r—g2 p(y*/P—a?)?
\Y% T/J(«Tvy) = _ dmy2/ed 2 n Ayyt/p—2 (2p—4)y2/P—2
p(y?/P—a?)? v: PP r—a?)? T pA(yPlr—a?)

Clearly, if —logy, —log(y*/? — 2?) < 6(1), and |y|, |z|] < m5(1), then all terms of V2(x,y) are
bounded by exp(logo(l) m) as desired, which verifies item 6 of Assumption 10.2. Thus all assump-
tions are satisfied, so the result follows by Theorem 10.13. O

The same barriers allow us to solve the problem of ¢, isotonic regression [KRS15]. Given a
directed acyclic graph G = (V, E) and a vector y € RV, the £, isotonic regression problems asks to
return a vector « that satisfies «,, < @, for all directed arcs (u,v) € E, and minimizes |W(x—y)||,
for a weight vector W > 0. Linear algebraically, this is min gy g5 ||W(x —y)|p,. We show that
the dual of this problem is a flow problem. Let ¢ be the dual norm of p. Then

min _[|[W(z —y)|, = min max 2z 'W(z—-y)— f Bz
z€RV Bx>0 z€RY £>0|2]4<1

= max minz W(z-y)-f Bz
£20,||zllq<12€RY

= max —fT(By).
£>0,|W-1BT f[|,<1

Let ¢ = By. By rescaling, the objective becomes computing

minc' f + HW_IBTng.
F20
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Given a high-accuracy solution to this objective, we can extract the desired original potentials x
by taking a gradient of the objective. To turn this objective into the ¢g-norm of a flow, add a few
vertex v* to the graph G, and an undirected edge between (v,v*) for all v € V. Assign this edge
the convex function w,|z|?, and for every other original edge e € E, assign it the convex function
cefe, and restrict f > 0 (eg. using a logarithmic barrier). Finally, force f to to have 0 demand
on the graph G with the extra vertex v*. This is now a clearly equivalent flow problem. As we
have already described the self-concordant barriers for linear objectives, f. > 0, and g-norms in
the proof of Theorem 10.14, we get:

Theorem 10.15. Given a directed acyclic graph G, vector y € RV, and p € [1, 00], we can compute
in m e time vertex potentials & with Bx > 0 and for any constant C > 0
_ < 3 * -1 C ]
|z —yll, < gning 2" — yllp + exp(—log™ m)

Next we discuss the pair of problems of entropy-regularized optimal transport/min-cost flow
and matrix scaling, which are duals. The former problem is

ITnin cefe + felog fe.
B f=d ecE
The matrix scaling problem asks to given a matrix A € Rgé" with non-negative entries to compute
positive diagonal matrices X,Y so that XAY is doubly stochastic, i.e. all row and column sums

are exactly 1. By [CMTV17, Theorem 4.6], it suffices to minimize the objective

Yo Ajexp(mi—y;)— D> wi— Y yi
; i=1

(4,9):A45 70 i=1

to high accuracy. Consider turning the pair (4, j) with A;; # 0 into an edge e = (4, j+n) in a graph

G with 2n vertices with weight w, © A;j. Let z = B] be the concatenation of the x,y vectors.

Then the above problem becomes Y- c () We exp(zi — 25) — S221, 2;. The optimality conditions

for this objective are BT Wexp(Bz) = d, where d is +1 on the vertices {1,...,n} and —1 on
{n+1,...,2n}. Rearranging this gives us B'f = d for f = Wexp(Bz), or Bz = log(W~1f).
This is the exact optimality condition for the flow problem

i _1_1 e e+ 61 e)s
phin deeE( ogwe) fe + felog(fe)

which is exactly entropy-regularized optimal transport for c, = (=1 — logw,). If the entries of
A are polynomially lower and upper bounded, then given an (almost) optimal flow f, we know
by KKT conditions that f = W exp(Bz) for some dual variable z which we can then efficiently
recover. So it suffices to give high-accuracy algorithms for the entropy regularized OT problem.

Theorem 10.16. Given a graph G = (V, E), demands d, costs c € RY, and weights w, € R>o, all
bounded by exp(logo(l) m), let h(f) e Y ecr Cefe T wefelog fo. Then in mtoM) time we can find
a flow f with BT f = d and for any constant C > 0

A(f) < jmin A(f") +exp(- log® m).
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Proof. By splitting the edge e into two edges, we can handle the terms c. f. and w, f log f. sepa-
rately. For the ¢, f. term, we can handle it using the self-concordant barrier ¢ (x, y) e log(y—cex).
For the term w, flog f., we use the 2-self-concordant barrier ¥ (zx,y) < _logz — log(y — zlog x)
[Nem04, Example 9.2.4]. As in the proof of Theorem 10.14, all items of Assumption 10.2 hold
directly, except that we must compute V2 (x,y).

14 (1+log x)* + 1 __1+4logz
2 _ | x2 —zlog x)2 z(y—zlogx —xlog )2
V3(z,y) = (v i glJ)rlogx (y g ) (y ] )
(y—zlogx)? (y—zlog)?

Indeed, if —logxz, —log(y — zlogx) < 6(1), and |z, ly| < exp(logO(l) m), then all terms in the
Hessian are quasipolynomially bounded. This verifies item 6 of Assumption 10.2, so the result
follows by Theorem 10.13. O

Corollary 10.17 (Matrix scaling). Given a matric A € RZS"™ whose nonzero entries are in

[n=CW nOW) we can find in time nnz(A)+°N) positive diagonal matrices X, Y such that all

row and column sums of XAY are within exp(— log® n) of 1 for any constant C' > 0.
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A  Previous Works

We give a brief overview of the many approaches toward the max-flow and min-cost flow problems.
A more detailed description of many of these approaches, and more, can be found the CACM article
by Goldberg and Tarjan [GT14]. As there is a vast literature on flow algorithms, this list is by no
means complete: we plan to update this section in subsequent works, and would greatly appreciate
any pointers.

A.1 Maximum Flow

The max-flow problem, and its dual, the min-cut problem were first studied by Dantzig [Dan51],
who gave an O(mn?U) time algorithm. Ford and Fulkerson introduced the notion of residual graphs

90


https://arxiv.org/abs/0809.3232
https://arxiv.org/abs/0809.3232
https://arxiv.org/abs/0808.4134
https://arxiv.org/abs/cs/0607105
https://arxiv.org/abs/cs/0607105
https://arxiv.org/abs/1812.08958
https://arxiv.org/abs/1812.08958
https://arxiv.org/abs/2112.01042
https://arxiv.org/abs/2112.01042

and augmenting paths, and showed the convergence of the successive augmentation algorithm via
the max-flow min-cut theorem [FF54].

Proving faster convergence of flow augmentations has received much attention since the 1970s
due to weighted network flow being a special case of linear programs. Works by Edmonds-
Karp [EK72] and Karzanov [Kar73] gave weakly, as well as strongly polynomial time algorithms
for finding maximum flows on capacitated graphs.

Partly due to the connection with linear programming, the strongly polynomial case, as well as
its generalizations to min-cost flows and lossy generalized flows, subsequently received significantly
more attention.

To date, there have been three main approaches for solving max-flow in the strongly-polynomial
setting:

1. Augmenting paths [EK72; Kar73; Din70; Din73; GG88; BK04].
2. Push-relabel [GT88b; Gol08; GHKKTW15; OG21].
3. Pseudo-flows [Hoc08; CH09; FHM10].

These flow algorithms in turn motivated the study of dynamic tree data structures [GN80],
which allows for the quick identification of bottleneck edges in dynamically changing trees. Suitably
applying these dynamic trees gives a max-flow algorithm in the strongly-polynomial setting with
runtime 6(nm), which is within polylog factors of the flow decomposition barrier. This barrier
lower bounds the combinatorial complexity of representing the final flow as a collection of paths.

