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Improved Approximations for Vector Bin Packing
via Iterative Randomized Rounding

Ariel Kulik* Matthias Mnichf Hadas Shachnaif

Abstract

We study the d-DIMENSIONAL VECTOR BIN PACKING (dVBP) problem, a generalization of
BiN PACKING with central applications in resource allocation and scheduling. In dVBP, we
are given a set of items, each of which is characterized by a d-dimensional volume vector; the
objective is to partition the items into a minimum number of subsets (bins), such that the total
volume of items in each subset is at most 1 in each dimension.

Our main result is an asymptotic approximation algorithm for dVBP that yields a ratio of
(1+Ind—x(d)+¢) for all d € N and any € > 0; here, x(d) is some strictly positive function. This
improves upon the best known asymptotic ratio of (1 +1Ind + ¢) due to Bansal, Caprara and
Sviridenko (SICOMP 2010) for any d > 3. By slightly modifying our algorithm to include an
initial matching phase and applying a tighter analysis we obtain an asymptotic approximation
ratio of (% + 5) for the special case of d = 2, thus substantially improving the previous best
ratio of (2 4 ¢) due to Bansal, Elids and Khan (SODA 2016).

Our algorithm iteratively solves a configuration LP relaxation for the residual instance (from
previous iterations) and samples a small number of configurations based on the solution for the
configuration LP. While iterative rounding was already used by Karmarkar and Karp (FOCS
1982) to establish their celebrated result for classic (one-dimensional) BIN PACKING, iterative
randomized rounding is used here for the first time in the context of (VECTOR) BIN PACKING.
Our results show that iterative randomized rounding is a powerful tool for approximating dVBP,
leading to simple algorithms with improved approximation guarantees.
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1 Introduction

BIN PACKING is one of the most fundamental problems in combinatorial optimization. An instance
of BIN PACKING consists of a set I of n items with sizes in (0, 1], for which we seek the smallest
number m of unit-size bins into which those items can be packed. The extensive study of BIN
PACKING since the early 1970’s has had a great impact on the design and analysis of approximation
algorithms (see, e.g., [FL81, KK82, CCG'13, HR17]).

In this work we study a d-dimensional generalization of BIN PACKING, where both the items to
be packed as well as bin capacities are given as d-dimensional vectors. Formally, an instance Z of
the d-DIMENSIONAL VECTOR BIN PACKING (dVBP) problem is a pair (I,v), where I is a set of n
items and v : I — (0,1]¢ is a d-dimensional volume function.! A solution for the instance (I,v)
is a collection of subsets of items Si,..., S, C I such that v(Sy) = > ;cq,v(i) < (1,...,1) for
allb=1,...,m and |y~ Sp = I.? The size of the solution is m. Our objective is to find a solution
of minimum size.

As a natural generalization of BIN PACKING, and due to its wide range of applications, there
has been extensive research on dVBP (see, e.g., [GGJY76, FL81, Woe97, KK03, CK04, CHPO05,
MT06, BCS10, BEK16, ADGH18, WLLH20, Ray21]). Consider, for example, the allocation of
computing services (items) to a minimum number of identical servers (bins), where each service
requires the use of both CPU and memory. A set of services allocated to a single server may not
exceed the available memory and CPU capacity of the server. This yields an instance of 2VBP. For
other applications see, e.g., [Spi%4, PTUWI11, YG12, TS19].

Our goal in this paper is to design efficient polynomial-time approximation algorithms for dVBP.
Let @ > 1 be a constant. An algorithm A is an asymptotic a-approximation algorithm for
dVBP if for any instance Z of dVBP it returns, in polynomial time, a solution of size at most
aOPT(Z) + o(OPT(Z)), where OPT(Z) is the optimal solution size for Z. A weaker notion is that
of a randomized asymptotic a-approximation algorithm; such an algorithm always returns a solution
for Z in polynomial time, but the solution size has to be at most «OPT(Z) + o(OPT(Z)) with some
constant probability. An asymptotic polynomial-time approzimation scheme (APTAS) is an infi-
nite family {A.} of asymptotic (1 + €)-approximation algorithms, one for each ¢ > 0. Ray [Ray21]
showed that 2VBP does not admit an asymptotic approximation ratio better than %, assuming
P # NP, implying there is no APTAS already for d = 2.3

In [BCS10] Bansal, Caprara and Sviridenko introduced the RoundéApprox framework, which
yields an asymptotic (1 + Ind + ¢)-approximation for dVBP, for all d € N and any ¢ > 0. Their
results are the best-known asymptotic approximation ratio for d > 3. For the special cases of
d = 2 and d = 3, the best-known asymptotic approximation ratios, due to Bansal, Elids and
Khan [BEK16], are 1.5 + ¢ and 2 + ¢, respectively, for all £ > 0.

1.1 Owur Contribution

Our main contribution is an asymptotic approximation algorithm for dVBP which improves upon
the best-known ratio of [BCS10] for all d > 3. Specifically, we show the following result.

Theorem 1.1. For all d € N and any € > 0 there is a randomized (1 +1nd — x(d) + €)-asymptotic
d
approximation algorithm for dVBP, where x(d) = (% -Ind + ﬁ — 1) . (1 — 2%) > 0.

Theorem 1.1 is derived via a simple iterative randomized rounding algorithm. In fact, we show
that our algorithm outperforms any algorithm which follows the framework of Bansal et al. [BCS10].

nstances with v : I — [0, 1] can be easily reduced to equivalent instances with v : I — (0,1]%.
2We say that (a1y...,6q) < (b1,...,bq) ifa; <b; fori=1,...,d.
SRay’s result addresses an oversight in an earlier proof of Woeginger [Woe97].



Reference d=2 d=3 d=14 arbitrary d

[GGIYT6] 2.7 3.7 A7 d+0.7

[FL81] 2+¢ 3+¢ 4+¢ d+e

[CK04] O(Ind)

[KK03| 2 (absolute)

[BCS10] ~ 1.69314 ~ 2.09861 =~ 2.38629 1+Ind+e¢

[BEK16] S+em 15 2+¢ 2.5+¢ e
(absolute)

This paper 3+¢ ~ 13333 ~209801 ~2.38617 1+Ind—x(d)+e¢

Table 1: Known and new results for dVBP. An entry of value 8 indicates the paper in this row
gives an asymptotic S-approximation for dVBP, where d appears at the head of the column.

For the case d = 2, we provide a tighter analysis and an additionial matching subroutine prior
to the iterative randomized rounding phase; together, they enable us to obtain a better bound.

Theorem 1.2. For any € > 0, there is a randomized asymptotic (% + z—:)-appromimation algorithm
for 2VBP.

Table 1 summarizes the previously known, as well as our new results for VECTOR BIN PACKING.
1.2 Related Work

The one-dimensional case (1VBP) is the classic BIN PACKING problem. A simple reduction from
PARTITION [Vaz01, Ch. 9] shows there is no a-approximation for BIN PACKING with a < %,
assuming P # NP. This motivates the study of asymptotic approximation algorithms for the
problem, and in particular, the search for APTASs. The first APTAS for BIN PACKING was
proposed by Fernandez de la Vega and Lueker [FL81], who introduced the linear grouping technique.
In their seminal work, Karmarker and Karp [KK82] give an approximation algorithm that uses at
most OPT(Z) + O(log?(OPT(Z))) bins. Their work introduced the concept of Configuration-LP to
which they applied (deterministic) iterative rounding. More recently, Hoberg and Rothvofl [HR17]
obtained a polynomial-time algorithm that returns a solution of size OPT(Z) + O(log(OPT(Z))).
Comprehensive surveys of algorithmic results for BIN PACKING are given, e.g., by Coffman et
al. [CCGT13] and Delorme et al. [DIM16].

To the best of our knowledge, the first asymptotic approximation algorithm for dVBP, due to
Garey et al. [GGJY76], achieves the ratio (d + 1—70) This ratio was improved to an asymptotic
(d + e)-approximation by Fernandez de la Vega and Lueker [FL81]. The first algorithm to break
the additive of d in the approximation ratio is an asymptotic (14 O(In d))-algorithm due to Chekuri
and Khanna [CK04]. An absolute (i.e., non-asymptotic) 2-approximation ratio for the special case
of 2VBP was given by Kellerer and Kotov [KKO03].

Bansal, Caprara and Sviridenko [BCS10] introduced a powerful framework, based on random-
ized rounding, which they call RoundéApprox. They use it to obtain a randomized asymptotic
(1 + Ind + e)-approximation for dVBP, for every d > 2 and any ¢ > 0. The framework combines
a configuration LP relaxation of the problem with a “subset-oblivious” approximation algorithm.



Informally, a (-subset oblivious algorithm for dVBP is an algorithm which, given a dVBP in-
stance (I,v) and a random subset of items S C I, such that Pr(i € §) <~ for all ¢ € I, returns a
solution for (I,v) using approximately /-y - OPT(I,v) bins. A (nearly-optimal) solution for the
configuration LP is interpreted as a distribution over the configurations of the instance (i.e., subsets
S C I for which v(S) < 1 for every ¢t € {1,...,d}). This distribution is used to independently
sample a set of configurations; items which do not belong to any of the sampled configurations are
packed using the subset-oblivious approximation algorithm. The properties of the subset-oblivious
approximation algorithm combined with a concentration bound of McDiarmid [McD89] then yield
the claimed approximation guarantee. Round&Approx is the framework used to obtain the best
approximation algorithms for 2-DIMENSIONAL GEOMETRIC BIN PACKING and for VECTOR BIN
PACKING.

Bansal, Elids and Khan [BEK16] obtained an asymptotic (% + E)—approximation for dVBP,
for all d € N and any € > 0. Their algorithm is based on a rounding scheme which yields a packing
with resource augmentation in all dimensions except one. The rounding scheme is combined with
the generation of an inflated solution of specific structure, which leaves some free volume in all
dimensions but one. The free volume is used to balance the resource augmentation. The authors
prove the existence of such a solution, while the algorithm uses heavy enumeration to “guess”
properties of the solution which suffice to reconstruct it. The authors also attempted to combine
this algorithm with the RoundéApprox framework of Bansal et al. [BCS10] to obtain improved
asympatotic approximation. Unfortunately, there is a flaw in the analysis (we give the details in
Appendix A).* For d = 2, Bansal et al. [BEK16] obtained an absolute (3/2 + )-approximation
using a combinatorial algorithm.

Recently, Sandeep [San22] showed there is no asymptotic o(log d)-approximation for dVBP. For
other results relating to dVBP see, e.g., [Joh16] and the excellent survey on multidimensional BIN
PACKING problems by Christensen et al. [CKPT17].

Iterative rounding and randomized rounding are two powerful techniques used to obtain an
integral solution from a fractional solution of an LP relaxation for a problem. Iterative rounding
generates an integral solution by iteratively assigning integral values to subsets of variables in
the LP, and solving a suitably modified linear program (excluding these variables). In contrast,
randomized rounding is done in one shot, by interpreting the variable values as probabilities, and
assigning an integral value to each variable via sampling according to these probabilities. An
excellent survey on iterative rounding can be found in [LRS11] (see also [Banl4]). For various
applications of randomized rounding, see, e.g., [Vaz01, WS11].

One of the earliest and most sophisticated applications of iterative rounding appears in the anal-
ysis of Karmarkar and Karp [KK82] in their OPT(Z) 4 O(log?(OPT(Z)))-approximation for classic
BIN PACKING. Later works applied iterative randomized rounding for solving other problems, such
as STEINER TREE [BGRS13], makespan minimization on unrelated machines and degree-bounded
minimum spanning trees [Banl9], fair scheduling [IM20], and k-Clustering Completion [HS22].
However, we are not aware of earlier use of iterative randomized rounding in solving classic BIN
PACKING or its variants.

1.3 The Algorithm

Given a dVBP instance (I,v), a configuration is a subset C' C I of items such that v(C') < 1.° For
each item i € I, let C(i) € {0, 1} indicate whether the item i appears in the configuration C' or not.
We use C to denote the set of all configurations. That is, C = {C C I | v(C) < (1,...,1)}. We use
a variant of the standard configuration LP which only consider a subset of items S C I. Given a

“We contacted the authors and made them aware of this flaw [BEK21].
"We use the notation 1 = (1,...,1) and 0 = (0,...,0).



Boolean expression D, we define 1p € {0,1} such that 1p = 1 if D is true and 1p = 0 otherwise.
For every S C I define

LP(S): min Z Zo,
ceC
Viel: > ic - C(i) = Lies (1)
ceC

vC eC: o >0 .

Each of the variables Z¢ represents a (fractional) selection of the configuration C, where the first
constraints ensure that each item ¢ € S is covered. It is well-known [BCS10] that there is a PTAS
for LP(S).

For any vector Z € [0,1]¢ we associate a distribution over the configurations C. We say that a
random configuration R € C is distributed by T (and use the notation R ~ z) if Pr(R = C) = Q%C
for every C' € C, where z = ||Z|| = X" Te-

Our main algorithm, Iterative Randomized Rounding, is given in Algorithm 1. For arbitrary d,
the algorithm is used with Sy = I; the distinction between I and Sy will be used later in our
improved algorithm for 2VBP (see Algorithm 2). We note that Algorithm 1 has a polynomial run
time (for fixed J), and that it returns a solution for the dVBP instance (Sp,v). Line 6 of Algorithm 1
uses a classic First-Fit approach to pack the remaining items (see Section 2 for more details).

Algorithm 1: lterative Randomized Rounding
Parameters: § € (0,0.1), « = —In(1 — §) and k = [log;_5(6)], where 6~ € N.
Input : A d-VBP instance (I,v) and a subset Sy C I.
Output : A solution for the instance (Sp,v).
for j=1,...,k do
Find a (1 + §?)-approximate solution 7 for LP(S;_1) and let z; = ||77|| be its value.

N =

3 Independently sample p; = [az;] configurations C'f, e ,ng, where C] ~ 77 for all
Ce{l,...,pj}.

1| Update S; < 81\ (U2, €F).

5 end

Pack Sy into configurations C7, ..., Cj. using First-Fit

Return (U§:1{Cj7 . ,ng }) u{Cy,...,C}

=]

~

In the analysis we show that p* is negligible in comparison to OPT(I,v). Thus, the solution
generated by Algorithm 1 consists predominately of configurations which are randomly sampled
according to solutions for the configuration LP.

Furthermore, the algorithm repeatedly solves the configuration LP, each time using the set S;
consisting of the items not covered in previous iterations. This stands in contrast to algorithms
associated with the RoundéApprox framework (e.g., [BCS10]) which solve the configuration LP
once and utilize a subset-oblivious algorithm to generate a significant part of the solution following
the random sampling stage.

The above difference is the key for the improved approximation ratio. The analysis of
Roundé Approx uses the fact that if C1,...,C, are independent random configurations distributed

by a (nearly) optimal solution Z for LP(I), then Pr(i ¢ (J)_, Cr) ~ exp (—m). For exam-
ple, to have the random configurations C1, ..., C, cover each item ¢ € I (i.e., i € C1U...UC,) with

4



probability 1, the number of sampled configurations has to be p &~ OPT(LP(I)) - In(2). The core
idea in our analysis is that if the configurations are sampled iteratively, as in Algorithm 1, then the
probability of an item to remain uncovered is % after sampling strictly fewer configurations.
Bansal et al. [BCS10] defined the notion of S-subset oblivious algorithms for dVBP; we give a
formal definition of the term in Section 3. The main result of Bansal et al. [BCS10], applied to

dVBP, is the following.

Theorem 1.3 (Round&Approx [BCS10]). Let d € N and > 1. If there is a polynomial-time
B-subset oblivious algorithm for dVBP then there is a randomized asymptotic (1 + Inf + ¢)-
approximation algorithm for dVBP for every ¢ > 0.

Bansal et al. [BCS10] also presented subset-oblivious algorithms for dVBP, as stated in the next
lemma.

Lemma 1.4. For every ¢ > 0 and d € N there is a polynomial-time (d + ¢)-subset oblivious
algorithm for dVBP.

In particular, the asymptotic (1 + Ind + ¢)-approximation for dVBP of Bansal et al. [BCS10]
is derived as an immediate consequence of Theorem 1.3 and Lemma 1.4. The following theorem
states that Algorithm 1 is strictly better than any algorithm that is based on RoundéApprox
(Theorem 1.3).

Theorem 1.5. Let > 1 and d € N. If there is a 5-subset oblivious algorithm for dVBP then for
every € > 0 there exists § > 0 such that Algorithm 1 configured with § is a randomized asymptotic

(1+In8 — x(B8,d) + €)-approzimation algorithm for dVBP, where x(5,d) = <% ‘Inf+ % — 1) .

d
(-

Theorem 1.1 follows immediately from Theorem 1.5 and Lemma 1.4. Since x(3,d) > 0 for all
B >1andd > 1, Theorem 1.5 implies that Algorithm 1 is strictly better than RoundéApprox; that
is, it achieves an asymptotic approximation ratio smaller than that obtained by any RoundéApprox-
based algorithm. Furthermore, while the result of Theorem 1.3 refers to an algorithm which uses
as a subroutine a S-subset oblivious algorithm, the result of Theorem 1.5 uses the S-subset obliv-
ious algorithm only as part of its proof. Thus, Theorem 1.5 does not require the subset-oblivious
algorithm to run in polynomial time. Finally, we note that the value of x(f,d) in Theorem 1.5 is
likely to be sub-optimal, and can probably be replaced by a larger value. Our main objective is to
show Algorithm 1 yields a better asymptotic approximation ratio in comparison to RoundéApprox
in a simple manner, possibly sacrificing the value of x (8, d).

The proof of Theorem 1.5 utilizes an iteration-dependent bound on OPT(S;,v). Trivially,
OPT(Sj,v) < OPT(I,v). The subset-oblivious algorithm is used to show that OPT(S;,v) <
B(1—8)7OPT(I,v) with high probability. Together, these two bounds can be used to show that the
asymptotic approximation ratio of Algorithm 1 is approximately (14 1In /3), matching the statement
of Theorem 1.3. To show a strictly better approximation ratio, we consider a nearly optimal solution
Aj,..., Ay, of the instance, and use a simple rounding scheme to show that if T; C {1,...,m} is a set

of configurations such that v, (A4,NS;) <1—¢ forallt =1,...,d, then the items in <Ub€Tj Ab) ns,

can be packed in strictly less than |Tj| configurations for r > j. This, together with a lower bound
on |Tj| for a specific iteration j, leads to a third upper bound on OPT(S},v), which is used to
obtain the improved asymptotic approximation ratio. The configurations in 7} can be considered
as “easy”, and the lower bound on |Tj| can be interpreted as a guarantee that some configurations
must “become easy” as the iterative rounding process progresses.



In Section 3 we further show that the dependence of § on & derived from Theorem 1.5 is poly-
nomial. A simple consequence of this property is that, by appropriately setting ¢, Algorithm 1 is a
randomized asymptotic (1 + ¢)-approximation for BIN PACKING whose run time is polynomial in
the input size and in % Thus, we have

Lemma 1.6. Algorithm 1 is a randomized asymptotic fully polynomial-time approximation scheme
(AFPTAS)’ for BIN PACKING.

1.4 Improved Algorithm for 2VBP

For the special case where d = 2, we strengthen our analysis to obtain a better approximation
ratio. To simplify our analysis, we may assume our instances adhere to a specific structure. Given
d > 0, we say that an item ¢ € I is d-huge if v1(i) > 1 —§ and ve(i) > 1 — 6. The 0-HUGE FREE
2VBP (§-2VBP) is the special case of 2VBP in which there are no d-huge items. In solving a
general 2VBP instance, we may restrict our attention to the corresponding d-huge free instance, as
formalized in the next result.

Lemma 1.7. For any o > 1 and § € (0,0.1), if there is a randomized asymptotic a-approximation
for 0-2VBP then there is a randomized asymptotic (o + 40)-approzimation for 2VBP.

The lemma follows by noting that each huge item can be packed in a separate bin. This incurs
only a small increase in the packing size (we omit the details).

The analysis of Algorithm 1 (as part of our approximation algorithm for 2VBP) relies on an
iteration-dependent bound on OPT(S;, v) which holds with high probability. We use a classification
of items and configurations into categories. As in Algorithm 1, let 6 € (0,1) be such that 6! € N.
We say that an item i € I is d-large if v1(i) > § or vo(i) > §, and use L C I to denote the set of
S-large items (J is commonly known by context). It can be easily shown that [C N L| < 2.5~ for
allC €C. For h=2,...,2-6"", we define

Ch={CeC|v(CNL)>(1—481—05) and |CNL|=h}. 2)

Let Co =C\ <Uii; Ch) be the set of all remaining configurations. As we assume that (/,v) is an

instance of 6-2VBP (i.e., no d-huge items), it follows that for every C' € Cp either v;(CNL) <1—§
orv(CNL)<1-6.

For vectors z,z € [0,1], 7 - 2 = > cec T - Zc is the dot product of Z and z. By applying a
tigher analysis (in comparison to Theorem 1.5), it can be shown that if z* € [0, 1] is a solution for
LP(Sp) then,with high probability, the solution returned by Algorithm 1 is of size at most

261
. h+1 _, 3 .
T lg+ Y —— 3 1g, < (S +5-0(1) ) -7 +0(1) . (3)
h 2
h=2
This implies that, given the input Sy = I, and by taking &* which corresponds to an optimal
solution, Algorithm 1 yields an asymptotic approximation ratio arbitrarily close to % While we

do not include a proof of (3), the proof can be derived by modifying the proof of Lemma 4.11 and
using Lemma 4.16.

