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Abstract

We give efficient algorithms for finding power-sum decomposition of an input polynomial
P(x) = Lic, pi(x)? with component p;s. The case of linear p;s is equivalent to the well-studied
tensor decomposition problem while the quadratic case occurs naturally in studying identifia-
bility of non-spherical Gaussian mixtures from low-order moments.

Unlike tensor decomposition, both the unique identifiability and algorithms for this prob-
lem are not well-understood. For the simplest setting of quadratic p;s and d = 3, prior work
of [GHK15] yields an algorithm only when m < O(+/n). On the other hand, the more general
recent result of [GKS20] builds an algebraic approach to handle any m = n°(1) components but
only when d is large enough (while yielding no bounds for d = 3 or even d = 100) and only
handles an inverse exponential noise.

Our results obtain a substantial quantitative improvement on both the prior works above
even in the base case of d = 3 and quadratic p;s. Specifically, our algorithm succeeds in de-
composing a sum of m ~ O(n) generic quadratic p;s for d = 3 and more generally the dth
power-sum of m ~ n?4/15 generic degree-K polynomials for any K > 2. Our algorithm relies
only on basic numerical linear algebraic primitives, is exact (i.e., obtain arbitrarily tiny error up
to numerical precision), and handles an inverse polynomial noise when the p;s have random
Gaussian coefficients.

Our main tool is a new method for extracting the linear span of p;s by studying the linear
subspace of low-order partial derivatives of the input P. For establishing polynomial stability
of our algorithm in average-case, we prove inverse polynomial bounds on the smallest singular
value of certain correlated random matrices with low-degree polynomial entries that arise in
our analyses. Since previous techniques only yield significantly weaker bounds, we analyze
the smallest singular value of matrices by studying the largest singular value of certain deviation
matrices via graph matrix decomposition and the trace moment method.
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1 Introduction

An n-variate polynomial P(x) admits a power-sum decomposition if it can be written as P(x) =
Yi<m pi(x)? for some low-degree polynomials p;s. This work is about the algorithmic problem of
computing such a decomposition when it exists and the related structural question of when such
a decomposition, if it exists, is unique.

When p;s are linear forms (v;, x) for v; € R", the task of decomposing P is equivalent to de-
composing the corresponding coefficient tensor ) v?d into rank 1 components. For d = 2, this
corresponds to rank decomposition of matrices, which is unique only in degenerate settings. For
d = 3, while the problem is already NP-hard [Has90], there is a long line of work on identi-
tying natural sufficient conditions (e.g., Kruskal’s condition [Kru77]) that imply uniqueness of
decomposition in all but degenerate settings. There are known efficient algorithms for decom-
posing tensors satisfying such non-degeneracy conditions and such algorithms form basic primi-
tives in tensor methods [Har70, McC87, LRA93, LCC07, BCMV14, GHK15, AGH 15, GM15, HSS15,
HSSS15, MSS16, MW19, KP20]. An influential line of work has developed efficient learning al-
gorithms for a long list of interesting statistical models (under appropriate assumptions) includ-
ing Mixtures of Spherical Gaussians [HK13, GHK15], Independent Component Analysis [LCC07],
Hidden Markov Models [MR05], Latent Dirichlet Allocations [AFH"12], and Dictionary Learn-
ing [BKS15] via reductions to tensor decomposition. Higher-degree power-sum decomposition is
anatural generalization of the tensor decomposition problem and is equivalent to the well-studied
problem of reconstructing certain classes of arithmetic circuits [KS514, KS19, GKS20] with connec-
tions (see surveys [SY10, Sap15, CKW11]) to algebraic circuit lower bounds and derandomization.

Tensor Decomposition with Symmetries Higher-degree power-sum decomposition is equiva-
lent to a strict generalization of tensor decomposition where the components are symmetrized
under a natural group action. For example, when p;(x) = x' A;x are homogeneous quadratic
polynomials for n x n matrices A;, the coefficient tensor of P has the form E,.s, Yic,, 0(AF?)
where Sy is the symmetric group on 6 elements and acts! by permuting the 6 indices involved in
any entry of A{*. If not for the action of ¢, the coefficient tensor would simply be a sum of tensor
powers of vectorized A;s. The group action, however, has a drastic effect on the identifiability
and algorithms for the problem. Specifically, the symmetrization causes the resulting tensor to
have a large rank and thus any decomposition algorithm must strongly exploit the symmetries to
succeed. In fact, in Section A.1, we exhibit a simple example of a sum of cubics of quadratics on
2 variables whose components are not uniquely identifiable even though the corresponding coef-
ficient matrices of the quadratics are linearly independent. This is in contrast to the well-known
result [Har70, LRA93] that 3rd order tensors with linearly independent components are uniquely
identifiable and efficiently decomposable. This is similar to other orbit recovery problems that
also reduce to tensor decomposition with symmetries such as multi-reference alignment and the
cryo-EM [PWB ™17, MW19] problem where even establishing information-theoretic identifiability
for generic parameters is significantly more challenging.

! For e.g., for a symmetric matrix A, E,s,[A®3((i1,i2,13), (j1, j2, j3))] = E[A(e1) A(e2) A(e3)] where the expectation
is over the choice of a uniformly random perfect matching (eq, ez, e3) of {i1, i, 13, j1, j2, j3}-



The Quadratic Case Despite being the natural next step after linear p;s, power-sum decomposi-
tion of quadratic p;s is not well understood. In a seminal work, Ge, Huang and Kakade [GHK15]
(GHK from now) proved that the first 6 moments of a mixture of m ~ +/n non-spherical Gaus-
sians with smoothed parameters exactly identify and (noise-resiliently) recover the m sets of means
and covariances. Their analysis involves giving an algorithm (and uniqueness proof) for decom-
posing sums of cubics of smoothed quadratic positive definite polynomials but naturally general-
izes to arbitrary smoothed quadratics. This is a striking result that exhibits a large gap between
smoothed /generic parameters and arbitrary ones for mixtures of Gaussians as it is known that we
need Q(m) moments (an nX")-size object) to uniquely identify the parameters of arbitrary mix-
tures of m Gaussians [M'V10]. Their approach uses a conceptually elegant “desymmetrize+tensor-
decompose” strategy by first undoing the effect of the group action and then applying tensor de-
composition. While their approach can potentially be extended to m > /n, it seems to encounter
an inherent barrier at m > 1%/ as we explain in Section 2. Nevertheless, GHK conjectured that
it should be possible to handle m ~ n!~? generic components for any § > 0 given O(1)-degree
mixture moments which, in our context, corresponds to decomposing a sum of higher constant
degree powers of quadratics.

The Garg-Kayal-Saha Algorithm In a beautiful work of Garg, Kayal and Saha [GKS20] (GKS
from now), they suggest that there is an inherent barrier to extending the “desymmetrize+tensor-
decompose” based approach of [GHK15]. Instead, they work by exploiting an intriguing connec-
tion to algebraic circuit lower bounds and develop algorithms to recover any polynomial number
of generic components from their power-sums of large enough degree. This algorithm however
has two important deficiencies.

First, their strategy yields a decomposition algorithm for degree-d power-sums only when d
is very large compared to the degree of the component p;s. In particular, they do not obtain any
result for the simplest interesting setting of d = 3rd (or even 100th) power of quadratics®. As a
result, their techniques seem unsuitable to answer natural questions such as whether 6th moments
of mixtures of non-spherical Gaussians (with generic parameters) can uniquely identify m > n%>!
components of Gaussian mixture in # dimensions, or, whether a sum of m ~ n cubics of generic
quadratics can be uniquely decomposed. Second, their algorithm relies on algebraic methods for
finding simultaneous vector-space decomposition. The resulting algorithm is not error-resilient
and does not appear to handle even a small (e.g., exp(—n) in each entry) amount of noise in the
input polynomial. In fact, GKS suggest finding a stable algorithm for power-sum decomposition
as an open question.

This Work In this paper, we give a conceptually simple algorithm that substantially improves
the quantitative results in [GKS20] for decomposing power-sums of low-degree polynomials.
Somewhat surprisingly, our algorithm follows the “desymmetrize+decompose” approach simi-
lar to [GHK15] while circumventing the barriers suggested by [GKS20]. A key component is an
efficient algorithm to extract the linear span of the coefficient tensors of (powers of) p;s from the
subspace of “coordinate restrictions” of partial derivatives of P = } ;,, p? ford > 3. Asa con-
sequence of our algorithm, we obtain substantially improved guarantees even for the simplest

2Indeed, while their bounds can likely be somewhat optimized, the smallest power of quadratics that their algorithm
(as currently analyzed) succeeds in decomposing must be larger than 233,



non-trivial setting of sum of cubics of quadratics and handle m ~ n components.

We give an error-tolerant implementation of our algorithm and prove that when each p; has in-
dependent random Gaussian coefficients, the resulting algorithm tolerates an inverse polynomial
amount of adversarial noise in the coefficients of the input polynomial. A key technical step in
such an analysis requires establishing inverse polynomial lower bounds on the singular values of
certain correlated random matrices whose entries are low-degree polynomials in the coefficients
of p;s. Standard results (e.g., from [BCMV14]) for analyzing smallest singular values yield signif-
icantly weaker bounds in our setting. Instead, we rely on a new elementary but nimble method
that lower bounds the smallest singular value of correlated random matrices by reducing the task
to upper-bounding the much better understood largest eigenvalue of certain deviation matrices.
Our analyses of the spectral norm of such matrices use the trace moment method combined with
graphical matrix decompositions of random matrices that appear naturally in the analyses of sum-
of-squares lower bound witnesses [HKP15, BHK " 19] for average-case refutation problems. In
particular, these sharper bounds are crucial in allowing us to handle m ~ O(n) components for
decomposing sums of cubics of quadratics.

1.1 Owur results

Our main result gives a polynomial time algorithm (in the standard bit complexity model with
exact rational arithmetic) for decomposing a sum of d-th powers of generic (e.g., smoothed) poly-
nomials. We note that just as in standard tensor decomposition, sums of squares of low-degree
polynomials are uniquely decomposable only in degenerate settings (see Section A.2), so cubics of
quadratics (i.e., d = 3) is the simplest non-trivial setting in this context.

Theorem 1.1 (Decomposing Power-Sums of Smoothed Polynomials). There is an algorithm that takes
input an n-variate degree-Kd (for d a multiple of 3) polynomial of the form P(x) = Yi<m Ai(x)? where
A\i = A; + G; for an arbitrary degree-K polynomial A; and a degree-K polynomial G; with independent
N(0,0?) coefficients, runs in time polynomial in the size of its input and 1/p, and has the following
guarantee: with probability at least 0.99 over the draw of G;s and internal randomness, it outputs the set
{A; | i < m} up to permutation (and signs, if d is even) whenever

n)ford=3K=2,

m < O(n?) ford =6,K =2,

O(

< O(
m < O(n®/9) forany d > 9and K = 2,

< O(

n2Ka/35K=4)) forall d > 9 and K > 2

The theorem above works more generally for any model of smoothing that independently per—
turbs the coefficients of each A; with a distribution that allots a probability of at most 1/1n°@ to
any single point. In particular, a fine-enough discretization of any continuous smoothing suffices.
As observed in [GKS20, GHK15], identifying components of non-spherical mixtures of Gaussians
from low-degree moments is equivalent® to decomposing the power-sum of quadratic polynomi-
als. Thus, as an immediate corollary of the theorem above, we obtain:

3 This follows from the fact that for x € R”, the 2d-th moment of A/(0, £) in direction x equals E, noz)lv, x)%] =

d)! d)! d)!
GOE(y, x)2)? = 2 (xTxx). Consequently, Ey s 1 n(0x,) [, 1)%] = 20 ¥ w; (x T x) .

3



Corollary 1.2 (Moment Identifiability of Smoothed Mixtures of Gaussians). The parameters of a
zero-mean mixture of Gaussians Y ;< wiN (0, X;), with arbitrary mixture weights w; and smoothed* co-
variances X, are uniquely identifiable from the first 2d moments for any m < O(n?/%). Ford = 3 and 6,
the bound improves to m < O(n) and m < O(n?) respectively.

Error-Resilience for Random Components When P(x) = ¥; A;(x)? + E(x) where each A; has
independent, standard Gaussian coefficients, we prove that the our algorithm above in fact is
error-resilient and tolerates an inverse polynomial error in every coefficient of the input P. Indeed,
Theorem 1.1 above is obtained essentially as a corollary (combined with simple algebraic tools) of
this stronger analysis for random components; see Section B.

Theorem 1.3 (Power-sum Decomposition of Random Polynomials, See Theorems 4.1, 5.1). There

is a polynomial time algorithm that takes input an n-variate degree-Kd (for d a multiple of 3) polynomial

of the form P(x) = Yicm Ai(x)® + E(x) where A; is a degree-K polynomial with independent N'(0,1)

coefficients, and E(x) is an arbitrary polynomial of degree Kd, and has the following guarantees: with

probability at least 0.99 over the draw of A;s and internal randomness, it outputs the set {A; | i < m}

that contains an estimate of each A; up to permutation (and signs, if d is even) with an error of at most
OW) || E||Y/* whenever

e m<O(n)ford=3andK =2,

e m<O(n?) ford=6and K =2,

) m<O(n2d/9)foranyd>9andK:2,

o m < O(n*k4/36K=4)) foralld > 9 and K > 2

1.2 Discussion and comparison to prior works

Theorem 1.3 shows that our algorithm tolerates an inverse polynomial amount of noise in each
entry when the component A;s are random. Theorem 1.1 is in fact an immediate corollary of our
analysis for the random case combined with standard tools. Our result for generic (as opposed
to random) p;s only handles an inverse exponential amount of noise. We believe that the same
algorithm should handle inverse polynomial noise (i.e., is well-conditioned) in any reasonable
smoothed analysis model. However, establishing such a result likely requires new techniques
for analyzing condition numbers of matrices with dependent, low-degree polynomial entries in
independent random variables.

For the simplest setting of sums of cubics of quadratics (i.e., K = 2 and d = 3), our theorem
yields a polynomial time algorithm that succeeds whenever m < O(n). This improves on the
algorithm implicit in [GHK15] that succeeds® for m < O(y/n). As we discuss in Section 2, natural
extensions of their techniques to higher degree power-sums also appear to break down for m > n.

The work of [GKS20] recently found a more sophisticated algorithm (that works in general on
all large enough fields) that relies on simultaneous decomposition of vector spaces that escapes

4 Any continuous smoothing suffices for this result. For e.g., for an arbitrary f.i >0, forp = n_o(l), add an
independent and uniformly random entry from [—p, p] to every off-diagonal entry of $;and a uniformly random entry
from [np,2np] to every diagonal entry of 3 to produce X;. Note that the resulting matrix ¥; is positive semidefinite.

5 Their algorithm succeeds more generally for smoothed A;s but in addition, needs access to ), A,-(x)z.

4



this barrier. In particular, they showed that for any K, m = n°(), there is an algorithm that suc-

ceeds in decomposing a sum of m dth powers of generic degree-K polynomials for large enough
d. Their algorithm however requires that d be very large as a function of K and log, m and in
particular, does not work for d = 3 (or even 100) for example. Their algorithm relies on exact algo-
rithms for certain algebraic operations and does not appear to tolerate any more than an inverse
exponential (in #) amount of noise in the input.

The corollary above immediately improves the moment identifiability of mixtures of smoothed
centered Gaussians shown in both the works above. Extending our algorithm to the “asymmetric”
case of sums of products of quadratics (instead of powers) will allow the above corollary to suc-
ceed for Gaussians with arbitrary mean, but we do not pursue this goal in this paper. We also note
that unlike [GHK15], our theorem above does not immediately yield a polynomial time algorithm
for learning mixtures of smoothed Gaussians from samples (similar to [GKS20]). This is because
samples from the mixture only give us access to the corresponding sum of powers of quadratics
with inverse polynomial additive error in each entry while our current analysis for the case of
smoothed components only handles an inverse exponential error.

Open Questions Despite the progress in this work, we are far from understanding identifiability
and algorithms for power-sum decomposition. Our result shows unique identifiability for sums of
~ 1 cubics of quadratics. Could this be improved to n2? Conversely, could we produce evidence
of hardness of decomposing sums of w(n) cubics of quadratics? Analogous questions arise for
higher-degree polynomials and we mention one that eludes the current approach in both our work
and [GKS20]: is it possible to obtain efficient algorithms that succeed in decomposing sums of m
d-th powers of degree-K polynomials where m grows as n/(K)? for some f(K) — co as K — c0?

In a different direction, a natural question is to generalize our result to obtain a polynomial
time algorithm that decomposes power-sums of smoothed polynomials while tolerating an in-
verse polynomial entrywise error. Our current analysis obtains such a guarantee for power-sums
of random polynomials but can only handle an inverse exponential error in the smoothed setting.
We suspect that this goal requires new tools to analyze the smallest singular values of matrices
whose entries are low-degree polynomials in independent Gaussians with non-zero means.

1.3 Brief overview of our techniques

Given (the special case of) sum of cubics of quadratics P(x) = ¥, (x" A;x)? for n X n symmetric
matrices A; with coefficient tensor ;,, Sym6(Az.®3), the main idea of the algorithm in [GHK15]
is a conceptually simple “desymmetrize + tensor-decompose” approach. Here, desymmetriza-
tion reverses the effect of the polynomial symmetry and yields }_; A7, and one can then apply
standard tensor decomposition. While Sym, is a linear operator on 6th order tensors with an
Q(n®)-dimensional kernel, it turns out that it is invertible when restricted to tensors where the
component A;s are restricted to a known generic subspace. The work of [GHK15] shows how to
estimate the span of A;s — i.e. this subspace — for m < O(y/n). But their techniques do not seem
to extend to any m >> n?/3. Indeed, Garg, Kayal and Saha [GKS20] comment that reduction to
tensor decomposition of the sort above cannot yield algorithms that work for m > n. As a result,
they build a considerably more sophisticated approach that relies on an algebraic algorithm for
simultaneous decomposition of vector spaces.



Our main idea comes as a surprise in the light of this discussion: we in fact give a conceptu-
ally simple “desymmetrize+tensor-decompose” based algorithm that substantially improves the
bounds obtained in [GKS20]. Our key idea is a “Span Finding algorithm” that recovers the linear
span of A;s restricted to any O(y/n) variables by computing the linear span of restrictions of par-
tial derivatives of P and intersecting it with an appropriately constructed random subspace (see
Section 2 for a more detailed overview).

Our algorithm is implemented using error-resilient numerical linear algebraic operations. In
particular, to establish polynomial stability (Theorem 1.3) for random A;, we need to understand
the smallest singular values (to obtain well-conditionedness) of certain correlated random ma-
trices arising in our analyses. These random matrices are rather complicated with entries com-
puted as low-degree polynomials (much smaller than the ambient dimension) of independent
random variables. Standard techniques for analyzing such bounds (such as the “leave-one-out”
method [TV09, TV10, RV08] employed in prior works on tensor decomposition [BCMV 14, MS516])
are inadequate for our purposes and yield weaker bounds (which, in particular, do not allow us
to handle m ~ \/n for sum of cubics of quadratics, for example).

Instead, we rely on a new elementary method that establishes singular value lower bounds
by studying spectral norm upper bounds of certain associated deviation matrices. We analyze
and prove strong bounds on the spectral norm of such matrices using the graphical matrix de-
composition technique that was introduced in [HKP15, BHK"19] and recently used and refined
in several works [AMP16, MRX20, GJJ 20, PR20, HK22, JPR"22] on establishing sum-of-squares
lower bounds for average-case problems and reducing the bounds to understanding certain com-
binatorial problems on graphs associated with the matrix. As far as we know, our work is the first
use of this technique to prove singular value lower bounds and condition numbers in algorithms.
We believe that the graphical matrix decomposition toolbox will find further applications in the
analyses of numerical algorithms.

2 Technical Overview

In this section, we give a high-level overview of our algorithm and the key ideas that go into its
design and analysis. Let’s fix P(x) = Y;c,, A+(x)? + E(x) where A;(x) are homogeneous polyno-
mials of degree K in n indeterminates x1, x, . . ., x,,. Throughout this paper, we will abuse notation
slightly and use A; to also denote the K-th order coefficient tensor of the associated polynomial.
We will also use O to suppress polylog(n) factors. To begin with, we will focus on the case of
generic Ass — this simply means that As do not satisfy any of some appropriate finite collection
of polynomial equations. Eventually, as we explain in Section 2.1, these equations will simply
correspond to full-rankness of certain matrices that arise in our analyses. We will discuss a new
method to prove strong polynomial condition number bounds for random Ays in the following
section. The results for smoothed /generic A;s then follow via standard, simple tools.

Just like the special case of tensor decomposition (i.e., when A; are linear forms), the decompo-
sition is not uniquely identifiable from a sum of their quadratics (i.e., d = 2) except in degenerate
cases (see Section A.2). Thus, the simplest non-trivial setting turns out to be d = 3.

In this section, we will focus on the simplest setting of K = 2 (and thus, A; are simply n x n
matrices) and d = 3. This, by itself, is an important special case and captures the question of
identifiability of parameters from the 6th moments of a mixture of m n-dimensional Gaussians



with zero-mean and smoothed covariance matrices, and our main results (Theorems 1.1 and 1.3)
improve the current best identifiability results (Corollary 1.2).

Structure of the Coefficient Tensor Up to a constant scaling, the coefficient tensor of P equals
Yr<m Sym(A$®). Here, Sym = Sym, acts on A by averaging over entries obtained by permuting
the 6 elements involved. That is, for a uniformly random permutation 7 : [6] — [6],

Sym(AfaS) (ﬂl, az,..., aé) = ]En~56 |:At(a7'[(1)/ an(2))At(an(3)/ an(4))At(a7r(5)/ an(6))} :

Relationship to Tensor Decomposition It is natural to compare our input to the related, desym-
metrized tensor ¥, A®3, given which, we can immediately obtain the A;s by applying standard
tensor decomposition algorithms [Har70, LRA93] (see Fact 4.7) whenever A;s are linearly inde-
pendent as vectors in (”;1) dimensions. Our input, however, is not even close to a low-rank
tensor because of the action of Sym, that generates essentially maximal rank terms even starting
from a single generic A;. Indeed, this effect is visible for just bivariate polynomials. In Section A.1,
we construct two different (and in fact, 3(1)-far in Frobenius norm) collections of robustly lin-
early independent bivariate quadratic polynomials such that the sums of their cubics have the
same coefficient tensors. Thus, even though such A;s can be uniquely and efficiently recovered
from Y, A via standard tensor decomposition, it is information theoretically impossible to do so

given ¥, Sym(AP3).

The Ge-Huang-Kakade [GHK15] Approach The discussion above presents a conceptually sim-
ple way forward: if we could somehow compute the desymmetrized tensor (i.e., undo the effect
of the group action) from the input, then we have reduced the problem to standard tensor de-

composition. This is a bit tricky as the linear operation Sym, on 6th order tensors is a contraction

that maps a (”;1)3 ~ n®/8-dimensional space into a ("{°) ~ 1n°/720 dimensional subspace and

is clearly not invertible (in fact, has a Q(n°)-dimensional kernel) on arbitrary 6th order tensors.
The main idea in GHK is to observe that Sym, can be invertible when restricted to 6th order tensors
in some smaller subspace. In particular, let By, B, ..., By, be a basis for the span of the matrices
Ay. Then, the desymmetrized coefficient tensor of P is a linear combination of B; ® B; ® By — a
subspace of m® dimension which is < 1°/720 if m < n?. Proving such a claim requires analysis
of the rank (and singular values, for polynomial error-stability) of the matrix representing Sym,
on the linear span of A;s and GHK managed to prove it for any m < /n.

To obtain the span of A;s, GHK rely on access to Py = } ;,,, Sym, (A?) in addition to the input
tensor above. Plugging in ¢,, ¢, in the first two modes of this tensor yields an n x n matrix (i.e., a
2-D slice) of the form: Y, As[a, b]A; + Y, A¢[a] ® A¢[b] where A,[i] is the i-th column of A;. Asa,b
vary, the first term generates the subspace of the span of A;s. However, each such 2-D slice has an
additive “error” that lies in the span of the rank 1 forms in the 2nd term above. The GHK idea is to
zero out the rank 1 terms by projecting the 2-D slices to a subspace S*, where S contains the span
of the rank 1 terms. To compute S, they choose a subset H C [n] and plug ina,b,c¢ € H into three
modes of Py. The resulting 1-D slices are linear combinations of the columns A;[a] for a € H and
t € [m]. If m|H| < n, then all A;[a] are linearly independent generically, while if |[H|® > m|H],
then there are enough slices to generate the span of A;[a] foralla € H and ¢ € [m]. This trade-off is
optimized at m ~ n?/3 and |H| ~ n'/3. Given a good estimate of S, we can now plugina, b € H in

7



two modes of P4 and recover the span of A; (restricted to columns in H) by projecting the resulting
2-D slices off S. Repeating for disjoint choices of H completes the argument. In order to analyze
the linear independence (and condition numbers) of the vectors arising in this analysis, GHK need
to work with a somewhat smaller m ~ /1 in their argument.

Key Bottleneck in the GHK Approach In our situation, we only have the sum of cubics P as
input (but not P4). But even given Py, the crucial bottleneck is the need for recovering the span
of a subset of columns of the A;s. With more sophisticated analyses, given the above trade-offs,
it’s plausible that a sum of d-th powers of A; allows handling m as large as n'~0(1/4) but there
appears to be an inherent barrier at m ~ n. The GHK approach also seems to get unwieldy as
it involves plugging in standard basis vectors in several modes of the tensor. This leads to more
“spurious” terms that one must zero-out (instead of just the rank-1 terms for Py).

Thus, even given higher powers, the GHK approach appears to have a natural break-point at
m ~ n, and even handling m > \/n seems to require somewhat unwieldy analysis. In fact, in their
recent work, Garg, Kayal and Saha [GKS20] commented (see Page 17) “However, we believe such an
approach cannot be made to handle larger number of summands (say poly(n)) even in the quadratic case as
the lower bounds for sums of powers of quadratics need substantially newer ideas than the linear case...”.

The Garg-Kayal-Saha [GKS20] Approach In their beautiful recent work, GKS managed to find a
different approach that escapes the above obstacles and showed an algorithm (that works on both
finite fields and Q) that for any K and m = n°(), manages to decompose P(x) = ¥, A;(x)*
for large enough d (and generic degree-K polynomials A;). As discussed before, their approach
requires d to be a large enough constant as a function of K and log,, m (though they remarked that
the bounds could likely be improved, already for K = 2, they need d > 235 and m < n?/ 1100).
Their main idea, however, is relevant to our approach so we briefly describe it here.