Obtaining faster algorithms hinge strongly upon handling paths using data structures and
measuring progress more numerically [EK72; Gab85; GR98; DS08]. Such views date back to the
Edmonds-Karp [EKT72] weakly polynomial algorithm based on finding bottleneck shortest paths
which takes O(m2logU) time. Karzanov [Kar73] and independently Even-Tarjan [ET75] further
showed that in unit capacity graphs, maximum flow can be solved in time O(m min(y/m,n?/3)) by
combining a fast bottleneck finding approach with a dual-based convergence argument. A related
algorithm by Hopcroft-Karp [HK73] showed that maximum bipartite matching can be solved in
O(m+/n) time.

Our algorithm in some sense can be viewed as implementing a data structure that identifies
approximate bottlenecks in n°) time per update, except we use a much more complicated def-
inition of ‘bottleneck’ motivated by interior point methods. Subquadratic running times using
numerical methods started with the study of scaling algorithms for weighted matchings [Gab85]
and negative length shortest paths/negative cycle detection [Gol95]. In these directions, Goldberg
and Rao [GR98] used binary blocking flows to obtain a runtime of O(m min(y/m,n*3logU) for
max-flow.

More systematic studies of numerical approaches to network flows took place via the Lapla-
cian paradigm [ST04]. Daitch and Spielman [DS08] made the critical observation that when inte-
rior point methods are applied to single commodity flow problems, the linear systems that arise
are graph Laplacians, which can be solved in nearly-linear time [ST04]. This immediately im-
plied 5(m1‘5 log U) time algorithms for min-cost flow problems with integral costs/capacities, and
provided the foundations for further improvements. Christiano, Kelner, Madry, Spielman, and
Teng then gave the first exponent beyond 1.5 for max-flow: an algorithm that computes (1 + ¢)-
approximate max-flows in undirected graphs in time O(mn'/3¢=8/3) [CKMST11]. This motivated
substantial progress on numerically driven flow algorithms, which broadly fall into two categories:

e Obtaining faster approximation algorithms for max-flow and its multi-commodity general-
izations in undirected graphs through first-order methods [KMP12; Shel3; KLOS14; Penl6;
Shel7], leading to a runtime of O(me~!) for (1 + ¢)-approximate max-flow.
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e Reducing the iteration complexity of high accuracy methods such as interior point methods:
from m!/2 to n'/2, or m'/3+°() for unit capacity max-flow [CKMST11; Mad13; LS19; Mad16;
LS19; KLS20).

Over the past two years, further progress took place via data structured tailored to electrical
flows arising in interior point methods. These led to near-optimal runtimes for max-flow and min-
cost flow on dense graphs [BLNPSSSW20; BLLSSSW21] as well as improvements over m!- in
sparse capacitated settings [GLP21; BGJLLPS21]. Our approach broadly falls into this category,
except we use dynamic tree-like data structures as the starting point as opposed to electrical flow
data structures, and modify our interior point methods towards them. Notably, we use interior
point methods based on undirected min-ratio cycles instead of electrical flows. Hence, our methods
use Q(m) iterations instead of m'/2 or n'/? which is common to all algorithms subsequent to [DS08].

A.2 Minimum-Cost Flows

Work on the minimum cost flow problem can be traced back to the Hungarian algorithm for the
assignment problem [Kuh12]. This problem is a special case of minimum cost flow on bipartite
graphs with unit capacity edges. When generalized to graphs with arbitrary integer capcities, the
algorithm runs in O((n+ F)m) time where F is the total units of flow sent. Algorithms with similar
running time guarantees include many variants of network simplex [AGOT92], and the out-of-kilter
algorithm [Ful61].

Strongly polynomial time algorithms for min-cost flows have been extensively studied [Tar85;
GT88a; OPT93; Orl93; Orl96], with the fastest runtime also about 6(nm) Many these algorithms
are also based on augmenting minimum mean cycles, which are closely related to our undirected
minimum-ratio cycles. However, the admissible cycles in these algorithms are directed, and their
analysis are with obtaining strongly polynomial time as goal.

The assignment problem has been a focal point for studying scaling algorithms that obtain high
accuracy solutions numerically [GT87; GT89b; DPS18]. This is partly due to the negative-length
shortest path problem also reducing to it [Gab85; Gol95]. These scaling algorithms obtain runtimes
of the form of 5(m1'5 log U), but also extend to matching problems on non-bipartite graphs [Gab85;
DPS18]. However, to date scaling arguments tend to work on only one of capacities or costs (similar
to the reductions in Appendix C), and all previous runtimes beyond the ©(nm) flow decomposition
barrier for computing minimum-cost flows have been via interior point methods [DS08; LS19;
BLLSSSW21; AMV21; BGJLLPS21].

B Omitted Proofs

B.1 Proof of Lemma 4.12

Proof. The graph G will have one more vertex than G, denoted by v*. Additionally, we will add a
directed edge between v* and v for all v € V(G), where the direction will be decided later. Thus,
G will have at most m + n edges.

Initially define fe(init) = (u; +ul)/2foralle € E(G). However, " will not route the
demand d, and we denote the demand it routes by d BT Fnit) - Now, we will describe how to
generate the edge between v* and v. If d, = d,, then we do not add any edge between v and v*. If
d, > d,, then add an edge e, = (v — v*) with upper capacity 2(d, — d,,) (and lower capacity 0),

init)

and set fe( =d, —d,. If d, < d, then add an edge e, = (v* — v) of upper capacity 2(d, — d,)

v
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init)

(and lower capacity 0), and set fe(v = d, —d,. Finally, set dy» = 0 and d, = d,, for all v € V(Q),
and €., = 4mU? for the new edges e,, and ¢, = ¢ for all e € E(G).

It is direct to check that all capacities of edges in G are integral and bounded by 2mU, and
costs are bounded by 4mU?. It suffices then to prove that if G supports a feasible flow, then the
optimal flow in G must put 0 units on any of the e, edges. Indeed, note that the e, edges only can
contribute nonnegative cost as fe, > 0 by definition, and if any of them supports one unit of flow
(i.e. fev > 1), then that contributes 4mU? to the cost. The maximum possible cost of edges e € E
is bounded by mU?, as there are m edges of capacity at most U, each with cost at most U, and
the minimum is at least —mU?. Hence if G supports a feasible flow, fev = 0 for all the e, edges.

We conclude by bounding ®( f(init)). Note that fe are all half-integral, and fe <mU for all e €
E(é) Also, F* > —mU? by the above discussion, and because all costs are bounded by 4mU?,
¢ fmit) < 9y . 4mU? - mU = 8m>U3. Thus

oy (@)
(Y < 20m log(8m3U> + mU?) + Z ((1/2)7* +(1/2)™*) < 200mlog mU,
eclE

where (i) used the above bounds and that u} — féinit), fe(imt) —u_ are all half-integral. O

B.2 Proof of Theorem 5.11

The goal of this section is to show Theorem 5.11. To obtain our result, we require the following
result from [SW19].

Theorem B.1 (see [SW19, Theorem 1.2]). Given an unweighted, undirected m-edge graph G,
there is an algorithm that finds a partition of V(G) into sets Vi, Va,..., Vi such that for each
1 <j <k, GIV;] is a v-expander for ¢p = Q(1/log®(m)) and there are at most m/4 edges that
are not contained in one of the expander graphs. The algorithm runs in time O(mlog’(m)) and
succeeds with probability at least 1 —n~C for any constant C fized before the start of the algorithm.

We run Algorithm 8 (given below) to obtain the graphs G; as desired in Theorem 5.11.

Algorithm 8: DECOMPOSE(G)

1 04+ [logy Apaz(G)] +1;Ge =G

2 fori=/¢,¢—-1,...,1do

3 Let GZO denote the graph G; after adding 2 self-loops to each vertex.

4 Compute an expander decomposition Vg, Vi, ..., Vi of G? as described in Theorem B.1.

5 Gi-1 < (Uogjgk Ee,(V;,V\ VJ))
6 Gi +— Gi\ Gi1.

Claim B.2. For each i, the graph G; has at initialization in Line 1 or Line 5 at most 2'n edges.

Proof. We prove by induction on i. For the base case, i = ¢, observe that 2¢ > A,,4,(G) and since
Gy is a subgraph of G, we have |E(Gy)| < 2‘n.