Our analysis relies on structural properties of 2VBP instances (inspired by properties presented
by Bansal et al. [BEK16]) by which configurations in Cy are “easy” (when selected by z*) and
configuration in C\Cp are “difficult”. Intuitively, from the viewpoint of Algorithm 1, a configuration

%A randomized AFPTAS for a problem P is an infinite family {A.} of randomized asymptotic (14-¢)-approximation
algorithms for P, one for each € > 0, whose run times are polynomial in the input size and in %



C € C\Cp becomes easy at iteration j if CNL Z Sj, as in this case C'NS; € Cp. Our analysis exploits
this intuition via the notion of touched and untouched configurations (see the formal definition in
Section 4.1.1).

The bound (3) on the solution quality suggests that the most “difficult” configurations in z* are
those in Cy; indeed, if we have an optimal solution containing no configuration in Co then we can
obtain an approximation ratio of %. Furthermore, if an optimal (integral) solution contains only
configurations in Cy then a nearly optimal solution can be easily constructed using matching. As a
solution may contain both configurations in Cy and in C\ Cy, we use a sophisticated combination of a
matching polytope and a configuration LP, along with the dependent sampling technique of Chekuri
et al. [CVZ11]. In the execution of our algorithm Match&Round, the solution for the resulting LP is
(conceptually) partitioned into two parts: one which contains the configurations in Co and handled
using matching techniques, and another which contains the remaining configurations that is handled
by Algorithm 1.

We define the d-matching graph G = (L, E) of (I,v) as the graph whose vertex set L consists of
the d-large items of (I, v), and whose edge set is E = {{i1,i2} C L | {i1,i2} € C2}. We use Py(G)
to denote the matching polytope of G. We refer the reader to Schrijver’s book [Sch03] for a formal
definition of the matching polytope. Given Z € [0,1]¢, we define the projection of Z on E as the
vector p € RE, where p. = > e ot ocoZe- Let £(2) = p. We note that for any C € C, there is
at most a single edge e € E such that e C C.

The Matching Configuration LP of the 0-2VBP instance (I,v) is the following optimization
problem:

MLP: min > e,
ceC
Viel: > ze-Cli) =1, 0
ceC
E(z) € Pm(G),
vC eC: o >0 .

Thus, MLP takes as input a §-2VBP instance (I,v), and a solution for (I,v) is a vector T € Rgo
which satisfies the constraints in (4). The objective is to find a solution Z such that ||Z|| = > Ze
is minimized.

Note that the Matching Configuration LP is a restriction of LP(I) in which we also require
that £(z) is in the matching polytope Pr(G). Observe that if Sy, ..., Sy, is a solution for (I, v)
in which the sets Si,...,S,, are pairwise disjoint, then the vector z € {0,1}¢ with Zg, = 1 for
be{l,...,m} and Zc = 0 for any other C' € C, is a feasible solution for MLP. This holds since
theset {fe € E | e {1,...,m}: e CSp} forms a matching in the graph G.

Similar to the configuration LP, MLP can be approximated as well:

Lemma 1.8. For any § € (0,0.1), there is a PTAS for the MLP problem.

We note that writing Pyr(G) as a linear program requires a super-polynomial number of con-
straints [Rot17]. It follows that both MLP and its dual have super-polynomial number of variables
and a super-polynomial number of constraints. Thus, the standard method for solving configura-
tion LPs using an approximate separation oracle for the dual program fails (the method can be
traced back to Karmarker and Karp [KK82]), and more sophisticated tools are required to obtain
a PTAS. We give the proof of Lemma 1.8 in Section 4.4.

Given Z such that 3 = £(Z) € Py(G) and a parameter vy > 0, we use a randomized algorithm of
Chekuri, Vondrak and Zenklusen [CVZ11] called SampleMatching. This algorithm, for input (3, )



in polynomial time generates a random matching M for which Pr(e € M) = (1—+)f.. Importantly,
the algorithm also gives dimension-free Chernoff-like concentration bounds for M (see Lemma 4.20
for details).

We refer to our algorithm for 2VBP as Match&Round; its pseudocode is given in Algorithm 2.7
We note that Match&Round is a polynomial-time algorithm which returns a solution for the in-
stance (I,v).

Algorithm 2: Match&Round

Parameters: 0 < § < 0.1, where 6! € N.
Input : A 9-2VBP instance (I,v).
Output : A solution for the instance (I,v).
1 Find a (1 + 62)-approximate solution z° for MLP.
2 M <« SampleMatching (£(z°), 6%), and set So + I\ (U.erq€)-
3 Run Algorithm 1 on the instance (I,v) with Sy and the parameter §. Denote the returned
solution by D1,..., Dp,.
4 Return M U{D,...,Dy}.

Our main result for 2VBP follows from the next lemma.

Lemma 1.9. For anyé € (0,0.1), Algorithm 2 is a randomized asymptotic (% + 0(5)) -approximation
for 6-2VBP.

Using Lemma 1.9 and Lemma 1.7, we obtain the statement of Theorem 1.2. We use the stan-
dard notation of A for the element-wise minimum of two vectors.® The analysis of Algorithm 2
is based on a partition of the solution zZ° obtained in Line 2 into its two “matching” and “frac-
tional” components: 7° A 1¢, and Z° A Le\c,- We show that, with high probability, |IM| < 0 1c,.
Furthermore, we exploit the fact that z° A Leyc, does not select configurations in Cy to show that
the number of configurations returned by Algorithm 1 (when invoked in Step 3 of Algorithm 2) is
bounded by ~ % -z Leve, + % 20 1e,.

1.5 Technical Contribution

Our main technical contribution is the introduction of iterative randomized rounding in the context
of BIN PACKING. The ingenious randomized rounding techniques known for BIN PACKING prob-
lems (e.g., [BCS10]) rely on solving once a Configuration-LP and sampling a set of configurations
according to the distribution induced by the Configuration-LP solution. In contrast, our iterative
randomized rounding approach is based on solving a (modified) Configuration-LP iteratively and
sampling in each iteration a set of configurations using the distribution induced by the current LP
solution. While the resulting algorithms are simple and yield improved ratios, we are not aware of
the use of iterative randomized rounding in previous studies of BIN PACKING problems.
Intuitively, we expect iterative randomized rounding to outperform non-iterative randomized
rounding in the context of BIN PACKING. Indeed, the former is less likely to select many con-
figurations containing the same item, presumably leading to a more efficient solution. Moreover,
once a significant fraction (say, 10%) of the items in I is “covered” (at random), we expect the
Configuration-LP solution value to decrease. This can be used to obtain a better approximation
ratio if we solve the modified Configuration-LP, and use the corresponding distribution to sample

"The idea to use matching algorithms is inspired by the work of Bansal et al. [BEK16]. However, matching plays
different roles in the two algorithms. In particular, MLP is introduced in this paper.
8That is, for 7' = (71,...,7;) and 7 = (7%,...,72), (F* A72); = min{F;, 7} for i =1,..., k.



configurations. However, formalizing the above intuition into a rigor proof is non-trivial. In the
proof of Theorem 1.5 we provide a formal expression to the above intuition and prove that iterative
randomized rounding is superior to any algorithm which follows the RoundéApprox framework.

Our analysis for the case of arbitrary d > 2 is fairly simple, leaving much room for improvement.
For the special case of d = 2 we use a tighter analysis. While many of the ingredients in this
tighter analysis can be applied also to dVBP instances where d > 2, and possibly to other BIN
PACKING variants, some of the concepts exploit special properties of 2VBP instances. This includes
a strong structural property (Lemma 4.2) on which we elaborate in Section 4, and the Matching-
Configuration-LP. The strong structural property can potentially be extended to the d-dimensional
case; however, such extension requires overcoming some technical challenges. We elaborate on these
challenges in Section 6.

1.6 Organization

In Section 2 we give some definitions and notation. Section 3 presents the analysis of Algorithm 1
as well as the proof of Theorem 1.5 and Lemma 1.6. Section 4 gives the results for 2VBP including
the PTAS for the Matching-Configuration-LP (Lemma 1.8). In Section 5 we show basic properties
which are used both in Sections 3 and 4. We conclude with a discussion in Section 6.

2 Preliminaries

In this section we give some basic definitions and properties that will be used in the proofs of
Theorem 1.5 and Theorem 1.2. Throughout the paper, for z € R, exp(x) = e*, where e = 2.718...
is the base of the natural logarithm.

2.1 Probability Space

Our analysis refers to an execution of either Algorithm 1 or Algorithm 2 on a dVBP instance (I, v).
For an execution of Algorithm 1, we have Sy = I. We use (€2, F, Pr) to denote the probability space
generated by the algorithm. Observe that as § < 0.1,

p;j < [az;] < [(=In(1 - 6)) (1 +6%)OPT] < OPT, forj=1,...k .

Assume, without loss of generality, that Algorithm 1 samples in each iteration OPT configura-
tions CY ,...,C’é)PT independently according to #’, and ignores configurations C,J)j FRTR .,C%PT.
Furthermore, we may assume that ) is finite. Define the random variables Py = Sp and P; =
(C’{, e ,C’éPT) for j =1,...,k. Let Fj = o(Fy, P1,...,P;j) be the o-algebra of the random vari-
ables Py, Pp,...,Pj. We also define 7_; = {0, Q}. It follows that 71 C Fy C F; C ... C Fp.

We use conditional expectations and probabilities given the o-algebra F;. We refer the reader
to standard textbooks on probability (e.g., by Chow and Teicher [CT97]) for the formal definitions.
Intuitively, E [X|F;] is the expectation of X given the sample outcomes up to iteration j, and as
such depends on the outcomes of the first j iterations.

The parameter « is set such that the probability of ¢ € §; decreases exponentially with j, as
stated in the next lemma.

Lemma 2.1. For j=1,...,k and i € I it holds that

‘ 1\7
Pr(i € Sj | Fj-1) = Lies;_, - <1 - 2—> < (1—=90) - Lies,_,
j



Proof. We can write

Pj
Pr (]]-iGSA]:j—l) = ]]-iGSj,1 -Pr (Vf S pj Tl ¢ Cg ‘ .7:]‘_1> = ]liEijl . HPI" <’L ¢ Cz ‘ ]:j—1>
(=1
1. S Pj 1 Pj
- ]]-iEijl <1 - &> - ]]-iEijl <1 - _> S ]]-iEijl + €Xp (—Of) = ]]-iEijl : (1 - 6) .
Zj j

. . (5)
The first equality holds by the definition of S}, and the second holds since CY, . .., C’,ﬂj are condition-
ally independent given F;_; (note that p; is Fj_i-measurable). The third equality holds since 7 is
a solution for LP(1g,_,) and C’] ~ 7. The inequality in (5) uses p; > az; and (1 — —) < exp(—1)
for x > 1. O

2.2 McDiarmid’s Concentration Bound

Our analysis heavily relies on concentration bounds. Let A be an arbitrary set, m € N, and
f:A™ — R. For any n > 0, we say that f is of n-bounded difference if for any 7,7’ € A™ and
r € {1,...,m} such that Z, = ), for all £ € {1,...,m}\ {r} (i.e., Z and z’ differ only in the r-th
entry) it holds that |f(Z) — f(Z')] < n. The next result is due to McDiarmid [McD89].

Lemma 2.2 (McDiarmid). Given a finite arbitrary set A, m € Ny and n > 0, let f : A™ — R
be a function of n-bounded difference. Also, let X1,..., X, € A be independent random variables.
Then for any t > 0,

2t
Pr(f(X e Xn) = B (K X)] > ) S 0xp (- 20 )
To motivate our next lemma, consider the following example arising in our setting. Let
x0,Z1,...,T be random variables defined by z; = Zf 1 v¢(S;). That is, x; is the total volume

of S; in all dimensions. Given S;_1 and p; we we can express x; as a function of C’l, . C’OPT
For any S C I and p € [OPT] define fs, : COPT — R by

d P
fS,p(Cl,- .o yOOPT) = th (S\ <U C}))
(=1

t=1

Then it can be verified that z; = g(CY,. . CéPT) where g = fg;_, ;- However, we cannot use

Lemma 2.2 to show that x; ~ E[z;] with high probability, since the random variables C’l, . C’OPT
are not independent, and the function g is random.

Nontheless, we note that at the end of iteration j —1 (Step 1 of Algorithm 1) the values of S;_;
and p; are known (while p; was not computed yet, its value does not depend on future random

samples); thus, the function g = fs, | ,. is known at iteration j of the algorithm. Furthermore,

the random variables C’l, . C’OPT are independent (by definition) assuming we have the random
samples of the first (j —1) iterations. Therefore, we expect Lemma 2.2 to hold in this setting. More
formally, since C’l, ..., Cpy are conditionally mdependent9 given Fj_q, and g = fg] 1.0 is a ran-

dom function that is F;_;-measurable, we expect that g(Cd, ... COPT) Elg(CY, .. Ol pr )| Fiz1)-
This is formalized in the next lemma.

9See, e.g., the book by Chow and Teicher [CT97] for a formal definition of conditional independence.
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Lemma 2.3 (Generalized McDiarmid). Given a finite arbitrary set A, m € Ny and n > 0, let D
be a finite family of n-bounded difference functions from A™ to R. Let (2, F,Pr) be a probability
space for which Q is finite, G C F a o-algebra, and g € D a G-measurable random function (i.e.,
g:Q — D with {w € Q| g(w) € U} € G for every U C D). Then, for a sequence of random
variables X1, ..., X;m € A which are conditionally independent given G, and any t > 0,

2
Pr(g(X1,..., Xm) —E[g(X1,..., Xm)|G] > 1) < exp <—; 7;2>

Lemma 2.3 can be derived from Lemma 2.2 using standard arguments from probability theory
(we omit the details).

We use Lemma 2.3 in the proofs of Theorems 1.5 and 1.2. For a set of items S C I, we denote
by 1g € {0, 1}1 an indicator vector in which entries corresponding to i € S are equal to ‘1’, and
all other entries are equal to ‘0’.'° The next lemma is used in the proofs of both theorems, and
deals with random variables of the form 1g; - 4 where u € Rlzo' Given @ € R’ define the tolerance
of u by tol(u) = maxcec (Ziec U; ) Intuitively, the vector u associates with each item ¢ € I some
weight @;; then tol(w) is the largest total weight of a configuration C' with respect to .

Lemma 2.4. Let j € {0,1,...,k—1} and t > 0. Also, let u € Rlzo be an Fj-measurable random
vector. Then,

. _ r—i _ 5 2.4 .12
Pr(3re{j,....k}: u-15, —(1—6)"7 -u-1g, >t -tol(u)) < 6% -exp|——F5-

The proof of Lemma 2.4, given in Section 5, follows from Lemma 2.3 and Lemma 2.1.
2.3 First-Fit

In several places we use the following First-Fit strategy, which takes as input a dVBP instance (I, v)
and a subset of items S C I. Throughout its execution, First-Fit maintains a set Aq,...,4,, C S
of configurations, and iterates over the items in S. For each item i € S, First-Fit examines
the configurations sequentially, until it finds a configuration A; to which ¢ can be added without
violating the volume constraints. If no such configuration exists, First-Fit adds a new configu-
ration A,,+1 = {i}. The next lemma follows from a simple analysis of First-Fit for BIN PACK-
ING (see, e.g., Vazirani [Vaz0l, Ch. 9]), by taking for each item ¢ € I in the dVBP instance
0(1) = max{vi(i),...,vq(¢)}, and considering the problem in single dimension.

Lemma 2.5. Given a dVBP instance (I,v) and a subset of items S C I, First-F'it returns a packing
of S in at most 2 - (Zle vt(S)) + 1 bins.

Recall that p* is the number of configurations used by the First-Fit strategy in Step 6 of
Algorithm 1. By Lemma 2.1, it follows that E [Zle vt(Sk)} < (1-06)*k (Zle vt(I)) <d-60PT,
and by Lemma 2.5 we have E[p*] < 2-d-0OPT + 1. The next lemma uses Lemma 2.4 to show
that, with high probability, p* does not significantly deviate from its expectation.

Lemma 2.6. With probability at least 1 —6~2-exp (—57 . OPT), it holds that p* < 8-d-9-OPT +1.

The proof of Lemma 2.6 is given in Section 5. Lemma 2.6 implies that the number of configurations
added by the First-Fit strategy in Line 6 of Algorithm 1 is negligible.

198imilarly, for a set of configurations C’ € C, we use the indicator vector 1¢/ € {0, 1}C in which entries corresponding
to C € C’ are equal to ‘1.
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3 Improved Asymptotic Approximation for dVBP

In this section we prove Theorem 1.5. That is, we show that Algorithm 1 outperforms any algorithm
which falls into the RoundédApprox framework of Bansal et al. [BCS10]. We also derive Lemma 1.6
as a simple consequence of the analysis of Algorithm 1.

As Theorem 1.5 refers to subset-oblivious algorithms, we first have to formally define this class
of algorithms. The following is a slight simplification of the definition of Bansal et al. [BCS10,
Definition 1].

Definition 3.1. For every d € N and 8 > 1, an algorithm appr is S-subset oblivious for dVBP if
for every e > 0 there are K € N and ¢ > 0 such that, for every dVBP instance (I,v), there is a
set of K wectors S C Rlzo which satisfies the following properties:

1. For any u € S, it holds that tol(u) < 1.
2. OPT(I,v) > maxges ||l
3. For any Q C I, given the dVBP instance (Q,v), appr returns a solution satisfying

appr(l,v,Q) < f-maxlq-a+e- OPT(L,v) + K,
ue

where appr(I,v, Q) is the number of bins used by the solution.
We refer to K and 1 as the e-parameters of appr, and to S as the e-weight vectors of appr and (1, v).

Instead of Theorem 1.5 we prove a more specific result, which indicates also the dependencies
between ¢ and §.
Theorem 3.2. Let > 1 and d € N. If there is a 5-subset oblivious algorithm for dVBP then for
every 6 € (0,0.1) such that 6~ € N and § < min {ﬁ, %} it holds that Algorithm 1 configured
with § is a randomized asymptotic (1+1n B — x(B,d) + 200 - d? - & - B)-approzimation algorithm for

dVBP, where x(3,d) = <% ‘Inpg+ ﬁ - 1) . <1 - Zﬁ)d.

We give the proof of Theorem 3.2 in Section 3.1. We first use Theorem 3.2 to derive Lemma 1.6.

Proof of Lemma 1.6. Let € € (0,0.1) and § = (400.187 T
a BIN PACKING (1VBP) instance and the above parameter §. By Lemma 1.4 there is a (1 + 9)-
subset oblivious algorithm for BIN PACKING; thus, by Theorem 3.2, Algorithm 1 is a randomized
asymptotic (-approximation for BIN PACKING, where

Consider the execution of Algorithm 1 with

¢( = (14mn(14+6)4+200-6-(140)—x(1+4,1)) < (14+64+200-6-(140)) < (1+¢) .

The first inequality holds as x(1 4+ d,1) > 0 and In(1 + § < §). The last inequality follows from
400 - § < € by the definition of 4.

It is well-known that (1) admits an FPTAS for BIN PACKING instances. Indeed, in this case
the separation oracle for the dual of (1) needs to solve an instance of the (standard) KNAPSACK
problem, for which there is an FPTAS (see, e.g., Vazirani’s textbook [Vaz01]). Hence, the run time
of each iteration in Line 1 of Algorithm 1 (given a BIN PACKING instance) is polynomial in the
instance size and 672. As the total number of iterations is k < §72, it follows that the total run
time is polynomial in the input size and in %. Since we defined § to be polynomial in €, it follows
that the run time is polynomial in the input size and 1/e. Thus, Algorithm 1 is an AFPTAS for
BIN PACKING. O
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3.1 Proof of Theorem 3.2

Let (I,v) be a dVBP instance, and let appr be a S-subset oblivious algorithm for dVBP. Also, let
d € (0,0.1) such that § < ﬁ’ 0 < %, and 6~! € N. We denote by OPT = OPT(I,v) the value
of an optimal solution for the instance. Consider an execution of Algorithm 1 with the instance
(I,v), So = I and the parameter 6. We use notations such as p;, S; and C when referring to
the corresponding variables in the execution of Algorithm 1. We also use the probability space
(Q, Pr, F) and the filtration F_q, Fy, ..., Fi as defined in Section 2.

The size of the solution returned by Algorithm 1 is Z§:1 p; + p*. By Lemma 2.6, the value

of p* is negligible with high probability. Thus, we may focus in the analysis on Z§=1 pj. This sum
can be trivially upper bounded by

k

Y opi<

j=1
<k+) ooz

A
B

k
<674 (146%)(1+26)5 Y OPT(S;1,0)
j=1

k
<624 (1446) -6 OPT(S;-1,v),

j=1
where the third inequality uses o = —In(1 —§) < & - (1 + 26), k = [log;_5(6)] <62 and
zj < (1+6%) - OPT(Sj_1,v) .

Following (6), we turn our attention to the expression ¢ - Z?:l OPT(Sj-1,v).
We use the next trivial bound for small values of j.

Observation 3.3. For j =1,2,...,k it holds that OPT(S;_1,v) < OPT.

We can use the subset-oblivious algorithm appr to obtain an additional bound on OPT(S;_1,v).
Let K and v be the §%-parameters of appr. Observe that by Definition 3.1, it holds that K and 1
depend solely on 62, and are independent of the instance (I,v). Without loss of generality, we
assume that ¢, K > 1.

Lemma 3.4. With probability at least 1 — K - 62 - exp <—3)—Z . OPT), it holds that

Vi€ {0,1,....,k—1}: OPT(S;,v) <B-(1—-03)’-OPT+2-6%-3-OPT+ K .