We restrict our attention to the quadratic case (K = 2) from here on. The GKS approach relies
on the linear span of partial derivatives of the input polynomial P. In fact, taking rth partial deriva-
tives of P is essentially the same (though, more principled and easier to analyze) as “plugging
in” all possible standard basis vectors in ¥ modes of the input coefficient tensor as in GHK. GKS
observed that for r < d, the n, = (”+:_1) many r-th partial derivatives of P are all of the form
Yrem At(x)477Qy(x) for some degree-r polynomials Q;. This linear subspace is strictly contained
within the space of all polynomial multiples of A;(x)?~" — the containment is strict because the
latter space is of dimension ~ mn, > n, for generic A;s. However, if we were to project each of
the n, partial derivatives down to be a function of some small enough ¢ = o(n) variables y, then,
the dimension counting above is no longer an obstruction to the span being all multiples of the
projected A;(x)?~". Indeed, for generic A;, the subspace U of the projected partial derivatives does
in fact equal the subspace V of all multiples of B;(y)?~", where B; = M T A;M (the projection of
Ay) and By (y) = A;(My) = y"M" A;My for an n x ¢ projection matrix M.

Key Bottleneck in the GKS Approach If we take r = d — 1, then, it appears that the partial
derivatives give us access to the subspace of span of multiples of B;s (of degree 2d —r = d 41 for
K = 2). If we could extract the span of quadratics B; from this subspace, we could implement
desymmetrization and tensor decomposition to obtain at least the B;s (i.e., the projected A;s).



Unfortunately, this hope did not materialize for GKS who managed only to recover the span
of B;(y)*" for r < 2d/3. This is because their analysis of a certain “multi-GCD” requires that the
subspaces B;(y)? "yt for |T| = r for each t € [m] only have trivial (i.e., 0) pairwise intersection.
This condition is impossible if r > 2(d — r) or r > 2d/3; for example, if d = 3 and r = 2, then the
degree-4 polynomial B;(y)By (y) is clearly in the subspaces corresponding to both t and #/, which
is a non-trivial intersection! Thus, the GKS analysis is restricted to work with » < 2d/3 and in
particular, only manages to recover the span of B;(y)“~" (for d — r > d/3). This route rules out the
desymmetrization + tensor decomposition approach.

As a result, GKS used a more complicated sequence of operations that involves taking projec-
tions of the partial derivatives and algorithms for simultaneous decomposition of vector spaces
into irreducibles which they analyze by studying the associated “adjoint algebra”. The two-step
projection step requires that d be very large as a function of log, m (and degree K of the A;s).

Summary The “desymmetrize + tensor decompose” approach of GHK is elegant and simple but
suffers from an inherent bottleneck for going beyond m ~ n (or even n%/3) for sums of cubics (or
higher powers) of quadratics and gets unwieldy as d gets large. The GKS approach manages to
handle any m = n°(!) components but only for very large d and relies on a somewhat complicated
algebraic algorithm. While GKS do not do this, finding a polynomially conditioned variant of
their algorithm will likely require significant effort.

2.1 Our approach and outline of our algorithm

Somewhat surprisingly, we manage to find an algorithm that achieves the best of both worlds. Our
algorithm relies on the conceptually simple approach of desymmetrizing the input tensor (as in
GHK) while at the same time managing to not only hit m ~ n when K = 2 and d = 3 butalso get a
substantially improved trade-off compared to GKS for all m, d, K. Further, we find a polynomially
stable implementation of our algorithm when A;s are random by establishing condition number
upper bounds on the structured random matrices that arise in our analysis.

In the following, we explain the main components in our algorithm and analysis: insights that
rescue the simple “desymmetrize + tensor decompose” approach, the resulting algorithm, and a
new method to prove strong condition number upper bounds on structured random matrices. We
will focus on the case when the A;s have independent N (0,1) entries in the following section.
For this setting, we obtain an algorithm with polynomial error-stability guarantees. Our result for
generic (or smoothed) A; is a simple corollary of this result using standard tools.

Recovering the Span of B;s Recall that the GKS observation shows that given a polynomial
P(x) = Yycm At(x)? for quadratic A;s, the subspace U spanned by r-th partial derivatives of
P, when projected to a sufficiently small dimension ¢ = o(n) variables y, equals the span V =
span(B;(y)*"yr | t € [m], T € [{]") for B;(y) = A;(My) where M is an n x ¢ projection matrix.
GKS then perform a multi-GCD step that recovers the span of B;(y)¢~" from V and their anal-
ysis requires the subspaces {B;(y)?"yr | T € [¢]"} for each t € [m] to have only trivial pairwise
intersection (i.e. = {0}) . Our key idea is to observe that this assumption is not crucial! We can
extract the span of powers of B; as long as these subspaces do not have a large intersection. As



discussed before, when r > 2d4/3, their analysis fails because of some obvious intersections be-
tween the above subspaces. We substantially improve their analysis by observing that for random
polynomials these obvious intersections between the subspaces are the only ones possible!

More precisely, let’s restrict to d = 3 and consider the subspace of projected (we in fact show
that simply restricting the variables suffices) partial derivatives of order r = 2 of P. Then, the
subspace of restricted 2nd order partial derivatives of P contains homogeneous polynomials of
degree 4. For random A;s, we fully characterize the set of quadratic polynomials {g; | t < m} that
satisfy the polynomial equality } ;,, B:(v)q:(y) = 0. Observe that for any s # t € [m], g; = B;
and q; = — B is clearly in the solution space. Such solutions span a subspace of dimension (7). In
Lemma 4.11, we prove that these solutions are in fact the only solutions whenever m < (N)(n)

This understanding immediately allows us to use a simple subroutine to recover the span of
{B:(y) | t < m}. Specifically, we take a random homogeneous quadratic polynomial p(y) and let
V), be the subspace of quartic multiples of p, that is, V, = span(p(y)ys | |S| = 2). Then, any non-
zero f(y) = p(y¥)q0(y) € VNV, must be a solution to Y, B:(y)q:(y) = p(y)q0(y). The above
characterization of the solution subspace allows us to conclude that whenever g is non-zero, it
lies in the span of B;(y). Thus, we have confirmed that V NV, = span(p(y)B:(y) | t < m), and
dividing this subspace by p immediately yields span(B;(y) | t < m)!

Thus, to summarize, our algorithm for finding the span of B;s is simple:

1. Restrict all 2nd order partial derivatives of P to some ¢ variables (¢ = O(/n) suffices),

2. Find intersection of this subspace with V), for a random homogeneous quadratic polynomial
p and divide the resulting subspace by p.

The analog of this result for d = 3D powers of quadratics relies on a similar lemma that
characterizes the solution space of ¥, Bi(y)Pq:(y) = 0. For sums of powers of degree K > 2
polynomials however, the characterization gets a little more involved as unlike in the case of
quadratic Bss, q; will have a larger degree than BP, which makes the solution space larger. We
present this characterization in more detail in Section 5.2.

Noise Resilient Implementation For obtaining a noise-resilient version of the above method,
we first need a noise-robust version of the GKS observation that the subspace U of restricted
partial derivatives equals the subspace V spanned by multiples of B;(y), and also a robust way of
obtaining a basis for V. This amounts to understanding the smallest nonzero singular value of a
certain matrix that we analyze in Lemma 4.12. Similarly, we bound the nonzero singular values of
the matrix of linear equations Y, Bt(y)q:(y) = 0 (described above) in Lemma 4.11. Finally, we
use a simple method in Lemma 4.27 to robustly compute the intersection of two subspaces given a
basis for each by looking at the largest singular values of the sum of the corresponding projection
matrices, allowing us to obtain a subspace close to the span of B;.

Desymmetrization The above discussions show how we can estimate the span of B;(y) for a re-
striction of the quadratic A; to some ¢ = O(y/n) variables. Given this subspace, we apply desym-
metrization directly to the restricted polynomial P(My). To analyze this step, we need to understand
the invertibility (and condition numbers) of the matrix representing the Sym, linear transform
on the subspace of the linear span of B;. We establish the condition number upper bound in
Lemma 4.30, thus obtaining the desymmetrized tensor ¥, B{*>.
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Aggregating Restrictions For a given restriction (via an n x ¢ matrix M), the above steps give
us access to the tensor ), Bt®3 where B; = M " A;M is the ¢ x ¢ matrix of the restricted A;. We
would like to piece together such restrictions to obtain ) ;,, A3, We show how to do this by
working with a simple n°-size pseudorandom set of restriction matrices M such that the average
over the corresponding restricted 3rd order tensor gives us the unrestricted 3rd order tensor up to
a known scaling. Our construction is a simple modification of the standard construction of 6-wise
independent hash families.

Tensor decomposition and taking sD-th roots  Given an estimate of }_,,, A;’>, we can apply the
standard polynomially-stable tensor decomposition algorithms (Fact 4.7) to recover the A;s. When
we work with higher (d = 3D) powers of quadratics (or degree-K polynomials, more generally),
this step only gives us Sym,,(AP’P). The task of recovering A; given Sym,,(AFP) is a certain
simple “deconvolution” problem. We give a noise-robust algorithm for this task that relies on a
simple semidefinite program analyzed in Lemma 4.9.

2.2 Overview of singular value lower bounds

For establishing polynomial stability of our algorithm for random A;s and proving Theorem 1.3,
we need to understand the condition number and in particular, the smallest singular value of cer-
tain random matrices that arise in our analyses. Analyzing the smallest singular value of random
matrices turns out to be more challenging than the much better understood largest singular value.
For matrices with independent and identically distributed random subgaussian entries, a sharp
bound was only achieved in the breakthrough work of [RV08] via a sophisticated analysis via the
“leave-one-out” distance method. The matrices that arise in our analyses are significantly more
involved. The entries are not independent but are instead computed as low-degree polynomials of
independent random variables that are of polynomially smaller number than the dimension of the
matrix. As a result, the entries exhibit large correlations, and the leave-one-out method appears
hard to implement for such matrices.

Instead, we adopt a different, more elementary but nimble method that obtains estimates of
the smallest singular values via upper bounds on the largest singular values of certain deviation
matrices. To see this method on a simple toy example, consider an n x m matrix (for m < n)
G of independent N (0,1) entries. Then, we can write G'G = n(1 + O(%)) -1 + offdiag(G ' G)
where offdiag(G ' G) zeros out the diagonal entries of G'G. To establish a lower bound on the
mth singular value of G, it is thus enough to observe that ||offdiag(G' G) Hop < O(y/mn) with high
probability.

This argument works as long as m < n/ polylog(n) and gives a sharp (up to the leading con-
stant) estimate on the smallest singular value. Note that in this argument, we effectively “charge”
the spectral norm of the off-diagonal “deviation” matrix to the smallest entry of the diagonal part.
Such a strategy works so long as all columns of G are of roughly similar length.

It turns out that despite its simplicity, this technique is surprisingly resilient for our purposes
and unlike methods from prior works, it easily applies to the involved matrices that arise in our
analysis, yielding bounds that are essentially sharp so long as we can keep the dimensions of
the matrix somewhat “lopsided” (i.e. m < n in the example above). This turns out to not be a
handicap in our setting.

11



In our analysis, the problem now reduces to bounding the spectral norm of certain correlated,
low-degree polynomial-entry random matrices arising from the off-diagonal part of the matrices
we analyze. While this can be quite complicated, we rely on the recent advances in understanding
the spectral norm of such matrices [BHK 19, AMP16, JPR"22] in the context of proving Sum-of-
Squares lower bounds for average-case optimization problems. This technique relies on decom-
posing random matrices into a linear combination of certain structured random matrices called
graph matrices. We rely on the tools from prior works that reduce the task of analyzing the spectral
norm of such matrices to analyzing combinatorial properties of the underlying “graph”.

This technique gets us started but hits a snag as it turns out that some of the deviation matrices
simply do not have small spectral norms. We handle such terms by proving that the large spectral
norm can be “blamed” on having large positive eigenvalues that cannot affect the bounds on the
smallest singular value. Formally, we provide a charging argument, reminiscent of the positivity
analyses in the construction of sum-of-squares lower bounds [BHK 19, GJJ 20, HK22, JPR"22],
to handle such terms and establish the required bounds on the spectral norm.

While somewhat technical, the proofs of singular value lower bounds for all the matrices in
our analyses follow the same blueprint. We give a more detailed exposition of these tools (by
means of an example) in Section 6.1 before applying them to the matrices relevant to us.

3 Preliminaries and Notation

Notations and definitions

1. Multisets and monomials: We denote [n] = {1,2,...,n}. We say that I € [n]* is a multiset
of size k when the order of elements in I does not matter. For a multiset I, we let x; denote
the product of variables in I: [];c; x;. For n,k € IN, we define ny = (”+,l§_1) as the number
of multisets of n of size k which is also equal to the number of degree-k monomials in n

variables.

2. Vectors, matrices, and tensors: Given a vector v € R", we denote its £, norm by ||v||, =
(¥, |0i]P)'/P. Given a matrix M € R"*", we let | M| denote its Frobenius norm, IM[[ o
denote its spectral norm, and M]i, j] denote the (i, ) entry of M. Given a tensor T € (R")®4
of order d, || T||¢ denotes its Frobenius norm, and vec(T) € R™ denotes the flattened vector
of T so that || vec(T)||2 = ||T||¢. For index I € [n]%, we denote T[I] to be the entry at index I.
For two tensors T, T/, we denote (T, T') = (vec(T), vec(T’)).

3. Polynomial coefficients: Given a degree-d polynomial p(xy,...,x;,), we use p to denote the
coefficient vector of this polynomial, with entries of the vector indexed by monomials in
lexicographic ordering. For a multiset I, we let p[I] denote the coefficient of p corresponding
to the monomial x;. With slight abuse of notation, when p is homogeneous we also use p to
denote the symmetric coefficient tensor of order d, i.e., p(x) = (p, x*?). We interchangeably
use the vector and tensor views when clear from context. For two polynomials p,q, we
denote (p, q) as the inner product of their coefficient vectors, and ||p||> = (p, p) .°

6 The Frobenius norm of the coefficient tensor is different from the norm of the coefficient vector due to necessary
rescalings of tensor entries, but they only differ by constant factors depending on d.
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4. Symmetrization: Given any tensor T € (IR")*?, we let Sym(T) denote the symmetric tensor
such that for any index I € [n]¥,

Sym(T)[I] = Eycs, T[rt(I)]

where 5; denotes the set of permutations. For example, for a degree-d homogeneous poly-
nomial p(x) = (p,x®?) and k € N, Sym(p®¥) is the coefficient tensor of p(x)*, i.e., p(x)* =
<Sym(p®k), x®dk>‘

5. Random polynomial: A random degree-d homogeneous polynomial is a degree-d homoge-
neous polynomial whose coefficients are picked independently and randomly from N (0, 1).

6. Partial derivatives: Given a polynomial p(x1,...,x,) welet 9;p(x, ..., x,) denote the poly-
nomial which is the partial derivative of p with respect to variable x;, and 0;p denotes the
coefficient vector for the same. For a multiset I € [n]¥, 9;p(x) denotes the polynomial ob-
tained by taking partial derivatives with respect to I.

7. Linear span: For a set of vectors v; € R” we use span(v;) to denote their linear span. For a set
of degree-d homogeneous polynomials p;(x), we use span(p;(x)) (or span(p;) for simplicity)
to denote the linear span of their coefficient vectors lying in IR".

8. Linear subspace and projection: For a k-dimensional subspace U of R", let Proj(i/) de-
note the n x n matrix that projects a vector in R” to the subspace /. More specifically, let
U € R"™* be a matrix with columns consisting of orthonormal basis vectors {u;}* | of U,
then Proj(U) = UUT. Further, for two k-dimensional subspaces U,V of R", we define the
difference between them as ||U/ — V|| = ||Proj(d) — Proj(V)|| -

Eigenspace Perturbation Bounds We now state some theorems that will be used to analyze the
error resilience of our algorithms. The following theorem gives us a stability result for the singular
values of matrices:

Theorem 3.1 (Weyl's theorem). Given matrices A, E € R™*" with m > n, for all k < n we have that:
0i(A) = ||Ellop < 0k(A+E) < 0k(A) + [|Eflop -

The following theorem that can be found in [SS90] analyses the singular vector spaces of ma-
trices under perturbation:

Theorem 3.2 (Wedin). Given matrices A,E € R™*" with m > n, let A have singular value decomposi-
tion:

¥ 0
U U Uz |0 | [i V.
0 0

Let A = A + E with analogous singular value decomposition. Suppose that there exists a & such that:

min |[Za]i; — [Zljj| > 8, and min|[Zal| > 5,
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then )
2||E[|%

52

We will now state some facts about least-squares minimization and also analyze its error re-

HProj(L[l) - Proj(LTl)Hi + HProj(Vl) - Proj(lA)I)Hi <

silience.

Definition 3.3 (Moore-Penrose Pseudo-inverse). The pseudo-inverse of a rank n matrix M € R"*"
for m > n is denoted by M' and equals (MTM)~!- MT. We have that the singular values of M*
arel/(M) <...<1/0,(M).

Lemma 3.4. Suppose M € R™*" with m > n is a rank n matrix and b € IR™. The solution to the
least-squares problem: minyers ||[Mx — b||2 is x = MTh.

We will use the following lemma about stability of the pseudo-inverse:

Lemma 3.5. Given matrices A,E € R™*" with m > n, rank(A) = n and HEHOP < 0,(A), we have

that:
V2[[E|lop
< .
op ~ n(A)(0n(A) = [|E]lop)

Proof. The following lemma can be found in [SS90]:

H(A+E)+ — At

|[(a+E) —a*| < V2IElL,
op

47, [ea+

op

We know that HA*HOP =1/0,(A) and similarly ||(A + E)JFHOP = an(fhE) < Un(A)iHEHop by Weyl’s

theorem. Plugging these into the above the lemma follows.
O

Using the above we can prove the stability of the solution of least-squares minimization:

Theorem 3.6 (Error-Resilience of Least-squares). For all m x n matrices A, E with m > n, rank(A) =
nand ||E||,, < 0u(A)and vectorsb,e € R™,ify = argmin, _g, | Ax — b||2 and j = arg min, g, || (A +
E)x — (b+ e)||2, then we have that

17—l < Y2 1Elop 1012+ () el
y—ylz2 < 0u(A)(0u(A) = | Ellop)

Proof. We have thaty = Atband ¥ = (A + E)T(b + ¢). We have that:

17—yl = |[(A+E)(b+e)— A%
- ((A+E)*—A+)b+(A+E)+eH2
<[a+ryr—anp| +||a+Eye],
<lccas eyt —an|| el + [ ca+E)F el
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We can use Lemma 3.5 to bound the first term by:

V2 |[E|lo, lI0]l2
0 (A)(0n(A) = [Ellop)

Using Weyl’s theorem we can bound the second term by:

[(Ca+By —an|| ol <

lel:
UH(A) - HEHOP

Adding the two bounds completes the proof. O

[ca+EY| el <

Preliminaries for singular value lower bounds

Fact 3.7 (Deleting rows won’t decrease singular values). Given a matrix A € R"™*™, let B € R" *™
be a submatrix obtained by deleting rows of A. Then,

ATA=B'B.
The following lemma will be used throughout the paper. It is a simple result that follows

directly from standard concentration results on Gaussian variables.

Claim 3.8 (Norm of powers of random polynomial). Fix D,K € IN. Let p(x) be a degree-K homoge-
neous polynomial in n variables such that each coefficient of p is sampled i.i.d. from N'(0,1). Then, with
probability at least 1 — n~=(PK),

[p®| = 0m™).

Proof. Recall that ||p(x)P| is the norm of the coefficient vector of the degree-DK polynomial
p(x)P. Viewing p as an order-

x)P|| is within a constant factor away from ||Sym(p®P) || .

p(x)P HZ is a degree-2D polynomial over the coefficients of p, and the expectation is

Clearly,
By [|p0)?|| = ) & F [(Sym(p™P)[1])?] = ©(n"X).

The statement of the lemma follows by standard Gaussian concentration on low-degree polyno-
mials of Gaussians (see e.g. [SS12]). O

4 Decomposing Power-Sums of Quadratics

In this section, we describe our efficient algorithm to decompose powers of low-degree polynomi-
als. To keep the exposition simpler, we will analyze the algorithm for the case of quadratic p;s in
this section and postpone the analysis for higher-degree p;s to the next section.

Specifically, we will prove that there is a polynomially stable and exact algorithm for decom-
posing power-sums of random quadratics. The same algorithm’s recovery guarantees hold more
generally for power-sums of smoothed quadratic polynomials though our current analysis only de-
rives an inverse exponential error tolerance. Our algorithms work in the standard bit complexity
model for exact rational arithmetic.
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Theorem 4.1. There is an algorithm that takes input parameters n,m,D € IN, an accuracy parameter
T > 0, and the coefficient tensor P of a degree-6D polynomial P in n variables with total bit complex-
ity size(P), runs in time (size(P)n)°(P) polylog(1/7), and outputs a sequence of symmetric matrices
Al, Az, cee, Am € R™" with the following guarantee.

Suppose P(x) = Y, A;(x)3P + E(x) where each Ay is an n x n symmetric matrix of independent
N(0,1) entries, ||E||r < nOP) and m < (W)D ifD < 2and m < (polyl’(l)g(n))w/3 ifD > 2.
Then, with probability at least 0.99 over the draw of A;s and internal randomness of the algorithm, for odd
D,

min max Hgt — A”(t)HF < poly(n) (HEH}?/D + Tl/D) )

meS,, te[m}
and for even D,

. oy < 1/3D 4 1/3D)
mip e i [ = x| < poty(r) (12 +240)

Observe that for odd D, we are able to recover A;s up to permutation while for even D, we
recover A; up to permutation and signings. Such a guarantee is also the best possible given P(x).

The Algorithm:  Our proof of Theorem 4.1 uses the following algorithm (that works as stated
for decomposing powers of degree-K A;s more generally, but we will analyze for quadratic Ass in
this section).

Algorithm 4.0.1 (Decomposing Power Sums).

Input: Coefficient Tensor of a n-variate degree-3KD polynomial P(x) = P(x) + E(x) where
P(x) = Lyem) At(x)*P for degree-K polynomials A;.

Output: Estimates Al, Az, s, Am of the coefficient tensors of A1, Ay, ..., An.
Operation:

1. Construct Pseudorandom Restrictions: Construct the collection S of < 3KD/-size
subsets of [1], |S| = n°P) using the algorithm from Lemma 4.6.

2. Desymmetrize Pseudorandom Restrictions of Coefficient Tensor: Foreach S € S:

(a) Find Subspace of Restricted Partials: Apply Algorithm 4.1.1 to compute the
linear span Vp of coefficient vectors of Ms-restrictions of 2D-th order partial
derivatives of P.

(b) Span-finding: Apply Algorithm 4.2.1 to find the span of restricted A;(x)P’s.

(c) Desymmetrize: Apply Algorithm 4.3.1 to compute the desymmetrized restricted
coefficient tensor.

3. Aggregate Restricted Tensors: Use restricted desymmetrized tensors from all re-
strictions in the pseudorandom set to construct the desymmetrized tensor.
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4. Decompose Tensor: Apply tensor decomposition to the desymmetrized tensor.

5. Take D-th Root of a Single Polynomial: using Lemma 4.9.

Algorithm Overview In this section, we henceforth restrict our attention to quadratic A;’s. Like
in the case of cubics of quadratics discussed in Section 2 our algorithm first desymmetrizes the
input coefficient tensor and then applies tensor decomposition to recover estimates of the indi-
vidual components. Specifically (when E = 0), given the coefficient tensor of P has the form
Symgp, (i Symyp (APP)3), our goal is to “undo” the effect of the outer application of Sym and
this is accomplished in the first three steps that are direct analogs of the ones discussed in the spe-
cial case analyzed in Section 2. After performing the desymmetrization step, for higher powers of
quadratics we only recover estimates of Sym(A®P) at the end of this procedure. The final (and
extra, compared to the cubic case) step in the algorithm takes D-th root of noisy estimates of single
polynomials, i.e. obtains an estimate of A(x) from an estimate of A(x)P.

Specifically, in Step 2a, we compute the ~ n2P different 2D-th order partial derivatives 9P (x)
of PasI = {iy,...,ip} € [n]?P ranges over all multisets of size 2D. We then restrict each of these
degree-4D polynomials to some fixed set of £/ = o(n) variables which, in order to distinguish from
the original set of indeterminates x, we will call y. The effect of this restriction is to transform A;
into B = M A;M for a n x ¢ restriction matrix M defined below.

Definition 4.2 (Restriction matrix). Given a set S C [n] with |S| = ¢, we denote M5 € R"* to be
the matrix whose columns consist of standard unit vectors ¢; for j € S. We write P o M; for the
polynomial (in indeterminates y) defined by P o Ms(y) = P(Msy).

For each Mg, we let Rs be the linear operator that takes an n x n matrix A € R"*", into
Rs(A) = (MsMl)A(MsM!) -i.e., zeros out the (i, ]) entry of A if i or jisnotin S.

For any restriction matrix M, let B; = M " A;M. Let Vp be the span of polynomials of the form
Bi(y)Pyr:
Vp = span (Bt(y)DyT |tem],Te [6]2D> .

Then, any 2Dth order partial derivative of P, when restricted via M, is in Vp. We prove that for
small enough m, ¢, the linear span of the restricted partials of P is in fact equal to the linear span of
the polynomials B;(y)Pyr (we prove an error-tolerant version in Section 4.1).

Lemma 4.3 (Analysis of the Subspace of Restricted Partials of P). Fix D € IN. Let m,{,n € N be

parameters such that m < (m)w ifD <2, andm < (W)D if D > 2, and that m{*P <
(polyl’ég(n))w . Given P = Y e A(x)3P + E(x) where each Ay is a degree-2 homogeneous polynomial
with i.i.d. N'(0,1) entries, and a restriction matrix M € R™*!, we have that with probability 1 — n~(P)
over the choice of Ay’s, Algorithm 4.1.1 outputs a subspace Vp of R™P that satisfies:

-], <0 ((2l5).

with Bi(y) = Ay o M(y).

Consider Wp = span(B;(y)P | t € [m]), for the next step, we show we can extract a subspace
Wp ~ Wp given a basis for Vp, by proving for a random degree-2D polynomial p(y) the inter-
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section (computed in Step 2b) of Vp with the linear span of polynomials of the form p(y)yr (for
|T| = 2D) equals that of B;(y)P with high probability over p and B;’s:

Lemma 4.4 (Extracting Span of B;(y)P). Let D,m,{ be the same parameters as Lemma 4.3. Given
degree-2 homogeneous polynomials By for t € [m] in £ variables with coefficients drawn i.i.d from N'(0,1),
with probability 1 — £~P) Algorithm 4.2.1 outputs Wp that satisfies:

HWD - WDHF <0 (m€4DHVD — vDHF) .

Finally, we show that on the subspace of linear span of B;(y)”, the outer Sym,, operation is
invertible in an error-tolerant way via the least squares algorithm. This gives us a desymmetrized,
M-restricted 3rd order tensor.

Lemma 4.5 (Desymmetrization of Restricted P via Least-Squares). Let D,m,{¢ € IN such that m <

(m)w . For each t € [m], let By be a degree-2 homogeneous polynomial in ¢ variables with i.i.d.

N (0,1) entries. Suppose W is a subspace of R2> such that HWD - Wp HF < 1/ (m35¢0D)), then with

(D)

probability 1 — nP) over the choice of By’s, Algorithm 4.3.1 outputs a tensor T such that:

- Y (sym(8%)"

telm)

< poly(m) (£ | W — W[+ [[Ellr) -
F

(D)

We show how to aggregate the desymmetrized estimates above for n°(P) pseudorandom re-

striction matrices to obtain the estimate of the unrestricted tensor we need.