For ¢ — ¢ — 1, we observe that G; is unchanged since its initialization until at least after G;_1
was defined in Line 5. Thus, using the induction hypothesis and the fact above, we can conclude
that GzO (defined in Line 3) consists of at most 2'n edges from G; plus 2'n edges from all self-loops.
But by Theorem B.1, this implies that |Uy<j<i Ec,(V;, V \ Vj)| = [Uo<j<k EG?(VJ"V \ V)| <

2it1n /4 = 27=1n and since this is exactly the edge set of G;_1, the claim follows. O
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Proof of Theorem 5.11. Using Claim B.2 and the insight that each graph Gj, after initialization,
can only have edges deleted from it, we conclude that |E(G;)| < 2in for each i.

For the minimum degree property of each G; with ¢ > 0, we observe by Theorem B.1, that for
GY and vertex v in expander Vj, degg. (v) = [Eg, (v, V; \ {v})| = |EGS> (v, V; \ {v})| > v2. O

B.3 Proof of Lemma 6.5

We show Lemma 6.5 using the following steps. First, we assume for the majority of the section
that the weights v = 1, i.e. the all ones vector. We explain later a standard reduction to this
case. Given a low stretch tree T on a graph with lengths £, and a target set of roots R, we explain
how to find a forest F' (depending on R) that has low total stretch (Definition 6.4). This involves
defining a notion of congestion on edges e € F(T'). Then we explain how to handle dynamic edge
insertions and deletions by adding new roots to the tree, and decrementally maintain the forest.
The trickiest part is to explain how to add roots so that we can return valid stretch overestimates.
At a high level, this is done by computing a heavy-light decomposition of 7', and using it to inform
our root insertions.

It is useful to maintain the invariant that our set of roots is branch-free at all times, i.e. that the
lowest common ancestor (LCA) of any two roots 71,72 € R is also in R. This is necessary to make
it easier to construct the forest F' given R. Intuitively, forcing our set of roots to be branch-free is
not a big restriction, as any set of roots can be made branch free by at most doubling its size.

Definition B.3 (Branch-free sets). For a rooted tree T on vertices V', we say that a set R C 'V is
branch-free if the LCA of any vertices r1,r9 € R is also in R.

Given a branch-free set of roots R, we build a forest F' in the following way. We start with some
total ordering/permutation 7 on the tree edges E(T), and for any two “adjacent” roots ri,73 € R,
we delete the smallest edge with respect to w from 1. Here, adjacent means that no root is on
the path between r1,79. It is crucial in this construction that R is branch-free, so that there are
exactly |R| — 1 adjacent pairs of roots.

Definition B.4 (Forest given roots). Given a rooted tree T, a branch-free set of roots R CV, and
a total ordering m on E(T), define Fr(R,m) as the forest obtained by removing the smallest tree
edge with respect to ™ from every path between adjacent roots in T.

It is direct to verify that Fr(R, 7) has exactly |R| connected components, each of which contains
a unique vertex in R. We now explain how to construct 7. 7 sorts the edges by their congestions.

Definition B.5 (Congestion). Given a graph G = (V,E) with lengths £, tree T we define the
congestions of edges e € E(T) as

cong* & Z 1/

e'=(u,w)eE(Q)
s.t. e€T[u,v]

We show that if 7 is ordered by increasing congestions, then F' = Fp(R, 7) has low total stretch.

Lemma B.6 (Valid 7). For a graph G = (V, E) with lengths £, a rooted tree T, and a branch-free
set of roots R, let 7 be a total ordering on E(T) sorted by increasing congl* (Definition B.5). Then
for F = Pp(R,7), we have 3, cpstrf* <23 pstrlt.
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Proof. Let E be the set of edges deleted from E(T) to get Fr(R,m). For an edge e € E on a path
between adjacent roots r1(e),r2(e) € R, define L. = (€, |p(T[r1(e),r2(e)])|) as the length of the
path between r1(e), r2(e) in T. First note by Definition 6.4 that for an edge ¢’ = (u,v) € E(G)

Fe T
str,,” <str,” + Z L./8.. (55)
eGEﬁT[u,U]

Thus, we can bound

Z strg’l (ZS) Z StrZ:’Z + Z Z Le/ge’

e'€E(Q) e'€E(GQ) e/'=(u,v)EE(G) eEEﬂT[u,v]

= Z strg’e + Z Lecongl# = Z strg’e + Z Z EfcongZ’z
¢'€E(G) ecE ¢'cE(G) ce B FETIr1(e),r2(e)]

D) (i)

< Z strg’l + Z Z Kfcong?’e < Z strg’e + Z ﬁecongZ’l
e'€E(G) ccB FETIr(e),ra(e)] ¢'€E(G) e€E(T)

=2 Z strz,’e.

e'€E(G)

Here (i) follows from (55), (ii) follows from the fact that 7 is sorted by increasing congl*¢ so
conglt < cong?’e for all f € T[ri(e),ra2(e)], and (iii) follows as T'[r1(e), r2(e)] are disjoint paths. [

To handle item 4 of Lemma 6.5, we initialize the set of roots R to have size O(m/k) to already
satisfy item 4. This set of roots R exists by a standard decomposition result due to [ST04].

Lemma B.7 (Tree Decomposition, [ST03; ST04]). There is a deterministic linear-time algorithm
that on a graph G = (V, E) with weights w € Rgo, a rooted spanning tree T, and a reduction
parameter k, outputs a decomposition W of T into edge-disjoint sub-trees such that:

1. (W] =0(m/k).

2. RZow C V', defined as the subset of vertices appear in multiple components, is branch-free.

3. For every component C CV of W, the total weight of edges adjacent to non-boundary vertices
of C is at most O(||w||, - k/m), i.e. 3¢.cnogaw We <40 - [lwl[; - k/m.

Item 4 of Lemma 6.5 then follows from Lemma B.7 by taking w. =1 for all e € E.

We now explain how to add roots to R under insertions and deletions of edges e = (u, v). While
a naive approach is to add both u,v to the set R, i.e. R+ RU {u,v} (and then add more roots
to make it branch free), this does not work because strgl might fluctuate significantly, and not be
globally upper bounded as we want. To fix this, we introduce a more complex procedure that adds
6(1) additional roots to R to control the number of potential roots that an edge e is assigned too.

Formally, we will construct an auxiliary tree with the same root and vertex set as 1. This tree
is constructed via a heavy-light decomposition on 7. Then we replace each heavy chain with a
balanced binary tree. Thus, this auxiliary tree has height O(log2 n). When a vertex u is added to
R, we walk up the tree induced by the heavy-light decomposition and add all the ancestors of wu.
Thus, at most O(log? n) additional vertices will be added to R, but each edge will only be assigned
to O(log?n) distinct roots.

We introduce one additional piece of notation. Given a rooted tree Ty (the tree defined by the
heavy-light decomposition on 7') and vertex u, define u'TH as the set of its ancestors in Ty plus
itself. We extend the notation to any subset of vertices by defining R'7# = (J,,cpu'#.
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Lemma B.8 (Heavy-Light Decomposition of Trees, [ST83]). There is a linear-time algorithm that
given a rooted tree T with n vertices outputs a collection of vertex disjoint tree paths {Pi,..., P}
(called heavy chains), such that the following hold for every vertex w:

1. There is exactly one heavy chain P; containing u.
2. If P; is the heavy chain containing u, at most one child of u is in P;.
3. There are at most O(logn) heavy chains that intersect with u'”.
In addition, edges that are not covered by any heavy chain are called light edges.

Lemma B.9. There is a linear-time algorithm that given a tree T rooted at r with n vertices
outputs a rooted tree Ty supported on the same vertex set such that

1. The height of Ty is O(log?n).
2. For any subset of vertices R in T, R'H is branch-free in T.

3. Given any total ordering on tree edges m and nonempty vertex subset R C V(T), rootl’ € oTH
for every vertex u where F = Fp(R™# 1),

4. Given any total ordering on tree edges m and nonempty vertex subsets Ri, Ro C V(T),
rootlt = rootf? if RTTH Nut?e = R;TH N ul™ where F; = FT(RZTTH,W),Z' = 1,2. That
is, the root of u in any rooted spanning forest of the form Fr(R'H 1) is determined by the
intersection of u’s ancestors and forest roots.