Proof. Let S be the set of §2-weight vectors of appr and (I,v). The set S is non-random, and is
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therefore Fy-measurable. Thus, by Lemma 2.4, for every u € S it holds that
Pr(3j€{0,1,...,k} :a-1g, > (1 —6) - ||a| + 6> - OPT)

2.
:Pr<5|je{0,1,...,k} 1g, — (168 -@-1g, > @-tol(ﬂ)>

tol(a)
4 §52.0PT 2
PN B & o) g
= P OPT
_ 2.468.0PT
it (20T)

where the last inequality uses tol(z) < 1. We note that the second inequality in (7) assumes
tol(a) # 0, but the same outcome (i.e., the first expression is at most the last expression) can be
trivially shown in case tol(z) = 0 (that is, @ is the zero vector).

As |S| < K, we can use (7) and the union bound to get

_ . _ " _ 2050PT
Pr(3ueS,je{0,1,...,k}:u-1g, > (1 —6)|al +6°0PT) < K¢ ?exp <_T> (8)
For the remainder of the proof we assume that
vje{0,1,...,k}, ueS: u-lg < (1-6)||ul +5°OPT . (9)

By (8), this assumption holds with probability at least 1 — K - §~2 - exp (—%&ﬂ).
Recall that OPT(I,v) > maxges ||a| (Definition 3.1). Thus,

Vi€ {0,1,....k}, ueS: a-lg, < (1-26)|al+6°OPT < (1—46) - OPT + 6*0PT,  (10)

where the first inequality is by (9). Hence, by Definition 3.1, for every j = 1,...,k it holds that

OPT(Sj—lv ) <a ( v SJ 1)
< 5 max Ls; , i+ 6% -OPT+ K
‘ (11)
< B+ ((1-8)"- OPT + 420PT) + 62 - OPT + K
< B-(1-06)71-OPT +2- 35" OPT + K,
where the second inequality is by (10). Since we assumed (9) holds, (11) holds with probability at
least 1 — K6 2 exp <_2-68¢¥>‘ .

We note that Observation 3.3 and Lemmas 2.6 and 3.4 suffice to show that Algorithm 1 achieves
an asymptotic approximation ratio arbitrarily close to (1+1In ), which matches the RoundéApprox

framework. To show Algorithm 1 is strictly better we use some additional components.
We say a configuration C' € C has é-full slack if v,(C) < 1 —§ for all t = 1,...,d. Define

K(8) = exp(exp(d~?)).

Lemma 3.5 (Weak Structural Property). Let By,...,Bs € C be configurations such that By has
d-full slack for all ¢ =1,...,s, and let R = J;_, By. Then there exists a set S C RL >0 such that

o S| <k(9),
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e supp(ii) C R for allu € S,*!

e and for all Q C R and v € [0, 1] which satisfy

20
VaeS: ]lQ-ugfy-]lR-u—i—%-OPT(I,v)'tol(u),

it holds that OPT(Q,v) < v(1+d-9d) - s+ 510 OPT + k(9).

We refer to S as the weak structure of By,...,Bs. We defer the proof of Lemma 3.5 to
Section 3.2. Intuitively, Lemma 3.5 can be interpreted as follows. If R can be packed using s
configurations with J-full slack, and @ C R is a random subset of R such that Pr(i € Q) <~ then
OPT(Q,v) < s, assuming () satisfies some concentration bounds.

We also utilize the existence of a nearly optimal solution of (I,v) satisfying some additional
properties. We say an item i € [ is d-large if there is a t € {1,...,d} such that v;(i) > 0; otherwise,
the item is small. Observe that these notions extend the ones given in Section 1.4 for the special
case of d = 2. Thus, we also use L to denote the set of d-large items in the instance (I, v).

Lemma 3.6 (Arranged solution). For any (I,v) there exists a solution Ai,...,A, and sets
Wi, ..., Wy, C I such that

em< (1+d* 14-6)-OPT +1,

e W, CA,NL forb=1,...,m,

o Wyl <d forb=1,...,m,

e and Ay \ Wy has 0-full slack forb=1,...,m.

We refer to Ay,..., Ay, and Wh, ..., W, as an arranged solution of (I,v). We use Lemma 3.6 as
a means to utilize Lemma 3.5. The main observation is that if Z C [m] is a subset of configurations
in the arranged solution such that W, NS; = () for every b € Z, then there is a weak structure of
the configurations (A N S;)pecz which can be used to bound OPT(S,,v) for r > j.

The proof of Lemma 3.6 utilizes the following technical lemma of Bansal et al. [BEK16].

Lemma 3.7. Let C € C and let Z C [d] be a set of coordinates such that v4(C) > 1 — 0 for all
teZ and v (i) <0 for alli e C andt € Z. Then there is Q C C such that v,(Q) > § for allt € Z
and v(Q) < 7-d* -6 for all t € [d].

Proof of Lemma 3.6. Let A,..., Al , be an optimal solution for (I,v). That is, m’ = OPT(I,v).

For every b € [m'] we define a set W, as follows. Start with W, = @ and while there is
a coordinate ¢t € [d] and i € A} \ W} such that v (A, \ Wp) > 1 — 6 and v(i) > § add the
item i to W;. Clearly, at the end of the process |W,| < d and W}, C A, N L. Furthermore, let
Zy ={t e {1,...,d} | v,(A, \ Wp) > 1 —6}. By construction of W} it holds that v;(i) < § for all
i€ A\ Wy and t € Zy. Thus, by Lemma 3.7, for b=1,...,m’ there exists Q, C A} \ W}, such that
AL\ W, \ @y has full slack and v(Q,) <7-d*-dforallt=1,....,d.

Define Ay, = A} \ Q. By the above A;\W,, has o-full slack for b =1,...,m’. Let n = HT_;S&J , then
the union of every n of the sets among Q1, ..., Q. is a configuration with J-full slack. We simply
iteratively pack 7 of the sets @1, ..., @, into a single configuration. Thus there are configurations
Apiats - Ay, such that Ay is with o-full slack for every b=m'+1,....m' +r, r < mT/ +1 and

Apri1U. .. UAm’+r =Q1U...,UQ, . We define Wyyyq1,..., Wy, = 0 and m =m/ +r.

1\We define supp(a) = {i € I | w; > 0}.
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Since § < ﬁg, it holds that

1

5 1
> - > 2 = .
= 7-d%§ 7-d%2-6 —T7-d%2-§ 14-d%2-6

]l 1-46 1-6 1_1—5—7-d2-5
T T -

Therefore, r < mT/—Fl <14-d?-6m’+1 =14-d?-5§OPT+1. Hence, m = (1+14-d*-5)-OPT+1. O

Let Ay,..., Ay and Wy, ..., W, C I be an arranged solution of (I,v). For every j =0,1,...,k
define
Tj={be[m] | W,NS; =0} (12)

to be the (indices of) configurations in the arranged solution such that A, NS} is guaranteed to
have ¢-full slack. Define j; = E log;_s %1

Lemma 3.8. With probability at least 1 — K - k(5) - 6% - exp (—Wf;—jg(—é) . OPT), it holds that

k
6 OPT(Sj_1,v) < (1+InB)OPT+|T},|- (1 - % - %mﬁ) +60-d285-OPT+6 3K -B-1(5) .

j=1
The implication of Lemma 3.8 is that if we show that |7}, | is at least a constant fraction of
OPT (with high probability), then Algorithm 1 attains an asymptotic approximation ratio which
is strictly better than the (1 +1n ) of RoundéApprox. Indeed, such an assertion about Tj, will
be proved later on in Lemma 3.9. We also note that the value of j; was selected arbitrarily. A
more refined analysis may consider |1 \ T;_;| for all values of j. This concept is ingrained into our
tighter analysis for the special case of 2DVP given in Section 4.1.
The proof of Lemma 3.8 partitions the sum ¢ Z§=1 OPT(S;-1,v) into three parts. The first

part is § ;1:1 OPT(Sj—1,v), which is trivially bounded via Observation 3.3. The last part is
52?2]-2“ OPT(Sj—-1,v), where jo = ’710g1_5 ﬂ Using the subset-oblivious algorithm based
bound in Lemma 3.4, this sum can be bounded by roughly OPT. The (remaining) middle part,

o ;2=j1+1 OPT(S;-1,v), utilizes a weak structure of the configuration in T}, to attain a bound on

OPT(Sj-1,v), which is better than the trivial bound of OPT (and also better than the bound of
Lemma 3.4 which is worse for those values of j).

Proof of Lemma 3.8. By Observation 3.3,

Ji Ji
8> OPT(S,_1,0) < §» OPT
r=1

r=1
= d0-751-0PT
Jll Inpg (13)
< —_ . .
<9 2 TTa(l = 5) OPT +4-OPT

< %(mﬁ)opTM.OPT .

The second inequality follows from the definition of j;, and the third inequality holds since
—1In(1 —-4) >9.
Assume that
OPT(S;,v) <B-(1—6)-OPT+2-6%-5-OPT + K (14)
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for all j =0,1,...,k — 1. By Lemma 3.4, Assumption 14 holds with probability at least 1 — K -

52 exp <—2'58¢¥). Also, define jy = ’710g1_5 %L therefore,
k
§ ZOPT 1, 0) < 6 Z )*1-OPT+2-462-3-OPT + K)

r=j2+1 =j

< 55-(1—5)1'2.OPTZ(l—a)wzk-a-a?.5-OPT+5-k.K

< B-(l—é)ﬁ-5-ﬁ'OPT+2-6ﬂ-OPT+5‘2K
< 5-3-0PT+2-55-0PT+5—2-K

B
< OPT+2-6-8-OPT+62 K .

The third inequality uses k < §~2 and the forth inequality follows from (1 — §)72 < %

Let Q* = Ubele Ay N Sj,. That is, Q* is the set of all items in configurations which are
guaranteed to have J-full slack in iteration j;. Since (Ap N Sjl)beTj is a collection of configuration
1

with J-full slack, by Lemma 3.5 there is a weak structure S of (A N Sjl)beTj . In particular, S is
1

F;,-measurable. Since supp(u) C Q* for all u € S, it follows that @ - 1g, =@ - Lg«ng, for all u € S

andr =7j1,51+1,...,k.
By Lemma 2.4, for every @ € S it holds that

. 20
Pr (37" e{ji,..., k}: a-1gens, —(1—0)"7"-a-1g- > % -OPT - tol(ﬂ))

:Pr<EIT€{j1,.. Jk}row-lg, — (1—5)T_j1~?1~]lsj1>

4 640 2
< 67 2. exp (2'6 .KZ—@.OPT

20

#(9)

OPT

< 5 %exp|— o -OPT
SR

Therefore,

Pr(Vae S,r € {ji,....,k}: @-1g,ng- < (1—08) 9" @ 1g- + 6% - OPT - tol(a))

50
> 1 — .52, - .
> 1—|S|-6 % exp < 200) OPT)
, 50
> 1— 62 .
> 1—k(6)-6 7 -exp < 200) OPT>

For the remainder of the proof we assume that

20

- )
VaueS,red{j,....k}: u-1lgng- <(1—0)"7" - u- 1o+ ——= - OPT - tol(a).

k()

By (16), this assumption holds with probability at least 1 — x(d) - 572 - exp < 75y ( 5 OPT)

17
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By (17) it holds that
OPT(S, NQ*,v) < (1 —68)" 7" - (1 +d-9)|T;,| + 6" - OPT + x(6) (18)

for all » = j1,71 + 1,... k. It trivially holds that

J2 J2 J2
§ Y OPT(S,_y,0) =6 Y OPT(S,.1NQ*v)+6 >  OPT(S_1\Q"0) . (19)
r=ji+1 r=j1+1 r=ji+1

By (18) we have

J2 J2
§ Y OPT(S,1N@w)< 6 > ((1=08)"" 7 - (1+d-8)|Tj,| + 6 - OPT + k(d))
r=ji1+1 r=ji1+1
J2
< 6(1+d-8)- [Ty Y (1=6)"I 4+k- 6" OPT +6- k- k(6)
r=j1+1
— (1= §)2-lmatl . (20)
09 +6%-OPT 4671 - k(9)

< (1+d-8)- Ty (1_%(1—5» 162 OPT + 67" - w(6)

1
< ITi|-(1——=)+10-d-6-OPT+d"-k(0) .
T, ( ﬁ) (5)

The second inequality holds as j» —j; < k. The third inequality uses k < 6~2. The forth inequality
holds, as

1
< (L+d-8)-|Ty] -5

. . 1 1 1 1 1
J2 — 71 S 10g1_5 B + 1-— 5 . lOgl_(; B = 5 . 10g1_5 B + 1, (21)

thus (1 —§)72=71 > ﬁ -(1—10). The fifth inequality holds, as |T},| < m < (1+14-d?-§)OPT +1 <
2-0PT + 1.

It trivially holds that OPT(S,_1\ Q*,v) < m —|Tj| for r = j1 +1,..., jo via the configurations
(AN Sr—1)befl,....my\1;- Therefore,

J2
§ Y OPT(S,_1\@Q%,v) < 6(ja — j1)(m — |T},))

r=j1+1

IN

1 1
4 (5 -log_s 3 + 1> (m —[T}])
1 Infg (22)

= 5'§'m'(m—\le\)+5(m—\le\)
< 50 B) (m— |T5) +m
< %(lnﬁ)(m—]Th])—kZéOPT .

The second inequality follows from (21). The third inequality holds, as —In(1 —d) > 4.
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By (19), (20) and (22) we have

J2
§ Y OPT(Sy—1,0)
T’:j1+l

1 1
< |75 (1— ﬁ) +10-d'5OPT—|—5_1-m(5)+§(ln6) (m —1T},|) +2-60OPT

m 1

(1414 -d%5) - OPT + 1 ‘ 11 .
5 Ing+ 75| (1 75 21n5 +20 - dSOPT + 6~ k(0)

—%lnﬁ>+20~d-6-OPT+5_1-ﬁ(5) (23)

<

opPT <1_ 1

1 2 —1 In /

By (13), (15), and (23) we have

k
5> OPT(S,—1,v)
r=1

< %(mﬁ) OPT + JOPT
OPT ‘ 11 ) . Ing
+OPT+2-6-8-0PT+6 2 K
< (1+lnﬁ)OPT+!Tj1\~<1—%—%ln6>+60-d255-OPT+5_3K-B~/£(6) .

As we assumed that (14) and (17) hold, the statement holds with probability
3% 2.6%. OPT
_9 9
1—k(d) -6 .exp<—m.OPT>_K.5 .exp<_T>

50
> 1—K-/{(5)-5‘4-exp<—1/}2f57ﬁ2®)-0PT> kO

To attain the statement of Theorem 3.2, we show that |7}, | is at least a constant fraction of
OPT (with high probability), and combine this result with Lemma 3.8.

Lemma 3.9. With probability at least 1 — =2 - exp(—46°° - OPT), it holds that
1\ d
Tyl > (1-p731) -m—4-d-5-0PT |

Proof. For j = 0,1,...,k and £ = 0,1,...,d define V;, = {be [m] | |[W,NS;| =4} and V<, =
Ui:o V¢ Since Ay \ Wy is guaranteed to have o-full slack, the set V;, (Vj <¢) can be intuitively
interpreted as (the indices of) the set of configurations among A; N S;,..., A, NS; which have
0-full slack if (at most) ¢ specific large items are removed from them. Since Sy O S1 D ... D Sk it
holds that V<, € Vi <¢ € ... € Vi <¢. Observe that V;, is F;-measurable and T = Vj o = V; <o.

Observe that for every b =1,2,...,m and £ =0,1,...,d it holds that {j | b € Vj,} is a set of
consecutive integers. That is, b belong to V;, from some iteration r1 up to some iteration ry. The
next claim essentially states that the difference ro — 1 is not expected to be too large.
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Claim 3.10. Let j € {0,1...,k—1}, £ € {1,...,d} and let Z C Vj,; be an Fj-measurable subset.
Then it holds that
E[ZNVienl | Fl<(1-0)-1Z] .

Proof. For b =1,...,m let i, be an arbitrary item in W, N S; (or an arbitrary item in I in case
W,NS; = 0). In particular, 45 is an Fj-measurable random variable. For b = 1,...,m it holds that
Prbe ZNVjj1e| Fj) =Pr(be Z and W,NS; C Sj1 | Fj)

Pr(be Z and iy € Sjq1 | Fj)
Lpez - (1 —6) - Lies,
(1=9) Lpez -

The second inequality follows from Lemma 2.1. That last equality holds since if b € Z C V} ; then
iy € Sj as £ # 0. Thus,

<
<

E[1Z0 Vil | Fil= > Prbe ZnVipe | F) < Y (1-6) Tz = (1-0)|Z] .
be[m] be[m]
o
We use Lemma 2.3 to show that |Z NV} 41| cannot be significantly larger than the bound on its
expectation as stated in Claim 3.10.

Claim 3.11. Let j € {0,1...,k =1}, £ € {1,...,d} and let Z C Vj,; be an Fj-measurable subset.
Then |Z N Vje1| < (1= 0) | Z| + 6% - OPT with probability at least 1 — exp (—6°° - OPT).

Proof. For every S C I, p € [OPT] and X C [m] define a function fs, x : CO°T — R by

fspx(C1,...,Copr) = Y _ Liv,nsn(Ur_, co)=0 -
beX

Observe that

j+1 J+1 ;
ij,pj+1,Z(C1 COPT Z W,NS; ﬁ<Uf’a+1 Ca+1 Z 1zevii, = 1ZNVjl -
beZ

Moreover, as S;, pj+1 and Z are F; measurable it follows that fgj,pj 1
(note that pj;1 is determined before Ciy,... ,C’g;fl are sampled in Line 3 of Algorithm 1).
Define D = {fs,x | S C 1, p € [OPT], X C [m]}. It follows that D is a finite set. In order to
use Lemma 2.3 we need to show that the functions in D are of bounded difference.
Let fs,x € D, (Cy,...,Copt), (C},...,Chpp) € COFT and r € [OPT] such that Cs = C,
fors =1,...,r—1,r+1,...,0PT (ie., (Ci,...,Copr) and (C1,...,Chpy) are identical in all
coordinates expect the r-th). If » > p then

| fs,0.x(C1,...,Copt) = f5,,x(C1,...,Copr)| =0 .

z is Fj-measurable as well

Otherwise,

fs.p.x(C1,...,Copr) = f5,0,x(C1,...,Copr)

- Z ]lemSm( P Cs)=0" Z ]lemSm( L_, CL)=0

beX beX

< Z Lw,nsnc, 0 + Z Lw,nsncy#0
beX beX

<2.d-61

20



The last inequality holds, since the sets Wy, ..., W,, are pairwise disjoint and only contain large
items, and furthermore, a configuration C' € C may contain at most d-5~! large items. Thus, fs.p.x
is of (2-d-d~1)-bounded difference.

By Claim 3.10 and Lemma 2.3 we have

Pr(|ZNVje1] > (1-0)|Z]+6* - OPT)

IN

Pr<\szj,g+1\—E[\ZmVj,My | 7] > 520.OPT>

IN

Pr (fisypy02(CT7 o CBRY) = E [fisy 102 (CTT o CB50) | Fi] > 6% OPT)

< 2.540.0PT?
exp

< _
- OPT-4-d%.62

) < exp (—550 . OPT)

The last inequality holds as d% > 285 > 4. o

Define n = L% -log_s %J We use Claim 3.11 to prove the following.
Claim 3.12. Let ¢ € {0,1,...,d — 1}. Then
\Vensd—e N Vies1yma—e| < ﬁ_%d(l +26) + |Vepa—e| + 1+ 6 - OPT
with probability at least 1 — n - exp (—550 . OPT).
Proof. We use induction on j =0,1,...,7n to show that
Vend—t O Veijd—e] < (1 =06)7 - [Vepa—el + 5 - 06*° - OPT

with probability at least 1 — j - exp (—550 . OPT).

Base case: For j = 0, it holds that Vi, a—¢ N Vigtja—e| = |Vin,d—e| with probability 1.
Induction Step: Assume the induction hypothesis holds for some j > 0. Define Z = Vj.,, 43¢ N
Vitj,d—e, and observe that Z is Fy., 4 ;-mesuarable. By the induction hypothesis and Claim 3.10,
it holds that

(1 =0 - [Vena—el +- 6% - OPT
(1-96)-1Z|+ - OPT

Zl = Viwae N Viria
1Zl = |Vend—e N Ventja—el (24)
and 1Z N Vit j1,d—e]

with probability at least 1 — (j + 1) - exp (—550 . OPT). Furthermore, if (24) holds, then

Vend—e N Venrjrt,d—rel = 120 Vegjvi,a—el
< (1-90)-|Z|+ 6 OPT
< (1=0)* - [Viga—el + ( +1) - 6% - OPT,

where the first equality holds since for all b € Vi, g—¢ N Vipijt1,a—¢ it also must hold that b €
Vigtjd—e- This completes the induction step.
Therefore, using the definition of 7,

Vend—e VVier1yma—e| < (1=0)"+ Vool +n-6* - OPT
1
—2d
< f_5 \Vema—el +n- 6% - OPT

< B3 (14 26) - [Veya—el +1-6% - OPT
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with probability at least 1 —n - exp (—550 : OPT). o

Using Claim 3.12 and a simple induction, we attain the following.
l
Claim 3.13. Let { € {0,1,....,d}. Then [Viy<a_e| > (1 Bl 25)) m — -6 . OPT
with probability at least 1 — £ - n - exp(—6°Y - OPT).