Lemma 4.6 (Aggregating Pseudorandom Restrictions). Let D,n,¢,m € IN such that 6D < { <
There is an n°P)-time computable collection S of subsets of [n] such that each S € S satisfies { < |S
6D/ and that

n.
<

m

UL ®3 ®3
Es.s ) (Sym (Rs(At)®D>> =Co}), (Sym(A?DD
t=1 t=1
where C € (R")®°P is a fixed tensor whose entries depend only on the entry locations, and each entry of C
has value within ((¢/2n)°P,1).

Given such a partially desymmetrized tensor, an application of off-the-shelf algorithms for 3rd
order tensor decomposition allows us obtain Sym(A®P) for t < m in Step 4. We will specifically
use:

Fact 4.7 (Stable Tensor Decomposition, symmetric case of Theorem 2.3 in [BCMV14]). There ex-
ists an algorithm that takes input a n X n X n tensor T and an accuracy parameter T > 0, runs in time
(size(T)n)°W polylog(1/7) and outputs a sequence of vectors Ty, 7y, . . ., o, with the following guaran-

tee. If T = Y, 0> + E for an arbitrary n X n x n tensor E and the matrix with v;s as rows has a condition
number (ratio of largest to r-th smallest singular value) at most x < co. Then,

min max ||0; — Uy

eSS, i<r

, Spoly(x,n) [|E[[p + 7.

To apply this fact, we will need the following bound on the condition number x of the matrix
with Sym(AFP) as columns:
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Lemma 4.8 (Condition number). Under the same assumptions as Lemma 4.3, let Ap be the nyp X m
matrix whose columns are the coefficient vectors of A;(x)P for t € [m)]. Then, with probability 1 — n~(P),
the condition number k(Ap) < O(1).

Recall that for any natural number k, we write ny = (”Jrf*l) for the number of distinct degree

k monomials in n variables.
Finally, in Step 5, we extract A; from Sym(A®P) (i.e. desymmetrize a single noisy power).
Note that in this step, we do not need randomness/genericity of the A;.

Lemma 4.9 (Stable Computation of D-th Roots). Let D,n € N and 6 > 0. Let P € R"*" be an
unknown symmetric matrix. Suppose Pp(x) is a homogeneous degree-D polynomial in n variables such
o(D)

that its coefficient tensor satisfies HI’% — Sym(P®D) HF < 6. There is an algorithm that runs in n time

and outputs Q € R" " such that if D is odd, then

Jo- o], <ot

and if D is even, then

min (|0~ 0P| < Om8") - [Pllmax.

Putting things together We will prove each of the above lemmas and provide details of each
step in the following subsections. Here, we use them to finish the proof of Theorem 4.1.

Proof of Theorem 4.1. For D < 2, weset £ = y/n and m < (W)D such that m < ( )2b

For D > 2, weset £ = n?/3and m < ( T )2P/3 such that m < (
polylog()
have m(?P < ()P,
polylog(n)
We consider the collection S of subsets of [n] from Lemma 4.6 with parameter ¢ such that
|S| = n9P)and ¢ < |S| < 6Dl forall S € S. Thus for m < (

. S
satisfy m < (poly‘lo‘g(n)>2D and m|S|?P < (polyl’ég(n))w.

Consider a set S € S and the corresponding restriction matrix Mg, and let B; = M{ A;M; €
RISIXISI, By Lemma 4.3, 4.4 and 4.5 (assuming ||E||r < n~ D)y, after Steps 2a, 2b and 2¢, we obtain

tensor Tg € R*” such that

)4
polylog(£)
D Inboth cases, we

)
polylog(¢)

W)D, the parameters m, n, |S|

<n®P - E|g,
F

Ts— ) (SYm(Bf@D)>®3

te[m]

with probability 1 — n(P) over the randomness of the input. By union bound over S, we get the

same guarantees for all S € S with probability 1 — p#

oly(n)*
Next, observe that )¢ (Sym(B;*P ))®3 € (RY)®%P is simply a sub-tensor obtained by re-
moving zero entries from the tensor Y}*; (Sym(Rs(A;)*P )®3 € (R")®®P according to S C [n].

Therefore, for each S € S we have an estimate of y;; (Sym(Rs(A;)*P ))®3, then if we average
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overall S € §, by Lemma 4.6, we get a tensor ﬁb € R"™” such that

~ ®3
Rp—Co Y (Sym(AfP)) || <nO®)|E]s

te|m]

F

where the error bound is by triangle inequality, and C is a known tensor with entries within
((¢/2n)%P,1). Thus, by normalizing R}, according to C, we get a tensor Rp such that

<nO®) |E[lp.
F

Rp— Y (sym(a??) "

te[m]

Next, by the tensor decomposition algorithm (Fact 4.7) and the condition number upper bound

o(D)

from Lemma 4.8, Step 4 runs in n°'P) polylog(t) time and outputs tensors AP, ..., AD such that

min max | 4P —Sym (A20)) |, < nOP)E s+ 7.

Finally, by Lemma 4.9 we can extract A; € R"*" from A? . For odd D, using the fact that x/P is a
concave function when D > 1, we get that

1/D
<O(n) (nOP|E[F+7) " < poly(n) (IE[FP +77P) .

min max Hgt — An H

€S te[m] F

For even D, since || A¢|lmax < polylogn with high probability by standard concentration results,
we get that

~ 1/3D
. . _ < o(D)
RS 1] rE{41) [ = o an]|, < 00m) (P ENE +7) 7 Al

< poly(n) (J[E[}/>” +7/*P) .

This completes the proof. O

4.1 Proof of Lemma 4.3: Estimating span of partial derivatives of P

Algorithm 4.1.1 (Estimate Span of 2Dth Order Partial Derivatives of P).

Input: A degree 6D homogeneous polynomial P(x) = Ytepm) Ar(x)*P + E(x) and restriction
matrix M € R"*".

Output: A basis for Vp such that:

5 IE
%5~ Volle <0 (s

for Vp = span (Bi(y)Pyr | t € [m], T € [¢]*P) and B;(y) = Ao M(y).
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Operation:

* For all multisets I € [n]?P of size 2D:

1. Compute partial derivative of P(x) with respect to I: 9;P(x).
2. Project each partial derivative with respect to M to get the polynomials: (9;P) o

M(y)-
e Let U be a matrix in R%p*"20 whose columns are the vectors (9;P) o M.

* Output the top (mlyp — (5)) singular vectors of U.

Our goal in this step is to obtain an estimate of Vp = span (B;(y)Pyr | t € [m], T € [(]*P) given
the input coefficient tensor of the polynomial P. Let us first restrict to E = 0.

The main observation that helps us here is the following structure in the partial derivatives of
P. Specifically, for 2D-size multiset I: 9;P(x) = Y1 A¢(x)P - pi(x). In particular, if we restrict
P(x) via M, then the resulting 2D-th order partial derivatives are all in the span of multiples of
Bi(y)P = (y ' Biy)P. Thus, let Up be the subspace of the restricted partial derivatives of P:

Up = span ((alP) oM(y) |I¢€ [n]ZD) .

Then, by our discussion above, Up C Vp. We will in fact argue that these subspaces are exactly
the same whenever m and ¢ are small enough. In fact, we'll prove that any polynomial of the
form Y, Bi(y)PQ:(y), where deg(Q;) = 2D, is a linear combination of the restricted partial
derivatives with coefficients that are not too large (this will be essential for our error analysis).

Lemma 4.10 Up = Vp). Fix D € N. Let {,m,n € N such that m¢*P < (polyIZg(n))ZD' Let
A1, ..., Am € R™" be random symmetric matrices with independent Gaussian entries, let M € R"*¢
be a fixed restriction matrix. Then, with probability 1 — n=P) over the draw of As, we have that
Up = Vp and further, for any degree-2D homogeneous polynomials Q1, . .., Q, there exists coefficients

R = {RI}IE[H]ZD € IR™D sych that

Y R ;amw ) o M(y f

I€[n]?P
and moreover, |R|l2 < O(n=P) Y71 [|Qt ¢

Thus, in order to recover an (approximate) basis for Vp, it is enough to obtain a basis for (a
noisy estimate of) the subspace Up. Our algorithm for this will simply populate natural elements
of Up and then take the top few singular vectors to get a basis for Up (and thus also for Vp).

Dimension Counting In order to analyze this algorithm, let us first calculate the dimension of
Vp. Observe that the polynomials B;(y)Pyr for t € [m] and T € [¢]?P are not linearly independent:
as |T| = deg(BP) = 2D, we can have B;(y)”B;s(y)? = Bs(y)PB;(y)P for s # t. We will show,
in a sense, that these are the only linear dependencies in the set of polynomials B;(y)"yr and
thus dim(Vp) = mlyp — (5). In fact, for our error-tolerance, we will show that the matrix that
populates the coefficient vectors of polynomials of the form B;(y)Pyr has dim(Vp) polynomially
large singular values:
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Lemma 4.11 (Singular value lower bound for V). Fix D € IN. Let m,{ € IN such that m <
(m)w if D <2,andm < (W)D if D > 2. Let By, ..., By, be degree-2 homogeneous poly-
nomials in £ variables with i.i.d. standard Gaussian coefficients. Then, with probability 1 — =P, the set
of homogeneous degree-2D polynomials {pi}yepm satisfying i~y Bi(y)Ppe(y) = 0 forms a subspace of
dimension (') spanned by the following,

— _ gD _ _pD —
N = {(pl,...,pm) | pr, = By, pr, = — By, and p; = 0 for s # tl'tz}t1<t2gm :
Furthermore, let V. € R%p>*™M0 sych that where each column is the coefficient vector of the degree-AD
polynomial B;(y)Pyr for t € [m] and T € [¢]?P. Then,

m
rank(V) =tz (1), sy 1(V) > Q).

From Lemma 4.10, we know that dim(Up) = mlyp — (7). Combining Lemma 4.10 and 4.11,
we will prove that the coefficient vectors of 2D-th order partial derivatives form a sufficiently
incoherent spanning set for Up by establishing the following lower bound on the dim(Up)-th
singular value of the matrix that populates them as columns.

Lemma 4.12 (Singular value lower bound of U). Under the same assumptions as Lemma 4.11, let U be
the {yp x nyp matrix where each column is the coefficient vector of the degree-4D polynomial 0;P o M(y)
for multiset T € [n)?P. Then, with probability 1 — n=D),

Orank(U) (u) = Q((nf)D)

where rank(U) = mlyp — (75) is our candidate rank.

Finally, we can upgrade the analyses above to handle non-zero error matrices E. Our bounds
above can be used to infer the following distance bounds between our estimate and the truth.

Lemma 4.13. Under the same hypothesis as Lemma 4.12, with probability at least 1 — n~(P) on the choice
of the Ays and the internal randomness of the algorithm, |[U — U||p < O(DP/?)||E||E.

Proof. Recall that U is a matrix in R’>*"20 whose columns are the vectors (9 1P) o M. For a multiset
I and polynomial Q(x), recall that Q[I] denotes the coefficient of x; in Q(x). For all multisets
J € [(]*P and I € [n]?P, we have that the (], I) entry of U and U is ((9;P) o M)[J] and ((3;P) o M)]J]
respectively. Subtracting the two we get that the (], I)-entry of U — U equals: ((3;(P — P)) o
M)[]J] = ((9:E) e M)[J].

Due to the structure of M (columns are ¢;’s with no repeated columns) one can check that:

Y (E)eM[P< Y (@E)[*

Ie[n]?P, Je[(*P I€[n]?P, Je[n]*P

Each summand in the RHS above is at most O(D!)E[I U ]J], and since I U ] ranges over multisets
R € [n]°P of size 6D we get:
Iu —Ullr < O(DP2)|E]r O
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Completing the proof of Lemma 4.3

Lemma 4.14 (Lemma 4.3 restated: Correctness of Algorithm 4.1.1). Fix D € IN. Let m,¢,n € IN be

parameters such that ni < (m)w if D <2, and m < (W)D if D > 2, and that me?D <
(m)w . Given P = Y e Ay(x)3P + E(x) where each Ay is a degree-2 homogeneous polynomial
with i.i.d. N'(0,1) entries, and a restriction matrix M € R™*!, we have that with probability 1 — n~(P)
over the choice of Ay’s, Algorithm 4.1.1 outputs a subspace Vp of R0 that satisfies:

oo, <o (121}

with Bi(y) = Ao M(y).

Proof. By our analysis above (when E(x) = 0) we know that the column space of U defined as Up
is equal to Vp. We have that dim(Vp) = dim(Up) = mlyp — (%) and moreover Tty (U) 2
Q((nl)P). Recall that Vp is the subspace spanned by the top mfyp — (%) dimensional left singular
vectors of U. Applying Wedin’s theorem to matrix U (with U being the top mfyp — (5) dimen-

sional left singular vector space of U which is equal to Vp and the error matrix U — U) we get

that,
> |u—ujr (DDHEHF>
Vp—Vp|| <O <O :
H b DHF (a ta— (1) (nf)D

m 2

This completes the proof. O

Structure of the subsequent sections In Section 4.1.1 we prove Lemma 4.10. The proof relies on
an application of a lower bound on the singular values of a certain matrix (Lemma 4.19) shown
in Section 6.3.3. Next, we prove Lemma 4.11 in Section 4.1.2 that relies on some singular value
lower bounds deferred to Sections 6.3.1 and 6.3.2. Finally, in Section 4.1.3 we prove Lemma 4.12
by combining Lemmas 4.10 and 4.11.

41.1 Proof of Lemma 4.10: U/p = Vp

First observe that 9; A?P (x) is a sum of products of scalars of the form A;[i1,i»] and linear poly-
nomials of the form (A[j], x). More specifically, the terms in 9; A?" (x) can be categorized by the
number of linear terms 77 and number of scalar terms 7, where ;1 + 2y, = |I|. To formally write
out each term in 9; AP (x), we need the following definition.

Definition 4.15 (Bucket profile). Given integers 1,72 = 0 such that y; + 29, = 2D, we call
v = (71,72) a bucket profile of the 2D partial derivative, and we write 7* to denote the special
bucket (2D, 0). Let I';p be the set of bucket profiles.

Moreover, we define the bucket partition of {1,2,...,2D} as follows: x1(y) :== (1,2,...,71) and
(y) =(n+1,7+2),...,(2D —1,2D)), a set of /2 pairs.

Remark 4.16 (Interpretation of v and the terms in partial derivatives of A?P). To better understand
Definition 4.15, we make the following remarks,
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* Imagine A3P as being 3D buckets, and taking 2D partial derivatives means dropping 2D
balls in these buckets such that each bucket contains at most 2 balls. Then, 71 (resp. ¥2)
denotes the number of buckets with 1 (resp. 2) balls, hence y; + 2y, = 2D.

e LetI = (i1,...,iap) € [n)?P be an ordered tuple, and consider 9;A3P and a bucket profile
v € Typ. Note that there are 3D — (1 + 72) = D + 72 empty buckets. Thus, y represents
the terms in 9; AP that are products of AP+72 and <1 linear polynomials, which can be

represented as <At[in(k)],x> for k € x1(y) where |k1(7)| = 71, for some permutation 7w €

Sap. Here note that Ay[i ()] is a vector of dimension 7.

Reduce U/p = Vp to proving feasibility of a linear system With Definition 4.15, we can formally
write out the partial derivatives in a form that is convenient for our analysis: for a multiset I =
{i1,...,iap} € [n]?P of size 2D,

AP (x) = Y c, A(x)Pt Y T <At[i7r(k)]rx> [T Atlicg) i) (1)

7€lp m€Sop kex () (k1k2)€x2(7)

where ¢, > 0 is a scalar depending on y and bounded by O(D)?". Note that one can view the
summation over 71 € Syp as a way of symmetrizing over I, as the partial derivative should not
depend on the ordering of I. Thus, we have

d1P(x) = iAt(x)D Z A(x)py 1 (x)

v€l2p

where p;;,(x) is a homogeneous polynomial of degree y; consisting of products of 1 linear
polynomials of the form (A;[i], x).

We next set x = My where M € R"*! is a given restriction matrix and y is an /-dimensional
variable. Then, for |I| = 2D,

P o M(y) = Zl B (y)P ; Bi(y)"q1,1,,(y) ¥)
t= Y€lp

where from (1) we see that g; 1, is a degree-7; polynomial:

W) = ¥ TT (M Adiagly)  TT Adliagey ingen)] - ©

€Syp kexy (7y) (k1,k2)€x2(7y)

From (2) it is clear that for any I, the projected partial derivative d;P o M(y) lies in Vp, which
means Up C Vp. To prove Lemma 4.10, we first write out Y_jc (20 Ry - (1A 0 M(y)) using (2):

m D
Y, Ri-(@AoM(y) =) B(y)® Y B:()™ Y. Ri-quin(y)
Ie[n)?P t=1 r€lp Ie[n]?P

where v = (71, 72) and g4,1,,(v) is a homogeneous polynomial of degree 1.
Our main idea is to focus on the bucket profile v* = (2D, 0) where g;,+ is a product of 2D
linear polynomials. We show that the polynomials {g;,- }; already give us enough freedom to
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construct any degree-2D polynomials. Specifically, we show that the following linear system in
variables {R;} is feasible for any Q1, ..., Qu:

Definition 4.17 (Linear system for proving Up = Vp). Given arbitrary degree-2D homogeneous
polynomials Qj, ..., Q,, we define the following linear system in variables {R;} Ie[n]20"

Z Rr-qi1q(y) = Qi(y), Vte [m],

1€[n]2P

Y, Riquiy(y) =0, Yy #4975, t € [m].

Ie[n)?P

(4)

Note that the equations in Definition 4.17 are written as polynomial equations.

Writing the linear system in matrix form For a bucket profile v, let | = {ji,j2,...,j,, } € (]
be a multiset. From (3), the coefficient of y; in g; 1 - is

g () =cy- Y 11 (AMlizg. il TT  Atling) inge)]

mE€Sap ke () (k1k2) €x2(7)

=) ( X (AM)]ji] ®At®”) [7e(1)]

€S \ k€[]

=C

= I

-Sym ( Q) (AM)[j] ® Af@“’Z) [1].

k&[]

Here recall that we denote T[I| = Tliy,i,...,ip| for a 2D-order tensor T. Note also that A;M €
R"*¢ consists of £ columns of A; (determined by the restriction M), thus (A;M)[ji] € R" is simply
a column of A;. Then, the equations in (4) reduces to

o aom |\ _ J QL Ve ml ] € [0, fory = (2D,0)
<R1,SYm (k?;](AtM)[/k] ® A; )> = {0, Vi [m),] € [0, fory € Tap,y £ (2D,0).

®)

The above is a linear system in n,p variables {R;};. Since y; + 22 = 2D, 71 can range from

0,2,...,2D, and each | is a multiset of size 1. Thus we have in total m 2,13:0 £ linear constraints.
The following matrix defines the linear system:

Definition 4.18. For each v € I'>p, let L, be the m/{,, x n?P matrix where each row is indexed by
t € [m] and multiset | € [¢]71.

k&[]

Ly[(t,]), -] = vec <5Ym ( R (AM)[ji] ® A?%))

i.e., each row is the flattened vector of a symmetric 2D-th order tensor of dimension n. Moreover,
letrp :=m Zl?:o o and define L to be the rp x n2P matrix formed by concatenating the rows of
L, for y € T'pp.
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It is clear that the linear system (5) can be written as

vec(Q1)
Lip,o) - vec(Ry) = : /
vec(Qum)
(6)
Lop-2p)
-vec(Ry) =0.
Lop)

Next, we prove a singular value lower bound for L.

Lemma 4.19 (Singular value lower bound for L). Fix D € IN, let m,{,n € IN such that me?P <

(7p01yfég(n) 32D, Let L € R2*"” e the matrix defined in Definition 4.18 where rp = m 2,’?:0 lyr. Then,

with probability 1 —n=P), g, (L) > Q(nP).
We defer the proof to Section 6.3.3. Lemma 4.19 allows us to complete the proof of Lemma 4.10.

Proof of Lemma 4.10. From the analysis above, we see that to prove that there exists coefficients
R = {R}¢[pp such that

Y Ri- (9140 M(y)) = lemeQt(y)

I€[n]?P

it suffices to prove that the linear constraints in (4) are satisfied. The constraints reduce to the
linear system in (6) with the rp x n?P matrix L defined in Definition 4.18. By Lemma 4.19, ¢, (L) >
Q(nP) implies that there is a solution R, and further

m
Ivec(R) [l < O(n~2?) Z vee(Qd)ll -
This completes the proof. O

4.1.2 Proof of Lemma 4.11: Analysis for V'

Overview of proof of Lemma 4.11. Consider the matrix V'V € R"™20*"20 We would like to
show that the rank of V'V is mfyp — (’}), meaning that it has a (’))-dimensional null space. Let
p € R™p be a vector in the null space, and we view p = (p1,pa, - - ., pm) where each p; € R‘P is
the coefficient vector of a degree-2D homogeneous polynomial. Then, Vp = 0 is equivalent to

m
Z =0. (7)
Observe that the (%)) tuples (p1, ..., pm) in N are indeed solutions to (7) simply because

Bf1 (y)Dsz(y)D - sz (y)DBh (y)D :
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Thus, our goal is to show that 1) these (%)) solutions in N are linearly independent, and 2)

the linear span of N is exactly the set of solutions to (7). We first define the following matrix
N € R(:)*mp where each row is dimension m/f,p representing a tuple (py, . .., pm) € N:
Definition 4.20 (Null space of V). We define N € R(2)%ml0 to be the matrix whose rows are in-
dexed by (t1,t) for t; < t, € [m] and each row represents a collection of m degree-2D polynomials
(p1,- -, pm) such that

By, (y)D ifs =tq,
ps(y) = ¢ =B, (y)P ifs=t,

0 otherwise.

By definition, each row of N is a solution to (7), thus VN T = 0. We first show that N is rank
(%), which implies that A\ is linearly independent.
Lemma 4.21 (Rank of N). Let m,¢,D € IN such that m < (+
polylog (f)
matrix defined in Definition 4.20. Then, with probability 1 — £~ 2(P),

)P, Let N € RG)*"en pe the

Next, we would like to show that span(/\) are the only solutions to (7). To this end, we prove
the following,

Lemma 4.22. Let m,¢,D € N such that m < (m)w ifD <2,and m < (m)’j if D > 2,

and let N € RG)*"0 be the matrix defined in Definition 4.20. Then with probability 1 — ¢~(P),
Amin (VIV+NTN) = 0(£20).

We defer the proofs of Lemmas 4.21 and 4.22 to Section 6.3.1 and 6.3.2. Lemmas 4.21 and 4.22
immediately allow us to complete the proof of Lemma 4.11.

Proof of Lemma 4.11. By Definition 4.20, we know VN = 0 since each row of N represents poly-
nomials (py, ..., pm) such that each p; is degree 2D and Y1 ; B;(y)Pp:(y) = 0. This implies that
the matrices V'V and N'N have orthogonal column span. By Lemma 4.21, rank(N) = (%),
and by Lemma 4.22, the row span of N is exactly the null space of VTV. This implies that
rank(V) = mlyp — () and that span(/N) is exactly the set of solutions to Y14 B;(y)Pp;(y) = 0.
VTV + NTN having smallest eigenvalue at least ()(¢?P) further shows that the smallest sin-
gular value of V, 0,,,_(»)(V), being lower bounded by Q(¢P). This completes the proof. O

4.1.3 Proof of Lemma 4.12: Analysis for U
For starters, we recall the definition for {p as the following,
Up = span {J;P o M(y)}le[n],m:ZD ,

where P(x) = Y}" ; Ai(x)? and M is the given restriction matrix such that 9;P o M(y) = 9;P(My).

We defined U to be the ¢4p X nyp matrix where each column is the coefficient vector of the
degree-4D polynomial 9;P o M(y) for multiset I € [n]?P. In this section we prove Lemma 4.12
which states a singular value lower bound for U.
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Proof of Lemma 4.12. Let V be the {4p x mlyp matrix defined in Lemma 4.11, and let ry = rank(V)
which equals mfyp — (%)) by Lemma 4.11. Lemma 4.11 also states that with high probability,
0, (V) = Q(¢P). Moreover, Lemma 4.10 shows that ColSpan(U) = ColSpan(V) and hence we
know that rank(U) = rank(V). Consider the singular value decompositions of U and V:

Iy 8%

~T =T

u= 2 ouiu; , V= 2 T0;0; ,
i=1 i=1

where the column spans coincide: span{u;}ic(,,] = span{v; }icjs, |-

Let ¢ € R™2> be a vector in the row span of V, ie. span{si}c|,), such that Vq = u,,,
which is the bottom (left) singular vector of U. Note that we can equivalently view g € R™%p
as degree-2D polynomials Q1(y),..., Qm(y), and that Vg represents the degree-4D polynomial
Lt Bi(y)P Qu(y)-

Then, by Lemma 4.10, there exists a vector p € R"™P (a flattened 2D-th order tensor) such
that Up = Vg and ||p|2 < O(n"P)||g||>. Moreover, since Up = u,,, p must be orthogonal to
span{uy, ..., uy,_1}, implying that

IUpllz < or, lIpll2 < on, (U) - O(n™P)[lg]2.

We also have that
1Valla = 1, llgll2 = QP) - [|q]l2-

This proves that o;, (U) > Q((nf)P), completing the proof. O

4.2 Proof of Lemma 4.4: Span finding

Algorithm 4.2.1 (Span-Finding).

Input: A basis for Vp.

Output: A basis for W, such that: HWD —span(B;(y)P | t € [m])HF < O(mf?P||Vp — Vpl|F).
Operation:

1. Choose a random degree-2 homogeneous polynomial p(y) and compute the sub-
space V, = span(p(y)°ys | S € [(]*7).

2. Let Wp be the top m-dimensional subspace of Proj(V;) + Proj (Vp), spanned by the
orthonormal vectors 57},, ceey zE?.

3. Let V, € R%>*‘p be the matrix whose columns are p(y)Pys for multisets S € [¢]?P.

For each i € [m]: compute @; = argmin__pe,p, HVP W — wé,Hz.

4. Output Wp = span(a@,).

Notation: We will use the following notation throughout this section.

1. Vp = span(Bi(y)P -ys | t € [m],S € [¢]?P). This subspace will be associated with the matrix
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V € R%>>*%p whose columns are the coefficient vectors of the polynomials B;(y)Pys.

2. Given a polynomial p(y), define V, := span(p(y)Pys | S € [(]*P). This subspace will be
associated with the matrix V,, € R%0p*p whose columns are the coefficient vectors of the

polynomials p(y)Pys.

3. W, := span(p(y)” - Bi(y)P | t € [m]). This subspace will be associated with the matrix W,
whose columns w;,i € [m] form an orthonormal basis for W,.

4. Wp := span(B;(y)P | t € [m]).

5. The tilde-versions of these quantities (e.g. Vp) denote the noisy estimates given as in-
put/estimated by the algorithm unless specified otherwise.