Proof. We first present the construction of the rooted tree TrH. We root Ty at the root r of T
and compute its heavy-light decomposition in linear-time via Lemma B.8. Let {Py,..., P} be the
resulting decomposition. For every path P;, we build a balanced binary search tree (BST) T; over
its vertices, V' (P;), with respect to their depth in 7. The depth of a vertex in T is defined as the
distance to the root r. In addition, we make the vertex with minimum depth the root of the BST
T;. Ty is then obtained from T by replacing every path P; by BST T;.

To show condition 1, observe that the path Ty [u,r] consists of O(logn) node-to-root paths in
some balanced BSTs and O(logn) light edges. Each node-to-root path in some balanced BST has
length at most O(logn). Therefore, the Ty[u, r]-path has length at most O(log?n).

Next, we prove condition 2. For any two vertices v and v in RT7#  let w be their lowest common
ancestor in 7. Let P, be the heavy chain containing w. Thus, for at least one of T'[u, r] and T[v, 7],
w must be the first vertex of P, that appears on that path or else w has two distinct children that
belong to P,. Then, w appears in either Ty [u,r] or Ty[v,r] as well and thus is included in R™#.

We prove Condition 3 by induction on the depth of u in T}, i.e. the size of w!T# . If |u!TH| = 1,
w is the root of Ty and R'"H contains u for any nonempty R. Thus, rootff is u itself. Next, we
consider the case where |u!7#| = k + 1. Let v be the first vertex in R'"# on the path Ty [u,r]. Let
P be the heavy chain containing v and b be the first vertex in P on the path Tr[u,r].

If P does not contain u, let a be the vertex before b on the path T [u, r]. The sequence u, a,b, v
shows up in the same order as in the path T[u,r]. Since R'H does not contain a, R does not
contain any vertex in the subtree of Ty rooted at a as well as the subtree of T rooted at a. Thus, u, a,
and b are connected in the forest Fr(R' ¥ 1) and share the same root. The size of bT7# is less than
the size of u# and we can apply induction hypothesis to argue that root! = rootbF e b C M,

If P contains u, we will show that w is connected to some other vertex w € P N u!’H# in
the rooted forest Frr(R'TH ). Let C be the set of vertices in P connected to u. Observe that C
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forms a contiguous subpath of P and contains one root from R'7#. Recall that the subtree in Tg
corresponding to P is a balanced binary search tree keyed by depth in 7. Let B be such binary
search tree. It is known that given a binary search tree and a range on keys, the set of nodes in the
tree within the range is closed under taking lowest common ancestor. Let w be the lowest common
ancestor of all vertices in C' in the BST B. w must be an element of R'7# and therefore root? = w.
This concludes the proof of Condition 3.

To prove Condition 4, it suffices to argue the case where Ry = R; U {r} and RITH contains
every ancestor of 7. Specifically, we prove that root!? = root for every vertex u which does not
have r as its ancestor. Let C be the component of F; in which r lives and w be the root of C.
Adding r as a new root removes some edge between r and w and divides C' into two components
C1 and (. Suppose that r € C and w € (5. Condition 3 says that r is ancestor w.r.t. T to every
vertex in Ch. However, only vertices in C; have their root changed. This concludes the proof of
Condition 4. O

We now provide an algorithm for Lemma 6.5 and prove that it works. At a high level, the
algorithm will first compute an LSST. Then it will compute global stretch overestimates based on
the tree Ty from Lemma B.9. Then, it will initialize a set of roots of size O(m/k) by adding all
endpoints of large stretch edges as terminals, and by calling Lemma B.7 to bound the degree of
each component of F' as needed in item 4 of Lemma 6.5.

Proof of Lemma 6.5. For the weights v, we first construct a graph G, that has [mwv./||v]|1] un-
weighted copies of the edge e for each e € E(G). Note that G, has at most 2m edges:

S

2Tl | = 2 ol

Let T be a LSST on G, computed using Theorem 3.2, with an arbitrarily chosen root r, and let Ty
be the tree in Lemma B.9. Let 7 be the permutation sorted by increasing congestions (Lemma B.6).
Notice that G C G, and thus every spanning tree/forest of G, is also a spanning tree/forest of
G. Furthermore, either the tree stretch or forest stretch of edge e € E(G) is equal to the one of any
of e’s copy in G,.
We now explain how to compute stretch overestimates str.. For i > 0, let B; be the set of
vertices within distance i of the root 7 in Ty. Let D = O(log®n) be the height of Ty. We define

D
stre & 2 Z st (Bim)t, (56)
=0

In this definition, str. take identical values among copies of e in G,. By Lemma B.6 we know that

D
Z str, = 22 Z strl’t(Bim)l < O(D - mrypssr) = O(mAyrssr log?n). (57)
e€E(Gy) i=0 e€ E(Gv)

Thus the total stretch bound is fine. Shortly, we will explain the full algorithm for maintaining the
set of roots and why str. are valid stretch overestimates for our algorithm.

To explain how we maintain the set of roots, we first explain how to initialize a set of roots.
First run Lemma B.7 on T with uniform weights w, = 1 for all e € E(G) to output a set |[WT| =
O(m/(klog®n)), and such that each component has total adjacent weight k (minus the boundaries),
i.e. at most k adjacent edges (as w, = 1 for all e). Start by defining Ry + OW?T. So far,
|Ro| = O(m/(klog®n)).
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Also for any edge e € E(G) with str, > O(kyrssr log* n), add both endpoints of e to Ry. As

Z Stre < Z ’7 ‘UH —‘ ;E’e = Z gi:/re < O(mVLSST 10g2 n)a

e€E(G e€E(G) e€E(Gy)

Markov’s inequality tells us that the number of edges e € E(G) with str, > O(kyrssrlogtn) is

bounded by O(m/(klog?n)). Thus, overall |[Rg| = O(m/(klog®n)). Now, define our initial sets
of branch-free roots as R < RTTH Because the height of Ty is O(log?n) (Lemma B.9), we know
|R| = O(m/k).

We now handle edge insertions and deletions. When an edge e = (u,v) is inserted or deleted,
we add u'T# UvTTH to R, i.e. R+ RU (u'™ Uv!#). This is branch free by Lemma B.9. If e was
inserted, assign it to have str, = 1, as both endpoints are roots in R. We also update the forest
P Fr(R, 7). Because R is incremental and 7 is a total ordering, F' is decremental.

We now verify all items of Lemma 6.5. Item 1 follows because initially |R| = O(m/k), and the
height of T is O(log? n), so each edge insertion/deletion increases the size of R by O(log?n). Ttem

3 follows because

Vi1 muv —~ Vi1 —~
> westre < < Il > { ﬂ stre < ”m|b| 3 stre = O(|[v]liyLssr log? n),

ccB(G) M CE@) [l e B(Gh)

where the last inequality follows from (57).

Let Fy & Fr(R, ) be the initial rooted spanning forest to be output. Let W be a refinement
of WT induced by the connectivity in Fy. We output W as the desired edge-disjoint partition of
Fy into O(m/k) subtrees. WV contains at most O(m/k) subtrees because Fy is obtained from 7' by
removing |R| — 1 edges and W7 is a edge-disjoint partition of 7. Item 4 follows because R 2 W,
where W was a partition of G into pieces of total degree O(k).

We conclude by checking item 2, i.e. that str. upper-bounds stré7 # at any moment for every
edge e = (u,v). If u,v are in the same connected component of F, then strf*¢ = strl*¢ < str,
by noting that 7" = FT(B(T)TH ,m). In the other case where u and v are disconnected, let R'T#
be the current set of roots of F. There must be some non-negative integer i (and j) such that
ui N RTH = oM 0 B; (and oM N RTH = 11 0 B; respectively). To finish, note that item 4
of Lemma B.9 ensures that

. F;
root? = root’, root! = root,’, and therefore
. Fj b _ ~—
strf’g < strf”e + stre?” < str,. O

Finally, it can be checked that the total runtime is 6(m), as every operation can be implemented
efficiently.