Proof. We prove the claim by induction over /.
Base Case: For ¢ = 0 it holds that

0
Voal =l = (1= 673 - (1+25)) m—0-9-5' OPT .

Induction Step: Assume the claim holds for ¢ < d. Then, by the induction hypothesis and
Claim 3.12 it holds that, with probability at least 1 — (£ + 1) - - exp (—550 . OPT),

v

¢
Ve, <a—l (1—5‘%(14_25)) cm—£€-n-60.0PT

(25)
1
and [Voya—e N Vieryma—e| < B2 - (14 26)|Vepa—i +n- 6% - OPT .
Assuming (25) holds, we have
\Vieryn<d—e—1| = WVim<a—e—1| + |Viga—e \ Vie1yn,a—e|
Vieryn<d—i—1| = Wi<a—e—1| + |Viga—e \ Vie1yn,a—e|
= |Vi,<d—t-1| + [Vin,a—e| = [Ven.d—e N Viex1ynd—e|

1
> Vg, <d—e-1| + [Vena—e| — <5_ﬂ (1 +28)|Veya—e| +1- 6% - OPT)
Vogocial+ (1= 53 (1 28) Wi 169 - OPT

(1-87%7 - (1+20)) - Vepza—el = - 6 - OPT

Y

¢
> (1_5—% : (1+25)) : <<1—5—%(1+25)) -m—é-n-ém-OPT) — 56 .0PT
1 Z—l—l
> (1—5—ﬁ(1+25)) m—(£+1)-7-62. OPT,
which completes the induction step. o

By Claim 3.13 it follows that with probability at least 1 — d - nexp (—550 : OPT) >1-6%-
exp (—550 . OPT) it holds that

Viiol = [Via.<ol

d
> (1—5—zd(1+25)> m—d-n-62.0PT

m—2d-6-m+-68-0PT

v
N
—_
|
N
S

-m—4d -6 - OPT .

V
/N
—_
|
N
&

The first inequality holds since n-d = d - {2 g - logy_s %J < % 'logl_(;% < j1. The third inequality
1

d d
holds since <1 — B_i(l + 26)) > (1 — ﬂ_ﬁ> —20-dand d-n < k <6 2. The last inequality
holds as m < 2 - OPT. O
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To complete the proof of Theorem 3.2 we only need to combine the results of Lemmas 2.6, 3.8
and 3.9. Assume the inequalities

*

p

IN

8-d-6-OPT+1

k
63 OPT(Sj-1,v) < (1+nB)OPT +|Tj,|- <1 - % - %1115)

+60-d?B5 - OPT + 03K - B - k()

j=1

1 d
IT;,| 2(1_5_ﬂ) -m—4-d-6-OPT

hold. By Lemmas 2.6, 3.8 and 3.9, these inequalities hold with probability at least

550
p— _2 . _ 7 . _ . . _4 . —_— . _— _2 _— 50 .
1—6% exp(—6"-OPT) — K -k(0) -0 *-exp < T RE0) OPT> 6 “exp (=6 - OPT)
5 550
> 1-K-.§5. . S
> 1—K-67 k() exp ( T R20) OPT)

Thus, if OPT is sufficiently large then (26) occurs with probability at least % Furthermore, in
this case it also holds that

k
5> OPT(S;-1,v)

i=1

< (1+mpB)OPT + [T}, - <1—%—%lnﬁ>+60-d2ﬁ5-OPT+5‘3K.5.,{(5)
< (1+lnB)OPT+<(1—ﬂ—%>d.m_4.d.5.opT>,<1_i_lln5> (27)
< =3

+60-d*B5 - OPT + 63K - B - k(0)
< (1+WnB)OPT — x(B,d) -m +90-d*-§-8-OPT + 63K - - r(6)
< (1+mmB—x(B,d)+90-d*-5-B)OPT + 5 K -3 -k(5) .

VB 2
the definition of x(8,d) as given in the statement of Theorem 1.5. The forth inequality holds as

x(B8,d) > 0 and m > OPT.
By (6), (26) and (27), the size of the solution returned by Algorithm 1 is

The second and third inequalities hold as —f < <1 —L 1l 5) < 0. The third inequality uses

k k

D pitp < P4+ (1+46)-6) OPT(S;-1,v)+8-d-5-OPT+1

j=1 j=1

572+ (1+46) ((1+WpB—x(8,d)+90-d*-§-B)OPT+ 63K -53-k(6)) +8-d-5-OPT

<
<(1+InpB—x(8,d) +200-d*-5-B)OPT + 35 °K - k(5) .

That is, the algorithm is a randomized asymptotic (1+1In 8 — x(3,d)+200-d? - § - §)-approximation
algorithm for dVBP. O
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3.2 The Weak Structural Property

In this section we prove Lemma 3.5. The lemma relies on an implicit rounding of the large items
volumes to multiplicities of %. While the volume of the items is rounded up, the slack of the
configurations Bji,..., Bs ensures that these remain feasible configurations with respect to the
rounded weight. Subsequently, the proof of the lemma views items of the same rounded volume as
interchangeable, which is key in attaing the bound on OPT(Q,v) as stated in Lemma 3.5.

The lemma is utilizes some ideas from Bansal et al. [BEK16]. However, the rounding procedure
in their work only requires each of the configurations By, ..., Bs to have slack in d — 1 dimension,
and combines a shifting argument as part of the rounding. As mentioned in the introduction (see
also Appendix A), the approach taken by Bansal et al. [BEK16] has a flaw in the analysis, and
hence cannot be used. Requiring the configurations to have d-full slack is a simple way to work
around the flaw. When possible, the notations used in both lemmas are kept similar.

Proof of Lemma 3.5. We assume that d € Ny and 6 € (0,0.1). Throughout the proof, consider
an instance (I,v) of dVBP. Furthermore, we assume § < d% and 67! € N. As in the statement
of Lemma 3.5, let By,..., Bs € C be collection of configurations with é-full slack, and define R =
BiUByU...UBs.

Recall that L is the set of large items of the instance (I,v). Set h = 2and G = {1,...,2-d-h}<.
For every a € G define

52 52
Ia:{ZELmR‘VTE[d] ﬂ(ar—1)<vr(z)§ﬂar} . (28)

Also, define the rounded volume of a € G by

2
o(a) = 25—d Q. (29)

Implicitly, we round the volume of all items in I; to ©(a). Since v(i) € (0,1]¢ for every i € I, it
follows that (Jzeg Ia = RN L.

The type of a configuration C' € C, denoted T(C), is the vector £ € NY defined by ; = |I; N C|
for every a € G. That is, t; is the number of items from I; in the configuration C' € C. Define
T =A{T(By) | £ = 1,2,...,s} to be the set of all types of configurations in By,...,B;. As a
configuration C' may contain up to d - 6! large items, it follows that

I71< (d-
< (d-

= exp((2:d-67%) " m(d-67"))

IN
D
»
k=)
N - NN

7
>
>
L
ja—
=
—~
=
[\V]
S—
~——

< exp (670 571)
k(9) _ovd+1
S T,Sexp((d2'5 2) +>.

where the third inequality holds as d? < §—!. Similarly to (29), we define the rounded volume of
teT by
o(f) =Y ta-0(a) . (31)

acg
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For every ¢t € T define

L; = U ByNL  and Sy = U B, \ L,
l€[s] s.t. T(Bg)=t l€[s] s.t. T(Bg)=t
as the set of large items and the set of small items in configuration of type ¢ among By, ..., Bs,

respectively. Also, for every r = 1,...,d define " € [0,1]] by o} = v,(3) for all i € I. That is, "
is a representation of the volume of the items in the r-th dimension as a vector. For every t € T
define

Siargei = {lnnz; |a€G}  and  Sgpang= {1, A0 | r=1,2,...,d}.

Finally, define S = (Jger (Slargef U Ssmau,g).
Claim 3.14. It holds |S| < k (9).

Proof. By a simple counting argument,

’S‘ < Z (‘Slarge,f‘ + ‘Ssmall,f‘)

teT
< [T1- (1G] +d)
< ol ) e
< (exp (=5-671-1n(9)))
< /1(5)
The third inequality uses (30) and the forth inequality uses d < 6. o

We are left to show the constructed structure S satisfies the condition in Lemma 3.5. The
following claims provide some basic properties which will assist us in achieving this goal.

Claim 3.15. Lett € T and let C € C be such that C C LN R and T(C) <t. That is, for alla € G
it holds that T(C) < taz. Then v(C) < 0(t).

Proof. For r =1,...,d it holds that

v(C) = > Y (i)

acGieCnlig

S )

acGicCnlg

= > TaC

acg

< ) ta-ie(@) =oo()

IN

The first inequality holds since v, (i) < 9,(a) for every i € Iz by (28) and (29). The second inequal-
ity follows from the assumptions of the claim. The last equality follows from the definition of o(¢)
n (31). o
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Claim 3.16. Lett € T and C € C such that C C RN L and T(C) =t. Then v, (C) > 0,(C) —
forr=1,...,d.

N[>

Proof. For r =1,...,d it holds that

v (C) = Z Z vy (1)

acG aceCnlig

- 52
= (&) —lONLl- o7

0
> 0,.(F) — = .
_UT(E) B

The first inequality follows from (28) and (29). The last inequality holds, as [C NL| <d-67L. o

Claim 3.17. Let £ € {1,...,s} and t = T(By). Then v,(B;\ L) <1—&,(t) = § forr=1,....d.

Proof. For r =1,...,d we have
- 0 - 0
v (Be\ L) = v.(By) —v,(BeNL)<1—68— | 0.(¢) — 3)= 1—0,() —5
The inequality holds since By has d-full slack and by Claim 3.16. o

The following is an immediate consequence of Claim 3.17.
Corollary 3.18. For allt € T andr € {1,2,...,d} it holds that v,.(t) <1 — g.
Let @ C R and v € (0,1) be such that
520
VaueS: ]lQ-ﬂSy']lR-ﬂ—l—%-OPT(I,U)-tol(ﬂ) . (32)

To complete the proof, we need to show that OPT(Q,v) < y(1+d-8)-s+'0-OPT +k(d). Towards
this end, we will construct a separate packing of @ N (L; U S;) for every t € T.
Define the prevalence of type t € T by pr = [{¢ € {1,...,s} | T(B¢) =t}|. That is, p; is the

number of configuration among By, ..., Bs of type t. For every t € T, define
515
= |v-pr+ —= - 0OPT| . 33
i [7 Pit w (33)

We will show that OPT(QN(L;US;)\ X7, v) < n; where X7 is a set that satisfies OPT(X;,v) < §-n;.

Claim 3.19. For every t € T there exists D{,...,Df_zt_ C I such that J}-, Df? = QN L; and
v(D)) <o(t) fort =1,...,n.
By Claim 3.19 we can pack the items in @Q N Lz into 7; configuration with volume at most o(¢).

The unused volume of 1 — 9,.(¢) in each coordinate r = 1,...,d will be used to pack the set small
items @ N Sj.
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Proof of Claim 3.19. Let Gz ={a € G | tz # 0}. For every a € G\ G;, we have t; = 0, and therefore
Ly NIz = 0 (configurations of type ¢ do not contain items from Iz, and L is a set of items in
configurations of type t). Thus QN LyNI; =0 for all a € G\ G;.

For all a € Gz it holds that 17,nr; € Sjarges € S. Thus, by (32) we have

620

QNINLi = 1g- 11, < ’y-]lR-]lL_lmLt-—l—w-OPT(I,U)-tol (Lr,nz;) - (34)
Furthermore, for all C' € C it holds that >, (]lL-ng)i < Yiecclier £ d- 51 < 672, thus
tol(17,nz;) < 6~2. By plugging the last inequality into (34) we obtain,

518 518
|Qﬂ[c—bﬂL{| < v-1p- ]lfaﬂLz + w . OPT(I,’U) < - |Rﬂ]ﬁﬂL{| + w . OPT(I,’U) . (35)
Observe that

IRNI;NLf = > B, NI = > tz =pi-ta - (36)

l€[s] s.t. T(Bg)=t L€[s] s.t. T(Bg)=t

By (35) and (36), it holds that
_ 518 _
QNN L < ’y-p;'ta—F@-OPT(I,U) <t n.

Therefore, for every a € Gy we can partition Q N Iz N L; into n; sets D’ia, e ,Df_h_@ such that
‘Dza‘ < t5 (we allow sets in the partition to be empty). Define sets D’ij, e Dgz by Dﬁf = Uaegf Dg,a
for all £=1,2,...,n;. It follows that

U Ui B

Upi = JUDi, = J@nEanL)=QnL; .

=1 {=1acg; acGz

For all @ € G\ Gy and £ = 1,...,n; it holds that T5(D}) = ‘Dg N Iz| = 0 = t5. Furthermore, for

all @ € Gy and £ =1,y it holds that t Ta(D) = | D{N Ia| = |Df;| < fa. Thus, T(D}) <7 for
all £ =1,...,n;. By Claim 3.15, it follows that U(Dg) <o(t) forall £ =1,...,m. o

While Claim 3.19 handles the large items in @), the next claim deals with the small items in Q.
Claim 3.20. For allt € T there exists Ff, e ,F;;jt_ C I and Xz C I such that

o UL, F/ = (QnSp\ Xy,

e OPT(X7v) <6-d-mp+1,

o and v, (F}) <1—0,(t) forallt=1,...,n5 and r = 1,...,d.
Proof. For all r = 1,...,d it holds that 1s; A©" € S. Thus, by (32) it holds that

20
v (QNSH =1g- (Ls, AD") < 7-]13-(]15/\T}T)—I—%-OPT-tOI(]lgt/\@T) . (37
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For all C' € C it holds that Y ;. (15, A0"), < e vr(i) < 1, hence tol(1g; A2") < 1. Thus, we
can rewrite (37) as

20 520
w.opT = v-v.(RNS;) + —=-OPT .  (38)

v(@NS) < v 1 (Ls; A7) + O

By the definition of S; we also have

- J -
v (RN S5) = > (B L) < > ) (1 —0,(t) — 5) <pg-(1=79:(%), (39
Le(s] s.t.T(By)=t L€[s] s.t.T(By)=t
where the first inequality follows from Claim 3.17. By (38) and (39) we have
520

w(@NS:) < el =5 O) + 25OPT < (1= 0): (it 2

15
OPT) < (1= 5,(B) 7, (40)

where the second inequality follows from Corollary 3.18.
Our construction utilizes integrality properties of the polytope P defined by

g
fiip =1 Vie QNSy
P ={pe[0,1]@NSxlnl | =1 ] (41)
PR ORNTVES BN() vre[d], €€ [n],
1€QNSE

That is, an entry in P is a vector with entries of the form fi; o, where i € QN Syand £ € {1,...,nz}.
The entry fi; o can be interpreted as the fractional assignment of the item ¢ to the /-th bin. The
first constraint in (41) ensures all the items are fully assigned, and the second constraint enforces
an upper bound on the total volume of items assigned to a specific bin in each coordinate. It is
well-known (see, e.g., [BEK16]) that a vertex of P contains at most d-n; fractional entries. Formally,

if o* € P is a vertex of P then H(z,f) €QNSy x{1,...,mg}t | i, € (0, 1)}‘ <d-n.
In order to exploit the above-mentioned property of P, we first need to show P # ). Define
T € [0,1]9NSex{Lmi} by 7, , = % foralli e QNS;and £ =1,...,n;. For all i € QN S; it holds

that ;
1
ZM_Z—;L (42)
= 177
Furthermore, for every £ =1,... ,nfand r =1,...,d we have
S nl) Fe= Y 0li) — =~ 0, (QNS) < 15D, (43)
oM

1E€EQNSE 1€QNSE

where the last inequality follows from (40). By (42) and (43) we have T € P, and thus P # 0.
Therefore, there exists a vertex i* of the polytope P and it holds that

H(Z,@) € QNS x {17"'777{} ‘ /Tik,ée (071)” <d-n .

Define X7 = {z cQnS; (az €{l,....s}: W, € (0,1)}. It thus holds that |X;| < d -7 Since

all items in X7 are small, it holds that every subset of 6! items of X7 form a configuration, thus
OPT(X7,v) <46l Xg|+1<d-d-n+ 1.
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For ¢ = 1,... n; define Ff = {z € QNS ‘ Bie= 1}. As p* € P (41) it holds follows that
v (F) < >icons, V(i) - [if y < 1= 0,(t) for all r =1,...,d. Furthermore,
g

UF ={ie@Qnsp|ve=1,...m: i €{0,1}} = (@nNSp\ Xy,
/=1

which completes the proof of the claim. o
For every t let D{, . ,Df,m be the sets from Claim 3.19 and let X7 and Flf, e ,th_ be the
sets from Claim 3.20. It follows that v,(D} U F}) < 0,(t) + 1 — 0,(f) = 1 for all £ = 1,...,5;

and r = 1,...,d. Thus Df?U FZE € C forall £ =1,...,m;. It also holds that U?’;l (DEUFZE) =
(N (LyU Sy)) \ Xz. Therefore,

OPT (Q N (LzUS;),v) < OPT((QN (LU Sp) \ Xg,v) + OPT(Xgv) < mp+6-d-np+1,

and thus,
OPT(Q,v) < Y _ OPT(QN(L;USp),v)
teT
< D (mp+6-domp+1)
teT
< TI+Q+6-d)>
teT
515
= \T\+(1+5'd)z [’y-ngr@-OPTw
teT
§15
< 3. . o ——
< 3T+ (1+6 d)Z(v pt+ﬂ(5) OPT>
teT
515
= 3. |T|+7-(1+5-d)Zpg+(1+5-d)-|T|-@-OPT
teT
< K@) +v-(14+6-d)-s+60 OPT .
The first equality follows from (33). The last inequality uses (30) and d < §1. O

4 Asymptotic (% + 8) approximation for 2VBP

In this section we prove Lemma 1.9. That is, we show that Algorithm 2 is a randomized asymptotic
(% + 6)-approximation algorithm for 2VBP. The analysis of the algorithm utilizes a variant of the
Configuration-LP (1) in which each item ¢ € I has a demand d; € [0,1]. That is, given a 2VBP
instance and for every demand vector d € [0,1]! define

Demand-LP(d) : min Z Zc,
ceC
Viel: > xc-C(i) =d;, (44)
ceC

vC eC: o >0 .
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Observe that for every S C I it holds that LP(S) is identical to Demand-LP(1g). We use OPT ¢(d)
to denote the value of an optimal solution for Demand-LP(d)

We extend the definition of configuration to allow multiple occurrences of items. Let (I,v) be a
2VBP instance. A multi-set over I is a function C': I — N. For i € I we say that i € C' if C'(:) > 0.
A multi-configuration is a multi-set C' over I such that v(C) = >_..; C(i) - v(i) < (1,1). We use C*
to denote the set of all multi-configurations. We identify the set C' C I with the multi-set C’ in
which C'(i) = C(i).

Given Z € [0,1]° (z € [0,1]") the coverage of Z is the vector § € [0,1) defined by 7; =
Scecto - Ci) (§i = Ycee- To - C(i)) for every i € I. We say that § € [0,1] is small-items
integral if g; € {0,1} for any i € I'\ L. Similarly, we say that z € [0,1]° (z € [0,1]¢") is small-items
integral if its coverage is small-items integral.

Recall that OPT(I,v) is the minimum solution size for the instance (I,v). Our analysis relies
on the existence of “linear structures”.

Definition 4.1 (Linear Structure). Let 6, K > 0. Let (I,v) be a §-2VBP instance, let X € [0,1]¢",
and let w € [0,1]! be the coverage of A. A (8, K)-linear structure of X is a subset S C RL of size
at most K which satisfies the following property. For any small-items integral vector Z € [0,1]! and
8 e [55, 1] such that supp(z) C supp(w) and

2'ﬁ§5-w'ﬁ+%'OPT(I,U)-’EOKQ), (45)

for all i € S, it holds that OPTy(z) < 8- (14 106) - | A| + K + ' - OPT(I,v).

Observe that a linear structure has properties similar to a weak structure (Lemma 3.5). Intu-
itively, a linear structure implies that if a demand vector Z satisfies a ‘small’ number of constraints
with respect to 8 (where K is a constant, as defined in Lemma 4.2) then we obtain a decrease in
OPT((Z) by factor of 3. While linear structures do not necessarily exist for arbitrary vectors A,
we show that such structures exist for vectors which only select configurations with slack. We say
that C' € C* has d-slack in dimension d € {1,2} if v4(C) < 1—6. We say that C' € C* has d-slack if
there is d € {1,2} such that C has é-slack in dimension d. Finally, we say that A € [0,1]¢" is with

d-slack if every configuration C' € supp(A) has d-slack.

Lemma 4.2 (Structural Property). Let (I,v) be a 0-2VBP instance, where 6 € (0,0.1), and
671 € N. There is a set S* C RL, such that |S*| < ¢(8) - |L|*, where p(6) = exp (62°), which
satisfies the following property. For any small-items integral X € [0,1]¢" with §-slack, there is a
(8,(8))-linear structure S of X where for allw € S: if supp(a) N L # 0 then u € S*.

The proof of the lemma (given in Section 4.2) uses some of the structural features shown by
Bansal et al. [BEK16], along with the recent concept of fractional grouping, adopted from Fairstein
et al. [FKS21]. While the set S* does not limit the number of structures which may be generated
by the lemma, it limits the set of vectors these structures may use. This attribute is crucial for our
analysis (specifically, in the proof of Lemma 4.16).

To show the existence of linear structure we often need to convert an arbitrary configuration to
a vector A with a slack. To this end, we use the following definition and lemmas.

Definition 4.3. Given C € C and ¢ > 1, we say that X € [0,1]°" is a -relaxation of C if the
following conditions simultaneously hold:

1. X is with §-slack,
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2 A<,
8. and Y cicor Acr - C'(i) = C(i) for every i € I.

Lemma 4.4. Let § € (0,0.1) be such that 6~' € N and let (I,v) be a §-2VBP instance. Then for
any C € Cy, there is a (1 4 40)-relazation of C.