The algorithm for span-finding in the case where E(x) = 0 is very straightforward. Given Vp,
we first compute the intersection of Vp with the subspace V, for a random degree 2 homogeneous
polynomial p. It is easy to see that the subspace WV, lies inside the intersection. We show that in
fact the intersection is equal to YW, when B;’s are also random polynomials. Given the subspace W,
we can now divide out by the polynomial p(y)P to get the subspace Wp spanned by polynomials
Bi(y)P. To make sure that this algorithm is robust to error we need to do each of these steps
carefully: take a robust intersection of subspaces and divide out by p(y)P when the polynomials
might be close to a multiple of p(y)P. Let us now show that the exact algorithm works:

Lemma 4.23. For degree-2 homogeneous polynomials B(y),t € [m] and p(y), with coefficients chosen
independently at random from N (0,1), we have that with probability 1 over the draw of A;s, we have:

with dim(W,) = m.

Proof. 1t is clear that W, C Vp NV,. Let us now prove the other inclusion. Every non-zero
polynomial that lies in Vp and in V, must satisfy the equation p(y)Pqo(y) = Yotem] Bi(y)Pqi(y)
for some degree 2D homogeneous polynomials qo(y), - - ., gm(y) where go(y) is non-zero. Letting
Bo(y) = p(y), Lemma 4.11 shows that with high probability over the choice of B;’s the solution
space for the above linear system is the ("} !)-dimensional subspace N' = Nj + N3, with A =
span(qo = B, q: = pg,qv = 0,V € [m]\ {t} | t € [m]) and N2 = span(qo = 0,4, = B, q1, =
—Bg ,qr = 0¥t € [m]\ {t,ta} | ti,t2 € [m]). Combined with the Schwartz-Zippel lemma,
this in fact shows that the same event holds with probability 1 over the draw of the A;s. Since
the second subspace sets go(y) to 0, we get that the non-zero solutions to go(y) must be in the
subspace span(B;(y)P | t € [m]) and therefore every polynomial in the intersection must lie in the

subspace N7 = span(p(y)PBi(y)P | t € [m]) = W,. Also note that since N has dimension (’”2“1)

and is spanned by ("} 1) vectors, W, = N7 must be m-dimensional, which completes the proof of

the lemma. O

Given subspace W), it is clear that dividing any basis of W, by the polynomial p(y)P gives a
basis for Wp = span(B;(y)P | t € [m]). Step 3 of the algorithm can be equivalently thought of as
solving for a degree 2D homogeneous polynomial w(y) that minimizes: |p(y)Pw(y) — w; (y)]l2
(w, is the coefficient vector of a degree 4D homogeneous polynomial). In the case where w), is a

29



multiple of p(y)P, we find w(y) such that p(y)Pw(y) = w;(y), i.e. we have successfully divided
by p(y)P. Thus our algorithm outputs Wp in the case when E(x) = 0. Let us now analyse the

error-resilience of the algorithm.

Error Resilience: We will now show that given a subspace Vp close to Vp, it is possible to take a
“robust intersection” of Vp with V) to get a subspace va (Step 2 in Algorithm 4.2.1) that is close
to W,. We then show how to do a “robust division” to obtain subspace Wp. Before analysing the
error-resilience of the algorithm though, let us describe a procedure for taking a robust intersection
of subspaces.

4.2.1 Robustintersection of subspaces

Suppose that we are given two subspaces V;,V, with the promise that they intersect in a m-
dimensional subspace WV, consider the problem of finding V. Furthermore we want a robust
algorithm to do so, in the sense that given perturbed subspaces Vi, V, we want to find a subspace W
that is close to W. We will do so by the following simple algorithm: Output the top m-dimensional
eigenspace of the matrix M = Proj(V;) + Proj(V, ). We will now show the correctness of this algo-
rithm:

Lemma 4.24. Let V1,V be two ky, ko-dimensional subspaces of R" (respectively) such that Vi NV, = W
with dim(W) = m. Let M = Proj(Vy) + Proj(Va) be such that Ay, i, (M) > 8. Let V1,V be such
that ||V; — Vi|| < vy. Then we have that the top m-dimensional eigenspace of M = Proj(V1) + Proj(V,)
denoted by W is close to W:

Iw-wi<o(3).

Proof. First note that rank(M) = kj + k, — m and every unit vector w in the intersection of V3, V;
will satisfy w? Mw = 2. Furthermore, every vector w ¢ W will satisfy: w Mw < 2. Hence the top
m-dimensional eigenspace of M will be equal to VV and will correspond to eigenvalue 2.

We will now prove that Ay, 1k, (M) > J implies that A1 (M) < 2 — 6. Consider the matrix
U = M —2Proj(W) = Proj(V1 N W) + Proj(V, N WH). Since (Vi N WH)n (VN W) = ¢,
we have that rank(U) = k; + kp —2m and A;(U) = Ap4i(M), hence it suffices to prove that,
A1(U) < 2 — 4. This follows immediately from the following claim:

Claim 4.25. Let U, U be two 11, ro-dimensional subspaces of R" (resp.) such that Uy NU, = ¢ and
U = Proj(Uy) + Proj(U). If Ary4r, (U) > 6 then A1 (U) < 2 —9.

We will now apply Wedin’s theorem to M. We have that || M — M|| < 2y and letting U, = W
be the top m-dimensional eigenspace of M, U, being the next k — m-dimensional eigenspace, we
can check that, min;; |[[X1];; — [X2];;| > ¢ and min; [[Z4];;| = 2 > ¢, from the conditions of the
lemma. Hence applying Wedin's theorem we get that,

| Proj(W) — Proj(W) |} < =

Let us complete the above proof by proving the claim:
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Proof of Claim 4.25. We will prove the contrapositive by considering the case that Aq(U) > 2 — 9
achieved via the unit vector v. Let v be the top eigenvector for U such that

o Uv = oT Proj(U;)v + o” Proj(U)v >2 — 6.

Suppose v’ Proj(Uy)v = 1 —t > 1 — §, we know there is a unit vector a € R s.t. ||o — Uya||® <
Similarly, we would have a unit vector b € R s.t. ||v — Usb||* < 6 — t By a triangle inequality, we
have

|tha — Upb|* < 6

which upper bounds the smallest singular value of the matrix [U;, U] by 6, 1.e. Ay yr,(U) < 6. O

4.2.2 Error resilience of Algorithm 4.2.1

Lemma 4.26. For degree-2 homogeneous polynomials B(y),t € [m] and p(y), with coefficients chosen
independently at random from N'(0,1) we have that with probability 1 — ¢~ (P);

. : 1
A(mﬂ)@r(mzﬂ) (Proj(Vp) + Proj(V,)) > Q <—m62D> .

Proof. Let M = Proj(Vp) + Proj(V,). Let A,D,B, and ADBT be the singular value decomposition
of V, and V respectively. We have that [V, V][V, V]! = VPVPT + VT = APD%Ag + AD?AT and
M = ApAj + AAT.

First note that the left singular vector subspace of [V, V] is the column space of [V, V]
which is V,, + Vp. The latter is a subspace of dimension ¢,p + (mlyp — (%5)) —m = (m+1)lyp —
" 1), since by Lemma 4.23 we have that dim(Vp N Vp) = m. Using Lemma 4.11 we have that

1) bap— (") ([Vp V]) = Q(¢P) which implies that for every vector v in V), + Vp:
o'V, Vol + 0" Vvol =o' [V, V][V, V]To > Q(P)|]3. (8)
We can upper bound the LHS by:
max (0max(Vp)?, Umax(V)z)(vTApA;v + 0T AATY) < max(||V,||%, |V|2) - o' M.
We have that with probability 1 — /=),

IVIF= 3 1B yslz = ) LollBi(y)P]7 < Ome*P),

te|m] te[m]
Se[¢)?P

where the last inequality follows from Claim 3.8. Similarly we get that omax(V,)? < O(£4P).
Combining equation 8 with the above we get,

T €2D 2
v Mvo 2 @) (W) ||'U||2,

for all v € Vp + V), which completes the eigenvalue lower bound for M. O
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Lemma 4.27 (Robust Intersection). Given degree 2 homogeneous polynomials Bi(y),t € [m] and p(y)
with coefficients drawn independently at random from N(0,1), with probability 1 — £~P) Step 2 of the
algorithm outputs VW, such that:

Wy = Wollr < O(me?P||[Vp — Vp ).

Proof. Recall that the output of Step 2 of the algorithm outputs )//va: the top m dimensional sub-
space of M = Proj(V,) + Proj(Vp). Using the fact that V, N Vp = W, such that dim(W,) = m
(Lemma 4.23), we can apply Lemma 4.24 for robust subspace intersection, with subspaces Vp ~
Vp and V), to get that )7va is close to the true intersection V, N Vp = W)

Vo = VollF
(m+1)lap—("3") (M)

HWp—VVpHF<O< ) < O(m*P||Vp — Vo),

by Lemma 4.26. O

We will now show that Step 3 of Algorithm performs a robust division by the polynomial
p(y)P, that is, Wh is close to the subspace Wp.

Lemma 4.28 (Robust Division). Given degree 2 homogeneous polynomials B(y),t € [m] and p(y)
with coefficients drawn independently at random from N'(0,1), with probability 1 — £~ (P), Step 4 of the
algorithm outputs Wp such that:

Wb = Wbl < O(EP||W), = Wy ).

Proof. Since p is a random degree 2 homogeneous polynomial we can apply Lemma 4.11 (with
m =1and Gy = p) to get that 0, (V) = Q(¢P). Recall that W), is the matrix whose columns are

w},, e, ﬁ)? which are orthonormal vectors that span 17\7,,. Since V), has rank ¢,p (full column rank),
Step 3 of Algorithm 4.2.1 computes the solution to the least-squares program: w; = V,}L wi,. Let W

be a matrix whose columns are w;, i.e. W = VJ VA\/;7 and analogously let W = VJ Wp, where W, is
the matrix with orthonormal columns w; that span WW,. We get that:

IWWT — WWT || = |V (W,W] — WWT) (V)T
2

< |V
[v1,

_ =Wl _ <pr = Wm) |

. W, W — W, W ||

Utrp (VP)Z 2D

Now note that Wp = span(w;) is the column space of WWT and therefore also the top m
dimensional eigenspace, the same being true for Wp. Since the matrices WWT and WWT are
close in Frobenius norm we can apply Wedin’s theorem (Theorem 3.2) to get that their top m
dimensional eigenspaces are close:

©)

W T WWT W, — W,
||WD—WD|\F<O<”WW WW ||p>< (n ) pnF)

A (WWT) 27, (WWT)
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Let us finish the proof by bounding A,,(WWT) = 0,,(W)?. Since W), lies in the column space
of V, (the polynomials wé,(y) are multiples of p(y)") we get that, W, = V, - W. We know that
om(Wp) = 1 (W, has orthonormal columns by construction) therefore we get that for any unit
vector v € R™:

1< [[Wpolla = [[V,Woll2 < 0max(Vp) - [Woll2 < [|V,[[£[Woll2,

which implies that o, (W) > 1/||V, | p. Using Claim 3.8 we have that with probability 1 — ¢~(D):

IVolE =} lIp)ysl3 = Lollp(y)llz < OP),
Se[e)?b

which implies that A,,(WWT) = ¢,,(W)? > Q(1/¢*P). Plugging this into the equation 9 we get
that: N -
W = Whllr <O(EP W) = WyllF) - O

Together with Lemma 4.27 and 4.28, we can complete the proof of Lemma 4.4.

Lemma 4.29 (Restatement of Lemma 4.4). Let D, m, ¢ € IN such that m < (m)w . Given degree

2 homogeneous polynomials By, t € [m] in £ variables with coefficients drawn i.i.d from N(0,1), with
probability 1 — ¢~ P) Algorithm 4.2.1 outputs Wr that satisfies:

HWD - WDHF <O (mE4D||VD - ?DHF) .

Proof. This follows immediately by combining Lemmas 4.27 and 4.28. Lemma 4.27 states that

when the polynomials B;’s and p are random, with probability 1 — £~(P) Step 2 of the algorithm

outputs W, such that:
Wy = Wyllr < O(mP|[Vp — Vo |p).

Lemma 4.28 states that with probability 1 — £~?(P) Step 4 of the algorithm outputs W such that:
Wb = Wbl < O(EP|| W) = W)

Combining both the inequalities the bound on ||[Wp — Wp || easily follows. O

4.3 Proof of Lemma 4.5: Desymmetrization

Algorithm 4.3.1 (Desymmetrization).
Input: Basis for subspace Wh.
Output: T € R%b such that:

T— ) (Sym(B?))*

te|m]

< poly(m) (KO(D)HWD —Whllr + ||E||F) .
F
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Operation:

1. Let W be the matrix whose columns {w1,..., Wy} form an orthonormal basis for
Wp. Compute the matrix W2 , whose columns are w; @ w; ® wy indexed by mul-
tisets [, j, k] C [m].

2. Solve the following least-squares minimization problem:

min
YeR™3

vec(Po M) — Sym,,, -Wb‘fﬁq : YHF.

3. Compute Z € R™ indexed by i,j,k € [m] with Zijk = Yiju/6if [[i,j,k]| =3,
Zi,j,k = Y[i,j,k]/3 if |[l,], k” = 2 and Zi,j,k = Y[i,j,k} if HZ,], k” = 1, where [i,j, k] - [m]
denotes a multiset of size 3.

4. Output T = W#3 . Z.

Notations: We will use the following notations throughout this section.

1. Wp := span(B;(y)P | t € [m]). Let W denote the matrix with columns {ws,...,w,} that
form an orthonormal basis for Wp.

2. Let C; denote the coefficient vector of B;(y)?, i.e. C; = Sym,, (B;°"),

3. For a matrix W € R"™*"™ with columns w1, ..., w,, we use W& to denote the n* x m* ma-

trix whose columns are all possible tensor products of k columns of W: w;, ® --- ® w;, for
i1,...,ix € [m]. Furthermore, we denote Wu®n’§ . to be the n¥ x m; matrix whose columns are
wi1®---®wikfori1 <ihp <~ <K € [m]

Let us first describe the algorithm in the case when J, = 0, i.e. given Wp and Sym,, (Y, C®) =
Sym,, (¥ Sym,, (Bi?P)#3), we will obtain the unsymmetrized tensor Y, Sym,,(B{*P)®3. From
now on we will drop the subscript of Sym when it is clear from context. therefore we will show
how to recover ¥, C;*°.

A priori we do not have enough information to recover the tensor Y, C;**> from the tensor
Sym(Y; Ci*®), but we show that given the subspace spanned by the polynomials C;’s we can
“desymmetrize” to recover it. Since each vector C; belongs to W, C; can be written as Wc; for some
vector ¢; € R™. Therefore Ci*3 = W®3. ¢®3, where W®3 ¢ R%0*™ is the matrix whose columns
are w; ® wj ® wy ranging over i, j, k € [m]. Summing over t we get that the tensor T = }_ C;*° equals
W®3 . (Y c*3). Let us write the vector Y c*® as the vector of unknown variables Z = (Zijk)ij keim)-
Let Sym,, € R0* %0 denote the matrix that symmetrizes a vector in R%b so that it is a valid
coefficient vector of a degree 6D polynomial. We have the following linear system:

Sym,, (Zt;ct@?’) = Sym,, W™ . Z.

The matrix Sym,, -W®? still does not have full column rank though (hence is not invertible),
because Sym,, - (w; ® w; @ wy) = Symgp, -(w; @ w; ® wg) = ... for any multiset [i,j,k] C [m].
To fix this, consider the matrix W3 g € R%p*™3 with columns that are the “unique” columns
of W& w; @ wj @ wy for i < j < k. Let Y € R™ be the corresponding vector of unknowns
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indexed naturally using multisets S C [m] of size 3. Giving a particular setting of a symmetric

3 . .. .
vector Z € R™ (Zi,j,k = Zr[(i),n(j),n(k)/ vVt € S3), let Y[i,j,k] = 6Zl‘,]‘,k if |[l,], k” =3, Y[i,j,k} = 3Zi,j,k if
\[i,j, k]| = 2and Y};;y = Zijx if |[i,j, k]| = 1 (as in the algorithm), and define this invertible (over
symmetric Z’s) linear transformation as L € IR"*":

Z =1LY. (10)
One can check that,

Symgp (Y} C®) = Sym,, - W - Z = Symy, WS> - Y.

uniq
t

We will show that the matrix Sym,, -WE?;: . has full column rank (Lemma 4.30), therefore,

Y = (SyméD 'Wunlq) Syrn6D ZC
Given Y we can recover Z by multiplying by matrix D, and finally multiplying by W®3 we get

the desymmetrized tensor ¥, C*%:

Y C = WHL(Symgp, - W3 )T (Symgp (Y} C2)). (11)
t

uniq
t

Lemma 4.30. Let m, ¢, D € IN such that m < (polylig(e) )2D. Then, with probability 1 — (D),

1
Ums(syméD Wﬁ%q) >Q <m15>

Let us first decompose the matrix Wffl g into a random matrix times a basis transformation

matrix. Define C as the matrix whose columns are the vectors C; and analogously define C*? as
well as Cfﬁi g LetV be a basis transformation matrix between C and W: C - V = W. We have the

following easy to prove lemma:

Lemma4.31. 1. C®3 .y®3 — Ww®3

uniq " uniq uniq-

2. With probability 1 — £~ P) we have that: 0,,,(V23 ) 2 —d7p.

uniq

Proof. The proof of (1) is straightforward so let us go to the proof of (2). For any unit vector
v € R™ we have that:

®3 1,83 _ ®3
||Cunquun1q H - ||Wunzqv||2 2 1/
since Wu@;fz . is an orthonormal matrix. We can upper bound the LHS by ‘ Cf?:lq H Vfiquz rear-

ranging which gives us that ||V > qu2 > C”3 2 HClH3 > I Cl|\3 which implies that UmS(Vu?fq)
uniq op E
1
ICIIz"
We have that ||C||2 = Yye, || Bi(y)P||3 which is less than O(m¢?P) with probability 1 — ¢~(P)
Claim 3.8). So we get that ||C||2 > 1/ (m'°¢3P) completing the proof of the lemma. O
( & F pleting the p
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The following lemma is crucial to the singular value lower bound. We defer the proof to
Section 6.4.

Lemma 4.32. Let m, ¢, D € N such that m < (polyl’i)g(g) )ZD. Then, with probability 1 — ¢—D),

oy (sym6D .Cce3 ) Q(4P).

uniq

The above two lemmas immediately imply that (Sym,, WE%Q: q) is invertible:

Proof of Lemma 4.30. We have that Sym,, -W®3 = Sym,,-CE> - V%3 = Since V3 is a square

uniq uniq uniq uniq
matrix, we can multiply the two singular value lower bounds in Lemmas 4.31,4.32 to get:

Ums (Sym6D Wﬁ%q) Z O (SyméD 'Cfng)iq) ) 0'm3(V,fi‘:’q) O <%> : O
Error Resilience: We have already proved (equation 11) that when given the subspace Wp we
can recover the desymmetrized tensor Y, C;*®>. We will now show that in the case when the input
subspace W is sufficiently close to Wp and ||E||r is bounded, Algorithm 4.3.1 outputs a solu-
tion close to Y C;*®. Roughly we show that instead of solving the linear system in equation 11,
the algorithm solves a least-squares minimization program and since o, (Symg, Wf;f;- q) is at least
1/ poly(m) the algorithm is error resilient.
Before proving the correctness of the algorithm let us prove the following lemma that relates
the bases of two subspaces that are close to each other:

Lemma 4.33. Given d-dimensional subspaces W and W with W — W|e < 1, there exists orthonormal
matrices W, W € R4 with WWT = Proj(W) and WWT = W such that:

W=WA+T,
with |[T]|r < O(d|W — W|[g).

Proof. Let E = Proj(W) — Proj(W). Let W be an orthonormal basis for W: WWT = Proj(WV)
and similarly let W’ be an orthonormal basis for W: W'W'T = Proj(WW). Then, we have that
WWT = W'W'T + E. Multiplying both sides on the right by W we get:

W=WWTW+EW =WV +EW, (12)
for V.= W'TW. We will now show that V is close to an orthonormal matrix V € R?*4. We have:

‘7‘71— — W/T(WWT)W/ — W/T(W/W/T _|_ E)W/ — Hd _|_ W/TEW/,

H = ||E H . By Weyl’s theorem (Theorem 3.1) we get that the eigenvalues of
VVT are in the range [1 — HEHOP,l + [Ellop]-
Let V have the singular value decomposition ADB. Since the diagonal entries of D? lie in

[1—[|Ellop, 1+ [Ellop), we get that the diagonal entries of D are in the range, [1 — || E|,, , 1+ [|E[l,]
since ||E|l,, < 1, therefore D = I + E;, where E; is a diagonal matrix with [|E:[|,, < [[El|y,
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Therefore we get,
V=AI+T)B" = AB" + AE;B" = V + E,,

for V equal to the orthonormal matrix AB" and:
IE2llF < [[Allop [E1llF 1 Bllop < d[[Ellqp < dllE][-
Plugging this back into equation 12 we get:
W=WV+WE,+EW=W+T,

where W = W'V is an orthonormal basis for W (WW " = Proj(W)) and ||T||r < d||E||r + ||E||F =
O(d||E[|¢)- O

Lemma 4.34 (Correctness of Algorithm 4.3.1, restatement of Lemma 4.5). Let D, m, ¢ € IN such that

m < (m)w Foreacht € [m], let By be a degree-2 homogeneous polynomial in ¢ variables with i.i.d.
N(0,1) entries. Suppose Whp isa subspace of R"2> such that HWD - Whp H (m35¢0P)), then with

probability 1 — £~ (P) over the choice of By's, Algorithm 4.3.1 outputs a tensor T such that:

< poly(m) (€7P) | Wp — Wo [ + [|E||£)
F

T- ¥ (sym(B")) -

tem)

Proof. Let W, W € R%>*™ be a basis for the subspaces WD, WD which we will henceforth call

W, W, given by Lemma 4.33: W = W +I", with [T lgp < O(m||W — W|F). We have that H =
wes ; and H= W3 , are an orthonormal basis for H = Wfﬁi ; and H =W ; Tespectively, with

H®3 — H®3 defined as T.
Let B, B be the coefficient vectors of the polynomials P o M(y) and P o M(y) respectively. Recall
the linear transformation L from equation 10. Step 4 of the algorithm outputs T such that,

T= I/~V®3L(Sym6D -H)'B’,
and analogously in the E(x) = 0 case we get:

T = W®L(Symyp -H)'B =Y (Sym,p (BFP))2,

where the last equality follows since Sym,, H has full column rank (Lemma 4.30) with high prob-
ability and the analysis for equation 11.
Therefore it suffices to bound || T — T|, to prove the lemma. Using W3 = W®3 4+ Ty, we have:

IT — T2 = [W**L(Symgp, H)'B — W L(Symp, H)'B|
< [W#L[(Symgp, H)'B — (Symgp, H)'B]||2 + [T1 (Symgp, H)'B] 2
< || Lllop lI(Symgp H)'B — (Symgp H)'Bll2 + [|T1 (Symgp, H) B2 (13)

7 Note that this quantity does not depend on the particular choice of basis for W.
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Let Ey = Symy H — Sym,, H. We can bound the first term in equation 13 by using robustness
of least-squares minimization for the program min, crm || Sym,, Hy — B||2 (with noisy estimates
H and B), since Sym,, H is a matrix with full column rank (Lemma 4.30). Applying Lemma 3.6
we get:

o~ V2 ||E1|lop [IBll2 + 0, (Symyp H)||B — B2
Sym,, H) B — (Sym., H)'B|| < op ’ 6D
| ©ymen 1B~ (Symep )75 Cina (Symigpy H) (T, (Symgp H) — || Exllop)

We will now bound the second term in equation 13:

Hrl(symw FI)+§“2 < [T HOP

[(Symgp H)Y|| 1Bl

1
< ||IT
ITillop (Ums(symw )= [E],,

) (IIBll2 + |IB — BJ)2)

Let us bound all the parameters involved above:

L [[Tflgp < [Taflgp < O(m2|W — W||r): We know that W, W are bases for W, W with W =

W + I with [T’ || < O(m||W — W||F). Let W have columns wy, . . ., w,, and I have columns
Y1+, Ym- We have that ||T'[|,, < [|T1[[o, < |W®3 — W®3||, so bounding the latter gives:

W3 — W32 = ||(W+T7)%% — W33
= Y wi+7)® wj+7) ® (we + 1) — wi @ w; @ w3

i,j,ke[m]

< Y O(lri®@wj@w3)

i,j,ke[m]

= O(||T"||zm?).

where in the first inequality we used Cauchy-Schwarz and absorbed the terms that have
more than 1 9-term into the terms with only one <y term, since ||I’|» < 1. So we get that
ITllop < IT1llop < O(T||pm) < O(m2[[W = W|[F).

2. |[Lllop < ILIF = O(m").
3. [|Ea]lop < HSym6DHOP IT[lgp < VDO g - O(m2||W — W||£) < O(m2CP) W —W|E).

3DH2~

4. ||B|l2 < O(mf3P): By triangle inequality we get || Bl|2 < Yyepm 1Bt (y) Each summand is

at most O(£3P) with probability 1 — £~?(P) (Claim 3.8), therefore implying that with proba-
bility 1 — ¢~P) ||B||, < O(mf?P).

5. |B—Bl2 = [[Eo M|lr < |[E]|F-
6. Oy (Symgp, H) > O (-15) using Lemma 4.30.
Assuming |[W — W||r < 1/(m3°¢0(D)) and plugging in all the parameters above gives that:

|T=T|, <polym)(@P W ~ Wi+ [E]). O
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4.4 Proof of Lemma 4.6: Analysis of aggregating restrictions

Let us first recall Definition 4.2: for a subset S C [n] and matrix A € R"*", we write Rs(A) to be
the matrix obtained by zeroing out the (i, j) entry of A ifi or jisnotin S.

Lemma 4.35 (Restatement of Lemma 4.6). Let D,n,¢,m € N such that 6D < ¢ < n. There is an
nOP)_time computable collection S of subsets of [n] such that each S € S satisfies ¢ < |S| < 6D{ and that

o =Co i (Sym(A;@D)>®3

t=1

Ess i (sym (Rs(At)®D>>

where C € (R")®6D is a fixed tensor whose entries depend only on the entry locations, and each entry of C
has value within ((£/2n)°P,1).

We prove Lemma 4.6 by constructing a pseudorandom family of hash functions similar to a
k-wise independent hash family. Specifically, given a parameter k € IN, we construct a family H
of functions [n] — [n] that satisfies the following:

1. Forasubset T C [n], for any r < k and any distinct elements x1, ..., x, € [n], the probability
Pry.[Vi <r, h(x;) € T| only depends on r and |T|,

2. For any subset T C [n] of size ¢, the cardinality of h~!(T) is @(¢) forall i € H.

Note that the most standard construction of k-wise independent hash functions consists of all
degree k — 1 univariate polynomials, including constant polynomials, over a field FF of size n. This
only satisfies the first requirement but not the second due to the constant polynomials. We make
a simple modification to the standard construction to satisfy both requirements.

We first state the following standard fact.