B.4 Proof of Lemma 6.6
Proof. Let W = O(yr5s71og? n) be such that items 2, 3 of Lemma 6.5 imply

Z vestre < W vl , and
ecE

max str, < leog2 n.
eclR

Let t = 10kW log?n = 6(k:) The algorithm sequentially constructs edge weights v1,...,v; in a
multlphcatlve Welght update fashion and trees T7,...,T;, forests Fy,..., F;, and stretch overesti-
mates str' ,...,str via Lemma 6.5.
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Initially, v1 %' 1 is an the all 1’s vector. After computing T;, v;41 is defined as

o str 1 —
Vitle Cpieexp| =) =exp | = Zstri foralle € F.
b b t t j:1

Finally we define the distribution A to be uniform over the set {1,...,t}.
To show the desired bound (25), we first relate it with ||viy1| using the following:

1

¢ ¢
max - 1221 str, < log < Ee exp (t ;:1 stre>> = log ||lve1]]; ,

where vy41 is defined similarly even though it is never used in the algorithm.
Next, we upper bounds |lv;||; inductively for every i = 1,...,¢t+ 1. Initially, v; = 1 and we
have [|v;||; = m. To bound |lv;11||, we plug in the definition and have the following:

—~1

str sTri
||vz+1ul=2w“p< f) <2 vie (“2' f)
e e

2 —~ 2 2W
= il + 5 X westrs < ol + 7 il = (14 5 ) ol
(&

where the first inequality comes from the bound sAt/rle < kKW =01tand e®* <1+2x for 0 <z <0.1.
Applying the inequality iteratively yields

1 2W \ !
exp (rgeag n ZS”E) = Vii1e < [Jve ] < (1 + t) |v1]l; < exp(2W)m.
=1

The desired bound (25) now follows by taking the logarithm of both sides. O

C Cost and Capacity Scaling for Min-Cost Flows

In this section, we describe a cost and capacity scaling scheme [Gab85; GT89a; AGOT92] that
reduces the min-cost flow problem to O(logmU log C') instances with polynomially bounded cost
and capacity. We prove the following lemma:

Lemma C.1. Suppose there is an algorithm A that solves (8) on any m-edge graph and poly(m)-
bounded integral demands, costs, and lower/upper capacities in T 4(m) time. There is an algorithm
that on a graph G = (V, E) and a min-cost flow instance T = (G, d, ¢,u™,u™) with integral demands
d, integral lower/upper capacities w™,ut € {~U,...,U}¥, and integral costs c € {—C,...,C}¥,
solves T exactly in O(T 4(m)logmlogmU log C)-time.

Instead of (8), we consider the equivalent min-cost circulation problem:

min ch, (58)
BT f=0
0< fe<u, for all eeE
where cost ¢ € {-C, ..., C}E and capacity u € {1,..., U}E. It satisfies strong duality with dual
problem:
max —st . (59)

By+s —st=c
— E
s 73+€R20
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Given a (directed) graph G = (V, E)) with costs ¢, capacities u, and some feasible circulation f
to (58), we can define its residual graph G(f) = (V, E(f)) with costs ¢(f), and capacities u(f) as
follows. For any arc (directed edge) e = (u,v) € E, we include e with cost ¢, and capacity u. — fe
if it’s not saturated, i.e. f. < u.. We also include its reverse arc rev(e) = (v,u) with cost —c,
and capacity f. if f. > 0. Given any directed graph G, we use B(G) € {—1,0,1}¥*V to denote its
edge-vertex incidence matrix that respects the edge orientation.

Given some positive integers m, C, U, we define Thscc(m, C, U) to be the time for exactly solving
(58) on a graph of at most m arcs with costs ¢ € {—C,...,C}E, capacities u € {1,...,U}¥ w.h.p..
A direct implication of Theorem 1.1 shows that

Corollary C.2. Ty;cc(m,poly(m), poly(m)) = m!'+o),

C.1 Reduction to Polynomially Bounded Cost Instances

In this section, we present a cost scaling scheme (Algorithm 9) for reducing to O(log C') instances
with polynomially bounded cost.

Lemma C.3. Suppose there is an algorithm A that gives an integral exact minimizer to (58)
on any m-edge graph and m!'°-bounded integral costs, U-bounded integral capacities in T a(m,U)
time. Algorithm 9 takes as input a graph G = (V, E) and a instance of (58) I = (G, ¢, u) with costs
cc{-C,...,C}¥ and capacitiesuw € {1,..., U}, solves T exactly in O(T4(m,U)log C+mlogC)-
time. In other words, Thyco(m, C,U) = O((Tarcc(m, m', U) + m)log C).°

Algorithm 9: Cost Scaling Scheme for Solving (58)

1 procedure COSTSCALING(G = (V,E),c € {-C,...,C}Y u e {1,...,U}¥)

FO —o.

T < O(log C)

fort=0,...,7—1do

Let G(f®),é(f®),u(f®) be the cost rounded residual graph (Definition C.6) of
F.

Solve (58) on G(f®),&(f®), u(f®)

Let At be the primal optimal.

Extract dual optimal A, via Lemma C.9.

FOAD £ 4 Aj

10 yt) 4y 1 A,

11 | Output £

[S1 NNV V)

© w N o

In (58), the problem is equivalent under any perturbation to the cost with By for any real
vector y € RY. To see this, given any circulation f (not even feasible), the cost ¢’ f is equal to
(¢ —By) " f for any y because BT f = 0. Given such y, we define the reduced cost of ¢ w.r.t. y as
c — By.

Here we introduce the idea of e-optimality which will be used to characterize exact minimizers
to integral instance of (58).

Definition C.4. Given a parameter € > 0, and a feasible circulation f to (58), we say f is e-
optimal if there is some vertex potential y € RY such that min.(c(f) — B(f)y)e > —¢, where G(f)

°In the proof, we do not make any effort on reducing the exponent of the polynomial bound on costs.
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is the residual graph, c(f) is the residual cost w.r.t. f, and B(f) is the edge-vertex incidence
matriz of G(f).

From Definition C.4, the 0 circulation is C-optimal as initial cost of any edge is at least —C. In
the integral case, a flow f is an exact minimizer if it is 1/(n + 1)-optimal:

Lemma C.5. In the case where the costs ¢ in (58) is from {—C,...,CYF, a feasible integral
circulation f is an exact minimizer if it is 1/(n + 1)-optimal.

Proof. Let € = ¢(f) — B(f)y be the witness of 1/(n + 1)-optimality of f. The cost of every
circulation in G(f) is identical between ¢(f) and €. In the residual network of f, every simple cycle
has cost at least —n/(n + 1) due to min, ¢, > —1/(n + 1). However, since f is integral, so do its
residual graph, costs, and capacities. Every negative cycle in G(f) should have cost at most —1.
The fact that every simple cycle in G(f) has cost at least —n/(n+ 1) > —1 denies the existence of
negative cycles in G(f). Thus, 0 is the exact minimizer to the residual problem w.r.t. f and f is
an optimal solution to (58). O

Intuitively, Algorithm 9 works by computing a augmenting flow A given a e-optimal solution
f such that f 4+ A is (¢/2)-optimal. Thus, the algorithm runs for O(log C' + log n) iterations until
it reaches a 1/(n + 1)-optimal solution. A is computed via solving (58) with costs rounded to
polynomial size. That is, given an integral feasible circulation f, we define a rounded residual
graph G ¢ as follows:

Definition C.6. Given a e-optimal integral circulation f w.r.t. a vertex potential y € RV, we
define its cost rounded residual graph G(f) = (V, E(f)) with costs &(f) and capacities uw(f) as
follows: Let ¢(f) be the reduced cost of c¢(f) w.r.t. y, i.e. ¢(f) = c(f) —B(f)y. For any arc
e = (u,v) € G(f), include e in G(f) with the same residual capacity w(f)e and cost &(f). obtained
by rounding &(f). to the nearest integral multiple of £/m®.

Remark C.7. When solving (58) on G(f), we can always ignore edges whose cost is more than
em. Any simple cycle containing such edge has non-negative cost because costs are at least —e.
There will be an optimal solution that does not use any of such edge.