Lemma 4.5. Let 6 € (0,0.1) and let (I,v) be a §-2VBP instance. Then for any h = 2,...,267"

and C € Cy, there is an hﬁl—relazatz'on of C.

Lemma 4.6. Letd € (0,0.1), let (I,v) be a §-2VBP instance, and let C' € C such that v(C) < (4,0).
Then there is a 40-relaxation of C.

The proofs of Lemma 4.4, Lemma 4.5, and Lemma 4.6 are given in Section 4.3. Some of the
statements and techniques used in the proofs can be viewed as variants of [BEK16, Lemma 5.3]. We
proceed to the analysis of Algorithm 2 in Section 4.1. The PTAS for the Matching Configuration
LP (4) (Lemma 1.8) is given in Section 4.4.

4.1 The Analysis of Match&Round

Throughout this section, we fix a 6-2VBP instance (I,v) and § € (0,0.1) such that 6~' € N.
Thus, notations such as p;, S; C’g, and M refer to the corresponding variables in the execution of
Algorithm 2 (and the call to Algorithm 1 as part of its execution), with (I,v) as its input and &
as the parameter. We also use ¢(J) = exp(d~%) as in Lemma 4.2 and OPT = OPT(I,v). We
commonly use k = [Iny_4(0)] < 52

The core of the analysis is in Section 4.1.1, in which we derive a bound on the number of
configurations sampled by Algorithm 1. Section 4.1.2 gives the proof of Lemma 1.9. The analysis
involves the use of several concentration bounds whose proofs are simple yet technical. To avoid
diversion from the main flow of the analysis, we defer the proofs of the concentration bounds to
Section 4.1.3.

We use the probabilistic space (2, F,Pr) as defined Section 2. Recall that Lemma 2.6 provides
an upper bound on p*, the size of the solution returned by First-Fit in Line 6 of Algorithm 1. Also,
observe that E[[M]|] = (1 — &%) - 2° - 1¢, (recall Cy is defined in (2)). We use the concentration
bounds of Chekuri, Vondrak and Zenklusen [CVZ11] to show that, with high probability, |[M| is
close to its expectation.

Lemma 4.7. It holds that |IM| < z°-1¢, + 6% - OPT with probability at least 1 —exp (—6'° - OPT).

The proof of the lemma is given in Section 4.1.3.
The size of the solution returned by Algorithm 2 is |[M] + Zle pj + p*. As Lemma 2.6 and

Lemma 4.7 give upper bounds for | M| and p*, it remains to derive an upper bound on Z?Zl Pjs
the total number of configurations sampled by Iterative Randomized Rounding.

4.1.1 A Refined Analysis of the Iterattve Rounding

Our analysis relies on the key notion of “untouched” configurations. Recall the sets of configura-
tions C; were define in (2), and Cy = C \ < iﬁ;l Ch). For iteration j € {0,1,...,k}, define the set

of untouched configurations as
Ui={CeC|CNnS;¢C}={CeC|v(CNS;NL)>(1—-06,1-6)} .

Since Sgp 2 S1 2 ... 2 Sy, it follows that Uy 2 Uy 2 ... 2 Ug. We denote by Tp = C \ Uy the
initial set of touched configurations, and by T = U;_1 \ U; the configurations that become touched
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in iteration j, for j = 1,...,k. Observe that Cy C Tp. We refine the sets U; and T} by defining
Ujn=U;NCpand Tj), =T; NCy for j =0,...,k and hZO,...,2-5_1.

Intuitively, we view configurations in Cy as “easy” compared to configurations in C \ Cy. Indeed,
we can construct linear structures only for configurations with a slack (Lemma 4.2), and a slack can
be obtained with negligible overhead for configurations in Cy. Thus, configurations in U; “remain
difficult” after iteration j, while configurations in 7; “become easy” in iteration j. Observe that

k k—1 k-1
D pi<k+a(l+6%)) OPTs(Ls,) <k+(1+25)5 Y OPTy(Ls,), (46)
j=1 j=0 Jj=0

where the first inequality uses p; = [az;] < (14 6%)OPTy(Lg,_,) + 1, and the second inequality
uses a1 + 62) < (1 +26)d. Next, we derive an upper bound on 52?;& OPT((1s,). By (46), this
would imply a bound on Z?:l pj, the number of configurations sampled by Algorithm 1.

Recall that z° is the solution for MLP found in Line 2 of Algorithm 2. We define z* € [0, 1] by

Ig = Z 72,

C’eUp\C2 s.t. C'NL=C

for each C' € C. Inzuitively, Z* can be viewed as selecting all the configurations in Uy \ Cz as in z°,
and then discarding the small items. Since Uy is Fo-measurable and z° is F_;-measurable, it follows
that £* is Fp-measurable. It can be easily verified that z*-1¢, = z0. Ly, for every 3 <h <2- 51
and z* - 1¢, = * - 1¢, = 0. Furthermore, for any C' € supp(z*) it holds that C' C Sy N L.

Let 7* € [0,1]! be the coverage of Z*. Then supp(7*) € SoN L. We note that our definition
of * does not include the coverage of items by configurations in Ty U Co in 2Z°. The coverage of
these items is given by 1; — ¢*. In the analysis we consider these coverage vectors separately, using
the inequality

k—1 k—1 k—1
5> OPTy(ls,) <6Y OPTy(ls, AF*)+6 > OPTy(Is, A(Llr - 7)) - (47)
=0 §=0 §=0

The configurations in supp(z*) are those that remain “difficult” after the sampling of M;
thus, 7* represents the coverage of items by these difficult configurations. Other configurations are
either in Ty, or in Co. As the configurations in Ty are “easy”, we use them to compensate for items
not selected by the matching M. Due to a technical limitation of linear structures, we eliminate
the small items from 7*.

Our analysis relies on the following application of linear structures in conjunction with Lemma 2.4.

Lemma 4.8. For j € {0,1,...,k}, let A€ 0,1 be an Fj-measurable random vector, w the
coverage of A\, S an Fj-measurable random (8, ¢(8))-linear structure of X, and d € [0,1]' a small-
items integral F;-measurable random demand vector. Then

Vr=j,....,k: OPT;(dA1Lg,) < (1—0)"7(1+100)||Al| + ¢(6) + 6'°OPT

with probability at least & — o(8)? - exp <—%>, where

g:Pr<vzzeS: (Lg, Nd)-u<w-u+ !




The proof of the lemma is given in Section 4.1.3.

We proceed to separately bound the quantities § Zf;ol OPTy(1s; A y*) (see Lemma 4.11) and
52?;5 OPTy (L, A (L1 — 5*)) (see Lemma 4.16). The bound on 52?;5 OPT(1s; Ay*) is derived
using the next lemmas.

Lemma 4.9. With probability at least 1 — 60 exp (—550 . OPT) it holds that
Vh=2,...,2-6 Y j=1,... k: E[z* 17, | Fj-1] —2" - 1g,,| <6 -OPT . (49)

The proof (given in Section 4.1.3) is a simple application of a Lemma 2.3.

Lemma 4.10. There exists p: (0,0.1) — R, independent of the instance (I,v) and &, such that

Vh=2,...,2:6" j=1,...k: 21y, >(1-06)"7-7° 1y, — 6" OPT or OPT(Ls,) < u(5)
(50)
with probability at least 1 — 610 - exp (—550 . OPT).

azj+l .
> implied

The lemma follows from the inequality Pr (C € U, | Fj—1) > Loeu; - <1 — %

by Lemma 2.1, the observation that (1 — %)a'zﬂ — (1 —6)" as z — oo, and Lemma 4.9. The

dependence on p in the lemma arises as the observation holds only if z is sufficiently large. The
proof is given in Section 4.1.3. Henceforth, we use u to denote the function in Lemma 4.10.

Lemma 4.11. Assuming OPT > 6730-(¢(8) + u(d)), with probability at least 1—¢*(5)-exp <—ﬂ>

©25(9)
it holds that
k—1

8> OPTy(1s, AJ*) <
=0

2% 1y, +30-6-OPT .

QI W~

Proof. For j = 1,...,k, define @’ € [0,1]!, the touched demand of iteration j, as the coverage
of z* A 1r,. This is the coverage of items in configurations that become touched in iteration j,

given by d} = ZCeTj x5 - C(i) for all i € I. For every i € I and r € {0,1,...,k — 1} we have

T

gy d =Y "z5-C) =) 15-Cli)= Y 35 Cl),
j=1

cec j=1 CET; CeUr

where the last equality follows from supp(z*) N Ty = @) (by the definition of z*). Hence, T* A 1y,
is a solution for LP <g7* — > i Jj), and thus OPT} <37* — > d_j> < z* 1y,. It follows that for
r=0,1,.. . k—1,

OPTf(5* Alg,) < Y OPTy (& Alg,) + OPTy <y* - Zdj>
j=1 j=1
i (51)
<Y OPTy (& Alg,) +Z*- 1y, .
j=1

We use Lemma 4.8 to bound the above terms OPTy (Jj A ]lgr). We note that a natural can-
didate for the construction of the vector A in Lemma 4.8 for iteration j = 1,...,k is the vector
[ €[0,1]°" defined by fi7, = >_crer; and c'ns;—c Lo for all € € € (and f =0 for CeC*\C). It
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is easy to verify that fi/ is with é-slack and its coverage is d/ A 1 s, However, using this construction
in the analysis leads to a sub-optimal approximation ratio. To some extent, this sub-optimality can
be attributed to the fact that supp(z’) may contain configurations which use only a small fraction
of the available volume. For example, in case C' € T}, for some large h and |CNS;NL| =1, we
may have that ﬂémLmSj > 0, while v(CNLNS;) is very small (e.g, (0,1.1-6)). Due to dependencies
between items, such events may have non-negligible probability. To overcome this sub-optimality,
we use for the construction of M € R€" conditional probabilities as described below.

For h = 2,...,2-6" " and C € Cp, let 3¢ € [0,1]°" be an %—relaxation of C. The existence
of 4% is guaranteed by Lemma 4.5. We define, for j = 1,...,k,

V= S <Pr (CeTy| Fiy) - <1 - (1 = i>pj> : JLCEUj1> 5, (52)

-
Cec\Cy J

and let @’ be the coverage of M. Since Uj_1, p; and z; are F,;_j-measurable, it follows that M is
Fj—1-measurable (and thus also Fj-measurable). Furthermore, since 7¢ is with é-slack for every
C € C\ Cy, it follows that N is with é-slack for j = 1,..., k.

(2

Claim 4.12. For j=1,...,k and i € I it holds that E [Jf Lies; ‘ ]:j_l] = .

Proof. For any ¢« € I \ L and j = 1,...,k it holds that E [Jg-]liesj |]:j_1] =0 = w{, as
supp(y*) € L and y* is the coverage of *. Thus, it remains to handle the case in which ¢ € L.
Now, for every i € L and j = 1,...,k, we have
fj—l]

E [cif - Lies; ]:j—l] =E Z Leer, - Lies; - ¢ - C(1)

LCeC
~E| Y <]lcETj—JlCETj-]l,~¢Sj> 75 O3 | Fioy (53)
| cec\Co
=) (Pr (CeTj| Fj1)—E {ﬂigsjlcwﬂ | fj—l]) -To - Ci) -
Cec\Co

The second equality uses T; N Co = () for j > 1, and the third equality uses that

Loer;Lligs; = loeu;_, - Logu; - Ligs; = Leeu,_y - Ligs;

for any configuration C' for which ¢ € C. By Lemma 2.1, we have

]:j—l] =lcey;_, - E |:]]-i¢5j ]:j—l]

1 Pj
= ]]-CEUjfl (1 - ]]-iEijl <1 - Z_> >
J
1 Pj
(- 2))
J

for any C € C\ Cy and i € C' N L. Furthermore, since ¥ is a relaxation of C, we have that

E ]]"Lﬁ?Sj ]]-CEUjfl
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C(i) = Y crecs & - C'(4). Therefore, for any C' € C\ Cy and i € L, it holds that

(Pr (CeTj| Fj—1)—E [ﬂigsj leeu; , | ]:j—l] > - Zg - C(i)

= (Pr(C €Ty | Fj1) - <1 - <1 - %)pj> ']lCEUj1> T - C(i) (54)
= (Pr(C €T | Fjm1) — <1 - <1 - %)p]) ']l(,*er1> ZTo c%;* 36 - C'(i) -

By incorporating (54) into (53), we have (for every i € L and j = 1,...,k) that
E [Jf Lies; ‘ -7:]‘—1}

. 1\% _ .
= > - <Pr (CeT; | Fio1) — <1 - (1 - ;> > -]LCEU“) - G- )
J crecx

CeC\Co
1/ % 1 P ~C
= Z C (Z) . Z To e Pr (C € TJ | ]:j—l) —(1-11- z— . ]lCGUj,1 Yo
crect CeC\Co J

= Y CG)- M, =)
C’ec*
<&

To show the existence of a linear structure for A using Lemma 4.2, we also need the following
claim.

Claim 4.13. For j =1,... kit holds that N € [0,1]°", w? € [0,1])!, and N is small-items integral.

Proof. We first show that M € Rgo- Let C € C\ Cy, thus there is i € C'N L. It therefore holds that

PI‘(C S TJ | ]:j—l) =K |:]]'C€Uj—1 ’ ]]'CQEU]* | ]:j—l]
= leev,, - Pr(C ¢ Uj | Fj-1)
> leeu, , - Pr(i ¢ Sj | Fj-1)

1 Pj
= ]]_Cer71 (1 - (1 — Z—> . ]]'iGSj1>
J
1 Pj
= ]]-CEUjfl I—{1- 2
J

The inequality holds since ¢ ¢ S; implies C' ¢ U, the third equality is by Lemma 2.1, and the last
equality holds since 1oey,_, - Lies; ; = Loev,_,- By (55) it follows that N e Rgo-

Since wff =E Jg “Lies, | Fj—1| < 1foreveryie I for j=1,...,k (Claim 4.12) it follows that
@’ € [0,1]7 and subsequently M € [0,1]¢" for j =1,... , k. Furthermore, w{ =0foreveryieI\L
(as yf =0, g* is the coverage of z* and (52)), hence @’ and N are small-items integral. o
By Lemma 4.2 there is a (d, ¢(8))-linear structure S; of M for j =1,...,k.
Claim 4.14. For any j € {1,...,k} it holds that
OopPT

B B OPT
Pr <VU c Sj . (]]-Sj /\dﬂ) 4 < E [(]]_Sj /\dﬂ) - U ‘ .Fj_l] + —9011(5) -toI(u)) > 1—90(5)-exp <_<,025(5)>
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The proo_f of Claim 4.14, given in Section 4.1.3, follows from Lemma 2.3. By Claim 4.12 it holds
that E [ﬂ (dj A ]lsj) ‘]:j_l] =a-w forj=1,...,kand u € S;; therefore,

. . PT
Pr<VaeSj: (Is; Nd)-u <w! -u+ O -tol(a)>

©!(6)
:PI‘<VU€S]‘3 (RSjAJj).QSE[ 1g. A j).u‘.ﬂ_l]—l-%&;))l(m)

J

>1—¢(6) - exp G%)

Here, the last inequality follows from Claim 4.14. Thus, by Lemma 4.8, with probability at least

OPT ) OPT 5 OPT
— k. . " | k. . ) >1-= . =
L=k eld) eXp( 9025(5)> Fe'(0) eXp( 9025(5)> >1-¢0) eXp( 9025(5)>’
it holds that
Vi=1,...,kr=j,....k: OPTy (& Alg,) < (1—68)"9(1+108)| N + ¢(5) + 6'°OPT . (56)

We henceforth assume that (56), (49) and (50) hold.
Observe that, for j =1,... k,

. B N ,
M| = Z Té (Pr(C €T, | Fi-1) — <1 — <1 - ;) > ']lcer1> A
CEeC\Co J

< Z o (Pr(CeTj| Fjoq)—6- ]10er71) 7€
CeC\Co
2.671 h
Z Z 70 (Pr(C e Ty | Fio1) =6 Leev, ) - =1
h=2 CeCy,

IN
|

N
52
—_
—~
(@)
g
~

I
>
g
[\
>
|| s
—_
—
=
B

" ]]-Tj,h ‘ ‘Fj—l] —4-7"- ]]'Ujfl,h)

2.5~
h ¥ 10 %
<Y 7 (@ 1n, +60-OPT 67" 1y, , )
h=2
2070
<D 7 (=07 Ty, =31y, ) +0%- OPT .
h=2

The first inequality follows from (1 — Z%_)pj < (1 —90) (Lemma 2.1). The second inequality holds,

since ¢ is an %—relaxation of C for any C € Cp; the third inequality follows from the assumption

that (49) holds; and the last inequality uses Tjp = U;_1p \ Ujp-
Combining (56) and (57) with OPT > 673%(6), we have

73 -1
OPTf(d]/\]lS) '2.6 h
r < _ r—3 . =% . _ak . 7
1100 =39 }; 1 (A=0)7" 1y_,, —7"-1y,,) + 6TOPT
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for j=1,...,k and r = j,...,k. Using the last inequality and (51), we obtain

_ 51
OPTf(y* A ]]'Sr 2 h » » B .
14106 <Zl_ Z—h_l((1—5)$ 1y, _,, — 2" 1y,,) + 2" 1y, + 6°OPT
= h=2
2~(571
h T— . _* 5
h=2
2670
— —h 1 ((1 — 5)7’ . j* . ]]‘U(),h _ ;f* . ]]‘Ur,h) + (1 _ 5)T’j* . ]]-Uo + 55OPT
h=2

for every r € {0,1,...,k — 1}. Observe that OPT(y* A 1s,) < OPTf(1s,) < OPTy(1s;) for
Jg=1,...,kand r = j,... k; thus, if OPT(Ls,) < u(d) < §300PT for some j € {1,...,k}, then
for every r > j it holds that OPT;(y* A Lg,) < §3°OPT . Using the above inequality and (50), we
have

_ 51
OPTf(y*/\]ls z 1_ 1_5) . . .
1+108 Zz T 1y, +(1—=6)"2" - 1y, +0°OPT .
Thus,
0 42 OPT(1s, A§")
1+10(5
K125 gy 1—6%7 b1 |
<0y Z LT Ly, + 6 Y (1—06)2" - 1y, + 6°0OPT
=0 h=2 =
B 5%:2 JlUOh —(1=0F 11—kt s 1-(1-)F 1 + SOPT
B h— 1—<1—6> 1= (1—o) g Tt
2.2
l%h 1-4 . 5
= Z o ( - >+:c-11U0+50PT
2.6-2
< h+1 jo]]-Uo,h_‘_égOPT‘i‘éHj*H )
h=3

The second inequality holds, since (1 — §)* < 6 and (1 — 6)" > 1 — §h. The last inequality uses
z* - 1y,, = ¥ 1y,, for h > 3, and Z* - 1¢, = 0 by the definition of Z*. Since [|7*|| < ||z°]| <
(14 6?)OPT < 1.01 - OPT, we have

k—1 2.672
h+1 4
83 OPTs (15, AT < Y % 3% 1y,, +30-5-OPT < 3 2% Lype, + 305 - OPT,  (58)
j=0 h=3

as in the statement of the lemma. As we assumed that (56), (49) and (50) hold, by Lemma 4.9 and
Lemma 4.10 it follows that (58) holds with probability at least

opPT

1— (703(5) - exp <_¢T(5)> —9. 5—10 exp (_550 . OPT) >1— (704(5) -exp (_ OPT >

©*(0)
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Define g™ as the coverage of 20 A L, ; that is, g™ = >ocec, T - C(i) for all i € I. To obtain a
bound on ¢ Zf;ol OPTy (1g, A (17 — 4")), we use the next lemma.

Lemma 4.15. For any i € I it holds that Pr(i ¢ Sp) = (1 — §Y)yM ifi € L, and Pr(i ¢ Sp) = 0
otherwise.

Proof. Let G = (L, E) be the j-matching graph of the instance. We use N (i) to denote the set of
neighbors of ¢ € L . Since M is a matching, for every i € L it holds that 1,¢q, = Ei’eN(i) Liiiyem-
Therefore, for any ¢ € L it holds that

Pr(i ¢ So) =E[ligs,] = > E[lgipem] =0=6 Y > e

i'EN(4) VYEN() CeCa s.t. {i,i/}CC
=(1-6" >z Cl — oty gM .
CeCq

The third equality holds, since Pr(e € M) = (1 — 6%) Y CeCy st eCC z2. Also, for any i € I\ L it
holds that i ¢ (J,cq €; thus, i € Sp, i.e., Pr(i ¢ Sp) = 0. O

We now derive an upper bound for § Zf;ol OPT; (]lgj A(Lf— g*))

Lemma 4.16. Assuming OPT > §=30¢(6), with probability at least 1—exp ( —OQTP% +©2(6) - In OPT)
it holds that

k—1

5ZOPTf ]ls AN1lr—g ))§

1
2% Ipe, + 3 |IM| + 506 - (OPT + |M]) .
7=0

OJI»-lk

Proof. Similar to the proof of Lemma 4.11, we use Lemma 4.8 also in this proof. To this end, we
construct a vector \ that is used to derive a linear structure S. Subsequently, we show that A and S
admit the conditions of Lemma 4.8 with respect to the demand vector 1g, A (11 — §*).