Fact 4.36 (Vandermonde matrix). Fix a finite field IF. Let r,k € IN such that r < k, and let x1, ..., x, be
distinct values in IF. Then, the following r x k Vandermonde matrix

1 X1 o x’lc_l
1 x .- x'ﬁ_l
1 x xk—1

is rank r.

The troublesome functions in the standard construction of k-wise independent hash family are
the constant polynomials that don’t satisfy the second requirement. Thus, we simply delete those
from our hash family.

Lemma 4.37. Fix a finite field F with |F| = q and let k € IN, k > 2. Let H be the following family of
non-constant polynomials of degree < k — 1:

H={ag+mx+ - +ar_1x"|ay,...,ak_1 €F,ay,...,a,_1 notall zero} .
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Fixany T C F with |T| > 2. For any r < k, any distinct x1,...,x, € F,

k—r|T|r
, , _ g T - T
hl:% Vi € [r], h(x;) € T] = e

Proof. For any distinct x1,...,x, € F and any by,...,b, € T, we consider the following linear
system with variables (ag, a1, ...,a,_1),

1 x x'l‘_1 ag by
1 x P 1 by
: : =1.l- (14)
1 x 1 a4 b,
Each solution to the above corresponds to a polynomial #(x) = ag + a;x + - - - + a;_1x~! such

that h(x;) = b; for alli € [r]. Let V € F"*k be the Vandermonde matrix in (14). By Fact 4.36,
rank(V) = r, thus the solutions to (14) form an affine subspace of dimension k — r which contains
g*~" vectors in IF¥. We split into two cases:
® by = bp = --- = b note that (ag,a1,...,ar_1) = (b1,0,...,0) is a solution to (14), which
corresponds to the constant polynomial /1(x) = 1. This is also the only constant polynomial
that satisfies (14).

® by,..., b, notall equal: no constant polynomial satisfies (14).

Thus, there are
IT|- (4" =) + (T = |TI) - 4" = ¢TI = |T|
number of non-constant polynomials / that satisfy h(x;) = b; for all i € [r]. Since |H| = ¢* — g,

this completes the proof. O

With Lemma 4.37, we can construct a desired collection S of subsets of [n] where each S € S
has bounded cardinality.

Lemma 4.38. Let n € IN be a prime power and given ¢,k € IN such that 2 < k < ¢ < n. There exists
a nOW) time algorithm that outputs a collection S of n* — n subsets of [n] such that each S € S satisfies
¢ < |S| < (k—1)€ and for any r < k and distinct indices i1, ..., i, € [n],

ke g

Pr |iy,...,i, € §] =
SNI:S[ll r ] nk —n

Proof. Let [F be a field of size n with a bijective map to [n]. With a slight abuse of notation, we will
use F and [n] interchangeably. Let H be the set of non-constant polynomials of degree < k — 1
defined in Lemma 4.37 such that |H| = n* — n. Pick any fixed subset T C T of size ¢. For any
heH, leth '(T) = {x € F:h(x) € T}, which we also view as a subset of [1]. Define

S:=1{h"NT) | heH)}.

We will prove that S is the desired collection of subsets.
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First, fix an h € H. For each b € T, since h is not a constant polynomial and is of degree
< k—1, h(x) = b must have at least one solution and at most k — 1 solutions. Thus,

Tl < ()| < (k=)

meaning each S € S satisfies ¢ < |S| < (k—1)Z.

Next, for r < k and any distinct indices iy, ...,i, € [n], let x1,...,x, € F be their correspond-
ing field elements. The probability that 71,...,i, € S over S ~ S is exactly the probability that
h(xy),...,h(x;) € T over h ~ H, hence by Lemma 4.37,

nk=rer — ¢

Pr liy,...,i, €S| =—r——. O
SNI:S[ll r ] nk—n

Lemma 4.6 is a simple corollary of Lemma 4.38.

Proof of Lemma 4.6. The construction S from Lemma 4.38 with parameter k = 6D satisfies that all
S € Shas ¢ < |S| < 6DC. Next, consider a multiset I = {i,...,igp} C [n] of size 6D, which
we view as an index of a 6D-th order symmetric tensor. Let | = {ji, ..., j,} be the set of r unique
elementsin I.

Since Rs(A;) is just zeroing out entries of A;, for any S C [n],

(sym (Rs(40°)) " (1] = 107 € 5) - sym (47%) [1

By the guarantee of Lemma 4.38,

Eo-s | (Sym (Rs(40°)) " 0] = prls < 5)-sym (47%0) 1

n6D—r€r .y
= S Sym (A7) [

Since r can only range from 1 to 6D, ”656;{’ n_f is between (¢/ 2n)6D and 1. Moreover, this coeffi-

cient only depends on the number of unique elements in I. This implies that when viewed as a

coefficient tensor indexed by I, the entries only depend on the entry locations. This completes the
proof. O

4.5 Proof of Lemma 4.9: Dth roots of polynomials

In this section, we give an algorithm to desymmetrize a single noisy Dth power and complete the
proof of Lemma 4.9 that analyzes the last step in the algorithm. We restate it before continuing.

Lemma 4.39 (Stable Computation of D-th Roots, Lemma 4.9 restated). Let D,n € IN and 6 > 0. Let
P € R"™" be an unknown symmetric matrix. Suppose Pp(x) is a homogeneous degree-D polynomial in

n variables such that its coefficient tensor satisfies HI/% — Sym(P®P) HF < 6. There is an algorithm that

runs in n°P) time and outputs Q € R™ " such that if D is odd, then

Jo-o], <ot
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and if D is even, then

min (|0~ P < Om8"%) - [Pllmax.

Our algorithm is based on a sum-of-squares semidefinite relaxation for desymmetrization. We
recall some minimal background needed to describe it below.

4.5.1 Background on Sum-of-Squares

We will use the sum-of-squares semidefinite programming method to design and analyze the algo-
rithm to prove Lemma 4.9. We direct the reader to the monograph [FKP19] and the survey [BS14]
for more details.

A pseudo-distribution on R" is a finitely supported signed measure y : R" — R such that
Ywu(x)20#(x) = 1. The associated pseudo-expectation is a linear operator that assigns to every
polynomial f : R" — R, the value E, f = Yoxu(x) 20 H(x) f (x) that we call the pseudo-expectation
of f. We say that a pseudo-distribution y on R" has degree d if ]EH [f?] = 0 for every polynomial f
on R" of degree < d/2.

A pseudo-distribution of degree d is said to satisfy a constraint {g > O} for any polynomial
q of degree < d if for every square polynomial p of degree < d — deg(q), E,[pq] > 0. We say
that p T-approximately satisfies a constraint {g > 0} if for any surn—of—squares polynomial p,
IEV [pq] = —7||p|l, where ||p||, is the £ norm of the coefficient vector of p.

We will rely on the following basic fact about the pseudo-expectations.

Fact 4.40 (Pseudo-distribution Jensen). For any pseudo -distribution y of degree d on R™ and any poly-
nomial p such that p** is of degree at most d, I, [p?*] > E, [p?]¥.

Of use to us is the following basic connection that forms the basis of the sum-of-squares algo-
rithm.

Fact 4.41 (Sum-of-Squares Algorithm, [Par00, Las01]). Given a system of degree < d polynomial con-
straints {q; > 0} in n variables and the promise that there is a degree-d pseudo-distribution satisfying
{q: = 0} as constraints, there is a n°?) polylog(1/7) time algorithm to find a pseudo-distribution of
degree d on R" that T-approximately satisfies the constraints {q; > 0}.

An (unconstrained) sum-of-squares proof of non-negativity of a polynomial p is an identity
of the form p = Y, ¢4? for polynomials g1, 4o, .... A sum-of-squares proof of non-negativity of a
polynomial p on the solution set of a system of polynomial inequalities {r; > 0},<r is an identity
of the form p = Y ¢? + Yscr] Ps [ liesti- The degree of such a sum-of-squares proof equals the
maximum of the degree of g7 and deg(ps) + [1;cs; over all S appearing in the sum above. We

write {q; > 0} IT {p = 0} where t is the degree of the sum-of-squares proof.
We will rely on the following basic connection between sum-of-squares proofs:

Fact 4.42. Suppose {q; > 0} |> {p = 0} for some polynomials q; and p. Let p be a pseudo-distribution
satisfying {q; > 0} of degree > t. Then, E,[p] > 0.

We will also use the following sum-of-squares version of the almost triangle inequality.

Fact 4.43 (SoS Almost Triangle Inequality). For indeterminates a, b and any k € IN,

b {(a+0)* <2 + 0%}
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4.5.2 Algorithm for D = 2: Square root of polynomial

We first look at the case when D = 2. Given a noisy version of a degree-4 polynomial A(x)? where
A(x) = x" Ax for an unknown symmetric matrix A, we hope to construct A. We remark that we
can only recover up to sign.

Lemma 4.44 (Taking square root of polynomials). Let P € IR"*" be an unknown symmetric matrix,
and let § = 0(1) - || P||max. Suppose P»(x) be a homogeneous degree-4 polynomial in n variables such that

its coefficient tensor satisfies Hﬁz = Sym(P®2)‘

< 8. Then, there is an algorithm that runs in O(n?)
max

time and outputs a symmetric matrix Q € R"*" such that

i @ er] <06

We will need the following simple fact:

2
Lemma 4.45. Let a > 0and § € R such that |6| < a*. Then (\/az +6— a> < |9].

Proof. 1f 5 > 0, then Va2 +d+a > va?>+ 6 —a > 0,and thusd = (\/a2+5+a) (x/a2+(5—a) >
2
(\/ az+ 45— a> . Similarly if 6 < 0, thena + va?+6 > a — va?> + 6 > 0, and similar calculations
2
show that |4| = <a+\/a2—|—5> (a—\/az—l—é) > (a— a2—|—5) . O

Proof of Lemma 4.44. Denote P, := Sym(P%?), which is unknown to us. We will use the following
identities for i # j # k # {:

e Pfi,i,i,i] = Pli,i]%

 P[i,i,i,j] = P[i,i]P[i,]].

* Polii,j,j] = 3Pli,i]P[j, j] + 3P[i, j]*.

* Pli,i,j,k| = 3P[i,i|P[j, k| + 3P[i,{|P[i, k.

* Dofi,jk €] = 3(P[i,jIP[k, €] + P[i,k]P[j, {] + P[i, €]P[j, k]).

First observe that from P,[i,i,i,i] we have the approximate magnitudes of the diagonal entries of
P. Our algorithm simply constructs the matrix Q entry by entry. We split into two cases depending
on the diagonal.

P has a large diagonal entry. Suppose Py[i, i,i,i] > 4||P||3,.0"/° for some i € [n]. Then, we do

the following:

1. Set Q[i,i] = \/ Pali, i, 1, i].

2. Forj #1i,set Q[z,]] = P"g[;ll}]}

3. Forj, k # i, set QD, k] = 3152[i,i,j,k]é[lgg[i,j]é[i,k}.
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By Fact 4.45,

because if it’s the opposite, we will simply recover Q ~ —P.
Next, for j # i, since P3[i,i,i,j] = P[i,i]P[i,j] and Q[i,i] > 2||P||maxd"’°,

Qli,i] — |Pli, ] ]‘ < V4. We can assume without loss of generality that |P[i, i]| = P[i, ]

Balii, i, ) — Qli, i1Ply '
Qli, 1]
(PLi,i|Pli, j] + 8) — (Pli,i] = V&)P[i, ] ‘
Qli, i]
w 5173
o -

Qi1 - Plijl| =

N

Here we assume that § < ||P||2,.y-
Finally, for i # j, k (here j can equal k), similar calculations show that

< 4lIP|lmaxd'"* +0(6'2)
Qli, ]

3Pa[i, i, j, K — 2Q1i,/)Qli, k| — Qli, i P[j, k]
Qli, ]

‘@[j,k]—P[j,k]‘ = < 46176

\

Therefore, we obtain Q such that for all i,j € [n],

Ol ] = Pli ]| < 46V/%.

P has small diagonal entries. Suppose Py[i,i,i,i] < 4HPHmaX51/3 foralli € [n]. Since P2, 1,j,j] =
P[i,i]P[j, ] + P[i, j]?, there must be a pair (i, j) such that P;[i,i,j,j] = ||P||%ax(1 — O(6/3)). Then
we do the following:

L. Set Qli, j| = \/Pali i, ], ]]-

2. Set Q[k, k] = 0 for all k € [n].

3. Fork # i # j, set Qli,k] = *2L4H and Q[j, k] = 2204,

4 Fork # 0 # i # j, set Qlk, (] = 22lkd- “g[‘f%’] QALK

First, for each k € [n], Q[k, k] = 0, thus
|Qlk K = Plk,K]| = [P[k, k]| < 2][Pllmaxd .
And since P[i, j]? = Py[i,i,],j] — P[i,i|P[j,j] £ = Pa[i,i, ], ] & 4||P||%ax6"/> £ O(5), by Fact 4.45,
|Qli /1 = 1P 11| < 2112 lmaxd™®.

We can again assume without loss of generality that |P[i, j|]| = P[i, j].
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Next, for k # i, j, since Q[z 7] = |P|lmax(1 — 0(51/3)) and |P[i, k]| < ||P||lmax,

3Pai, i, j, k] — 203, j|P[i k]

‘Q[i/k] - P[i/k]‘ = 2©[i ]]
_ |(PLi, 1P K] + 2Pfi, 1P, K & 6) — 2(Pli iz||anax(sl/6>P[i,k1‘
2011, j)

< 6] Pllmaxd .

For k # ¢ # i # j, similar calculations show that

1 ol ] — [Pl = QUML) Q5 00U = QP 1] _ )

Qli, j)
Therefore, we obtain Q such that for all i, € [n], |Q[i, j] — P[i,j]‘ < O(|| P||maxd"/®). O

4.5.3 Algorithm for the general case: D-th root of polynomial
We now focus on taking D-th of polynomials for D > 2. We will use the SoS algorithm.

Lemma 4.46. Let a, b be indeterminates, and let k € IN be an even integer, k > 2. Then,

I—{Zabk "> (a +b’<)}

Proof. Observe that for oddi < k—1,a'b*~ = (ab) - a'~'b*~i~1 where a'~1b¥~1~1 is a squared poly-

,b
nomial of degree k — 2. Further, we know that IaT {ab > —3(a® +b*)}. Thus, we split Yk albk
into even and odd terms:

k k/2—1
b . 1 4 ‘
}aT Zalbkfl — Z a bk i + Z a bk i > Z a2]bk 2j 2(612 + b2) Z a2]bk7272] ,
i=0 ieven iodd j=0 j=0
using the fact that a%b*~2~% is a squared polynomial. Next, observe that

1(a" + 05 + (@202 4 - - + 22D 2).

1(az +?) (@24 d M 4 P ) = >

2

Thus, we have
k
I— {Z (a* + bk)} O
Lemma 4.47. Let a, b be indeterminates, and let k € IN be an odd integer. Then,
ab _
}? {(El o b)Zk < 22(k 1)(ak o bk)Z} )

Proof. The statement is clearly true for k = 1, so we can assume that k > 3. First note that

. A 2 b
(aF —b5)? = (a — b)? (Zi:ol albkflfl) . Since k — 1 is even, by Lemma 4.46 we have that kafl
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{Zf;& T bk_l)}, hence

a,b 1 - )
}7 {(ﬂk — 052 > (a—b)*- Z(ak 1 bk 1)2} _
Next, since k — 1 is even, by SoS almost triangle inequality (Fact 4.43),

T {0 p) T <22 )

Thus, |2 {(a — )% < (a—b)? - 22(-2) (gk=1 4 ph-1 )2}, and we have

L (200 1~ (0~ D% 20}

This completes the proof. O

Lemma 4.48. Let a, b be indeterminates, and let k € IN. Then,
b _
}‘;_k {(az _ b2)2k < 2k 1)(a2k . bZk)Z} _

Proof. First note that a?* — b?* = (a? — b?) Zf;& a?=1=0p2 thus

i=0

2
22(k—1)(a2k i bzk)z _ (a2 _ bz)Zk — (a2 _ bz)z (<2k1 kZ:la2(k—1—i)b2i> i (a2 i b2)2(k1)) '
Next, (2> — p?)F1 = Z;:ol (k?l)QZ(kflfi)bm‘,

k=1 o - k—1 N
k-1 2(k—1—1)3,2i k—1 2(k—1—1)3,2i
2 2 a b+ ( 2: <2 +( < ; >> a b,

i=0

which are both surn—of—squares polynomlals since (k ; 1Y < 2k-1. By the fact that > — b*> = (a —

b)(a +b), we get that 22-=1) (g2 — p?6)2 — (g2 — p?)?f is a sum-of-squares polynomial, completing
the proof. O

Proof of Lemma 4.9. Let Q be an n x n symmetric matrix-valued indeterminate. We solve for a
degree-2D pseudo-distribution y in Q such that

~ 112
E, ||sym(Q®P) — PDHF < 52

— 2
Note that HSym (Q®P) — PDH is a degree-2D polynomial in D. Such a pseudo-distribution is

feasible since the matrix P satisfies the inequality. Then, since I— (a+b)? > 1a® — 12,

EwHSYﬁWQ®D>—f%H§EE%EuHSYHWQ®D>—SYH%P®DMﬁr-EﬂHSYHWP®D>—f%H§
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Thus, we can conclude that
- 2
E, ||Sym(Q®P) — Sym(P*P) || < 46, (15)

Consider a fixed z € R" such that ||z|| = 1. With slight abuse of notation, we denote Q(z) = z' Qz
as a linear polynomial in Q. Then, by pseudo-distribution Jensen inequality (Fact 4.40),

B (Q@)P° - P)°) = E, [<sym(Q®D> _ Sym(P®D),Z®2D>1

<E, (16)

2
Sym(Q“P) —Sym(P*P)|| - |z[?

< 457,

D is odd. By pseudo-distribution Jensen inequality (Fact 4.40), Lemma 4.47 and (16), we have
that

(B, Q) - P@)]) " <E,(Q) PP < 200 E, (Q@)P - P)P) < 2P,
The above holds for any unit vector z € R", and since E,[Q(z) — P(z)] = <1Ey Q] — P, zzT>,

H]EH[Q]—P‘L: max ‘<]EH[Q]—P,ZZT>‘<251/D.

z|z[2=1

As Frobenius norm and spectral norm is the same up to a factor /1, we get that H]E” [Q] — PHF <
2,/n6'/P. Thus, setting 0= ]Ey [Q], we get the desired result.

Dis even. By pseudo-distribution Jensen inequality (Fact 4.40), Lemma 4.48 (with k = D/2) and
(16), we have that

~ D
E, [Q2)° - P2)*]" < By [(Q27 - P(2)?)"]
~ 2
<2772 B, (QR)P - P(z)P) <2062
Thus, IEH [Q(z)?] — P(z)z‘ < 26%/P holds for all unit vectors z. This means that we get a tensor
D, such that

< 26%/D

max

- smios

Now we can apply Lemma 4.44 and obtain a symmetric matrix Q € R"*" such that

o HQ - UPHmaX < O(8"P) - |IP|lmax -

This implies a Frobenius norm bound min, ¢ 1y H Q- UPHF < O(n6Y3P) - || P||max- O
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5 Decomposing Power-Sums of High-degree Polynomials

In this section, we give a generalization of our algorithm for decomposing power-sums of quadrat-
ics to power-sums of arbitrary degree polynomials. The outline of the algorithm remains the same
with one main difference in the span finding step (Algorithm 4.2.1). For the quadratic case, we
sample a random polynomial p(y) of degree 2 and work with the polynomial p(y)P in span-
finding; for generic degree-K polynomials, we will instead sample a random polynomial of degree
2(K-1)D.

For the technical analysis, despite following the same outline, there are two major differences
from the quadratic case: 1) the reduction from Up = Vp to proving feasibility of a linear system
(described in Section 4.1.1), and 2) the analysis of V and its null space (described in Section 4.1.2).
For (1), the difference arises from the structure of the partial derivatives; we will derive the analo-
gous linear system in Section 5.1. For (2), the major difference arises from the fact that the equation
Y B:(y)Pp:(y) + G(y)q(y) = 0 (equation 17) for a random degree 2(K — 1) D polynomial G(y) and
random degree K polynomials B;(v), has a lot more solutions; we will state the analogous V matrix
and identify the correct null space in Section 5.2.

The main result of this section is the following theorem that is analogous to Theorem 4.1.

Theorem 5.1. There is an algorithm that takes input parameters n,m, D, K € IN, an accuracy parameter
T > 0, and the coefficient tensor P of a degree-3KD polynomial P in n variables with total bit complex-
ity size(P), runs in time (size(P)n)°KP) polylog(1/7), and outputs a sequence of symmetric tensors
AL Ay .. Ay € (R™)®K with the following guarantee.

Suppose P(x) = Y| Ay(x)3P + E(x) where each A; is a symmetric K-th order tensor of independent
N(0,1) entries, ||E||r < n~OP), and m < (m)%. Then, with probability at least 0.99 over the
draw of As and internal randomness of the algorithm, for odd D,

min max Hgt — A”(t)HF < poly(n) <HEH}:/D + Tl/D> ,

TESy te[m]

and for even D,

. . T < 1/3D 1/3D .
min max i, |4 — o] < poty(r) (JEI +727)

Remark 5.2. The upper bound on the number of polynomials m < 6(71%) comes from the
requirement m < O(£XP/2) and m¢?P(K=1) < O(n2P) from Lemma 5.4 and Lemma 5.5. The best m
we get is by setting ¢ = ns=s (which is o(n) when K > 2), which gives our bound on m. Note that
for K = 2, we get m < O(n?P/3).

The first step of the algorithm is identical: given a noisy version of the polynomial P(x) =
Y11 Ai(x)3P where A;(x) is a degree-K polynomial, we take 2D partial derivatives and restrict to
a fixed subset of ¢ = o(n) variables, resulting in a polynomial of degree (3K — 2)D. We first define
the notion of the relevant restriction operator analogous to Definition 4.2.

Definition 5.3 (Restriction operator). Given a restriction matrix M corresponding to a set S C []
with |S| = /¢, we associate it with an operator R ) defined as follows: for a k-th order tensor
T € (R")%, we write Ry(T) € (R")®F which is the symmetric k-th order tensor obtained by
zeroing out the entry of T indexed by I if any index in I is notin S.
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Given a restriction matrix M, let B¢(y) = A; o M(y), and
Vp = span <Bt(y)DyT |t e [m],Te [5]2(K*1)D> :

Same as the analysis of Lemma 4.3, we prove that for small enough m, ¢, the linear span Up of the
restricted partials of P is equal to Vp.

A~

Lemma 5.4 (Analysis of the Subspace of Restricted Partials of P). Fix D,K € IN and let n,m,¢{ € N
such that m < (m)“ﬂ2 and m2K-1)D < (polyIZg(n))2D' Given P = Yycpm Ai(x)3P + E(x)
where each Ay is a degree-K homogeneous polynomial with i.i.d. N'(0,1) entries, and a restriction matrix
M € R"*, we have that with probability 1 — n~L) over the choice of A’s, an analogue of Algorithm 4.1.1

outputs a subspace Vp of R*G<-20 that satisfies:

5 |l
[0 -vo, <0 (55es)-
with Bi(y) = Ao M(y).

The proof is almost identical to the proof of Lemma 4.3: we prove Up = Vp (Lemma 5.10)
by proving that a different matrix L (Definition 5.14) defining the linear system is full row rank
(Lemma 5.15), hence the linear system is feasible. The only difference is the L matrix since the
structure of the partial derivatives is different.

Span finding step: comparison to the quadratic case. We would like to obtain an estimate of
the subspace Wp = span(B;(y)? | t € [m]) given a basis for Vp. We reemphasize that this is
the main difference in the algorithm. We choose a random polynomial G of degree 2D(K — 1)
and write Vg := span(G(y)ys | S € [m]XP). Note the difference between Vp and Vg: they are
both subspaces of polynomials of degree (3K — 2)D, but B;(y)" has degree KD which is smaller
than 2(K — 1)D (for K > 2). Nevertheless, we show that we can still obtain Wp by taking the
intersection of Vp and Vg to obtain span(B;(y)?G(y)) (Lemma 5.23) and follow the remaining
steps in Algorithm 4.2.1.

Lemma 5.5 (Extracting Span of B;(y)P). Fix D,K € N, K > 2 and let n,m,{ € N such that m <
(W)KD /2. Given degree-K homogeneous polynomials By for t € [m] in £ variables with coeNﬁ‘icients
drawn i.i.d from N'(0,1), with probability 1 — £=P) an analogue of Algorithm 4.2.1 outputs Wp that
satisfies:

Wb =Wo|| < me®€P)|vp —Vp|r.
The remaining steps are identical to the quadratic case.

Lemma 5.6 (Desymmetrization of Restricted P via Least-Squares). Let D,K,m,{ € IN such that
m < (W)KD /2. For each t € [m)], let B; be a degree-K homogeneous polynomial in ¢ variables with
i.id. N'(0,1) entries. Suppose Wp is a subspace of R0 such that HWD - Wb H < 1/ (poly(m)£CKD)),

(D)

then with probability 1 — n™P) over the choice of By's, an analogue of Algorithm 4.3.1 outputs a tensor T
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such that:

T — ) (Sym(B?D)) >

te[m)

< poty (m) (LKW — Wplr + [l -
F

We show how to aggregate the desymmetrized estimates above for n%XP) pseudorandom
restriction matrices to obtain the estimate of the unrestricted tensor we need. The following is
identical to Lemma 4.6 except for a small change in the parameters:

Lemma 5.7 (Aggregating Pseudorandom Restrictions). Let D, K, n, ¢, m € IN such that 6DK < £ <
n. There is an nOKP)-time computable collection S of subsets of [n] such that each S € S satisfies £ <
|S| < 6DKY and that

Es..s i <Sym (Rs(At) >> i <Sym (A7") )

t=1 t=1

®3

where C € (R")®°KP is g fixed tensor whose entries depend only on the entry locations, and each entry of
C has value within ((£/2n)°KP 1),

Given the partially desymmetrized tensor, we will apply the off-the-shelf algorithm for 3rd
order tensor decomposition (Fact 4.7) to obtain Sym(A{P) for t < m. To apply tensor decomposi-
tion, we need the following condition number bound:

Lemma 5.8 (Condition number). Under the same assumptions as Lemma 5.4, let Ap be the npx X m
matrix whose columns are the coefficient vectors of A;(x)P for t € [m)]. Then, with probability 1 — n~(P),
the condition number x(Ap) < O(1).

Finally, we extract A; from Sym(A{°") using the same procedure as Lemma 4.9:

Lemma 5.9 (Stable Computation of D-th Roots). Let K,D,n € N and 6 > 0. Let P € (IR”)®K be an

unknown symmetric tensor. Suppose Pp(x)isa homogeneous degree-KD polynomial in n variables such

that its coefficient tensor satisfies HI/’B — Sym(P®P) HF < 6. There is an algorithm that runs in n®KP)

time and outputs Q € (R")®K such that if D is odd, then
-1l <xovie
F

and if D is even, then
min Q= oP|| <nO®6VP Py
ce{£1} F

These sequence of steps and the analyses captured in the above lemmas are enough to imme-
diately complete the proof of Theorem 5.1.