Thus, every edge we care about is an integral multiple of /m® within the range [—¢,em]. Via
dividing the costs by £/m8, all the costs are integers within {—m'° ... m!0}.

Given a current e-optimal integral circulation f w.r.t. gy, Algorithm 9 finds a augmenting
flow A} via solving (58) on the instance Z = (G(f), &(f), u(f)) with polynomially bounded costs
(Remark C.7). Let A, be the corresponding dual (59) optimal to the instance Z. We show that
f+ Ay is e/2-optimal w.r.t. y + A,. This is formulated as the following lemma:

Lemma C.8. Given an e-optimal integral circulation f w.r.t. y, let Ay and A, be the optimal
primal dual solution to (58) on the instance T = (G(f),c(f),u(f)). f+ Ay is €/2-optimal w.r.t.
Y+ Ay

Proof. Clearly, f+ Ay is an integral feasible circulation. Let Ay, s™, s™ be the corresponding dual
solution to (59). We have that B(f)Ay + s~ — sT = &(f). By complementary slackness, we know
that for any arc e = (u,v)

L If Ap. <u(f)e, st =0, and

2. If A, >0, s, =0.
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For any arc e =

(u,v), it is included in the residual graph G(f+Ay) if A¢ . < u(f)e. Therefore,
we have s = 0 and (

B(f)Ay)e < &(f)e. The reduced residual cost on e w.r.t. y+ Ay is

. . - —€

c(f)e - (B(f)Ay)e > C(f)e - C(.f)e > me.
Its reverse, rev(e) = (v, u), is included in the residual graph G(f + Ay) if Ay . > 0. Therefore, we
have s~ = 0 and (B(f)Ay)rev(e) = —(B(f)Ay)e < —€(f)e = (F)rev(e)- The reduced residual cost
on rev(e) w.r.t. y+ Ay is
—€

/C\(f)rev(e) - (B(f)Ay)rev(e) > E(f)rev(e) - E(.f)rev(e) > ey

me.

O]

However, the algorithm implementing Theorem 1.1 only gives primal optimal solution. We need
a separate routine for extracting the dual solution from the primal one.

Lemma C.9. There is an algorithm that given an instance T = (G = (V, E), c,u) of (58) where
G has m edges, costs ¢ € {—C,...,C}¥, and capacities w € {~U,...,U}, computes an optimal
primal and dual solution f,y,s™,st to (58) and (59) in O(Trycc(m,C,U))-time.

Proof. First, we compute f, the optimal primal solution to (58), in Thscc(m, C, U)-time. Due to
the optimality of f, the residual graph G(f) has no negative cycles. Then, we can compute a
distance label on G(f) as follows: Add a supervertex s to G(f) with arcs toward every vertex in
G(f) of 0 costs. Then, we can compute a shortest path tree rooted at s by solving an un-capacitated
min-cost flow with demands ds = n, d, = —1,u € V in O(Tycc(m,C,U))-time using standard
reduction.

Let y,,u € V be the distance from s to u. Since y is a valid distance label on G(f), we have
B(f)y < ¢(f) where B(f) is the edge-vertex incidence matrix of the residual graph G(f). Then,
we will construct s7,s* > 0 such that (y,s™,s™) is the optimal dual solution.

For any arc e = (u,v) € G, if 0 < f. < e, we set both s, = st = 0. If f. = 0, we set
=ce— (Yo —yu) and sT = 0. If fo = ue, weset s~ =0 and s* =y, — Yy, — Ce.

Next, we check that (y,s™,s™) is a feasible dual solution. For any arc e = (u,v) € G, if
0 < fe < ue, both e and rev(e) appears in G(f). Thus, we have both y,—y, < c. and y,—y, < —ce
and therefore y, — y, = ¢.. Otherwise, y, — y, + s, — s = ¢, holds by the definitions of s_ and
st

Finally, we check that ¢ f = —s™Tu. Complementary slackness and the fact that f is a
circulation yield

Se

y B f+s "f+stT(u—f)=0.
Rearrangement yields
—stTu=By-s +s") f=c'f,
where the last equality comes from dual feasibility of (y, s, s™). O

Proof of Lemma C.3. Initially, we start with a C-optimal flow f(© = 0 € RF w.r.t. potential
0 € RY. At any iteration t + 1, f**1) is an /2-optimal flow w.r.t. y®*1 if £® is an e-optimal
flow w.r.t. y® (Lemma C.8). Thus, after T iterations, f(T) is an C'/27-optimal flow w.r.t. y(©).
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Taking T' = O(log C), we have C/2T < 1/(n+1) and hence £(*) is an optimal solution to (58) due
to Lemma C.5.

Every iteration, we solve for an optimal primal dual solution to (58) on a cost-rounded residual
graph using Lemma C.9. Such instance has m edges, polynomially bounded costs (Remark C.7), U-
bounded capacities and thus takes O(T 4(m, U))-time given an algorithm A for solving (58). There is
also an O(m)-overhead for constructing cost-rounded residual graph and updating f (t+1) and yt+Y)
in each iteration. Overall, the runtime is O(T4(m,U)log C + mlog C) since C' = Q(poly(m)). O

C.2 Reduction to Polynomially Bounded Capacity Instances

It remains to address the case of min-cost flows with polynomially bounded costs, but possibly
large capacity. Here we use capacity scaling.

Lemma C.10. Suppose there is an algorithm A that gives an integral exact minimizer to (58) on
any m-edge graph and m'°-bounded integral costs, mi-bounded integral capacities in T4(m) time.
Algorithm 10 takes as input a graph G = (V, E) and an instance of (58) T = (G, c,u) with costs
cec{—m' ... m'%YF and capacities u € {1,..., U}, solves T exactly in O(T4(m)logmlogU +

mlogmlogU)-time. In other word, Throc(m, mi?, U) = O(Tycc(m, m'Y, mi9) logmlogmU).

In each iteration, Algorithm 10 augments the current integral circulation f with A, a constant
approximate integral solution to (58) on the residual graph. After O(log(CmU)) iterations, the
optimal objective value on the residual graph is at most —0.1. This indicates that the value is 0
and we have reached an optimal solution because the residual graph is always an integral instance
and has optimal value either 0 or at most —1.

To find a constant approximate solution, Algorithm 10 first finds a poly(m)-approximate so-
lution of value —x,x > 0. Then, one can round the residual capacities down to integral multiples
of z/poly(m) and show that the optimal solution to the rounded residual instance is a constant
approximation. Solving (58) on the rounded residual instance is equivalent to solving with polyno-
mially bounded capacities, which can be done using Corollary C.2.

The first component is an algorithm that computes a poly(m)-approximate solution to (58).
In particular, we find a C'm-approximate solution when the costs ¢ € {—C,...,C}¥. Given an
instance Z = (G, ¢,u), Roughly speaking, the algorithm finds a negative weight cycle in G with
largest bottleneck. This is done via performing binary search over the bottleneck, which has m
different values, and then detecting negative cycle by solving an unit capacity version of (58).

Lemma C.11. Suppose there is an algorithm A that gives an integral exact minimizer to (58) on
any m-edge graph and m'°-bounded integral costs, m*°-bounded integral capacities in Tx(m) time.
There is an algorithm that takes as input a graph G = (V, E) and a instance of (58) Z = (G, c,u)
with costs ¢ € {—m1%, ... m'%YF and capacities w € {1,...,U}F, outputs an m'2-approzrimate
solution f such that

T T
€ Ff>cf,

where f* is the optimal solution to (58). The algorithm runs in O(T 4(m)logm)-time.

Proof. For any directed cycle C in G, we define its bottleneck as u(C') % minecc ue. The algorithm
finds a negative weighted cycle C* in G with maximum bottleneck. This is done by first performing
binary search over all possible bottleneck capacities, which has m of them. Let u be the bottleneck

capacity we want to check. We construct graph G, from G by removing all edges with capacities
smaller than u. Via a standard reduction to unit capacity min-cost circulation on the instance
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Z' = (Gy, ¢, 1), we can either find a negative cost cycle in Gy, or determine there’s none in O(T.4(m))-
time. There are O(logm) stages in binary search and each stage is done in O(T4(m))-time using
the given min-cost circulation algorithm A. Overall, we can find a negative cost cycle C* with
maximum bottleneck in O(T 4(m)logm)-time.