For any h = 2,...,2-6" ' and C € Cp,, let 7 be an %-relaxation of C, and for any C € (g
let ¢ be a (1 + 40)-relaxation of C. Furthermore, for any C' € C such that v(C) < (§,6) let 7€ be
a 46-relaxation of C. The existence of these relaxations is guaranteed by Lemma 4.4, Lemma 4.5,
and Lemma 4.6. Define

A=Y E Lyt YD 16T+ Y 1ee T

i€l CETO\CQ CeUguC2

where Ly € [0,1]" = Z such that Z;;, =1, and zo = 0 for C € C*\ {{i}}. Observe that Co C Tp
by definition; thus, v(C \ L) < (4,9) for every C' € Uy U Cy. That is, A is well-defined. Since
the instance does not contain ¢-huge items, it follows that Ly;yy is with d-slack. Hence, A is with
d-slack as well. As Ty and Uy are Fy-measurable, it follows that A is Fy-measurable. Let w be the
coverage of A and define d = 1g, A (1 — ¢*). Observe that we may have w; > 0 (i.e., i € supp(w))
for items already selected by the matching, that is, items in L\ Sy. The coverage of these items
can intuitively be viewed as a placeholder for items i € L NSy for which w; < d;.
For any ¢ € I\ L, it holds that

ni=> Ac-Cliy= > a%-ci+ Y #-C)

cec* CET()\CQ CEUOUCZ (59)
=) 3 Cl)=1=lies,(1—7) =d; .
ceC
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The fourth equality holds, as Z° is a solution for MLP. The fifth equality holds, since y; = 0 for
all i € I\ L and by Lemma 4.15. In particular, it follows that @w and A are small-items integral,
and w; — d; = 0 for any ¢ € I\ L. Furthermore, for any i € L it holds that

=0t gM+ Y a-cl) <ot g+ Y z-cl)y =5 g+ - <,
CGT()\CQ CGC\CQ

thus w € [0,1]7 and we can infer that A € [0,1]¢".
For any i € L, we have

di =Tlies, | 1 - Z ¢ - O(i)

CGUo\CQ
= Lics, — (1= Ligs,) Y, @-C(i)
CeUp\Ca
=Ticso— »_ e -Cl)— Y ligs, - loew, - 2 - C(i)
CelUp\Ca CeC\Ca
= ]]-iESO - Z jOC' : 0(2)7
CGUo\CQ

where the the fourth equality holds since for every C' € C such that i € C, if i ¢ Sy then C' ¢ Uy.
Thus, for every ¢ € L,

w; —d; = 6" gM + Z 7¢ - C(i) — | Lies, — Z ¢ - O(i)
CeTp\Ca CeUp\C2
=0t gM+ > 2 C) - Lies, (60)
CEeC\Cy
=00 g+ 1= g = Lies,
= ]]-ingo - (1 _54) g.z/\/l7
where the third equality holds since

1=>"20-Cli)= > 7&-Cli)+ Y 20-Cli)= > z&-CH)+5™ .
cec CeC\Ca Cely CeC\C2

By (59), (60) and Lemma 4.15, it holds that E[w;| = E[d;] for every i € I.
Using the concentration bounds for SampleMatching, as given by Chekuri et al. [CVZ11], we
can show that, with high probability, @ -d < @ - w for every @ € RIZO.

Claim 4.17. For any u € RIzo it holds that
- OPT OPT
P ASW-U+ —— tol(@) | < el
r(d u>w u—l—(pu(é) to(u)>_exp< (‘025(5)>

The proof of Claim 4.17 is given in Section 4.1.3.

Let 8* C RL, be the set defined in Lemma 4.2. Also, by Lemma 4.2, there exists a (J,¢(9))-
linear structure S of A such that for any @ € S which satisfies supp(@) N L # () it holds that @ € S*.
Observe that S* is non-random while S is an Fy-measurable random set, as X is Fo-measurable.
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Claim 4.17 requires that the vector u € Rlzo is deterministic, and thus we cannot directly use
the claim with a random vector @ € S. Instead, we use the set S* to circumvent this issue. Observe
that for any u € S, if supp(a) N L = () then d - @ = w - @ by (59), and if supp(a) # 0 then @ € S*.
Thus,

- opPT - oPT
7 cd-a<w-u “tol(@) | > ieS*: d-u<w-u - tol(@
Pr<Vu€S d-u<w u+<,011(5) toI(u)) _Pr(VueS d-u<w u—i—(pll(é) tol(u)>
OPT OPT
>1—|S*| . — >1— I .
>1— |57 exp< 9025(5)> >1 exp( ZZ00) + ¢(9) anPT>

The second inequality is by the union bound, and Claim 4.17. The third inequality holds, since
IS*| < ¢(8) - |L|* < () - 24 - 67* - OPT* as OPT > $|L|. Therefore, by Lemma 4.8, it holds that

Vi=0,...,k: OPTy(Ls, A(L; — 7)) < (1 —6) - (1 +108)[|Al| + ¢(6) + 6'°OPT  (61)
with probability at least
OPT 9 OPT OPT 9
_ = . - . — > 1— = .
1 exp( 500) +¢(6) - In OPT> ©*(0)-exp < 9025(5)> >1 exp< 500) + ¢*(9) anPT>
We henceforth assume that (61) holds.
We note that

2.1

_ h
NP <8 1p g™+ Y0 o2 gy, + (14 40) 20 1, + 40]2°)
h=3
1 (62)
1 1 3
<3 e, 20+ > 2% 1g, +105- OPT,
h=3
where the second inequality uses
1, gM=) gM=> > - c(l)=> z-2<22° 1, <2 (1+46°)OPT .
i€l ieL CeCa CeCa
It also holds that
2. -1
70 Iz, = Z 3_306' Leeny
h=3 CeC\Co\C2
< N B Y Migs, <D ligs, Y B C() <Y Tigg, <2-|M]
CeC\Co\C2  i€CNL = CeC\Cs icL
Plugging the above inequality into (62), we obtain
- 4 _ 1
BN gg-mo-]lTO\cz—|—§-|M|—|—10-5-OPT : (63)
By (61) and (63), we have
k—1 k—1 ‘ )
8> OPTy (Lg; ALy —5%)) <6 Y ((1—26)7 - (1+108)[|A]| + ¢(6) + 6'°OPT)
§=0 §=0
< (1+100)||A[| + °OPT
< (1+103) 3] .

4 1
< (1 +109) (5 2 Iy, + 3 M| + 106 - OPT) + 680OPT

IN

4 1
3 % Lpe, + 3 |IM| + 506(OPT + |M|),
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where the second inequality uses OPT > 6 3%p(d), and the last inequality holds since
1z° < 1.01 - OPT. As we assumed that (61) holds, it follows that inequality (64) holds with

probability at least 1 — exp ( or (T) + ©2(6) -In OPT), as stated in the lemma. O

4.1.2 Asymptotic Approximation Ratio

Proof of Lemma 1.9. Note that we may assume OPT is larger than any function which depends
on ¢ (but not on the instance). Assume that the statements of Lemmas 2.6, 4.7, 4.11 and 4.16
hold. This occurs with probability at least

opPT oPT 1
1—82-exp(—6"-OPT)—exp(—'2-OPT)— o (4)- - ) - —— 4+ %) -InOPT | > =
0 “-exp(—0"-OPT)—exp(—d-OPT)—¢" () exp< 9025(5)> exp< 25(0) + ¢*(0) -InO > 2 5

assuming that OPT is sufficiently large.
We also assume that OPT > 6730 (p(d) + u(d)). By Lemmas 4.11 and 4.16, we have

k k—1
D pj <k+(1+26)35> OPTy(1s,)
7=0

j=1
k—1 k—1
§k+(1+25 5ZOPTf ]lg /\y +5ZOPTf(]lSj/\(]l[—ﬂ*))
Jj= 7=0
<k+(1+20) 3T 1y\e, + 3060PT + 3T Ipne, + 3 |IM| 4+ 505(OPT + | M]|)
4 1
< k+(1+20) <§ Lo, + 5 - [M| +805(OPT + W!))
4 1
< 3 T ]].c\cz - IM|+906(OPT + |M]) .

The first inequality uses (46), and the last inequality assumes OPT > %. The number of configu-
rations returned by the algorithm (assuming the statement of the lemmas hold) is

k
4 1
M|+ pj+p" < IM|+ 5 7 eve, + 5+ [M[ +905(0PT + | M[) + 1650PT + 1
j=1

4
< -2 lo, + 1105 - OPT + <§ + 905) |M|

IA

IN
QO o~

70 . Ieve, + 1100 - OPT + (% + 905) . (jo e, + 520PT)
<(5+ 906) 2]+ 11050PT + 905°OPT
4

3 + 2505) OPT,

where the last inequality uses ||Z]|° < (1 + §%)OPT. O

4.1.3 Concentration

In this section we give the missing proofs of Section 4.1 and Section 4.1.1.
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Proof of Lemma 4.8. Let S = {u!,... ,EW(‘S)J}, where ¢ is an Fj-measurable random vector
for £ € [p(8)] (in case |S| < |(8)]| the same vector may appear several times in @',...,al?©®])
As S is a (9, ¢(0)) linear structure, it holds that

Pr(Vr=j,....k: OPT;(dALls,) < (1—8)"7(1+108)|A| +¢(5) + 6" - OPT)

; . PT
ZPr<V7‘:j,...,k:,€:1,...,<p(5): (]lgr/\d)-ﬂgg(1—5)T_]-1D'EZ+QDOT(5)"CO|(@Z)>
=1,... : 1s. Ad)- @ < w- i@’ + ——— - OPT - tol (@’
Vl=1,...,0(0) (Is; Nd)-u” <w-u —1—9011(5) 0 tol(a")
2 Pr _ . _ OPT
Ve=1,...,0(8), r=4,... . k: (]lgr,/\d)wigg(1—6)“]-(]lgj/\d)ﬂz—FT(é)'tO'(ﬂz)
@
e (9)) _ ‘ _ OPT
>¢— Pr<§lr€{j,...,k}:(]157,/\d)-u€>(1—5)7’_3-(]153./\d)~ué+m‘t0|(ue)>
/=1

>E—p(6) 6% exp | — oPT

> & — @*(6) - exp <—§%>

The fourth equality follows from the union bound and the definition of £ in (48). The fifth inequality
is by Lemma 2.4. O

The following technical lemma will be used to prove Lemma 4.9.

Lemma 4.18. Let j € {1,...,k} and h € {2,...,2-67'}. Then

Pr(‘E [z g, | Fjo] =2 1g,, | > 67 OPT> < 2-exp (-6 - OPT)
Proof. Let V C [0,1]¢ be the set of values that Z* can take, that is, V = {Z*(w) | w € Q}. Since Q
is finite, it follows that V is finite as well. Furthermore, since > ce Tt - C(i) < Y pee TS - C(i) =1
for every i € I, it follows that ) ., Zc - C(i) < 1 for every € V and i € 1.

For any U CC, p=1,...,0PT and ¥ € V define fy 7 : COPT 5 R by

fupz(Cy,...,Copr) =7 ]]'{CGU | en(Uf_, Ce)NL#AD} — Z Ic - ]100(ng1 Co)NL#AD -
ceU

Define D = {fy,z | U CC, p=1,...,0PT, z € V}. It follows that D is a finite set.
Let fupz € D, (C1,...,Copt), (C1,...,ChHpy) € COPT andr =1,...,0PT such that C; = C,
fort=1,...,r—1,7+1,...,0PT. If r > p then | fy,z(C1,...,Copr) — fu,z(Ci,...,Copr)| = 0.
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Otherwise, let T = Uyeqr, oy O = Ureqr,.. pp gy Cr- It holds that

fu,pz(C1,...,Copr) = fu,z(C1,...,Copr)

= |z (Ljcev | cnruc)nrzoy — Liceu | cnruch)nrzot)|

Z Zc - Lonrue)nn=0 - Lenc.no#o — Z Tc - Lonrucynn=0 - Lenornr4
CceUu ceU

< max { Z Tc - Loniruennr=0 - Lonc,.nros Z zc - lenrue,)np=0 - ]lCﬁC;nLyé(Z)}

ceU ceUu
< max {Z Tc - Lenc,nr0, Z Ic - Jl(mcmL;é@}
cec cec
Furthermore,
Y Ze-lencra < Y e Y, Cli)= Y. > Zc-Cl)<|CNL[ <267,
cec ceC  ieCnL ieC.NL CeC

and by a symmetric argument e Zo - Lonornnzg < 2 6~1. Thus,

fupz(C1, ..., Copr) — fu,pz(Ch, ..., Copr)| <2-671 .

That is, all functions in D are of (26~!)-bounded difference.
Define g = fu,_, , p;z*- Since Uj_1p, p; and =% are F;_j-measurable, we have that g is a
Fj—1-measurable random function. For every C € C it holds that C' € T} if and only if C € U;_y,

and CN LN (Uee[pj] cg') £ (. Thus,

J J — o = z*.
9(C1,- - Copr) =7 ]]-{CGUjfl,h \ Cﬂ(UZilcg>ﬂL¢@} =& 1,
Therefore,
% % 20
PI‘(‘E [a; . ]].ijh | th—l] - X - ]].ijh > 6“7 - OPT>
- PrOE 9(CE, ., Chpy) | Fia] = 9l Clpp)| > 620 OPT>
= Pr (E [g(c{ vy Clor) ( fj_l] —g(Cd, ..., Chpp) > 6% OPT)
+Pr <E [=9(Cl, . Chpr) | Fima] +9(CH, . Cpp) > 6 OPT>
254 .0pPT?
<2- _—— | <2 —5°° . OPT
= 2o ( (26-1)2- OPT> <2-exp OPT),
where the inequality follows from Lemma 2.3. O

The proof of Lemma 4.9 follows directly from Lemma 4.18.
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Proof of Lemma 4.9. By the union bound, we have

Pr <Vj =1,...,k,h=2,...,2-671: 'E [z* 11, | Fjo1] —2*-1g,,| < 520-OPT>
k 2671
>1-— Z Pr < ‘E x ]].ijh | .Fj_l] - z*- ]]'Tj,h > %0 OPT>
j=1 h=2
>1-k-2-6"-2 exp(—6" - OPT)
>1—619 exp(—6°° - OPT),
where the second inequality follows from Lemma 4.18 and the last inequality uses k < §2. O

We use Lemma 4.9 to prove Lemma 4.10.

Proof of Lemma 4.10. For every ¢ € (0,0.1) and h € N, it holds that lim,_, (1 — 2) [==lnl=e)] _

(1 — €)"; thus, there is M. j, > 1 such that for every z > M.} it holds that (1 — %)( (1] >
(1—e)h - 20. Define 4 : (0,0.1) — Ry by u(e) = max{Meh | h€[2,2-e71]NN} for every
€ (0,0.1). Note that since the maximum is taken over a finite set of numbers, each greater than
one, it follows that u(e) € (1,00) for every e € (0,0.1).
Assume the event in (49) occurs. Let j € {1,...,k} and h € {2,...,267'}. For any C € Cj, it
holds that

PT(CEU]'JL | ]:j—l):]lCGUj,Lh'PT(VEGL---apj: CZQCQLZQ ‘ ]:j—l)

4 [—z;-In(1-6)]
1 1 Ycree Ten - Larmenno ’
- CEUj 1.h - Z_j

h ) [—zj-In(1-0)]

> leev; <1 -
j

2 Lopr(1s,_)>ue) “ Leoev; v ((1 = 520)

The first inequality holds, since, for every C € C,

Sowh loncnis < Y T > Cli)= > > &,

c'eC c'ecC i€CNL i€eCNL C'eC

The last inequality in (65) holds by definition of y and since z; > OPTy(1s;_,).
We therefore have

Ly, T = Ly, 4 T - 1,
> Ly, 7" —E []]'Tj,h T | Fja] - 6% . OPT
=E []]'Uj,h T | ]:j—l] — 6. 0PT
> Lopry(1s, )>u(®) " L1 - T <(1 ) - 520> _ 5. 0OPT
2 ]lOPTf(]lij1)>“(5) Ay, -7 (1 - &) — 6. OPT .

The first inequality is due to (49), the second inequality follows from (65), and the last inequality
uses 1y, , - 2% < ||z*| < [|z°] < 20PT. Overall, we showed that

]]‘Uj,h Ttz HOPTf(lsj71)>u(6) ’ ]]‘Uj—l,h -zt (1 - 5)h — 6. OPT (66)
forj=1,...,kand h=2,...,2-6"L.
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Claim 4.19. For h=2,...,2-6 Y and j =0,1,... .,k it holds that
1y, > (1 -6 -z 1y, —j 6" OPT or OPT(Lg;) < u(d) .

Proof. Fix h € {2,...,2-6"'}. We show the claim by induction over j.

Base case: For j = 0 it clearly holds that z* - 1y, , > (1 — S0 z*. 1y,, —0- 6 - OPT.
Induction step: Assume the induction hypothesis holds for j — 1. If OPT(1s;) < u1(6) then the
statement holds for j. Otherwise, OPT(1s;) > (), and so OPT(1s,_,) > OPT(1s;) > u(6).
By the induction hypothesis, we have

Ly, ,, > (1 =00 g1y, (- 1) 6% OPT . (67)

Therefore,

z*- ]]'Uj,h > ]]'OPTf(]lSj,l)>M(5) . ]]'Ujfl,h T (1-— 5)h —_§9.0PT

=1y, ,, T (1-0)" =6 OPT
> (1 o) ((1 — oG g1y, — (- 1) -5 OPT> _ 9. OPT
> (1=06)" 7" 1y,, —j- 6 OPT .

The first inequality holds by (66), and the second inequality is by (67). o

By Claim 4.19, for j =1,...,k and h =2,...,2- 02, either OPTy(1g,) < p(6), or
e ly,, > (1 =6z 1y, —j 6" -OPT > (1-6)"/ . 2*- 1y,, — 6'° - OPT,

as required (the last inequality uses j < k < §72). Since we assumed (49) occurs, this property
holds with probability at least 1 — 6710 - exp(—6°0 - OPT) by Lemma 4.9. O

We now proceed to the proof of Claim 4.14. We use the same notation as in the proof of
Lemma 4.11, where the claim is stated.

Proof of Claim 4.14. As in the proof of Lemma 4.18, let V C [0,1]¢ be all the values Z* can
take (formally, V = {z*(w) | w € Q}). It follows that > ~.oZc - C(i) < 1 for every i € I
and Z € V. Also, let A C RL, be the set of all values the vectors in S; can take (formally,
A={u|JweQ: ueSj(w)}) As Q is finite, it follows that V and A are finite.

For any U CC, SCI,z €V, pe [OPT] and u € A, we define fysz,a:CO'T — R by

1 _ _ _
i@ 2 0 Lon(Ugconi 2 VigUe, o0 tol@) £0
ceU ieCns

0 otherwise

fuszpa(Ci,...,Copr) =

Let D={fuszpua|UCC, SCI, zCV, pe|OPT], ue A}. It follows that D is finite.
Let fuszpa € D, (C1,...,Copt), (Cf,...,Chpr) € COPT and r € {1,...,0PT} be such that
C,=Cjfort=1,...,r—1,7+1,...0PT. If tol(a) = 0 or r > p,

| fU,5.5,0,a(C1, - .., Copr) — fu,szpalCl,....Copr)| =0 .
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Otherwise, let T' = UZe{l,...,p}\{r} Cp= Ufe{l,...,p}\{r} Cj. Then

fu.53,pa(C1,-..,Copt) — fu,sz,pa(Cl,--.,Copr)

1 _ _ _ _
~ tol(a) > e lon@uoni#o - Y, Ligrue, -4 — ) %c - Lonmuopnzzo - Y, Ligrucy -
ceu iecns ceu iecns
1 _
= i) Z Z Zc - i - (Lonerue)nnze - Ligrue, — Lenucrn)nnzo - Ligruc:)
CeU ieCns
1 _
< rol(@) Z Z Zo - Wi - | Lenrue,)np20 - Ligrue, — Lenuennozo - Ligrocy |
Cel ieCns
1 _
< tol(@) Z Z Zc - i - (Loncrue,)nc0 + Liec,ucy)
Cel ieCns
1 _ _ 1 _ _ )
< tol(@) Z Lon(oruey)nLzo - T - Zuz + tol(@) Z g - Z o C(i)
celu ieC 1€CruCy. ceu
1
< tol(@)-4-67 1+ g
~ tol(a) (@) toI i Ze(%(y !
1
-2 - tol(u
roi(m) 2 tel(@)
<672

where the fourth inequality uses

Z Lencrue)nre - To < Z Z Zc-Cli Z 1<4-671

CeU ie(CrUCL)NL CeC ze(CruC;.)mL

We conclude that all functions in D are of 5‘%—b0undedﬁ difference.
Recall Sj is a (8, p(8))-linear structure of M. Since M is F;_j-measurable, it follows that S; is

also F;_i-measurable. As in the proof of Lemma 4.8, we denote §; = {at,... ,ﬂW(‘S)J} where u*
is an Fj_j-measurable random vector for s = 1,..., |p(d)] (in case |S;| < |¢(0)] the same vector
may appear several times in ', . W(‘S)J)

For s =1,...,[¢(0)] deﬁne a random function ¢* = fu,_, s, 1.7%p;as- Since Uj_1,Sj-1,T", p;
and u° are all F;_i-measurable, it follows that ¢g° is F;_i-measurable as well. Furthermore,

=S\ . SV J ) . T
tol(a®) - g°(CY, ..., Clpy) = Z T ]lCﬁ Ue L Cg)ﬂL;é(Z) Z ]li¢Uze[p}] ci Ui
CeU;_q J i€CNS;_1 ’

:Z]liesj'ﬂf' ch. (i) Zz]liesj'ﬂf'JzZ(]lsj/\Jj)-ﬂs

icl CEeT; iel

yeeny

where the third equality follows from the definition of d’. Thus, for s = 1,..., [(8)] it holds that
. . OoPT
Pr ((11Sj Ad)-w > E[u- (& Alg,) | Fj-1] + o118 ~to|(u)>
i : o , OPT
= Pr <g (C{,...,C%PT) > E[g (0{7""0(])PT) ‘ ]:j_l] +¢T@>

< exp

2
OPT
2 (—wn(a)) - (_ OPT )

51 OPT 225(9)
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where the last inequality is by Lemma 2.3.
Thus, using the union bound we have that

Pr <Vu €8t (g, Ad)-u < Efa-(d Alg,) | Fj—1] + % -tol(u)>

L (8)]

213 Pe (s 0d) - > B[ (@ A1) | Fi] + s ol

SR

<

It remains to prove Lemma 4.7 and Claim 4.17. We use G = (L, E) to denote the J-matching
graph of (I,v), and Py(G) to denote the matching polytope of G. Both proofs rely on the
concentration bounds of SampleMatching given below.