5.1 Analysis of the partial derivative span

It is clear that {/p C Vp. We will prove that the two subspaces are in fact equal. The following
lemma is almost identical to Lemma 4.10.
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Lemma 5.10 (Up = Vp). Fix K,D € N. Let £,m,n € N such that m?&K-1DP < (W)ZD. Let
A1, ..., Ay € (R")®K be random symmetric tensors with independent Gaussian entries, let M € R"* be
a fixed restriction matrix. Then, with probability 1 — n=P) over the draw of Ays, we have that Up = Vp
and further, for any degree-2(K — 1) D homogeneous polynomials Q1, ..., Qm, there exist coefficients R =

{R1} 1epupp such that

NgE

Y R

ICln], [I|=2D ¢t

(01A30) 0 M(y) = ilBtw)DQt(y),

1

and moreover, |R||p < O(n=P) T, [|Qllr.

In this section, we proceed to prove the main lemma for estimating the restricted partial span
of powers of high-degree polynomials. Recall that in Section 4.1.1, we reduce the task of proving
Up = Vp to proving the feasibility of a linear system characterized by the matrix L in Defini-
tion 4.18. We will follow the same steps and get an analogous linear system.

Recall that in the case of powers of quadratic polynomials, the partial derivatives are nicely
characterized as a sum of products of linear polynomial of (A[i], x) and scalars of the form of
Atli1, i2). This, not surprisingly, is no longer true when we go to higher degree polynomials; that
being said, we can still get a somewhat “nice” characterization of the coefficient vectors that arise
in the partial derivatives. Towards this end, we first need to generalize our definition of bucket
profile from Definition 4.15:

Definition 5.11 (Generalized bucket profile). For any given K > 2, We call v = [71,...,7x] a
generalized bucket profile of the 2D partial derivative such that

K
Y 7i-i=2D.
i=1

Let I';p be the set of bucket profiles, and let v* = (2D,0,...,0) be the dominant bucket profile.
Furthermore, we define deg(y) := Y'X (K —i)y; = K(XK, 7i) —2D.

For each bucket profile, we associate with a bucket partition (x1(7y), ..., xx(y)) of {1,2,...,2D}
such that there are -; partitions (ordered tuples) of size i, sorted in increasing order of the partition
sizes, and «;(7y) is the collection of the v; partitions of size i:

k() = ((1),(2),..., (1), m@)=((nm+Ln+2),....(1n+212-1,7+27)),

and so on. Furthermore, we define (¥1(7),...,kk(7)) to be a partition of {1,2,...,deg(y)} such
that there are -; partitions (ordered tuples) of size K — i, sorted in decreasing order of the partition
sizes, and K;(7y) is the collection of the v; partitions of size K — i:

() = ((1,2,...,1<—1),...,((71 —1)(1<—1)+1,...,71(1<—1))>
(1) = (K= +1,...,m(K=1)+(K=2)),...,
(MK =1+ (2= D(K=2) + 1., n(K-1) + 12(K - 2)))

and so on. Let x;(y) = (S1,...,S,,) and &;(y) = (T,..., T,;) where |S;| 4 |Tj| = K forall j € [v],
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and we define «;||x;(7y) to be the collection of tuples ((S1,T1),...,(S,, Ty,)).

Remark 5.12 (Interpretation of v and the terms in partial derivatives of A3P). To better understand
Definition 5.11, we make the following remarks,

* Imagine A3P as being 3D buckets, and taking 2D partial derivatives means dropping 2D
balls in these buckets such that each bucket contains at most K balls. Then, for i € [K], 7; de-
notes the number of buckets with i balls, hence YK | ;- i = 2D. Having i balls corresponds
to i-th derivatives of A;, which is degree-(K — i) polynomials.

e Let I = (i1,...,iap) € [n]?P be an ordered tuple, and consider 9; A3P and a bucket profile
v € I'op. Note that there are 3D — Z]K:l 7; empty buckets. Thus, v represents the terms in
91 A3P that are products of A?sz/ K
(K — j) polynomials can be represented as <At[1n(5)],x®K_j> for S € x;(y) where |S| = j

and 7y; polynomials of degree K — j. These 7; degree-

and for some permutation 7t € Syp. Since ]In(s)] =S| =7, At[In(s)] is an order-(K — j) slice
of the tensor A; € (R")®X, i.e. Allys)] € (R")2K—,

* The product over j € [K] and S € «;(y) (where [x;(y)| = 7)) can further be written as the
product between the tensor ®;c (k] ®sex;(1) Ai[l;(s)], which is a tensor of order Z]K:l(K -

j)7; = deg(7), and the tensor x®4¢5(7). Therefore, the term in 9;A?" corresponding to -y can

—Z]K=1 i

be written as A?D - i1,y (x) for some polynomial p; ;, of degree deg(-y).

With Definition 5.11 and the discussion in Remark 5.12 in mind, we now write out the partial
derivatives for [ = {iy,...,iop} € [n]*P as follows,

aAPx) =Y Y c(, K) Ay (x)3P T TT TT (Al <)

v€lp 1€8p JEIK] Sex;()

=X o7, K)Ar(x)* P57 X <® & At[ln(S)]/x®Zf‘<=1(K—j)7j>

v€lp €S \je[K] Sex;(y)

_yvK .
= Y AP R pypa(x)

v€lp

where ¢(7y, K) is a constant and deg(ps,1,,) = Z]K:l (K —j)yj = deg(7).

We remark that the exponent 3D — Z]K:l vj of Ay(x) is minimized at D when ¢y = 9" =
(2D,0,...,0) and we have deg(p1,+) = 2D - (K —1). Note also that the total degree of AP
is 3KD, hence after taking 2D derivatives, the degree of 9; A3P is (3K — 2)D.

Next, we set x = My where M is the given restriction matrix, and let q; 1, (v) = ps1,,(My).
For a given bucket profile v, the polynomial g1, (y) is a degree deg(-y) polynomial in variables y.

Similar to the strategy in Section 4.1.1, we define the linear system with the focus on y = y*:

Definition 5.13 (Linear system for i/p = Vp for degree-K polynomials). Given arbitrary degree-
(K —1)D polynomials Qy, ..., Qu, we define the following linear system in variables {R;} Ie[n)2p:
Given arbitrary degree-2(K — 1) D homogeneous polynomials Qj, . .., Q,,, we define the following
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linear system in variables {Rj} ¢, pp:

Y Ri-qorq(y) = Qely), Vte [m],

I€[n]?P

Y. Ri-quin(y) =0, Yy # 9", t € [m].

1€[n]2P

Note that g; 1, is of degree deg(7), so each v € Typ and each multiset | € [¢]48(7) gives a
linear constraint in the linear system above. Thus, fora | € [E]degm, we would like to determine
the coefficient of y; in g1, (y). For convenience, we let J' € [n]98(?) be the multiset in [n] if we
map J back to [n].

qt,l,'y(]) :Cl('Y/K)' Z Z H H At[ln(s)r];r/(]")]

€S n,esdeg(’y) iG[K} S,TGK,’HE‘(’)’)

=d(v,K)- Y, ) (® X Ai[];T’(T)]) [7e(1)]

TESID 7' ESaeg(y) \i€[K] TERi(7)

c"(’y,K)-Sym( Y ® R AtU;T’(T)]) [1].

7' €8 deg() i€[K] TER;(7)

Let us parse through the expression above. First, |I| = 2D by definition and |]| = deg(7y)
since this is the degree of g, (y). We recall Definition 5.11: for an i € [K], «;||%;(7) denotes
((81,T1), .-, (54, Ty;)) whereeach S, T € «;||x;(7) satisfy |S| = iand |T| = K —i. Thus, |I;(s)| = i
and |J}, ;)| = K—1i, and together they index a single entry A;[I(s), |7 ] of the order-K tensor A;.
Furthermore, A;[J!, (T)] is an order-i slice of the tensor A;, and thus taking tensor products over

i € [K]and T € %;(7), we get a tensor of order X ; ;- i = 2D as desired.

At a high level, we have written §; 1 ,(J), which is the coefficient of monomial y; in g4, (y),
as an entry of an order-2D symmetric tensor indexed by I € [n]?P. Now, we can rewrite y_; R; -
Gt1,(]) as an inner product between the tensor R and an order-2D symmetric tensor determined
by t, and J. This leads us to the following matrix,

n2b

Definition 5.14. For a fixed K > 2, for each 1y in I';p, let L, be the mlyeg () X matrix whose

each row is indexed by t € [m] and a multiset | € [¢]de8(7):

€S deg(y) i€ [K] TER; ()

Ly[(t,]), ] = vec (Sym ( Z ® ® At[];T(T)]))

i.e. each row is a flattened vector of a symmetric order 2D tensor of dimension n. Moreover, let
D = M ¥oer,p Ldeg(y), and define L to be the rp x n?P
of L, for ¢y € I'op.

matrix formed by concatenating the rows

Now, we prove a singular value lower bound for L. We defer the proof to Section 6.3.3.

Lemma 5.15 (Singular value lower bound for L for degree-K polynomials). For a fixed K, D €

N, let m,¢,n € N such that m¢?K-1)D < (W)ZD- Let L € R'™™*™° be the matrix defined in

Definition 5.14. Then, with probability 1 — n=(P), o, (L) = Q(nP).
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The proof of Lemma 5.10 follows immediately from Lemma 5.15.

5.2 Analysis for Vp and the span finding step

Recall that we define
Vb = {Bi(y)Pyr | t € [m], T € [()2*DP}.

In the span finding step, we will sample a random polynomial G(y) of degree 2(K — 1)D. We
need to analyze what sets of polynomials (py, ..., pm, q) satisfy

iBt(y)Dpt(y) +G(y)q(y) =0, (17)

where deg(p;) = 2(K—1)D and deg(q) = KD. Thus, we define the following, which is the
original V matrix with an extra block.

Definition 5.16 (Matrix V). Let G € (R)®2(K-1D be a tensor with ii.d. Gaussian entries. We
define V to be the l(3x—2)p X (mEZ(K,l)D + (kp) matrix of the form

V:[V|VG}

where Vi is a {(3x_5)p X {xp matrix whose columns are coefficient vectors of the polynomials
(K=2)D

0==7 G(y)ys for S € [(]XP. Note that the scaling of - G(y)ys is to ensure that the columns
of V and V;; have roughly the same norms.

Observe that in (17), the degree of B;(y)P is KD but the degree of p;(y) is 2(K — 1)D which is
larger than KD for K > 2. Therefore, clearly the dimension of the null space of V is much larger
than () (which is the case for K = 2). Furthermore, we have the extra block Vi which gives
additional null space. We define the following sets of (pi,...,pm,q) which are the “obvious”
solutions to (17).

Definition 5.17 (Null space of V). Given degree-K homogeneous polynomials B, ..., By, and a
degree-2(K — 1)D polynomial G, we define N; to be the following set of (7){x_2)p tuples of
polynomials (p1, ..., pm, q):

Ny ={(pr P ) |ty = BW)Pyr, ps = =B (1)Pyr, ps =0, g = 0fors # by, ta} <ty
T[] k-2

and N; to be the following set of m tuples:

Np = {(Pu--mm,q) | pr=G(y), ps =0, and g = Bi(y)" for s # t}t

&lm]
Here each p; is degree 2(K — 1)D and g is degree KD.
We next show that A, \V; are in fact the only solutions to (17).

Lemma 5.18 (Singular value lower bound for V). FixK,D € N and K > 3. Let m,{ € IN such that

m < (m)“} /2. Let By, ..., By be degree-K homogeneous polynomials and let G be a degree-2(K —
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1) D homogeneous polynomial, all in ¢ variables and have i.i.d. standard Gaussian coefficients. Then, with
probability 1 — (=P, the set of polynomials (py, ..., pm,q) with deg(p;) = 2(K —1)D and deg(q) =
KD satisfying

m

Y B:(y)Ppi(y) + G(y)qly) =0

=1
forms a subspace of dimension (%)) (x_2)p + m spanned by N1 U N>.
Furthermore, the matrix V defined in Definition 5.16 satisfies rank(V) = mlyg_1)p — [N1| — | N2
and 0, ) (V) > Q(¢KP/2),

rank

To prove Lemma 5.18, we first define the following matrices analogous to Definition 4.20 which
represent N7 and Ny:

Definition 5.19 (Matrix N). We define N to be the (%}){(x_2)p X mlyk_1)p matrix whose rows are
indexed by (t1,t,, T) for t; < to € [m] and T € [¢](X~2)P, and each row represents a collection of
m degree-2(K — 1) D polynomials (p1, ..., pm) such that

B, (y)Pyr ifs=t
ps(y) = { =By (y)Pyr ifs=+t
0 otherwise.

Definition 5.20 (Matrix N). Let G € (IR*)®2K-1DD pe a tensor with i.i.d. Gaussian entries. We
define N to be the () (k—2)p +m) x (mly_1)p + Lkp) of the form

N 0

Nc Np

where N is (7)€(x_2)p X mlyx_1)p defined in Definition 5.20, Ng is m x mlyx_1)p such that for
s € [m], te€[mand I € [(]2K-1D,

N =

(K=2)D

(2 G[I] ifs=t,

0 otherwise,

Ngls, (£, 1)] = {

and Njp is an m x {xp matrix such that for s € [m], | € [(]KP,

Ng[s, J] = —(Bs(y)?)[]] -

Observe that the rows of [N | 0] exactly represent N; and the rows of [Ng | Ng] represent N5.
Next, we prove the following lemma analogous to Lemma 4.21:

Lemma 5.21 (Rank of N). Let K,D,m,{ € IN be the same parameters as Lemma 5.18. Let N be the
()€ (k—2)p +m) x (mlyx_1)p + Lxp) matrix defined in Definition 5.20. Then, with probability 1 —
gfﬂ(D),

_ m _
rank(N) = (1 )i 2+ 10, G () > Q2.

Finally, we show that the row span of N equals the null space of V. Specifically, we prove the
following lemma analogous to Lemma 4.22:
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Lemma 5.22. Let K, D, m, { € IN be the same parameters as Lemma 5.18. Let V, N be the matrices defined
in Definition 5.16 and 5.20. Then with probability 1 — £~D),

Amin (VTV + NTN> > QKDY

We defer the proofs to Section 6.5. Combining the above lemmas, we can complete the proof
of Lemma 5.18, which is almost identical to the proof of Lemma 4.11.

Proof of Lemma 5.18. By the definition of Vand N, V - N' = 0because each row of N represents a
solution to

f;wy)%(y) +G(y)q(y) =0.

This implies that the matrices V' V and N' N have orthogonal column span. By Lemma 5.21,

rank(N) = (%3){(x_n)p + m, which is exactly [N;] 4 |N2|, and by Lemma 5.22, the row span of N
is exactly the null space of V'V. This implies that rank(V) = mlyk_1)p — |N1| — [N2] and that
span(/N7 U N>) is exactly the set of solutions to Y1 ; B:(y)Pp:(y) + G(y)q(y) = 0.

VV+N'N having smallest eigenvalue at least Q(¢XP) further shows that the smallest sin-
gular value of V is lower bounded by Q(¢XP/2). This completes the proof. O

Span finding step. With Lemma 5.18, we can now analyze our span finding step. For the random
polynomial G, let

Vi = span (G(y)ys | S e [K]KD) ,
We = span <G(y)Bt(y)D | t e [m]) .

It is easy to see that the subspace W lies inside the intersection of Vp and V. Same as the
proof of Lemma 4.4, we will show that in fact the intersection is equal to W;. The following lemma
is analogous to Lemma 4.23

Lemma 5.23. For degree-K homogeneous polynomials B;(y),t € [m] and degree-2(K — 1)D polynomial
G(y) whose coefficients are chosen independently at random from N (0, 1), we have that with probability 1
over the draw of As and G, we have:

Vp Vs =Wg,

with dim(W,) = m.

The proof of Lemma 5.23 via Lemma 5.18 is identical to the proof of Lemma 4.23. Given W,
we can then divide out the polynomial G(y) and get the subspace span(B;(y)P | t € [m]). Analo-
gous to Section 4.2 we can make the above algorithm error resilient by taking a robust intersection
of the subspaces and then performing robust division.
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6 Singular Value Lower Bounds for Structured Random Matrices

6.1 Detailed overview

A two-line strategy Before we delve into the “real” challenge of what might come up in our
analysis, for the sake of exposition, let’s recall our G.O.E. toy example A € R"*" for m < n. To
obtain a singular value lower bound for A when m < 1, we notice it can be reduced to showing

ATA=~ (1+o(1))n-T,

which amounts to checking
e Large diagonal: diag(A"TA) = (1+0(1))n;
¢ Small off-diagonal: !‘off—diagonal(ATA)HOP < o(n).

For the above example, one may find both components rather immediate as the large diagonal
follows via standard Gaussian concentration. While establishing a small spectral norm bound for
the off-diagonal block might require slightly more work, there are several techniques to establish
the nearly optimal bound of O(y/m+/n) on its spectral norm. That said, we may hope to carry
out the above strategy on potentially more complicated matrices (with correlated entries), and
let’s dig into one example that arises in our analysis for the simplest setting in our main result for
decomposing cubics of quadratic.

Example of structured random matrices To describe the matrix, let Ay, ..., A, be random ma-
trices of size n x n with each entry i.i.d. A (0,1). We will describe a new matrix whose entries are
functions of A;s. Let A;[i] € R” denote the i-th column of matrix A;, and let S C [n] be a subset of
size { ~ y/n. Finally, let G be the matrix defined by:

¢
2

G = |Afi] ® Aj]| € R"&*"*

In other words, each row of G is indexed by (t,1, ) for t € [m] and i # j € [¢] with the correspond-
ing row vector be A;[i] ® A¢[j]. And a question we would like to answer is the following,

Question 6.1. What is the largest m for which G is full (row) rank with inverse-polynomially bounded
smallest singular value?

For starters, m ~ n is a natural upper bound as G becomes a roughly square matrix when
we have mf? ~ n?. Let’s now implement the above strategy. The diagonal entry (t,i,j) of GG
is given by ||A;[i] ® A[j]||2 & n? by standard Gaussian concentration, and the two-step strategy
now prompts us to bound the spectral norm of the off-diagonal part of GG ', i.e. the spectral norm
of GGT —n?- L, by o(n?).

Observe that easy estimates such as the maximum ¢; norm of any row do not give a useful
bound: we expect the off-diagonal entries to have typical magnitude n and that can be “charged”
to the diagonal entries only if m(é) -n < n?orm < O(1). However, in this very case, one may
notice that we are ignoring the potential cancellation from the signs of the entries (as each entry
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is a mean 0 random variable) and we can hope to obtain a tighter bound by exploiting this kind
of cancellation. Towards this end, we appeal to the trace moment method to obtain tight bounds for
these structured random matrices, and on a high level, for ease of our spectral analysis, we adopt
graph matrix decomposition to systematically represent such random matrices of correlated entries.

Graphical matrix decomposition and norm bounds The theory of graphical matrices generally
applies to a matrix whose entry is a polynomial of some underlying input. In our case, the off-
digonal part of GG is described as:

GG'[(s,a,b),(t,c,d)] = (As[a], A[c]) - (As[b], Asld]) = Y Agli,a) Arli, c)Aslj, bl Alj, d]

ijeln]

for (s,a,b) # (t,¢,d). For illustration, we restrict to the case for s # t € [m] and 4, b, ¢, d distinct
elements in [¢], and we remark that in general these cases warrant a careful analysis. Notice we
can further decompose the above polynomial entry as

GG'"[(s,a,b),(t,c,d)] = '#Z[ ]As[i, a) Atli, c) As[j, b) Ar]j, d]
i#FjEn
+ Y Al aAsli, c]Aslj, b Asj, d]

i=je(n|

depending on whether i,j “collide” with each other. Pictorially, each term in the above matrix
corresponds to one of the following diagrams using graph matrix language:

each vertex in the left/right orange oval corresponds to a variable in the row/column index for the matrix;
and each vertex in the middle (outside the orange ovals) corresponds to an indeterminate in the summation
with each hyperedge corresponding to a random variable in the polynomial.

j Adj.d)

Figure 1: Diagram for GG "[(s,a,b), (t,c,d)] = Yitjen) Asli, al Arli, c] As[j, bl Arlj, d].

Figure 2: Diagram for GG "[(s,a,b), (t,c,d)] = Yizjein) Asli, al Aeli, c] As[i, b] A[i, d].

Once these diagrams are drawn out, we can apply off-the-shelf matrix norm bounds for graph
matrices. The key technical idea is that the spectral norm of these random matrices is characterized
(up to O(1) factors) by a simple, combinatorial quantity of the diagram (see Proposition 6.12 and
Remark 6.13). Therefore, our job for spectral analysis is essentially estimating the combinatorial
quantity for each of the diagrams that may arise in the decomposition. In the setting above, a direct
application of this idea in a black-box manner gives us a spectral norm bound ||offdiag(GG ") Hop <
O(Vm2n2) = o(n?) assuming mf? < n? and ¢ ~ \/n (see Example 6.14), giving us the m ~ n
bound as we anticipate in the beginning.
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6.2 Preliminaries for graph matrices

We give a lightweight introduction to the theory of graph matrices specialized to our setting in
this section, while we defer the interested reader who seeks a thorough introduction or a more
formal treatment to its origin in a sequence of works in Sum-of-Squares lower bounds [HKP15,
BHK 19, AMP16]. Throughout this section, we assume that there is an underlying input matrix
G.

Definition 6.2 (Shape). A shape « is a tuple (V(a), Uy, Vi, E(a)) associated with a (multi-hyper)
graph (V(«), E(«)) where each vertex in V(«) is associated with a vertex type that indicates the
range of the labels for the particular vertex, and each edge in E(«) is associated with an edge type
specifies a variable of the underlying input matrix G from the information of incidental endpoints
of the edge. Moreover, we have U,, V, C V(«) and they may intersect.

Remark 6.3. For intuition, U,, V,, are simply the row /column indices of the corresponding random
matrix, and we remind the reader that V,, should be distinguished from V(«) where V, is simply
a column/row boundary index, while V() is the set of vertices in the graph.

Definition 6.4 (Edges). Each edge e € E(«) is associated with a tuple (s(e), E(e)) such that s(e)
specifies its edge type and E(e) specifies its incidental endpoints (including their corresponding
vertex type), and we write the corresponding edge variable as x;(.) £(¢)(G)-

Definition 6.5 (Mapping of a shape). Given a shape «, we call a function ¢ a mapping of the shape
if

1. o assigns a label for each vertex according to its specified vertex type;
2. 0 is an injective mapping.

Definition 6.6 (Boundary consistency for shape). Given a shape «, and given boundaries S, T each
being a collection of sets of labels, we call ¢ a valid labeling for « with boundary S, T if

1. For each vertex type, I(S) and I(T) are subsets of labels of type I;

2. 0(U,NV,) is consistent with the labels in S N T within each collection of vertex type as a set,
i.e., for each vertex type I, we have o (I(U, N V,)) = I(SNT);

3. And for each vertex type I, the vertices in U, \ V, take label in I(S\ T') as a set, i.e., o (I(U, \
Vo) = I(5\ T);

4. and similarly, the vertices in V,, \ U, take label in I(T \ S) as a set, i.e., o(I(Vy \ Uy)) =
I(T\S).

Remark 6.7 (Set-indexed graph matrix). Note that we adopt the convention where labeled vertices
of a shape appear as a set, i.e., Uy \ Vi, Vi \ Uy and U, NV, are set-indices, unless otherwise stated.

Definition 6.8 (Graphical matrix for shape). Given a shape &, we define its graphical matrix to be
the matrix indexed by all possible boundary labelings S, T, and for each of its entry, we define

M,[S,T] = Y [T Xxsenoee)(G)-

0:a mapping of V() e=€cE(a)
consistent with the boundaries
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Remark 6.9. To unpack the above definition of boundary consistency, notice for each vertex type,
the vertices in U, and V, receive labels from ¢ as a set, and we additionally require vertices in
U, NV, of each type to receive the same labels under a consistent .

We will encounter shapes that have multi-edges, i.e. the same edge appearing more than once.
Thus, we introduce the following definition.

Definition 6.10 (Phantom edge and isolated vertex). When the underlying input comes from
N(0,1) random variables, each edge that appears at least twice (as a multi-edge) is considered
a “phantom” edge, and a vertex v € V(a) \ (U, U V,) is considered “isolated” if it is not incident
to any non-phantom edge in a shape.

With this set-up, we are now ready to introduce the probabilistic norm bounds for graphical
matrices, and prior works have shown that the norm bounds in this regime are governed by a
combinatorial object of the underlying shape called vertex separator.

Definition 6.11 (Vertex separator). For a shape «, a set of vertices S C V(«) is a vertex separator if
all non-phantom paths from U, to V,, pass through S. Each vertex in U, N V, is by definition in any
vertex separator for «.

Proposition 6.12 (Graph matrix norm bound). Let wt be a weight function that assigns weight based
on the type of vertices s.t.

1. for a square vertex [ i ], wt([i]) = m;
2. for a circle vertex (i), wt((i)) = ¢;

3. for a hexagon vertex (i ), wt((i)) = n.
With probability at least 1 — O(n=19018m) for any shape a we have

IMellop <O | max  JTy/we(i)- 12 Vwt(d) | .

S a separator isolated

Proof. This is an application of [AMP16] and Corollary 6.64 from [JPR"22] in our setting. The
main result from [AMP16] alone is sufficient, while we point out it is easier to use Corollary 6.64
to handle set-symmetry of our indices within the trace power method directly, which incurs a cost
of /|Uy|!|V4|! which is subsumed by the polylog factor as we have |U,/|, |Vy| = O(1) throughout
our work. O

Remark 6.13 (Analyzing minimum vertex separator). With Proposition 6.12, we can now bound
the spectral norm of graph matrices by analyzing their minimum weight vertex separator Smin. Fur-
thermore, notice that the vertex separator only needs to block paths using non-phantom edges.
Thus, when using Proposition 6.12, we can essentially remove the phantom edges; this may re-
duce the minimum vertex separator, hence increasing the norm bound.

Example 6.14 (Norm bound of the shape in Figure 1). Two potential vertex separators are S; =
{@,@} and S, = {[5], @,@} = U,. We can see that S, has smaller weight when m¢?> < n?
since wt((i)) - wt((7)) = n* but wt([s]) - wt((a)) - wt((r)) = mf>. With some case analysis, one
can verify that S, is indeed the minimum vertex separator of the shape. By Proposition 6.12, each
vertex outside S, contributes the square root of its weight, thus we have a bound of O(v/m/2n2).
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6.3 Singular value lower bounds for analysis of V

Recall that given By, . . ., B, which are degree-2 homogeneous polynomials in ¢ variables withi.i.d.
standard Gaussian coefficients, the matrix V € R%p*™p g the matrix whose columns represent
the polynomials B:(y)Py;, - - - yj,, for t € [m] and jy,...,jop € [£]. Furthermore, recall the matrix
N € R(G)*mbp defined in Definition 4.20 that satisfies VN = 0, i.e. each row of N represents a
collection of m degree-2D polynomials (p1, ..., pm) such that

m
Y By pi(y) =0,
t=1
and for row index (sq,82) of N, p¢(y) = Bs,(y)P if t = 51, —Bs, (y)P if t = 55, and 0 otherwise.