Let p(C*) be the flow vector corresponding to C*. We show that u(C*)p(C*) is a m!%-
approximate solution to (58) on instance Z = (G, c,u). Let f* be the optimal solution to (58).
Decompose f* as a non-negative linear combination of edge-disjoint directed cycles in G, i.e.

m
=Y aip(Cy),
i=1
where {C1,...,Cy,} is a edge disjoint collection of cycles in G, @] is an non-negative coefficient,
and p(C;) denotes the flow vector corresponding to cycle C; for i = 1,...,m. Due to optimality of

f*, we can assume that a; > 0 only if C; is a negative cost cycle.
Observe that a is at most u(C;), the bottleneck of C;. And the cost of each cycle is at least
—m!. Thus, we can bound the cost of f* by

¢ fr = Z a;‘ch(Ci) > — Z uw(Cy)m't > —m2u(C*),

i:¢Tp(C;)<0 i:cTp(C;)<0

where the last inequality comes from the definition of C* being the maximum bottleneck of all
negative cost cycles in G.

On the other hand, the weight of C* is at most —1 because costs are integers. Thus, the cost
of u(C*)p(C*) is at most —u(C*) and the proof concludes. O

Given any B > 0, we can round edge capacities down to integral multiples of B/m?® and
remove edges of capacity over mB. The optimal circulation for the rounded instance is feasible in
the original instance. Furthermore, it is a constant approximation. First, let us define the rounded
instance formally.

Definition C.12. Given a graph G = (V,E) with costs ¢ € {—m'0, ... m!°}F and capacities
w € {l,...,U}F and a positive value B > 0. We define its capacity rounded graph G? = (V, EB)
with costs ¢ and capacities uP as follows: We include every arc e € E to GP and assign its capacity
uB to be the nearest integral multiple of [ B/m?°] below ue or [Bm?°] if u, > Bm?°.

Remark C.13. By scaling down the rounded capacities by [ B/m?"], the capacity of every edge is a
positive integer at most m*°. Thus, solving (58) on the capacity rounded instance I® = (GB, c,u”)
is equivalent to solving on an instance with m*-bounded capacities. In addition, one can recover
the optimal solution for the capacity rounded instance by scaling up with [B/m?®], which is still
integral.

Lemma C.14. Given a graph G = (V, E) with costs ¢ € {—m'°,... m'°}¥ and capacities u €
{1,.. .,U}E and a positive value B > 0. Suppose that —B is m™-approzimation to the optimal
value of (58) on the instance T = (G, c,u). Let P be the optimal solution for (58) on the capacity
rounded instance I® = (GB,c,uP). P is an integral 1.1-approximate solution for the original
instance T = (G, ¢, u).

Proof. Clearly, f2 is a feasible solution for Z because fZ < u® < u and GP is a subgraph of G.
Let f* be the optimal solution for (58) on the instance Z = (G, ¢, u).
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One can decompose f* as a non-negative linear combination of edge-disjoint directed cycles in
G, i.e.

m
= Zafp(ci%
i=1
where {C1,...,Cp} is a edge disjoint collection of cycles in G, af is an non-negative coefficient,
and p(C;) denotes the flow vector corresponding to cycle C; for i = 1,...,m. Due to optimality of

f*, we can assume that a] > 0 only if C; is a negative cost cycle. Also, a; is at most be bottleneck
capacity of the cycle C;, i.e. a] < mineec; Ue.

First, we claim that £ < [Bm?°] for any arc e. Otherwise, there is a negative cost cycle C; in
the decomposition with af > [Bm?"]. The cost of C; is at least —1 due to integral costs. In this
case, we use the fact that —m!'2B < ¢! f* and deduce

T px
ch* < —[Bmm} < _Bm? < %mm _ msch* <0,

which leads to a contradiction.
If B < 2m?°, we have u”® = u because [B/m?°] = 1. In this case, f? is exactly f*. Otherwise,
round down the cycle decomposition of f* to integral multiples of [B/m?2°]. That is, we define

= ap(Cy),
=1

where @; is the nearest integral multiple of [B /m?°] at most af. We have that @; < mineec, u’
and hence f is a feasible solution for the capacity rounded instance. In addition, we have a; >

af — [B/m?°] for any 4. Using these facts, we have

e p(C)

IR

_ m (i) m .
c'f=> ac'p(Ci) <Y ajc'p(Ci) —
i=1

i=1 =1
(i) ™ i moop
<> aie'p(Cy) + > [ m!"!
- - m
i=1 =1
(i) m.o o p
< Z ate'p(Ci) + Z 2—20m11
- - m
i=1 i=1
B
= CTf* + 2@
(iv) _9 T px
m

= (1-2m~%)e' f,
where (i) comes from @; > af — [B/m?°], (ii) comes from that any simple cycle has cost at least
—m!!, (iii) comes from B > 2m?° and [B/m?°] < 2B/m?", and (iv) comes from ¢! f* < —B as

—B is the value of a m!?-approximate solution. We conclude the proof by observing that

CTf* S chB SCTfS (1—2m78)cT‘f*.
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Algorithm 10: Capacity Scaling Scheme for Solving (58)

1 procedure CAPACITYSCALING(G = (V,E),c € {-m!?, ... m!%}F we {1,... ,U}¥)
2 | fO —o.

3 T <+ O(logU)

4 fort=0,...,7—1do

5 Compute —z < 0 to be the value of an m!'2-approximate solution to (58) via

Lemma C.11. // x> 0.

6 if x =0 then

7 L £® is an optimal solution and we end the for loop here.

8 Let G*(£®), c(F®),u®(f®) be the capacity rounded graph (Definition C.12) of

the residual graph G(f®)) with costs e¢(f*))and capacities u(f®)).

9 Solve (58) on G=(f®)), e(f®), u®(F®)
10 Let At be the primal optimal.
11 FOAD &) 4 Ag

12 | Output £

Proof of Lemma C.10. Let f* be the optimal solution. For any ¢, f*) is integral since the aug-
menting circulation Ay is always integral (Remark C.13). Therefore, the optimal solution f* — f ()
to the residual instance w.r.t. f® is integral and have cost at most —1 or 0.

Lemma C.14 states that the augmenting circulation Ay is always a 2-approximation to the
residual instance. Thus, at any iteration t, we have

(- FO) < eTay < e (f - f9) <o
Using the definition of £(**1) and induction yield
0 > CT(f* _ f(t-f—l)) — CT(f* _ f(t)) _ CTAf > %CT(f* _ f(t)) > LCTf*,

Since the costs and capacities are bounded by m!'® and U, ¢' f* is at least —m"U. After T =
O(logm +1log U) = O(logmU) iterations, we have

* 1 *
02" (f —fT) > e’ fr >
Combining with the previous observation that ¢! (f* — f(*)) is either 0 or at most —1, we have
that ¢' (f* — £™)) = 0 and hence () is an optimal solution.
Each iteration spends O(T4(m)logm)-time for computing an m!'2-approximate solution, plus
O(Ta(m))-time for computing Ay on a capacity rounded instance, and O(m) for constructing

instances and computing f(*1. Overall, the runtime is O (T 4(m)log mlog mU + mlog mlogmU).
]

Now, we can prove Lemma C.1 by combining Lemma C.3 and Lemma C.10.

Proof of Lemma C.1. As any instance of (8) can be reduced to (58) with linear overhead in the
number of edges and poly(m) scaling on costs and capacities, the lemma follows directly from
Lemma C.3 and Lemma C.10. ]
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D Applications

Our results directly imply faster running times for algorithms that invoke network flow primitives.

Extensions of Theorem 1.1. Our main result can be generalized to take vertex capacities and
costs by standard transformations (for lower capacities on vertices being zero, one can simple split
each vertex v into v;, and v,y such that all in-going edges to v are incident to v;, and all out-going
edges to vy after the split, and then insert and edge (vip,vout) With the desired capacity and
cost). Further, we can generalize our algorithm to handle the flow diffusion problems [WFHMR17;
FWY20; CPW21] where d € RY,d"1 > 0, is considered a vertex capacity vector instead of a
demand and one wants to find a flow f that satisfies BT f < d while minimizing over a cost
function on f. This can be realized by adding special vertices s,t and an edge (s,v) (resp. (v,t))
for each vertex v € V where b, < 0 (resp. b, > 0), with lower capacity 0, upper capacity |b,| and
cost 0.