Lemma 4.20 ([CVZ11]). Let B € Py(G) and v > 0. Also, denote M = SampleMatching(3,~).
Then M is a matching, and for any a € [0,1]¥ the following holds:

1. Prlee M) = (1 —~)B. for anye € E.

2. Forany € <E Y o\ ae] ande > 0, it holds that Pr (3 cpqae < (1 —¢) - &) < exp <—§'33'7>.

8. Forany& > E [Y o0 @e] ande > 0, it holds that Pr (3 ,cpqae > (1+¢€) - &) < exp <—§";0'7>.

Proof of Lemma 4.7. As M = SampleMatching(€(z°), 6*), it follows that

E[Ml] =) Prlee M)=(1-6")-> &@)=01-6> Y 22=01-0)1¢ 2°

eckE eck ecE CeC s.t. ecC
If 1c, - ° = 0, then |M| = 0, and the statement of the lemma holds.
Otherwise, by Lemma 4.20,

2.0PT
Pr(|./\/l|>]lc2-:f30—|—52-OPT):Pr<|M|>]lc2-:Z"0-<1 %))
C

§exp<—%-5 '(]lc2w)-<m §exp(—5 -OPT),

where the last inequality uses 1, - 2° < (1 4+ 62)OPT < 20PT. Therefore,
Pr (M| < 1, - 2°+6%- OPT) > 1 —exp (6" - OPT) . O

Proof of Claim 4.17. We use the same notation as in the proof of Lemma 4.16, where the claim
is stated. If tol(@) = 0 the claim trivially holds. Thus, we may assume that tol(a) # 0.
Observe that

Ga—da=Y (@—d)ai=Y (Ligs— 1 -6 5w = Ligs i~

el 1€ €L

Z Ligs, uz] ;

€L
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where the second equality is by (59) and (60), and the last equality is by Lemma 4.15. Furthermore,
Z Ligs, - ui = Z (Ui, + Uiy) -
= {i1,in}eM

Thus,

Uiy + Uiy Ui, + Ui, OPT
—2 <R > el [ s
{21712}6/\4 tOI u) {i1,42}eM tOI(u) ¥ (5) ( )
2
L iy + i PT
< exp —%-54.1}2 Z utli(_};2 . O —
{i1,i2}eM ol (1011( ) Z{ZIJZ}EM tol(u)2

OoPT
=P UG
i Uiy

The first inequality is by Lemma 4.20; observe that M C E C C, therefore ﬁtol(ﬂ) < 1 for any
{i1,i2} € E. The last inequality uses

Ui, + U L _
Bl Yy Tl <o 51 opT .
4 tol(a) 2
{i1,i2}EM

We implicitly assumed in (68) that E [ > i inyeM uig;’(‘:lz} # 0. Incase E [ D {iris}eM %] =0,

Uiy iy
we have > e e i = 0, and

- oPT W i w; W oPT
Pr(d-a>w-ﬂ+ to|<a)>:pr LIPS f o el )

11 = = 11
210) 2 i) W2 e | )
OPT OPT
r<°< 90“(5)> O—eXp< 9025(6))

4.2 Proof of the Structural Lemma

In this section we give the proof of Lemma 4.2. Let 6 € (0,0.1) such that ! € N, and let (I,v)
be a 0-2VBP instance. As in Section 4.1, we use OPT = OPT(I,v).

We first need to construct the set S* C ]RI>O. The construction is technical; its components will
become clearer below. The terms <4, Iy, , h and d defined as part of the construction of S* are
also used in the construction of the linear structure S.

Let =* be an arbitrary total order'? over I. For d € {1,2} we define a total order =4 on I
by i1 =g iz if and only if vg(iy) > v4(ia) or (vq(i1) = vg(iz) and i1 =* 43). Let h = §~2. For

12We refer the reader to Appendix B.2 of Cormen et al. [CLRSO01] for a formal definition of total order.

48



any d € {1,2} and j = 1,...,2h we define a set IdJ:{iELI%-(j—1)<vd(i)§§'j}. The

construction of the linear structure S implicitly rounds the volume in dimension d of items in Iy ;
62
2

than d, i.e., d = 3—d. For d € {1,2} define §; = {]].{ie]d,j g1 =i <5 g} ‘ JjE€[2h], q1,q2 € L}.
The set ) contains an indicator vector for every possible group which may be generated by the
fractional grouping for I ;. Finally, the set S* is defined by §* = {ﬁl A T2 ‘ ul € S, w? € S }
Observe that [S*| < |87 -|S5] < (2h - |L[2)* = 675 - |L|* < (6) - | LI~

Let A € [0,1]° be a small-items integral vector with d-slack, and let @ € [0,1)! be the coverage
of X\. In Section 4.2.1 we construct the linear structure S of A, and in Section 4.2.2 we show
the structure indeed satisfies the requirements in Definition 4.1. The construction and proof of
correctness rely on a technical refinement lemma whose proof is given in Section 4.2.3.

4.2.1 Construction of S

to j - and applies fractional grouping to round the volume of the items in the dimension other

Our construction uses a partition of X into two parts: A! and A%, such that for any d € {1,2}
and C € supp(A\?) it holds that C has d-slack in dimension d. Formally, we define ! € [0,1]" by

Ac if C has d-slack in dimension 1

voeC : A= )
0 otherwise
Also, we define A2 € [0,1] by A2 = X — L. Indeed, as X is with d-slack, for every d € {1,2} and
C € supp(A?), it holds that C' has d-slack in dimension d. For d € {1,2} let @w? be the coverage
of X,
As mentioned above, for each d € {1,2} we implicitly give a rounding scheme for the large
items, in which the volume in dimension d of all items in i € I;; is rounded up to j - %. The slack

of configurations in supp(\) is used to compensate for the possible volume increase. In the other
dimension, d, we apply fractional grouping, defined as follows.

Definition 4.21. Let E # () be a finite set, ¥ € [0,1]F, = be a total order over E and ¢ € N,.
A partition G1,...,G; of E is a &-fractional grouping with respect to 4 and > if the following
conditions hold:

1. For every 1 < /{1 </ly < 7,11 € Gy, and iz € Gy, it holds that i1 > 2.

2. For{=1,...,7 —1 it holds that 1g, -7 > @

3. For {=1,...,7 it holds that 1¢, -7 < 2l + 1.
The proof of the next lemma utilizes arguments from Fairstein et al. [FKS21].

Lemma 4.22. For any finite set E# 0 , 5 € [0,1]¥, a total order = over E and £ € N, there is
a &-fractional grouping G, ...,G. of E with respect to 4 and > for which 7 < &.

Proof. 1f 4 = 0 then the partition G; = FE is a {-fractional grouping. We henceforth assume 4 # 0.
Assume, without loss of generality, that £ = {1,2,...,v} = [v] and a > b if and only if a < b.

Define a sequence (q7)72, by qo = 0, and ¢, = min{e € F ‘ z§”=qu1+1 > ”%”} U {v}. Also,

define 7 = min{¢ € N | ¢ = v}. Since ||7]| > 0, it follows that (g¢)j_, is monotonically increasing.
We define Gy ={e€ E | g1 <e<q}. Then Gy ={1,...,q} \{1,...,qe—1} for £=1,... 7.
As qo =0, ¢ = v and (q¢)]_, is monotonically increasing, it follows that G1,..., G is a partition
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of E. Clearly, for any 1 < /1 < ly < 7,141 € Gy, and is € Gy, it holds that i; < g, < qr,—1 < 92
thus ’il i ’i2. ~
Let ¢ € {1,...,7}. By definition of ¢ it holds that Z‘]Zf qlz 1 < < Il Hence, as 74, < 1, it

K
also holds that 1, -7 = ZeEGe Ye = Yao T Ee g1 41 Ve = @ +1

Let £ € {1,...,7 —1}. Then ¢y # v and ¢y = mln{e S ‘ Z?:qg,ﬁ—l Nr > ”%”} Therefore,
]]‘GZ ’ ’7 = 26€Gg /76 = (eu=qg,1+1 /76 > @
Thus, we showed that G1,...,G; is a -fractional grouping of E with respect to 4 and »=. It

also holds that

Y

F=Y =Y Y5 S Yrs S oyl

ecl (=1 eeGy (=1 e€Gy (=1

m‘
m‘

Hence, 7 — 1 < £, and as both 7 and £ are integral it follows that 7 < £. This completes the
proof. O

For any d € {1,2} and j = 1,...,2h define a vector ¥4/ € [0,1]/4s by ”yg’j = wd for i € I ;.
By Lemma 4.22, for any d € {1,2} and j = 1,...,2h such that I;; # () there is an h-fractional
grouping (G?’j);ddl of 1;; with respect to 7%7 and the total order »; with 745 < h. For d € {1,2}
let Gg = {(4,¢) | j € [2R], 14; # 0 and £ € [r4,]}. It follows that Gi,Ga C {1,...,2h} x {1,...,h}
and thus |G|, |Ga| < 2074

Our objective is to add to the structure S vectors # to ensure that if z € [0, 1]/ satisfies (45) then
we can decompose Z A 1z to z', 22 € [0,1)f such that ZA 1y = 2! + 2% and 27 - ]].G?,j <pB-wd- ]].G?,j
for any d € {1,2} and (j,£) € G4. This can be intuitively interpreted as a decrease in demand for
items in G d.J by a factor of B As we have a rounding scheme for each dimension, an item i € L
may belong to two groups Ge - one from the scheme for dimension 1 and another from the scheme
of dimension 2. We therefore add into S vectors which represent the intersection of each pair of
such groups, and therefore impose a decrease in demand by a factor of 8 for each intersection.

Formally, our linear structure will contain the set Sjarge, Which we define as

Slargo = {]]'Gl i1 A ]]- 2212

£

(j1,41) € G1, (jo,la) € Qz} : (69)

In Soction 4.2.2 we show that if Sjee € S and Z satisfies (45) then we can find the decomposition
z! and z? as mentioned above. Furthermore, to show the correctness of the structure we (1mph(:1tly)
use a shifting argument (see, e.g., [FL81]) in which items in G, 4. take the place of items in G

We use the rounding schemes for the large items to define a type for each configuration. We then
fractionally associate each small item ¢ € I\ L with the various types, and use this association as
a basis for the linear structure. For d € {1, 2}, the d-type of a multi-configuration C' € C*, denoted
by T(C), is the vector £ € N9 defined by .o = Ziecg,j C(i) for any (j,£) € Gg. That is, 1(; ¢

is the number of items in C which belong to Gzl /. Since the set Gd’j contains only large items, it
follows that t(J 0 <207 L Let Tg = {Td )| C e C*} be the set of all possible d-types. It follows

that 7 € {0,1,...,2-67'}9, and therefore |74 < (1+2-6~ ) 267 < exp(679). i
The small item association of d € {1,2} and the d-type € Ty is the vector a® € [0,1] defined

by )
at = 3 N Oh), (70)
cec* st.THC)=t
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for i € I'\ L and d?’t = 0 for ¢ € L. Intuitively, a;“
configurations of type £ in \%.

For d € {1,2} define o¢ € [0,1]! by o = v4(i) for all i € I. Also, we use ® to denote element-wise
multiplication of two vectors. That is, for a,b € R! let @ ® b = ¢, where ¢ = a; - b; for every i € I.

The next lemma will be useful towards adding more vectors to the linear structure.

is the fraction of i € I\ L selected by

Lemma 4.23 (Small Items Refinement). Let a € [0,1] be such that supp(a) C I\ L, let d € {1,2},
and let ¢ € N>4. Then there are subsets Hy,...,Hy C I\ L such that for any Q@ C I\ L and

B e [%,1} which satisfy

Vi=1,...,q: H]lQnHjoaoT)dHSﬁH]lHjodoz‘;dH+%max{vd(CﬂHj)|C€C} (71)

there is a set X C @Q which admits the following properties:
1. H]lX e e (vt —l—??z)H < % -OPT + 2¢4.

2. H]lQ\X odo@dH <B-a-v?

We refer to Hy, ..., H, as the refinement of a and ¢ in dimension d. Indeed, the condition in (71)
is essentially a variant of (45). Lemma 4.23 plays a central role in showing the correctness of the
structure S (see the proof of Lemma 4.29). We defer the proof of Lemma 4.23 to Section 4.2.3.

We select ¢ = [exp (671°)]. For any d,d’ € {1,2} and £ € Ty let Hf’t’d/,...,Hg’t’d, be the
refinement of @*! and ¢ in dimension d’. We use the small items association and its refinement to
define additional vectors as follows:

Semall = {an,g,d, ea et | dd e{1,2}, teTy j= 1,...,q}
J

Finally, the structure is & = Sjarge U Ssmall-
4.2.2 Correctness

We first observe that
S| = |Starge| + |Ssman| < 1G1] - 1G2| +2 - - (|T1] + |T2]) < exp(62) = ©(0) .

Let @ € S such that supp(a) N L # 0, then @ € Sjage. Therefore, by (69) there is (ji,41) € Gi
and (jo,f2) € Go such that u = 1151 A L25. By Definition 4.21, for d € {1,2} there are
2

q?qu € I, such that Gzl;lyd = {i € I, | qil =i =y qg}; thus, ]].Gd,jd € §;. It follows
£q
— . ) *
that 4 = ]legl A ]]-G?;z €S

Let 3 € [6°,1] and Z € [0,1]! such that Z is small-items integral, supp(z) C supp(w), and

1
»1(6)

for all w € S. To verify that S is a (,¢(d)) linear structure, it remains to show that OPTy(z) <
B(1+106) - ||| + ¢(8) + 60 - OPT(I,v).

We first generate two vectors z' and z? such that Z A 17, and zd. ]1Gd,j < B - ]].Gd,j for every
£ A

d € {1,2} and (j,¢) € G4. Each item i € L belongs to groups szl and G?;jz. The demand z; of 4

Z-u<pB-w-u+

. OPT - tol(a) (72)
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is partitioned between 21 and 22 with the same proportion that w' and @w? contributed to the total
demand of items in GZJ N GZ”. Specifically, for d € {1,2}, define z¢ € [0,1] by

1 1 AL 2, ] - w?
. ‘ ) 171 2,52 _ d_ - Gy G,
V(j1,4) € Gi1, (jo,¥2) € Ga, i € Gz{ N Gz; Nsupp(z): Z' =2%; - > , (73)

<1G;’j1 A 105'”
1

2

and z¢ = 0 for any other i € I. Observe that since supp(z) C supp(w) we never get in (73) a
division by zero. Since for every i € L there is a unique (ji,¢1) € G; and a unique (jo2,¢2) € G2
such that i € GZ” N GZ”, it follows that z A 11, = z! + 2z2. For every d € {1,2} and (j,¢) € G, it
holds that

—d
<]lGZ,j A ]lGd’jl> - w

Vi

_d _
z ]le’j - Z Z Zi

(4",0)€G; ieG?’ijf;jlmsupp(z) <]lgj»j A lG‘Zﬂ') W
@
i ]].Gzz,j A ]]-ijj, - W
- 2 tor Mg ) E) (e n e ) 0
d,j 5l s w
(3" 4)€G s.t. (]LG?JAIG(;;J.,)@#O Gy’ GZ/J
14

Since 1,4, A1 4 €S, by (72) it holds
£

d,j
GZ’

_ _ OPT
<]].G¢Z,j A ]]'Gj;j/> -z2<p <]].G¢Z,j AN ]]-G‘i;j/> -+ @10(5) - tol <]].G¢Z,j A ]].Gd‘;j/>
<o (1t i) o 20 opr
> /8 GZ»J G?,’jl cw + (’DT(&) . .
The second inequality holds since there are at most 26! large items in a configuration. Plug-
ging (75) into (74), we have

_d _
z ]]-G?’J

(]

. . L@
_2.57'0PT <1G‘Z” " 10;&]”) v
I3 ]].Gg,j A ]].Gtiyj/ -w + :
Z,

10(5
P10(0) <]lGd,j/\]l (gj/>-lf)
(4 ,0)EG, s.t. 1Gd,jA1GdA)j, W0 ¢ G,/
Y
d 5"
< Z 15} (]lG?,j VAN ]lGj,’j/> W+ (,DT@ -OPT
(j/j/)egg s.t. (lG?'j /\]]-GdA’j/> - w#0
i, 0°
<8 D
_/8 ]].Gt;,] w + @10(5) OPT,
(76)
where the second inequality holds since |G| < 2- 6%
Therefore, for every d € {1,2} there is a vector 7 € [0, 1]/ such that, for any (j,¢) € Gy,
<Zd — Fd> . ]].G;i,j < max {ﬁ . ]]_G?,j cad — 2,0} , (77)
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7

for every i € I it holds that r¢ < z¢, and |7 < <2+ 10(5) OPT> G4l <070+ %OPT.
Hence, OPT (%) < ||[7¢|| < 67° + 25 tl)OPT as zlel 4. 1 is a solution for LP(7?).

For any d € {1,2}, let F; = U]E[Qh] ot (] 1)€64 G be the set of all items that belong to a first
group in one of the fractional groupings G e GT o By (77),

d d =d _ —d 5d
(Z —T‘)']le§ Z (z —7") ]]_Glli,jg Z max{ﬁ-]lcfli,j-w —2,0}
1, -o? @1, <
< d - <92.8.6-|IN\
<p ¥ A s PN A

where the third inequality is by Definition 4.21, and the last inequality follows from h = §~2 and

Yowl=Y MY Cli)< Y N2t =267\

ieL cecr ieL cecr
Define Q@ =supp(z) \L={i €I\ L | z =1} and
de{1,2}
Then,
OPT[(2)< 3 (OPTf ) + OPT (24 — 7#) A Jle)) +OPT; (7)
de{l 2}
- (79)
< OPTy () +2B3||A|| +267° + WOPT .

We proceed to derive an upper bound on OPTf(g), which in turn implies an upper bound on OPT(Z).
Given d € {1,2} we define the d-size of (j,£) € Gg, denoted s4(j, ) € [0,1]2, by sd(j,¢) = %j
and SZ% = min{v;(i) | i € G?’j}. The value s%(j,¢) can be viewed a the rounded volume of items
in G?’j.
The next lemma gives the basis for our shifting argument.

Lemma 4.24. Let d € {1,2}, (j,{) € Gg and i € G, I If 0 #£ 1 then v(i) < s4(j,0 —1).

Proof. As i € Gd’j C 1y, it follows that vg(i) < % - j = s3(j, £ — 1). Furthermore, v (i) > v;(4)
for every i’ € Ge 1 as (Gg,’] ) ¢, is an h-fractional grouping with respect to the relation = ;. Hence,

v4(i) < min {fucz(i/) |i' e G?’_jl} = sg(j,ﬁ -1) . O

We extend the definition of size to d-types by s%(#) = 2,06, L0 - 5(j,¢) for any d € {1,2}
and t € 7.

Lemma 4.25. Let d € {1,2} and C € C* with A&, > 0. Then 2ienpv(d) - C() <1 - 57 (Td(C’)).

Proof. For any i € L such that C(i) > 0 there is a unique (j,¢) € Gy for which i € G?’j . Thus,

D i) -ClE) =D i) - Cli) = > v(i) - Cli) =v(C) = > > w(i)-C(i) . (80)

i€I\L iel iel (4,0)€Gq z’eG‘Z’j
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Therefore, we have

> wa()-CH) =va(C) = D D wali

ieI\L (4:6)€9a G

SR <s3<j,e>—§)-0<z'>

(3:0)€Ga icG

=1-0-— Z stj, Z Z O (i (81)

(4,0)€Gq zeGd J (J 0)eGq zeGd J
=1=0= > T((C)-sali ZC
(j7z)€gd i€l

< 1-sUTY0)) .

The first equality is by (80) The first 1nequahty holds, as C has d-slack in dimension d since
S\dc > 0, and since vg(i) > ( j—1) for any i € G| i C I, j- The last inequality holds as there are
at most 26! large items i 111 a multi-configuration. Similarly,

ST u) - Cl) = vg(@) = 30 DT ) - Cl)

iel\L (:0)€9a eGP

>S40

(:0)€9a icchd (82)

=1- Z T?j,é)(c) ) Sg(j, 0)

(j7z)€gd
<1-s4TY0)) .

The first equality follows from (80) and the first inequality is by the definition of sg(j, ¢). The
statement of the lemma follows from (81) and (82). O

For any d € {1,2} and t € 7y, the prevalence of type t is ng(t) = docecr st Td(c):t—j\%. In-
formally, 74(%) is the number of configurations of type f selected by A9 Also, define x4(f) =
[B-nq(t)] +2-07! for any d € {1,2} and # € T;. We construct a solution of LP(§) in which there
are r4(f) configurations with large items of total size at most s?(f). For the assignment of large
items we use the next lemma.