6.3.1 Proof of Lemma 4.21: rank of N

Lemma 6.15 (Restatement of Lemma 4.21: Rank of N). Let m, £, D € IN such that m < (m)w

Let N € R(2) "0 pe the matrix defined in Definition 4.20. Then, with probability 1 — £~(D),
o (N) = Q(eP).

Proof. We will show that NN € R(2)*(2) is full rank and that Apin(NNT) > Q(£2P). Notice that
the columns of N are indexed by (,I) where t € [m] and I € [¢]?" is a multiset. By Fact 3.7, we can
delete some columns of N and prove that the resulting matrix N’ satisfies Amin(N'N’") > Q(¢2P),
which implies Amin(NNT) > Q(#?P). Thus, we will assume that the matrix N only consists
of columns (t,I) where I is a set (no repeated elements), i.e., each row consists of multilinear
polynomials.

We decompose NN into diagonal and off-diagonal components.

Diagonal entries. The diagonal entry at s; < s, can be written as
T Dy |I? Dy ||?
NN ' [(s1,52), (s1,82)] = Hmultilinear(le)H + Hmultilinear(Bsz)H ,

where we take the multilinear parts of Bg and BL because we deleted the columns corresponding
to non-multilinear monomials. This however does not change the norms up to constant factors,
hence by Claim 3.8, the diagonal entries are Q(¢2P).

Off-diagonal part. NN [(s1,s2), (t1,t2)] is zero when sq, 5o, t1, 15 are all different, and if s; #
t; but s = t, (for e.g.), then

NNT[(s,52), (t1, )] = <multilinear(B£1)),multilinear(BE)>
=0(1) ), Sym(B;)[1]-Sym(B;")[l]
[e[g2p

=0(1) Y, Y BEPH]-BIP[r(D)].
n€Sp  Ie[l)?P
all distinct
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We view the above as a summation of graphical matrices, each corresponding to a permutation 7.
We then apply graphical matrix norm bounds (Proposition 6.12) introduced in Section 6.2 to bound
the spectral norms of them. Given 7, the shape that arises can be described as the following,

1. A tripartite graph with exactly 2D circle vertices (iy), . . ., (op) in the middle (that take labels in
[€]) ,ie, V(a)\ (Uy UV,);

2. U,, V, both have two square vertices (that take labels in [m]): U, = {[s][«]} and V, =
{{t],[u]}, where [u]is in the intersection U, N Vj;

3. On the left, we add hyperedges in order: (5], (i) @), (s (is), ), and so on; on the right, we

add ([+], ,), (P , ), and so on.

Now we analyze the minimum vertex separator. Observe that for every (i) in the middle, there
is a path [s] = (i) — [t]. Thus, any vertex separator of such shape must contain either [s], [ ], or
all of the circle vertices. Clearly, when m < ¢*P, the minimum weight vertex separator is {[s]} or
{[]}. Thus, by Proposition 6.12, we get a norm bound of O (\/ m€2D> .

Therefore, we can write

NNT = Q(¢P) -1 + offdiag(NN ),

where Hoffdiag(NNT)Hop < O(y/mlP) = o(£2P) given that m < (polyll;g(e))ZD' Thus, the diagonal
dominates, and we have Apin (NN ) > Q(£2P), hence om(N) = Q(LP). O

6.3.2 Proof of Lemma 4.22: singular valueof V'V + N'N

Lemma 4.22 is a special case (K = 2) of the following lemma, thus the reader can focus on this case
for simplicity.

Lemma 6.16 (Generalization of Lemma 4.22). Fix D,K € IN with K > 2. Let m, £ € IN such that m <
(7polyl€)g(€))KD ifD <2, andm < (piolyég(g))KD/z if D > 2, and let N be the (3)€x_2p X mlyx_1)p
matrix defined in Definition 5.19. Then with probability 1 — £~2(P),

Amin (VTV 4+ NTN) > O(6P).

Recall that the matrix V has dimension {3k _5)p X mlyx_1)p, each column representing a
degree-((3K — 2) D) polynomial B;(y)Py; where I € [¢]2K-1D is a multiset. Specifically, the rows
of V are indexed by multisets H € [¢]K-2)P and for s € [m], I € [(]*K-DD, the entry V[H, (s,I)]
is the coefficient of the monomial yy in the polynomial Bs(y)Py;. Thus, V[H, (s,1)] = 0if [ ¢ H.

The entries of V'V are indexed by (s, 1), (t,]) where s, t € [m] and I,] € [(]*K-DP_ Specifi-
cally,

VIVIGs 1), (6 1)) = (Bo(y)Pyi, Bi(y)Py))

where we recall (from Section 3) this is the inner product between the coefficient vectors of the
two polynomials.
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Remark 6.17 (Intersection of I, ). Remark that B;(y)Pyr, B:(y)Py; are polynomials of degree (3K —
2)Dwhile |I| = |J| = 2(K—1)D, thusif |IN]| < (K—2)D, then the polynomials have no common
monomial and V" V[(s, I), (t,])] must be zero (note that I and ] can be disjoint when K = 2).

Proof outline First observe that both V'V and N ' N cannot be full rank: V'V has a null space
(namely row span of N by definition) and NN is not full rank simply because (3){x_op <
mlyx_q)p (since m < ¢KD). Thus, even though V'V and NN have large diagonal entries, we
cannot hope to bound the spectral norm of their off-diagonal parts separately and charge them to
the diagonals (this would contradict that they are not full rank). In fact, we will see that there are
off-diagonal components with large spectral norm.

Nevertheless, we can still proceed to analyze V' V and see what graph matrices arise. Observe
that V'V has a natural block structure indexed by (s, t), and each block has dimension lyk—1)p X
ly(k-1)p- We will analyze the diagonal blocks (s = t) and off-diagonal blocks (s # t) separately.
First, we show the following,

Lemma 6.18 (Diagonal blocks of VTV). Let m,¢,D € N be the same parameters as Lemma 6.16, then
diag-blocks(V'V) = Q(¢XP) .14 P, + E;
where P; >~ 0 and ||E1||Op < o(4KDP).

For the off-diagonal blocks of V"V, it turns out that most graph matrices that arise have small
spectral norm, except for one specific matrix defined as follows,

Definition 6.19 (W matrix). Let W be the matrix with the same dimensions and indices as V'V
such that W((s, 1), (t,])] = V'V[(s,I),(t,])] ifs # tand |IN ]| = (K — 2)D (the minimum inter-
section; see Remark 6.17), and 0 otherwise.

Lemma 6.20 (Off-diagonal blocks of VTV). Let m,¢,D € N be the same parameters as Lemma 6.16,
then
off-diag-blocks(V'V) = W + E»

where || Ez|[ o, < o((KD),

Finally, we turn to N'" N. Interestingly, we show that N' N has a —W component that cancels
out the one from off-diag-blocks(V " V).

Lemma 6.21 (Analysis of N TN). Let m,¢,D € N be the same parameters as Lemma 6.16, then
N'N=P,—-W+E;

where P, >~ 0 and ||E3||Op < o(4KDP).
The combination of Lemmas 6.18, 6.20 and 6.21 immediately imply Lemma 6.16.

Proof of Lemma 6.16. Combining Lemmas 6.18, 6.20 and 6.21, we have
VIVEN'N=QUXP). 14+ P+ P, +E +E

where Py, P, = 0 and [[Eq|o, [| E2flop < 0(¢XD). This completes the proof. O
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Graph matrices that arise from V'V We write out the entries of V'V explicitly. For entry
VTV[(s,I),(t,])] wheres,t € [m]and I, ] € [¢)>K-1P,

VIVI(s 1), (81)) = (Bo() 1, Bi ()P )
= Y ©1)-(Bs(y) y)H] - (Bi(y) y)) H]

Hel¢](3Kk-2)D
eIU]CH (18)

= ) Y, ©1)-BIP[x(H\D)]- B [ (H\])].

He [[} (3K-2)D 71,71’ €Skp
IUJCH

Here, the summation is over ordered tuples H of size (3K — 2)D containing both I and J.

Let us parse Equation (18). Letr = [IN]J|, L =INJ,andletI' =I\L,J) =]\ Land H =
H\ (IU]) (recall that these are multiset operations). First observe that |I'| = |]'| = 2(K—1)D —
and [IU]| = 4(K—1)D —r, hence |H'| = r — (K —2)D. Thus, r can range from (K —2)D to
2(K —1)D (note that r cannot be 0 if K > 2). We can think of H as the “free indices” in the
summation over H since H must contain [ U J. In particular, if r = (K —2)D (the minimum
intersection), then there is only a single H, namely I U J. We can now define the graph matrices
that arise from (18).

Definition 6.22 (Graph matrices from V 'V). First assume that I’, ], H' and L all have distinct
elements. For a fixed r € {(K—2)D,...,2(K—1)D} and permutations 71, 7' € Skp, the graph
matrix is described as follows,

1. A graph with exactly (3K — 2)D circle vertices (that take labels in [¢]), denoted as follows
(slightly abusing notation by writing I, ], H' as ordered tuples of circle vertices):

I'= (,...,) where |I'| =2(K—-1)D —
*J = (,...,) where |J'| = 2(K —1)D —

o H’:(:r:""':)"
@ -

o L= .,@), which corresponds to I N J.
2. Two square vertices [s |and [ ¢ | (that take labels in [m]).

3. Uy ={[sJUI'ULand V, = {[¢]} U] UL; they are treated as sets.

4. On the left, we add D hyperedges: ([5], ... ,) fori =1,...,D; on the right, we

add ( ‘ ) fori = 1,...,D. Each hyperedge touches a square vertex ([s|

or[t]) and K circle vertices, representing an element in B or By.

When there are repeated elements, all such components can be viewed as collapses of the graph
matrices described above. For example, we allow the circle vertices to collapse, with the exception
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that I’ and ]’ remain disjoint (by definition). We also allow [s|and [ ¢ ] to collapse, representing the
diagonal blocks where s = t.

Let’s make some crucial observations: (1) U, NV, = L = {@, .. ,@} and they are not con-
nected to any edge, (2) I’ C U, but have edges connected to[t], and similarly ] C V, but have
edges connected to [s], (3) H " are outside of U, U V, and have edges connected to both[s]and [¢],
and finally (4) there are D hyperedges on the left (resp. right) connected to [s | (resp. [ t ).

Furthermore, we note that U, and V, are both treated as sets since I and | in (18) are both
(multi)sets (recall Remark 6.7).

Diagonal blocks of V' V: Proof of Lemma 6.18

Proof of Lemma 6.18. The diagonal blocks of VTV consist of all graph matrices in Definition 6.22
with s = t. For the diagonal entries, for index (s, I) we have

2

VIV D), (s D) = | B.(y)”||" = (<) (19)

B )Pl = |

by Claim 3.8.

We next analyze the off-diagonal entries (of the diagonal blocks). Fix * = [IN]J|. When r =
2(K—1)D, i.e. I = ], this is simply the diagonal entries, so we focus on the components with
re {(K-2)D,...,2(K—1)D — 1} (recall that > (K — 2)D from Remark 6.17).

First, we note that there are “troublesome” components with large spectral norm which cannot
be charged to the diagonal. For example whenr = (K—2)D, |I'| 4+ |J'| = 2KD and |H'| = 0, hence
the minimum vertex separator S consists of only [s ] and there can be 2KD circle vertices outside
of S, giving a bound of O(¢XP), while the diagonal is only Q(¢XP). Figure 3 is an example of such
a shape.

=t Bt[a‘/ b]

O

1
a
O b
Bsli, j]
Figure 3: M,[(s,1,]), (t,a,b)] = Bsli.j| - B[a, b].

The crucial observation is that these components are “roughly” PSD. To see this, we first need
to define the following,

Definition 6.23 (Half-gram shape). For a fixed r € {(K—2)D,...,2(K—1)D —1} and 7 € Skp,
we define a half-gram shape B as follows,

1. A bipartite graph with one square vertex [s]and exactly 2D + k circle vertices:
e I'= {,...,} where |I'| =2(K—1)D —r;

. H’:{,...,};
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c L={@ ...,k

2. Ug, = {sJJUl'ULand Vg = ([s],H, L). Here, Ug_ is treated as sets but Vj_ is treated as
ordered tuples.

3. We add D hyperedges: ([s), .. .,) fori=1,...,D.

Furthermore, we define
M,B = Z ]\/I'&T .
TESkp
With the definitions in hand, we can now observe that for each r and permutations 77, 7’ € Sgp,
any “troublesome” shape &,/ from Definition 6.22 has two unique half-gram shapes f, and
B such that M, , ~ Mg, Mgﬂ (note the order of 77’ and 7). Summing over all permutations
7, 7" € Sgp (as in (18)), we get that

Z M“r[,n/ ~ M.BM,I;F :

7T, €Skp

However, this is only approximately true! This subtlety arises because B,/ o B; may form ex-
tra intersection terms. That being said, intersections, as anticipated in many situations, can be
bounded in spectral norm and charged to our diagonal (19). For starters, we first observe that
for shape a := &, ,/, the shapes that arise in the intersection terms of B, o B can be described
by merging vertices in I’ with vertices in J' (recall from Definition 6.22 that I’ = U, \ V, and
J' = Vi \ Uy). We now prove that all such intersection terms have small spectral norm compared
to the diagonal Q(¢KP).

Claim 6.24 (Bounding intersection shapes). Let B, and B, be the half-gram shapes of shape a with
r=|INnJ| € {(K=2)D,...,2(K—1)D — 1}. Let T be an intersection shape that arises from the
intersection terms of B, o B\. Then, we have

[Mellyp < O (4071 .

Proof. The intersection terms of ,+ o B can be described by merging vertices in I’ with vertices
in J' of the graph matrices from Definition 6.22. We will first show that without merging any
vertex, we have [|Mql[,, < O(¢XP), and then show that intersection strictly decreases the norm
from there, giving us the desired bound.

e Whenr = (K —2)D, we have H' = @. The minimum vertex separator S consists of only
and there can be |I' U J'| = 2KD circle vertices outside of S, which gives a bound of O(¢2P).

e Whenr > (K —2)D, we have |H'| = r — (K — 2)D. Observe that each vertex in H' has
two incident edges, hence depending on 7, 7r/, there can be phantom edges which make
some vertices isolated (recall Definition 6.10). In the worst case, all edges incident to H’

are phantom edges and all vertices in H' are isolated. Since |I'UJ'| = 4(K —1)D — 2r,
Proposition 6.12 gives a bound of O (¢2(K-1)D=r. pr=(K=2)D) — §(¢KD),
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The intersection terms can be obtained by merging vertices in U, \ V,, and V, \ U,. Notice that
each merge transforms 2 vertices that originally contribute v/¢ factor from the previous bound
to be inside U, N V¢, the mandatory separator. This causes a drop by a factor of /, yielding our
desired bound. O

Thus, Claim 6.24 states that

Y M, , = M,;M; +E

T, €Skp

where the error E consists of all (constant number of) intersection terms and ||E|| op S O(¢KD-1y =
0(¢XP). From (19), the diagonal of V"V contributes Q(¢XP) - I. This completes the proof. O

Off-diagonal blocks of V' V: Proof of Lemma 6.20

Proof of Lemma 6.20. The off-diagonal blocks of V'V consist of shapes and collapsed shapes from
Definition 6.22 where s # t. We first look at the case when D < 2andr = |[IN]| > (K—2)D
(recall Remark 6.17 that [I N ]| > (K —2)D).

When D < 2and r > (K—2)D. We analyze the minimum vertex separator S depending
onr = |[IN]J|. Recall the definitions of I',]J’, H and L from Definition 6.22 where |I'|,|]'| <
2(K—=1)D —rand |H'| <r— (K—2)D. First, L C U, NV, must always be in S. Next, if [s]is not
in the vertex separator, then since |’ C V, and is connected to (5] all of ] must be in the vertex
separator. Similarly, if [+] is not in the vertex separator, then I’ C S. We consider the following
types of vertex separators,

1. [s][t] € S: there can be |I'UJ'UH’'| < (3K —2)D —r < 2KD circle vertices outside the
vertex separator, hence this gives a bound of O((v/£)BK=2)P=r) = o(¢kD),

2. One of [s] or [t]is in S (w.lo.g. assume € S and ¢ S): in this case I' C S, thus
{[{]} UJ U H’ can be outside S and |J’ U H'| < KD, giving a bound of O(y/m(v/£)XP) =
O(y/mtkP/2).,

3. [5}[t] ¢ S: I',]',H must all be in S, giving a bound of (N)(m)

When m < ( KD and r > (K — 2)D, the bounds above are all o(¢XP).

‘
paiviog7))

When D > 2and r > (K —2)D. The subtlety here is that since |I’|, |J’| can each have 2(K —
1)D — r > 2K circle vertices (this won’t happen when D < 2 because |I'| < KD). Observe that 2K
vertices in I’ (2 hyperedges) can collapse into K vertices and create a phantom edge, essentially
removing the 2 edges (recall Definition 6.10 and Remark 6.13). In this case, even if we don’t pick
in the vertex separator, these circle vertices aren’t connected to [ ¢ | hence are not required to be
in the vertex separator.

Thus, we need to look at Case 2 and 3 of the analysis of D < 2, i.e. when[s]and |t ]are not both
inS. Let Il;h be the set of circle vertices in I’ incident to phantom edges (hence not connected to
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[t])), and define ]l;h, Hl;h similarly. There can be at most 2(K — 1)D — r circle vertices in I’ or J" and
r — (K —2)D in H' before the collapse, so

1 kD—lJ KD
< 5

Il el < |50 - 1D -0 < |25
Hyl < |50 - (k-2)D)]

We again study the vertex separator S:

1. One of [s]or[]is in S (w.l.o.g. assume [s] € S and [¢] ¢ S): in this case I' \ [[; C U, is
connected to[+] € Vy, thus I\ I}, must be in the vertex separator. Thus, {[+]} UJ"UH" U I,
can be outside of Sand | UH' U 11;h| < KD + KD/2. Here it doesn’t matter whether H' has
phantom edges, as they contribute the same to the norm bound. Thus, we have a bound of

O(v/m(VDPO12) = O(/mtD /),

2. [s)[t] & S: '\ Iy, J'\ Jiy, and H'\ H mustbe in S, so {[],[¢]} U Iy, U ], U Hyy, can be out-
side of S, and H}’)h are considered isolated in Proposition 6.12 (recall from Definition 6.10 that
Lo Jon © Ux U Vi hence they are not isolated). This gives a bound of O(m(/€)2(K=1)D=r] .
g[%(r—(K—2)D)J) < 5(”151@/2)_

When m < (== )XP/2, the bounds above are all o(¢XP).
polylog(?)

When r = (K —2)D. In this case this component corresponds to the entries V' V([(s, I), (, ])]
with's # tand |[IN ]| = (K — 2)D. But this is exactly the W matrix defined in Definition 6.19.

Completing the proof. Combining the above, we see thatforr > (K—2)D,whenD <2, m <
(W)KD and when D > 2, m < (W)KD /2, all such graph matrices have spectral norm
bounded by o(¢XP). Forr = (K —2)D this component is exactly W. Thus, off-diag-blocks(V ' V) =

W + E with |[E|[,, = 0(¢XP), completing the proof. O

Graph matrices that arise from N'N Recall that the (5)l(k—2)p X mlyk_1)p matrix N defined
in Definition 5.19 has rows indexed by (t1,t,L) for t; < t, € [m], multiset L € [¢]K-2)P, and
columns indexed by (s, I) for s € [m] and multiset I € [¢(]*X~1P and the entry is nonzero only if
se{t,h}and L C L.

Consider the entry N N{(s, I), (t,])] for s < t € [m] and multisets I, ] € [¢]*(K-1)D,

NTN[(S, I),(t])] = Z N[(t1,t2, L), (s,I)] - N[(t1,t2, L), (£, ])]
t1<tp,Le[](K-2)D
= Y. NIs,tL),(s,D]-N[(s,t, L), (t,])] o0
Le[f](K-2)D

—— T GOl B ).

Le[)K-2D Lc],]

Note that there is only one pair (t1,t;) in the summation that’s nonzero, which is (t1,t2) = (s, f).
Moreover, since L C I, ], if [IN ]| < (K —2)D then the entry is zero. We emphasize that the
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negative sign in (20) is crucial; as we will see later, it allows us to cancel out the W matrix from
Lemma 6.20. We can now define the (unsigned) graph matrices that arise from (20).

Definition 6.25 (Graph matrices from N " N). Fixr € {(K—2)D,...,2(K—1)D} and permutations
7, 7" € Sgp, the graph matrix is described as follows,

1. A graph with exactly 4(K — 1) D — r circle vertices (that take labels in [¢]), denoted as follows,
o ['= (,...,) where |I'| =2(K—1)D —
o | = (,...,) where |J'| =2(K—1)D —
o H = (:,...,:); IH'| = r — (K —2)D;
o [ = (@,,@) where |L| = (K—2)D.
2. Two square vertices [s | and [ ¢ | (that take labels in [m]).

3. Uy ={sJUI'UH'ULand V, = {[+]} U]’ U H' U L; they are treated as sets.

4. On the left, we add D hyperedges: ([5], .. .,) fori =1,...,D; on the right, we

add ( ‘ ) fori = 1,...,D. Each hyperedge touches a square vertex (]

or[t]) and K circle vertices, representing an element in B; or B;.

When I and | have repeated elements, all such components can be viewed as collapses of the graph
matrices described above.

Remark 6.26. The graph matrices are defined without signs, whereas there is a crucial negative
sign in (20). However, for spectral norm bounds the sign does not matter. Note also the similarities
between Definitions 6.22 and 6.25.

Analysis of N N: Proof of Lemma 6.21

Proof of Lemma 6.21. Like V'V, NN also has the same m x m block structure indexed by s,t €
[m]. First, the diagonal blocks (s = t) are clearly positive semidefinite (here we do not need to
show that they are full rank).

Now we analyze the off-diagonal blocks (s # t). Observe from (20) that when [IN]| = (K —
2)D, L must be I N ], i.e. there is only one nonzero term in the summation, and we have

NTNI(s, 1), ()] = =BPI\JT- BRI\ 1) = = (Bo()Pyn, B ()P ) = =V VI(s, 1), (1)),

but this is exactly the —W matrix from Definition 6.19! Notice the crucial negative sign here.

Whenr = |IN]| > (K—2)D, we bound the spectral norm of the graph matrices from Defini-
tion 6.25. The analysis is almost identical to the analysis of the off-diagonal blocks of V'V (proof
of Lemma 6.20).
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Fixk € {(K—-2)D+1,.. .LZ(K —1)D} and 71, 7’ € Skp. When D < 2and m < (m)“}, it
is easy to see that || My||,, < O(m) < 0(¢XP) by including all circle vertices in the vertex separator.

When D > 2 and m < (polyll; o g))KD /2, we again define Il;h, ]l;h and Hl;h to be the circle ver-

tices in I', ', H' disconnected from [¢] and [s| due to phantom edges after collapsing, same as

the proof of Lemma 6.20. We know that |Il, |, [J;,] < [3(2(K=1)D—r)| < %P and [Hul <

|3(r — (K —2)D)|. We now study the minimum vertex separator S:

1. One of [s]or[t]isin S (w.lo.g. assume[s] € Sand[+] & S): in this case {[+]} UJ'UH' U I,
can be outside of S and |J" U H" U I} | < KD + KD/2. Here it doesn’t matter whether H' has
phantom edges, as they contribute the same to the norm bound. Thus, we have a bound of

O(V(VIPRP/2) = O(me*P/),
2. [s)[t] & S I'\ Iy, J'\ Jy, and H'\ H), must be in S, so {[s}[+]} U Iy, U Ji;, U Hp, can

be outside of S, and Hj;, is considered isolated in Proposition 6.12. This gives a bound of
6(7}1(\/?) [2(K=1)D—r] .ﬂ%(’*(K*@D)j) < 5(m€KD/2).

When m < (W)KDM, the bounds above are all o(¢XP).

Therefore, we can write N' N = P — W + E where P > 0, W is the matrix from Definitiom 6.19
and |[E|[,, = 0(¢XP). This completes the proof. O

6.3.3 Proof of Lemma 4.19 and 5.15: singular value of L

Lemma 4.19 is a special case (K = 2) of Lemma 5.15, which we restate below. The reader is
encouraged to focus on the K = 2 case for simplicity.

Lemma 6.27 (Restatement of Lemma 5.15). Fix K, D € IN, and let m,£,n € N such that me2K-1)D <
(m)w. Let L be the rp x n?P matrix defined in Definition 5.14. Then, with probability 1 — n—(P),
or, (L) > Q(nP).

We first recall some definitions. In Definition 5.11, we defined a bucket profile to be v =
(71,72, -+, 7k) such that Y£ ;i7; = 2D and deg(y) = L& (K — i)y = K(L& 1) — 2D, and
defined I';p to be the set of bucket profiles. Note that deg(y) < 2(K — 1)D and is achieved when
v =" = (2D,0,...,0). Foreach y € I';p, L, is a Mlgeg(y) X n?P matrix where the rows are
indexed by t € [m] and multiset | € [¢]98(7), and each row is the flattened vector of a 2D-th order
tensor of dimension n (Definition 5.14). Let rp = m}_, cr,, {eg(y); the L matrix is the rp X n2P
matrix formed by concatenating the rows of L, for all y € I'>p.

Furthermore, recall that M € R"*! is a restriction matrix (Definition 4.2) whose columns con-
sist of standard unit vectors. In this section, we can assume without loss of generality that M’s
columns are ey, ..., e,. Then, the ((s,I), H) entry of L., where t € [m], I € [¢]98(?) is a multiset
and H € [n]?P is an ordered tuple, is

LisDH =3 Y TI TII AlHxes Inml

M1 E€Sop M2 ESqeg(y) 1€[K] S, Texk;[|Ki(7)

where we recall that ;||%;(y) = ((S1,T1),...,(S,,, T,,)) such that (S, T) € «;||%;(7y) satisfy |S| =
iand |T| = K—i. Note also that {S € x;(7)}ic[x] forms a partition of {1,2,...,2D} since
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Y&, Ysexi(y) S| = Y 11% = 2D. Similarly, {T € ¥;}c[x) forms a partition of {1,2,...,deg(7)}
since X | Yrew(y) [T = Y X (K —i)y; = deg(y). These parameters are consistent w1th |H| =2D
and |I| = deg('y).

Graph matrices that arise from LL" LLT has a block structure indexed by bucket profiles 7,7 €
I';p where the (7,7) block is LA,LI/. For s,t € [m] and I € [¢]%8(7), [ € [¢]98("), the entry
LyLy[(s, 1), (t,])] = Lreppo Ly[(s, 1), HIL[(t,]), H]. We now describe the graph matrices that
arise here.

Definition 6.28 (Graph matrices from LL"). Fix bucket profiles 7,y € T'»p, permutations 711, 77} €
Sap, T2 € Sqeg() aNd 7y € Syeg (1), the graph matrix is a tripartite graph described as follows,

1. On the left, U, contains a square vertex|[s | (that takes a label in [m]) and deg(y) circle vertices

I={@)-.. } (that take labels in [¢]).