Previously, considerable effort [CK19; Chu21; BGS21] was directed towards obtaining approxi-
mate max-flow algorithms that can handle vertex-capacities in undirected graphs where the above
mentioned transformations do not translate. Diffusion has been considered for the cost function
taken to be the ¢3-norm [HRW20; CPW21]. We recover using simple reductions a simple almost
linear time algorithm that can handle a wide range of cost function.

We can also obtain an algorithm that runs in near-linear time to compute p-norm flows, i.e.
flow problems where one is given a weight matrix W and solves the problem mingr¢_q [|W f||P
up to a polynomially small error. An even more general problem is considered in Theorem 10.14.
Previous work, either achieved super-linear run-time [AKPS19; ABKS21] or was only able to solve
the problem when W was taken to be the identity matrix [KPSW19; AS20].

Bipartite Matching & Optimal Transport. Many popular variations of matching problems
are well-known to be reducible to min-cost flow in bipartite graphs, i.e. graphs G = (V, E) where
there is a partition Vi, V5 of V' such that each edge has exactly one endpoint in V; and one in V5.

In the standard matching problem, one is given the task of maximizing the number of edges
without common vertex in an undirected graph. In the perfect matching problem, the algorithm
has to output a matching of size |V |/2 or conclude that such a matching does not exist. A substan-
tial generalization of perfect matching problems is the worker assignment problem: given upper
capacities ut € RE and costs ¢ € R” over the edges and has b € N, the goal is to either compute
a weight w € NF such that each vertex v € V has edges of total weight b, incident and where ¢ w
is minimized over all such choices, or decide that no such weight w exists. Our result implies that
the the worker assignment problem can be solved in time m!'+t°(1) log? U in bipartite graphs. We
refer the reader to [GT89a] for an in-depth description of the reduction to min-cost flow.

Our result can further also be used to solve the optimal transportation problem, even with
entropic regularization (see [DGK18; GHJ20]), which is crucial for applications in machine learning.
In this problem, one is given a bipartite graph G = (V1 UVa, E), demand d, where d is non-negative
on V; and non-positive on Vs, costs ¢, and the goal is to find a flow f that satisfies BT f = d and
minimizes ¢’ f + H(f) where H(f) = Y .cp felog(fe). We can use our result in Theorem 10.16
to obtain the first almost-linear time algorithm to obtain an optimal flow f to high accuracy
(also called transportation plan). This improves even over the run-time of O(n?) taken by current
state-of-the-art low accuracy solvers [Cut13; BCCNP15; ANR17; DGK18]. Without the entropic
regularization the problem is reducible directly to the worker assignment problem.

The matrix scaling problem [ALOW17; CMTV17] asks: given a matrix A € RY;"™ with non-
negative polynomially bounded entries, to compute positive diagonal matrices X,Y such that all
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row and column sums of XAY are 1. As shown in Section 10.2, the dual of the matrix scaling
problem is optimal transport with entropic regularization. Hence we achieve an algorithm for
solving matrix scaling to high accuracy in almost-linear time even when the entries of the matrices
X, Y may be exponentially large.

Negative Shortest-Paths and Cycle Detection. We obtain a almost linear time algorithm to
compute the Single-Source Shortest Paths from a dedicated source vertex s in a directed, possibly
negatively weighted graph by invoking Corollary 1.2 with costs set to edge weights, u~ = 0,u™ =
n-1and ds =n and d, = —1 for all v € V. For a graph with weights bounded by W in absolute
value, this gives an algorithm with running time m!*°() log W. Further, we can find a negative
directed cycle in a graph by choosing u~ = d = 0,u" = 1, letting the cost vector equal the weights
and check whether the computed flow f is non-zero. If it is not then f is a negative cost circulation
and using Cut-Link Trees [ST83] on can recover a negative cycle. For both problems, we give the
first almost linear time algorithm.

Connectivity & Gomory-Hu Trees. Another family of classic combinatorial problems are
connectivity problems where many reductions to maximum flow have been found during the last
years. It is well-known that from a (s,¢) maximum flow, i.e. the maximum amount of flow that
can be sent in a unit-weighted graph from a vertex s to vertex ¢, one can find an (s,¢) min-cut in
almost linear time, that is a bipartition V7, V5 of the vertex set V' of the graph with s € Vi, € V,
such that the number of edges with tail in V7 and head in V5 is minimized.

Our algorithm implies an algorithm that finds the global min-cut obtained by miminizing over
(s,t) cuts for all pairs s,t € V, in time mn'/?*°(1) time in directed graphs [CLNPQS21]. For
undirected graphs, using a reduction from [LP20], we obtain the first almost linear algorithm to
compute a Steiner min-cut which is the minimum (s, t)-cut for s,¢ € S for a fixed input set S C V.

Our result also implies the first m'T°() time algorithm to compute a global vertex min-cut in
undirected graphs via [LNPSY21], i.e. a tripartition A, B,S of V such that there is no edge from A
to B where the size of S is minimized. It further gives m”o(l)poly(k) time algorithm to construct
a k-vertex connectivity oracle (see [PSY22]).

Finally, we consider algorithms to compute Gomory-Hu trees that is a weighted tree T over the
vertex set of G such that for any two vertices s,t € V, the (s,t) min-cut in G has the same value as
in T. Our result gives the first m!+°() time algorithm to compute Gomory-Hu trees in unweighted
graphs (via [AKLPST21; Zha21]), or to a (1 + €)-approximation in weighted graphs (via [LP21])
for arbitrarily small constant e.

We point out that we improve for all cited problems the run-time by polynomial factors (in m).

Directed Expanders. Wesay a cut (S, V\S) in a digraph G is ¢-out-sparse if — {JOEIE‘;)VVE)‘??‘L\ 57 <

¢ where E(S,V \ 9) is the set of edges with tail in S and head in V' \ S and vol(X) is the sum of
degrees of vertices in X in G. A graph G is called a ¢-expander if G allows no ¢-out-sparse cut.
Applying our max-flow algorithm to a straightforward extension of the cut-matching game
[KRV09; Loul0] gives a m!*t°() time algorithm that given any graph G and parameter ¢ €
(0,1/0(log? m)], either outputs a O(¢ log? m)-out-sparse cut or certifies that G is a ¢-expander. The

algorithm also works when a ¢-out-sparse cut is redefined to be a cut (S, V'\ §) with % <

¢. This improves over the previously best run-time of 6(m/ ¢) for sparse graphs for a wide range
of values for ¢.

As a concrete application, we obtain a mn total time algorithm for the problem of
maintaining strongly-connected graphs in a graph undergoing edge deletions that works against an

0.540(1)
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adaptive adversary (via [BGS20]), improving on the previously best time of mn?/3+o(1),

Isotonic Regression. Isotonic regression is a classic shape-constrained nonparametric regression
method. The problem is formulated as follows: we are given a DAG (Directed Acyclic Graph)
G = (V,E) and a vector y € RY. The goal is to find project y on to the space of vectors that are
isotonic with respect to G. A vector € RV is said to be isotonic with respect to G if the embedding
of V into R given by x is weakly order-preserving with respect to the partial order described by
G. The projection is usually computed using a weighted ¢, norm. This can be captured as the
following convex program, min, [|W(z — y)||, subject to the constraints z; < @; for all (i,j) € E.

We give an almost linear time algorithm for computing a 1/poly(n) additive approximate so-
lution to Isotonic regression for all p € [1,00). The previous best time bounds were 6(m1'5) for
p € [1,00) [KRS15], O(nmlog %2) for p € (1,00) [HQO3], and O(nm~+n?logn) for p = 1 [Stol13]. We
stress that this running time is almost-linear in the number of edges in the underlying DAG, which
could be significantly smaller than the number of edges in the transitive closure, which determines
the running time of some algorithms [Sto21].
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