2. On the right, V,, contains a square vertex[+]and deg(+’) circle vertices | = {(y), .. -, (bacg()} -

3. In the middle, there are 2D hexagon vertices: H = (@, o ,) (that take labels in [n]).

4. There are K types of hyperedges: for i € [K], a type-i edge connects a square vertex, K — i
circle vertices and i hexagon vertices:

e on the left, for each i € [K] there are 7y, type-i hyperedges: for each (S, T) € «;||%i(y) we
add an edge {[s]} U {.}]67r2 U {@}kenl s) (recall that |S| = i and |T| = K —i);

* on the right, for each i € [K] there are «y, type-i hyperedges: for each (S, T) € «;||%;(7")
we add an edge {[7]} U@} icrnn U (o) e )

In total, there are Y5 ; (v; + 7}) hyperedges.

5. There may be “surprise” collapses which we define as follows: hexagon vertices in H may
collide with circle vertices in U, or V, as both the circle and hexagon vertices index the same
matrices Ay, ..., Ay; we call each such shape a surprise collapsed shape.

For intuition, the following diagram illustrates an example shape that shows up in the case of
D = 1and K = 2. This particular shape comes from bucket profiles v = (2,0) and 7 = (0,1)
(recall that Y'X | iy; = 2D), and it has two type-1 edges corresponding to the random variables
Agli, c1]Aslj, c2] and a type-2 edge corresponding to the term A¢|cy, ¢2].

Figure 4: LL"[(s,1,]), (t)] = Lazpein) Asla, i]As[b, j]Asla, b] fori # j € [{], and s # t € [m].
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Proof of Lemma 5.15

Proof of Lemma 5.15. We would like to prove that Amin (LLT) > Q(n2P), hence by Fact 3.7 it suffices
for us to prove a singular value lower bound of L with some columns removed. In particular, since
the columns of L are indexed by ordered tuples H € [n]?P, we will restrict to our attention to the
columns where H has distinct elements. This means that we do not have any collapses among the
2D hexagon vertices in the graph matrices from Definition 6.28.

It suffices for us to prove that LLT has large diagonal entries, and then complete the proof by
upper bounding the spectral norm of the off-diagonal components. Note that there are two types
of shapes in the off-diagonal: [s]=[t]and [s] # [ t | We will analyze them separately.

Diagonal entries. For any bucket profile , the diagonal entries of Lle correspond to the
shapes from Definition 6.28 where U, = V,. The dominating term is when all edges are phantom
edges (double-edges; recall Definition 6.10), leaving all 2D hexagon vertices isolated. All such
phantom edges are in fact square terms A[i, c]?, hence by Gaussian concentration we have

LyLy [(s,1), (s, 1)] = Q(n*")

for any of its indices (s, I) where s € [m] and I € [¢]9e8(7),

Off-diagonal entries, s # t. Fix bucket profiles 7,9’ € T';p, we analyze the graph matrices
from Definition 6.28 with s # t. In this case, there is no isolated vertex, and since the hexagon
vertices don’t collapse, there is no phantom edge even if any circle vertices collapse. Recall that
for each i € [K] there are 7, 7} type-i edges on the left and right side, respectively. Furthermore,
note that all () € H are connected to both [s]and [¢]

We now analyze the minimum vertex separator S. First, for @ € H, we define N, L(@) -
and Ng((¢)) C ] to be the set of circle vertices incident to (¢ ) in I and ], respectively (they can
be empty). Observe that there are paths («) — () — (o) for all (a) € Ni((c)) and (») € Nr((¢)),
First, unless , ¢ S (in which case H is forced to be in S; we will see this case later), since
K= <« 1, it is always lower weight to pick the circle vertices instead of (). Thus, we will never
include hexagon vertices in S. Moreover, observe that we must either include all of N, (@) or all
of Ng((¢)) in the minimum vertex separator, as excluding part of Ni.(( ¢ )) will force all of Nr({<))
tobe in S and vice versa.

Recall that by removing certain columns of L, we can assume that no hexagon vertices collapse.
Let us first assume that no circle vertices between I and ] collapse and there is no surprise collapse.
We consider the following cases,

1. [5}[t] & S: for every @ € H, there is a path [s| — @ — [t]. Thus, since [s],[+] ¢ S, all

hexagon vertices in H must be in the vertex separator, and {[s],[+]} UIU | can be outside
of S. [ITUJ| < deg(y)+ deg(y’) < 4(K —1)D, giving a bound of O(m(+/£)*&-1)P) =
6(m£2(K—1)D)'

2. One of [s]or [t]isin S (w.lo.g. assume [s] € S and [¢] & S): for each (¢) € H incident to
a non-type-K edge on the left, there is a path (¢) — () — [¢] where (a) € U,. For such
a path, we must include (z) in S. Thus, we have that I must be in S, and {[+]} UJUH
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can be outside of S, giving a bound of O(y/m(v/£)48(r) (\/n)2P) < O(y/mtK-1PyD) since
deg(v’) < 2(K—-1)D.

3. [s][t] € S: in this case, as discussed earlier we will never include any hexagon vertex in S.
For each (¢) € H,wehave [NL((c))| and |[Nr({<))| < K — 1. From the earlier discussion, we
must include either all of Ni.((c)) or all of Nr({<)) in S. Thus, each (¢) € H may introduce
at most K — 1 circle vertices outside of S, in total at most (K — 1) - |[H| = 2(K — 1)D. This
gives a norm bound of O((v/£)2K-1P(/n)2P) = O(¢(K-1)DyD),

When m2K-1)D < (
diagonal.

m)w , the bounds above are all o(n?P), negligible compared to the

Now, we consider shapes with collapsed circle vertices between I and J. When such collapses
occur, then each collapsed circle vertex becomes a vertex in U, N V,, the mandatory vertex separa-
tor. Since the hexagon vertices don’t collapse, such collapses won't introduce any phantom edges,
hence they only decrease the spectral norm.

Off-diagonal entries, s = t. In this case, we may have phantom edges which result in iso-
lated hexagon vertices in H (recall Definition 6.10). Let His, be the set of isolated vertices in H.
Let’s assume that there is no surprise collapse.

Since [s] = [t] € U, N V,, it must be in the vertex separator S, thus our analysis is similar to
Case 3 of the previous analysis. We define N1 ({¢)) and Nr((c)) as before. For each (¢ € Hiso, by
definition of phantom edges it must be that Ni.((c)) = Nr({c)), i.e. they collapse and are thus in
Uy N Vi, the mandatory separator. For each (<)) € H \ Hiso, since [Ng({<))|, [INr({<c))| < K—1, by
the same analysis (¢ ) can introduce at most K — 1 circle vertices outside of S. This gives a norm
bound of O(nHiol . (/)20 [Hiol . (1/¢)(K=1)(2D~|Hisol)) — é(nD(ng—KH)%IHisolg(K—l)D)‘

Fortunately, Hiso C H (otherwise U, = V, which is the diagonal) hence |Hiso| < 2D — 1. Since
¢K=1 < o(n), the bound is maximized when |Hiso| = 2D — 1, giving a bound of 6(712’3_%6%),
which is 0(n2P) since /X~1 < o(n).

Handling surprise collapses. We first remind the reader where surprise collapses may arise
(i.e., within the left/right shape). This happens when a hexagon vertex (which takes labels in [n])
takes a label in [¢] hence merge with a circle vertex.

We now give a charging argument for surprise collapsed shape to bound their norm by the
shape with 1 fewer surprise collapse, and then combining with our bounds for uncollapsed shapes
completes the proof. Observe that in our case, each collapse may only decrease the norm bound,
as it essentially reduces a factor from 7 to ¢ in the norm bound (in some cases it removes the n
factor entirely due to the collapsed vertex being in the separator). Moreover, since there are always
2D distinct vertices in H, the collapse does not introduce (new) phantom edges that may produce
extra isolated vertices. Hence, each surprise collapse may only decrease the norm.

Completing the proof. We have shown that the diagonal entries of LL " is Q(n?P), while all

other shapes in the off-diagonal has spectral norm o(n?P) when m¢2(K-1)D < (soryiogt )2P. Thus,

we can write
LLT = Q") -1+ E
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where ||E|,, = 0(n?P). This completes the proof. O

6.4 Singular value lower bounds for desymmetrization

Lemma 6.29 (Restatement of Lemma 4.32). Let m, £, D € IN such that m < (polyli) =0 )2D . Then, with
probability 1 — ¢~

Oy (Symep -Ciy) = Q(EP).

uniq
We first recall from Section 4.3 that C is the ¢>p x m matrix whose columns are the coefficient
vectors of BY, ..., BL), and Cf?fiq is the (£,p)? x m3 matrix with columns C; ® C;® Cyfori < j < k €

[m], the “unique” columns of C®3. Then, Sym,, .C®3

unig isan {gp X m3 matrix where we symmetrize

each column of C%> -
We let H := Sym,, -Cfng} ] for convenience. Fix multiset I € [¢]°P and let Iy, I, I3 be the ordered
partition of I, each of size 2D. Fix t; < tp < t3 € [m], we have

HIL (t1,t2,t3)] = ©(1) ) Sym(B;")[m(L)] - Sym(B;,")[7(L)] - Sym(By;”)[7t(I3)]

TESeD

=0(1) ) (By”)[m(h)]- (BLP)[m(k)] - (BLP)[m(Ls)].

TESeD

We can thus define the graph matrices that arise from H " H.

Definition 6.30 (Graph matrices from H ' H). Fix permutations 7, 7’ € S¢p, the graph matrix can
be described as follows,

1. A tripartite graph with the following 6 square vertices (that take labels in [m]), 6D circle
vertices (that take labels in [¢]) and 6D edges:

® uﬂé - {//};
o Vo = {06} 6]
« W= (@@ )

2. On the left, for each j € {1,2,3}, we add D edges: (,,) fork = (j—1)D +
1,...,jD. Similarly on the right, for each j € {1,2,3}, we add D edges: (, , ) for

k=(G—1)D+1,...,jD. In total 6D edges.

All other components of H' H can be viewed as collapses of the graph matrices defined above.

Diagonal entries of H' H. We show that the diagonal entries are Q(¢°P) in the following
lemma, whose proof is almost identical to Claim 3.8 and follows from standard Gaussian concen-
tration results.

Lemma 6.31. Fix D, K € IN. Let B1(y), B2(y), B3(y) be degree-K homogeneous polynomials in £ variables

such that the coefficients of the Bjs are sampled i.i.d. from N(0,1). Then, with probability at least 1 —
gfﬂ(DK),

HBl(y)DB2(y)DBa(y)DH2 — @(£3PK).
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Proof. Similar to the proof of Claim 3.8, in expectation over the coefficients of By, By, B3,

Ejp HB?B?B?HZ —0(1) Y Es <B1DB§’B§’[I]>2 = ©((3PK).

Ie[¢]3PK

The statement of the lemma follows by standard Gaussian concentration on low-degree polyno-
mials of Gaussians [SS512]. O

Completing the proof of Lemma 4.32. Lemma 6.31 shows that the diagonal entries of H'" H
are Q)(¢°P). We now complete the proof by bounding the norm of the off-diagonal components.

Proof of Lemma 4.32. Tt suffices to prove that Amin(H' H) > Q(¢°P). By Fact 3.7, it suffices for us
to prove a singular value lower bound of H with some rows removed. Recall that the rows of H
are indexed by multisets I € [¢]°P. We will restrict to the rows of H whose indices have distinct
elements. This means that the 6D circle vertices in the graph matrices from Definition 6.30 do not
collapse.

We split the matrix into diagonal and off-diagonal components. For the diagonal entries, by
Lemma 6.31, the diagonal contributes Q(£°P) - I. For the off-diagonal components, we will bound
the spectral norm of the graph matrices from Definition 6.30.

Let’s start by considering the case U, NV, = @, in which case either U, or V, must be the
minimum vertex separator given m < (2P, thus giving a bound of O(v/£6Dm3).

We now consider the shapes where U, and V, collapse. Since each square vertex is connected
to 2D circle vertices, merging two square vertices might produce phantom edges, making 2D
circle verties isolated in the worst case. On the other hand, for such a collapse, two square vertices
merge into U, N V,, the mandatory vertex separator. Thus, such a collapse increases the spectral
norm by a factor of v/¢2D /m.

There can only be two collapses between U, and V,, otherwise U, = V, which becomes the
diagonal. Thus, we can bound the spectral norm by O(v/€60m3 - £20 /m) = O(¢5P\/m) = o(¢P)
when m < (———)?P

polylog(¢)
Wrapping up, the above shows that

H'H=Q(P) - T+E

with ||E||]2 < 0(£°P). This completes the proof. O

6.5 Singular value lower bounds for V of higher degree polynomials

Lemma 6.32 (Restatement of Lemma 5.22). Fix K,D € N and K > 3. Let m,f € IN such that
m < (m)”’ /2. Let V, N be the matrices defined in Definition 5.16 and 5.20. Then with probability
1—¢~QD),

Amin (V' V4+N'N) = 0(6P).
Recall that V and N are generalizations of the V and N matrices for the case of cubics of

quadratics, with additional matrices padded to Vand N: V = [V | Vgl and N = [NN Z\(]) ]
¢ Np
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Proof outline We will follow our usual strategy of pulling out the diagonal matrix and bound
the norm of the off-diagonal blocks.

In Section 6.3.2, we have already shown in Lemma 6.16 that V'V + NTN = Q(¢XP) . I. Thus,
we proceed to analyze the rest of the matrix blocks.

For V' Vg and V{ Vg, it turns out that all graph matrices have negligible spectral norms com-
pared to the diagonal, except for one specific matrix defined as follows.

Definition 6.33 (W matrix). Let W be the matrix with the same dimension as V'V such that
W((s, 1), ]] = VTVs[(s,1),]] = ¢~ “FCGIBP[J] if I N ] = @, and 0 otherwise.

Lemma 6.34. Let K, D, m, ¢ € IN be the same parameters as Lemma 6.32, then
VaVe=QUXP). 1+ E, VI Ve=W+E
where ||E1||op/ HE2Hop < O(EKD)'

Recall that in the analysis of VTV + NN in Section 6.3.2, we saw that there is a large norm
matrix W in VTV that is canceled by N N. Here, the same phenomenon occurs: the block N Np
has a —W component that cancels out the W in VT V.

Lemma 6.35. Let K, D, m, ¢ € IN be the same parameters as Lemma 6.32, then
NINp = —W + E;

where ||Es||o, < o (LKD),

We can now complete the proof.

Proof of Lemma 6.32. By Lemma 6.16, we have V'V + NN = Q(¢XP) . T, and by Lemma 6.34, we
have VGT Vg = Q(¢XP) . I. Moreover, combining Lemmas 6.34, 6.35 and (21), we have

ST =T Q(KKD) -1 Er» + E3
Vv -
FNNZ R LB Qukp).
where [|Ez[[qp / [|Es|op = 0(¢XP). This completes the proof. O

Graph matrices that arise from V' Vs The following definition describes the graph matrices
from VT V. We will see later that the graph matrices arising from VGT Vi and Ng Np are all slight
modifications of these shapes.

Definition 6.36 (Graph matrices from V' V). Fixr = [IN]] € {0,1,...,KD} and a permutation
1t € Skp, the graph matrices are described as follows,

1. A graph with a square vertex [ | (that take labels in [m]) and (3K — 2)D circle vertices (that
take labels in [¢]):
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I'= (,...,) where |I'| =2(K —1)D —r;
J'= (/---;) where |J'| = KD —r;

H= (,...,),and |H| =1,
L= (@) (@)

2. U, ={G}Ul'ULand V, = JJUL.

3. There are D hyperedges: (,‘ ... ,) fori =1,...,D, each touching [s] and K

circle vertices; we add another hyperedge I’ U H, touching 2(K — 1) D circle vertices.

Analysis of VGT Vi and V' V;: Proof of Lemma 6.34

Proof of Lemma 6.34. We first start with VTV, the upper right submatrix of V'V. Recall from Def-
inition 5.16 that the columns of V, indexed by s € [m] and multisets I € [¢]2K~1P, are coefficient
vectors of the degree-(3K — 2) D polynomials Bs(y)"y;. Moreover, the columns of V, indexed by

] € [¢]XP, are coefficient vectors of % G(y)y;, where G(y) is a degree-2(K — 1) D polynomial
with i.i.d. Gaussian coefficients (note the scaling factor here). The entry of V 'V is

(K=2)D

VTVol(s, 1)) = 5 (Bo(y)Pyn, Gly)yy )

When [ N ] = @, the above is simply V' V;[(s,I),]] = 5 G[I)BP[]], which is exactly the W
matrix from Definition 6.33.

We now analyze the minimum vertex separator S. If[s] € S, then I’ U ]’ U H can be outside S,
giving a bound of O((v/¢)®X~2P=7) (here possible phantom edges from collapses within J’ don’t

(K—=2)D
7 factor, we have a bound of

matter as they contribute the same factors). Multiplied by the ¢~
O(£KP=1/2) — o(¢KD) since r > 0.

If[s] ¢ S, same as the proof of Lemma 6.20, we define ]l;h to be the vertices in |’ that are discon-
nected from [s ] due to phantom edges. We know that |]}’)h] < [3(KD—r)] < KD/2. Then, ] \ ]}’Dh

must be in S, and {[s]} UI'U Ji;, U H can be outside of S, giving a bound of O(v/m(v/0)GK=2)D),

Multiplied by the =" factor, we have a bound of O(y/me3KP/%) which is 0(¢XP) when m <

(polyf;g(g))KD/z. This proves that V' Vg = W + E where [Eop < o((KD),

Analysis of V] Vg.  We write out the entries of V! V: for multisets I, ] € [¢(]XP,

Ve VGILJ] = 522 (G(y)y1, G(y)yy) -

The diagonal entries V] V[I, I] = ¢~ (K=2D ||G||> = Q(¢XP) by Claim 3.8. For the off-diagonal
entries of VGT Ve, fixr =|INJ| € {0,1,...,KD — 1}, the graph matrices that arise are very similar
to the ones from V ' V; in Definition 6.36; we note the small differences below:
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1. There is no square vertex, and there are also (3K — 2)D circle vertices but with |I'| = |J'| =
KD —rand |H| = (K—2)D —r.

2. U, =I'ULandV, =] UL.
3. There are only 2 hyperedges: I' U H and ]’ U H, each touching 2(K — 1)D circle vertices.

It is clear that when r < KD, the minimum vertex separator is just U, NV, = L and there is no
phantom edge, giving a bound of O((v/£)(3K-2)P=") Multiplied by the factor £~ (K=2P, we have a
bound of O(¢KP/2+P) = o(¢XP) when K > 3. This completes the proof. O

Analysis of N/ Np: Proof of Lemma 6.35
Proof of Lemma 6.35. Recall from Definition 5.20 that for s, t € [m] and I € [(]>K-1VP Ng]s, (t,1)] =

(K=2)D

¢~ 2 G[I]if s = t and 0 otherwise. Moreover, for s € [m] and | € [(]XP, Ng[s, J] = —(Bs(y)P)[]]-
Note the crucial negative sign here. Thus,

(K=2)D
2

NENs[(t,1),]] = Y Nels, ()] - Ng[s,J] = —¢~ = G[1]- B[]

se(m|

When I N ] = @, this is exactly —W from Definition 6.33. When r = |I N J| > 0, the graph ma-
trices that arise are almost identical to those from V ' V; in Definition 6.36; we note the differences
below:

1. There are only (3K — 2)D — r circle vertices: I’, ], H are the same, but L = .
2. U, ={:}Ur'UHand V, = J'UH.
3. The hyperedges are exactly the same.

The analysis of the minimum vertex separator is almost identical to V"V as well. Observe that
the graph matrices here are the same as in Definition 6.36 except that there are no circle vertices
outside of U, UV, (here H C U, NV, and L = @). This only decreases the spectral norm as there
are strictly fewer vertices outside of the vertex separator when r > 0. Thus, all such shapes have
norm o(¢XP), and this completes the proof. O
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A Non-Identifiability for Power-Sum Decomposition

A.1 Non-identifiability of sum of cubics of linearly independent quadratics

Lemma A.1. Let a = /6 and consider the following distinct sets of bivariate quadratic polynomials in
variables x, y:

S) = {&* +axy, ¥ + v, y* +axy},

Sy = {x%, ¥ +axy + % v}

Then, the polynomials in each set have linearly independent coefficient matrices but the sum of cubics of
polynomials in either sets is equal.

Proof. It is easy to verify that in both sets, the coefficient matrices of the polynomials are linearly
independent. The sum of cubics of &y is

Y. p(xy)® =2x° 4+ 3ax’y + 3(a® + 1)x*y? 4 2a°X°y° + 3(a® + 1)x*y* + 3axy® + 2°
pGSl

whereas

Y. p(x,y)® =2x° 4 3ax’y + 3(a® + 1)x*y? + (6a + a®)x>y® + 3(a® + 1)x*y* + Baxy® + 2y°
pGSz

Thus by setting 2 = /6, we have 2a*> = 6a + >, meaning Y,,cs, p(x,y)* = Lyes, P(%,4)*. O

A.2 Non-identifiability of sum of squares of quadratics

We observe that sum-of-squares of even two random homogeneous quadratics cannot be uniquely
decomposed.
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Lemma A.2 (Non-Indentifiability of Generic Sum of Quadratics of Quadratics). Let A1, Az be n x
n matrices of independent N'(0,1) entries up to symmetry. Then, with probability 1 over the draw of
Ay, Ay, there exist symmetric A}, Al such that HA; — A]-Hz > 1/no(1)for every i,j such that (x" A1x)? +
(xTAox)? = (xT Ajx)? + (x T Ahx)? for every x.

Proof. Let V1, V> be the vectorization of upper-triangular entries of Ay, A, respectively. Since the
coefficient tensor of (x" A1x)% + (x" Apx)? is a linear transformation (scaling of Sym operation)
applied to A{? + A5, it is enough to find V], V; distinct form V3, V; such that V*% + V;° = V[ ®2 4
V2’®2. The (since V3, V; are random Gaussian, the rank decomposition is unique w.p. 1) orthogonal
decomposition of the matrix V1 V," + V»V,' uses orthogonal vectors V], Vj that are different from
V1, V2 (in fact must have a distance of at least 1/n || V1|,). Taking A’ to be the matrix whose upper
triangular entries are given by V! for i = 1,2 completes the proof. O

B Analysis of our Algorithm for Generic A;s

In this section, we derive Theorem 1.1 as a corollary of our proof of Theorem 1.3 combined with
some elementary algebraic considerations.

We will rely on the following lemma that shows that whenever a matrix with low-degree poly-
nomial entries in some variable A has full column rank for some real assignment to variables A,
it must in fact have non-trivially lower bounded singular value for any A’ after a small random
perturbation in each entry. Specifically, we prove:

Lemma B.1. Let G be a product distribution on N dimensional vectors such that the marginal of any
coordinate of G is distributed so that no single point has probability > 2~ N ow (for e.g., uniform distribution
on NOW) bit rational numbers in any constant length interval suffices). Let M(A) be a R x S matrix such
that each entry of M(A) is a degree-d polynomial in the N-dimensional vector A with each entry upper
bounded by N Suppose there is a point A" € RN such that M(A’) has full rank R. Then, for any
vector B € RN with rational entries of bit complexity at most NO(),

Pr [M(B + G) has R-th singular value > 2_(5N)O(1)] >1-2 N,
Our proof relies on the following variant of the classical Schwartz-Zippel lemma and a simple
observation about eigenvalues of matrices with polynomial bit complexity entries.

Fact B.2 (Corollary of Generalized DeMillo-Lipton-Zippel Lemma, Theorem 4.6 in [BCPS18]). Let
p(x1,x2,...,%,) be an n-variate degree-d polynomial over any field IF. Suppose p is not identically equal to
0. Let 51,55, ..., Sy be finite subsets of IF of size s > dn?. Then, if x; ~ S; is chosen uniformly at random
and independently for every i, then,

Pr[p(x) = 0] <dn/s.

Lemma B.3 (Gapped Eigenvalues from Polynomial Bit Complexity). Let A be an x r matrix of N-bit
rational entries. Suppose A has rank r. Then, the r-th smallest singular value of A is at least 270N ),

Proof. Let B= AT A and let B’ be the matrix of integers obtained by clearing the denominators of
the rational numbers appearing in the entries of B. The bit complexity by B’ is then larger than
that of B by at most an additive Nn? and is thus at most 4Nn?. Further, by the Gershgorin circle
theorem, the largest eigenvalue of B’ is at most n2*N a
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Since B’ is a symmetric matrix with integer entries and has full rank, the determinant of B/,
det(B’) is a non-zero integer and thus at least 1 in magnitude. Since det(B’) is the product of
all r eigenvalues of B’ each of which is at most n2*N " the smallest eigenvalue must be at least
nnp 4N < 9=5Nm* ang large enough n. This completes the proof. O

Proof of Lemma B.1. For any fixed B € RY, consider the determinant det(Q) of the R x R matrix
Q = M(A + B)M(A + B)". This is a polynomial of degree 2Rd in A. For A* = A’ — B, from the
hypothesis, M(A* + B)M(A* + B) " has full rank R. Thus, det(Q) is not identically equal to 0 as a
polynomial of A.

Let G € RN be sampled from G. For each entry i of G, let S; be the support of the distribution
that G; is drawn from. Then, we know that this support is of size at least 2N Thus, by the
generalized De-Millo-Lipton-Zippel lemma (Fact B.2), the probability that M(B + G)M(B + G) "
is singular is at most 2~V ow

Further, the entries of M(B + G)M(B + G)" have bit complexity at most N°(). Thus, by
Lemma B.3, whenever the matrix M (B + G)M(B + G) " is non-singular, it’s smallest eigenvalue is

lower bounded by 2~ (SN2, O
We can now finish the proof of Theorem 1.1.

Proof of Theorem 1.1. We first note that the randomness of A; in the analysis of our algorithm (Algo-
rithm 4.0.1) is only used to infer inverse polynomial singular value lower bounds on the matrices
arising in various steps of our algorithm. For sum of d = 3Dth power of degree-K polynomial A;,
every matrix that arises in our analysis has entries that are at most degree-O(KD) polynomials in

O(KD) » nO(KP), Thus, each such matrix is a degree O(KD) function of

Ats and have dimension n
Ays that is full-rank for random A;. Thus, applying Lemma B.1 yields that the resultin% matrix
in fact has condition number upper bounded by at most n?P not®)

the choice of n9KP)-bit smoothing of A;s. In particular n°
occurring in our analysis is enough. As a result, our analysis of Algorithm 4.0.1 succeeds with a
worse estimation error of 2" I|E|| ;/ 44 poly(n)7!/4 (where 7 is the numerical accuracy param-
eter). In particular, when E = 0, which is the assumption in Theorem 1.1, we obtain polynomial
time (in input size and log1/7) algorithm for computing T-approximate estimates of A;s up to

permutations (and signs for even D). O

) with probability 1 — 2~ oKD ver

(KD) bit truncation of all real numbers
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