Lemma 4.26. There are vectors %t € [0,1]C for d € {1,2} and T € Ty such that
1. for any d € {1,2} the coverage of 3 e, Kal(t) - s (22 —7d) A TRV
2. for any d € {1,2} and t € Ty it holds that ||zt = 1,
3. and for any d € {1,2}, t € Ty and C € supp(Zt), it holds that v(C) < s(t).

The proof of Lemma 4.26 relies on the following combinatorial claim (we omit the proof).

E
Claim 4.27. Let E be an arbitrary finite set, £ € Ny and 5 € [0, %] such that ||5|| < 1. Then
there exists a random set K C E such that |K| < & and Pr(e € K) =& -5, for every e € E.
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Proof of Lemma 4.26. Let d € {1,2} and for any (j,¢) € Ga, define p; ) = > s, t(j,0) Ka(t). Then
PGe =2 6~1. For any (j,/) € Ggand i € G?’j such that ¢ # 1, define p; = pz(iii < 26%1.
For every (j,¢) € Gq with ¢ # 1 it holds that

PGe—1) = Z te—1 - Ka(t)
T,

> Bty mald) = Bl g -w?

teTy

—d
w1, .
> f——t s

> max {,8 "lf)d . ]].Gzz,j —1, 0} > (Ed — fd) . ]].Gd,j .

L

The second and third inequalities hold since G‘li’j ey Gﬁf ; 1s an h-fractional grouping of I ;. The
last inequality is by (77). Therefore, ZZ cqdiPi < 1.
e .

Fix t € T3, and for any (j,£) € Gg with £ # 1 let K, C Gg” be a random set such that
|K (o)l < t(je—1) and Pr(i € K(;p) = t(je—1) - pi for every i € G‘Z’]. The random sets K ) exist
by Claim 4.27. Furthermore, we may assufne the random sets (K (j,f)) (.0)eGa, 121 OT€ indepenc}ent.
Define B = U e, st. e21 K(j.0) and a’;é’t = Pr(R = C) for all C € C. Tt follows that |z¢!| =
> cec- Pr(R = C) = 1. Observe that

v(R) < Z v(K(j ) < Z tu—) TG, 0 —1) < s4(E) .

(G,0)€G s.t. L#1 (G,0)€Gy s.t. (#1

The second inequality holds since |K(j | < t;¢—1) and for every i € K(j it holds that v(i) <
5%(j,£ — 1) by Lemma 4.25. Thus, for every C € supp(z®*) we have that v(C) < SCF(E). Finally, for
every i € supp ((Zd — ) A ]lL\Fd), there is (7,¢) € G4 with £ # 1 such that i € G?’J. Hence,

P . _ zl—7d
o - Ci)=Pr(i € R) =131y —— . (83)
cecC (4,¢-1)

Let @' be the coverage of > ;7 ra(t) - z4t. By construction, we have @ = 0 for any i € I such
that i & supp ((Ed — ) A ]lL\Fd). For any i € supp ((Zd — ) A ]lL\Fd), it holds that

zd _ =d
_ _dit . T Zy — Ty _ _
@p=) Y k) TG Cl) =) wal) tGery "t =2 — 7,
cecieT, T, PGe=1)
where the second equality is by (83), and the last equality is by the definition of P(.0)- O

Recall that @ = supp(z) \ L. The assignment of items in @ relies on integrality properties of
polytopes. Define M = exp(—6~?) - OPT + exp(6 1) and

B={(dfm)|de{1,2}, €Ty, me [ra@]}UL,...,M} .
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We consider B as a set of bins, and define a polytope

> dip=1 vieQ ‘
beB
J At %mdm. i) <1—s%t) Vde{1,2}, Te Ty me{l,... ka()}
> fiim - v(i) <1 Ym e {1,...,M}
1€Q
(84)

The entry fi;;, in P represents a fractional assignment of an item 7 € @ to bin b. The first constraint
in (84) represents the requirement that each item is fully assigned, and the remaining constraints
represent a volume limit for each bin.

The following is a well known integrality property of P (see, e.g., Bansal et al. [BEK16]).

Lemma 4.28. Let i be a vertex of P. Then [{i € Q |3be B: 0< fi;,, <1}| <2-|B|.
Before we use Lemma 4.28, we need to show that P has a vertex.

Lemma 4.29. It holds P # ().

Proof. Ideally, we would like to define fi; (q7m) = (i) for any i € @, d € {1,2}, t € Ty and
m € {1,...,kq(t)}. Using (72) we can show that EZEQ [ (d,£m) - Va (i) is not significantly larger
than 1 — s%(f); however, we cannot show it is smaller (or equal) to 1 — s%(f). Thus, the suggested
vector i may not satisfy the properties in (84). We use Lemma 4.23 to overcome this difficulty.

Specifically, we define fi; (47,m) = Hd(;) for items i € @ \ X3 \ X2, where the sets X; and X, are
obtained via Lemma 4.23. The value of [i; ,, is subsequently increased for i € X;U X» to ensure the
first constraint in (84) holds. Property 1 of Lemma 4.23 is used to show that >, fijm - v(i) < 1,
and property 2 of the lemma is used to show that ZieQ B (d,E,m) (i) < 1—5%t). We now proceed
to the formal proof. )

Recall that Hf’t’dl, e ,Hg’t’d/ is the refinement of a®! and ¢ = {exp(&‘loﬂ in dimension d’. For
every d,d € {1,2}, t € Tgand j = 1,...,q it holds that

d, 10
’ ® (5) e’
_ , 1 o
—dt o =d d,t,d
<O gra ea® o H+¢T@'OPT-max{vd/(Hj mo)(c*ec}
The equality follows from the definition of @. The first inequality follows from (72) and the fact that

1 gaid @ a® o 97 € Sypan € S. The second inequality holds, as w is small-items integral and
j

supp(a®t) C supp(w) \ L. Thus, by Lemma 4.23, for every d,d’ € {1,2},t € Tgand j =1,...,q
there is a set X %6 C @ such that

H]le,t—,d/od o v + 72 H -OPT +2¢5 and H]lQ\thd,oddf o gﬂ.advf-ff)dl . (85)
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Define fi € [0,1]9*5 by

_d,f _ _
a; ; d,t,1 d,t,2

fii(dim) = { ")’ §€QAXTHA KT
0, otherwise .

for every i € Q, d € {1,2}, t € Tgand m = 1,...,k4(t). Also, for every i € Q and m =1,..., M
define ~
alt. 4,81 xd, 2
- Z i ZEX U '
de{1,2} teTy
Next, we show that g € P. For every i € @ it holds that
Zﬂzb— Z Z Z :u'z(dtm"" Z ,U*zm
beB de{1,2} teTyg me[rq(t)] me[M]
_dt ad,t‘
Z Z ka(f) Lic\xernxarz + Z Z M- ](4 Liexariyxatz
de{1,2} teTy de{1,2} teTy
Z Z a*t- Lieg\xainxaiz + Z Z at - Liexatiyxdiz
de{1,2} teTy de{1,2} teTy
> > a
de{1,2} teTy
— ol 2
= w; + w; = ].,
where the fifth equality follows from (70).
For every d,d" € {1,2}, t € T; we have
a™t o = > v (i) > M- C3) = > Moo D wa(i) - ()
i€I\L cecr st THC)=t Ccec* st THC)=F i€I\L
< > X (1-s@) = (1-s0®) - mald,
cec* st T4C)=t
where the first equality is by (70) and the inequality is by Lemma 4.25. Thus, for m = 1,..., k4(t)
we have
~dt ; ~d,t  =d d
_ . a;’ -vg(i) _ B-att o B (1= sg(t) na?)
R D ( o V1) <1 0
i€Q I€EQ\ X d:E1\ X d.E.2 d d d

where the first inequality is by (85).
Finally, for every m =1,..., M and d' € {1,2} we have

d{
: d,E 1 xd,E,2
§ :,uzm Ud’ § :Ud’ Z § : P ZGX uXx

1€Q 1€Q de{1,2} teTy

= M Z Z (”]le’t_’l eatle @d/H + |1 yaiz® a®l o @d/H>

32
< . <
< g <q OPT+4q5>_1
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where the second inequality is by (85) and the last inequality holds since |73 < exp(67°), ¢ >
exp(671%) and M = exp(—69) - OPT + exp(6~*). Thus, i € P, ie., P # (. O

We now have the tools to prove the following.
Lemma 4.30. It holds that OPT¢(y) < (14 89)|B| + 1.

Proof. Let i* be a vertex of P, and let Qr = {i € Q | 3b € B: !, = 1}. By Lemma 4.28 it
holds that |Q \ Q7] < 2|B|. As Q@ C I\ L, it follows that the items of Q \ Q1 can be packed into
46|Q \ Q1| +1 < 85| B| + 1 bins using the First-Fit strategy (Lemma 2.5). Thus, OPT;(1g\g,) <
8| B| + 1.

For every b € B define C,, = {i € Q | pf = 1}. It follows that Q; = Upep Cp. Recall
that Z%! are the vectors defined in Lomma 4.26. For every (d,t,m) € B\ {1,...,M} define a
vector 340 e [0,1]¢ by ’yglfjgdtm = xc for any C' e supp(z®f), and ’yg,tm
configuration C’ € C. By definition of P, it holds that v(Cyz,,) < 1 — s%(), and by Lemma 4.26,
for every C' € supp(z®?) it holds that v(C) < s%(%); thus, C'U Ciim € C, and F%Em is well defined.
Also, for any m = 1,..., M define 3™ € [0,1]¢ by 3¢t =1land 4@ =0 for C € C\ {Cp,}.

Define z = Y, 5 7°. We show that Z is a solution for LP <Zd€{1’2} (FT =) A Lpg,) + ]lQI>.

For i € L we have
Do Ec-Cli)=) Y A-Cli

ceC CeCbeB

=2 > > > wc

CeC de{1,2} teTgme(ra(D)]

S ST k) -7 o)

de{1,2} CeCteTy

= Z ((Zd — fd) A ]lL\Fd>

de{1,2}

= 0 for any other

The second equality holds by definition of 5%, and since the sets C, do not contain large items.
The last equality is by Lemma 4.26. For any ¢ € @7 there is a unique b € B such that ¢ € Cj.
Thus, Y ceeZe - C(i) = Y cec ¥ - C(i) = 1. Therefore, Z is a solution for the linear program

LP <Zd€{1’2} (=) A Lpg,) + ]lQI>. As |3 = 1 for every b € B, it follows that ||Z|| = B
Thus,

opT; | Y <(zd — YA ]lL\Fd) +1o, | < |zl =B
de{1,2}

and by definition of § (78), we have

OPT;(y) = OPT; | Y ((zd — ) A ]lL\Fd> +1g, | +OPT;(1g,) < (1+85)|B|+1 . O
de{1,2}

Observe that
|B| = Z Z ka(t) + M = Z Z [Bna(t)] + 25_1) + exp(—02) - OPT 4 exp(6~ 1)
de{1,2} teTy de{1,2} teTy
< BIM A+ (Tal +T2]) - (1 +2671) + exp(—677) - OPT +exp(3~ )
< BIA + exp(—=077) - OPT + exp(d~1?) .

(86)
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The first inequality holds since } z.- 1a(t) = [A?||, and the second inequality uses |7z < exp(676).
By (79) we have

_ 2.6 1
OPT;(2) < OPT; (5) + 280]A] + 20 + 100y OFT
_ 5 2071
3 _
< (1+4808)|B| +1+2868||A|| +267° + ¢10(5)OPT
) B 2 . 5—11
< (14 80) (BIA]| + exp(—6~2) - OPT + exp(612)) + 1 + 20| A|| + 26~° + i) OFT

< B(1+108)||A]| + exp(672°) + 6'°OPT,

where the second inequality is by Lemma 4.30, the third inequality is by (86), and the last inequality
uses ¢(8) = exp(6-2Y). Thus, we showed that S is a linear structure, which completes the proof of
Lemma 4.2. O

4.2.3 Refinement for Small Items

d

I\L={1,2,...,s} for some s € N, and (1) <7(2) < ... <r(s).

Ifa- (0" +9%) < OPT+2¢d define Hy = I\ L and H; = 0 for j € {2,...,q}. Let Q C I\ L and
B e [%, 1] which satisfies (71). We can select X = I'\ L. It follows that ||\ x eiei?| =0< B a-v°
and |[1x eae (08 +2?)|| = a- (¢! +2?) < 1—qGOPT + 2¢6. This shows the statement of the lemma
in case a - (v! + 9?) < q%OPT + 2¢d. We henceforth assume that

Proof of Lemma 4.23: Define r(i) = f}dgg for any ¢ € 1. Assume, without loss of generality, that

a- (o' +7%) > q—120PT +2¢0 . (87)
Define hg =0, and for j =1,...,q set
h; = min {z els]| (@niy)- @ +0%) > % ca- (ot + 62)} . (88)
Observe that the set over which the minimum is taken is non-empty for all j € {1,...,¢}. Hence, h;

is well defined. Define H; = {i € {1,...,s} | hj—1 <i < h;}; then H; ={1,...,h;}\{1,..., hj_1}
forj=1,...,q.
Let @ CI\Land 8 € [%, 1] satisfy (71). For j = 1,...,q and C' € C it holds that v4(CNH;) < 1,

and
va(CNH) = Y wali)= Y wy(i) r(@) <r(hy) > (i) <r(hy) .

iECﬁHj ’iECﬂHj iECﬁHj
Thus, ve(C N Hj) < min{l,r(h;)}. We conclude that

max {vg(C N H;) | C € C} <min{l,r(h;)} (89)
forj=1,...,q.
We use in our proof the following inequality (that we prove later), for j =2,...,¢:
o 1 1
|1, @ae || > 3 min{1,r(h;—1)} - ?OPT, (90)

For j =1,...,q define

B; = maX{O, H]lQmHj odof;d” _ 5”]1Hj odof;dH} .
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It follows from (71) and (89) that

By < %‘max{vd(CﬂHj) | C € C} < min{r(h;),1} - OPT

For every j € [q]\ {1} we define a set X; C QNH;. If H]lQmHjodo@d||—|-ﬁj_1 —Bj < B-||Ly, eaev?|
then we define X; = (). Otherwise, we define X; to be an inclusion-minimal subset of @ N H; such
that ||Lonm\x; ®ae 0| + Bj—1 — Bj < B+ ||1, @ aev?|. Observe that

OPT
”]lQmH\(QnH)'CL°U |+ Bj—1 — B < Bj—1 <min{l,7j_1}- q—<ﬁ”]lH oaovdH

where the last inequality follows from g > % and (90). Hence, there exists X; # 0. As the set is
inclusion-minimal, it follows that there is ; € X, such that ||Lx,\(,1 ®ae 0% < B < &L
J J ]\{ J} J

Thus,

Ixpgpeaedll= > v = ai.li«dg))s > a,-.rz)szf)ﬁ

i€X;j\{z;} i€X;\{z;} i€X;\{z;}

Ly iy, ®ae 0 ._
_ x\yeaet’ - Bi_1 - 1 min{r(hj_l)jl}.OPT(I,v) _ OPT(Z,0)

r(hj-1) r(hj-1) = r(hj-1) @ - ¢ 7

where the first inequality holds as X; C Hj.
Define X = (H,; N Q) UUJJ_, X;. Tt follows that

q—1
[To\x -a- 7| = Z 1T (Q\x)nm, - @ ol
=
qg—1
= |l @\x)nm, -a@- 0% - B1 + (H]l(Q\X)ﬁHj a0 + o1 — 5j) + By-1
j=2
q—1
<B) Ilm -a- o) + By
j=1
q—1
. OPT(I,v
< B g, @ ) + mingr(hy_1), 1} - 2rdrt)
Jj=1 q
q
<BY iy, -a-v%=p-a-o .

<
Il
—

The first equality holds as supp(a) C Uje[q] Hj. The first inequality follows from the definitions
of 1 and X; (for j € {2,...,¢ — 1}). The last inequality follows from ;5 > % and (90).

Note that |1, - (v 4+ 7 ) | < % < %. Thus,

[1x eLlae (@' +2%)| <|1p, a- (v +0° H+ZH1X ca- (v +0%) ||
j=2
2-0PT opT
< +qg-2-

16
< —OPT + 24q .
q
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It remains to show that (90) holds. For j =1,...,q, we have

L, eae (08 +0%)| =1y,  eae (@' + %) — |1y, , eae (v + 0%

: —

> ‘éd'(®1+@2)—‘7—d-(61+62)—25
1 —1 =2

=—a- (v +0°)—26
qa (v +v%) (91)
1/1
q\q
1

The first inquality follows from (88) and vy (i) + v2(i) < 2§ for all i € I \ L. The second inequality
follows from (87). Additionally, for j = 2,...,¢ we have

I, oas (@ +3) = [1n, e a0 %] + [1s, eae o]
=L, eae |+ > @ -v,i)
iEHj
va(?
= H]]'Hj OELOT)dH + Z a; - Td((l))
’iEHJ‘ (92)
o _ - va(d)
< |1y, eaev?| + a; -
’ zgf:J ")
g sas o (14 )
J r(hj—1) )’
where the inequality follows from r(1) < r(2) < ... <r(p). Using (91) and (92), we get
Vj =2 |1g eaed?| > 1+ ! B 1OPT>1min{1T } LopT
=2,...,q: eq e S R— Z S Ti1} s —= ,
j Y 7q HJ - T(h]_l) q3 - 2 ] 1 q3
where the inequality follows from (1 —l—:E_l)_l > fmin{l,z} for every z > 0. Inequality (90)
follows from the last inequality. O

4.3 Existence of -Relaxations

In this section we prove Lemmas 4.4 to 4.6. That is, we show how to obtain relaxations for various
configurations.

Proof of Lemma 4.4: Let S C C'\ L be an inclusion-minimal set such that either v;(C'\S) < 1-§
or va(C'\ §) <1—4. As S is inclusion-minimal, it holds that

ViesS: v<C’\(S\{z’})>>(1—5,1—5). (93)
Such a set exists, since C' € Cy.
In the following we show that v(S) < (24,2). Suppose, for sake of contradiction, that

v1(S) > 2§ or va(S) > 20. Then S # 0 and there is an i € S. Assume, without loss of gener-
ality, that v1(S) > 2. Then v1(S \ {i}) > J as all items in S are small, and i € S. Therefore,

m<0\@\ﬁb>=vﬂ0%wMS\ﬁD§1—&
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contradicting (93). Thus, v(S) < (26, 29).
Define Cy = C'\ S and Cy € C* by

. K, 1€.S,
Cz(z):{o i S

for i € I, where k = [3(67! — 1)|. Observe that C; has d-slack by definition of S. Additionally,

01 (Co) < 01(S) -k < 20K < 25 - %(5—1 —1)<1-4

thus C5 is a multi-configuration with d-slack.

Define A € [0,1]°" by Ay, = 1, A¢, = L and Aev = 0 for €' € C\ {C1,C5}. Clearly, for any
C’" € C* such that Ac» > 0 it holds that C” has d-slack. Thus, A has d-slack.

For any i € C'\ S we have

S Ao C'i) = Cali) + = Cali) =140 =1 .
c’ec* K

For any i € S it holds that

_ 1 1
> A Cli) =Ci(i) + = - Co(i) =0+ = k=1 .
Cc’eC* x x
For any ¢ € I\ C' it holds that
. » L1 . 1
> g C'(i) = Ca(i) + — - Co(i) =0+ —-0=0 .

Ccrec*

Since 6~ € N, we have x > $(67! — 1) — 2 = 67! — 1. Therefore,

. - 1
NEDS Aor=Aoy +Ag, =1+ =<1+
C’ec*

1+

e <1+46
L1 1—25 = T

where the last inequality holds as 6 < 0.1
We showed that A is a (1 4 46)-relaxation of C. This completes the proof of the lemma. O

Proof of Lemma 4.5: Let CNL = {iy,...,ix}. Define h configurations Cy,...,Cy by Cy = C\{is}
for{=1,...,h—1and Cp = CNL\{in}. It can be easily shown that C1,. .., C}, are configurations.
Define X € [0,1]¢" by

o = {ﬁ’ C' = Cy for some h € {1,...,¢},

0, otherwise .
For £ =1,...,h it holds that i, is large; thus, there is d; € {1,2} such that vg, (i) > . Therefore,
v4,(Cp) < g, (C\ {ir}) = v4,(C) —vg,(ig) <1 -6 .
That is, all configurations C1, ..., Cj have d-slack. Thus, for any C’ € C* with A > 0 it holds

that C” has d-slack. Hence, A has d-slack.
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For any ¢ € C'N L there is an ¢ € {1,...,h} such that ¢ = iy. Thus,
> xc,-c’(z'):z#-c-(u): > LI
‘ap—1 , h—1
crecx j=1 Jelh\{¢}
For any i € C'\ L it holds that i € Cy for £ =1,...,h — 1; thus,
1 =
N I o .
> )\cr-C(z)—Zm'C](z)—Z—h_l =1.
Crec* j=1 j=1

For any i € I \ C we have i & Cy for £ = 1,..., h. Therefore,

h
3 xcf-c'(i)zzﬁ.cj(i):o .

C’'eC* j=1
Finally,
_ _ h h
M= A=) A, = 1
c’eC* (=1
Thus, we showed that \ is a %—relaxa‘cion of C. O

Proof of Lemma 4.6: Define C' € C* by

(i) = {/@, 1€ C,

0, otherwise,

where = [12671] and A € [0,1]°" by Ac» = 4 and Ap = 0 for any D € C*\ {C'}. Observe that

. . 1, 1 1
vl(C'):Zvl(z)'C'(z):/ﬁ'vl(C)S[55 -‘-6§<§-5 +1>'5§§+5§0.6§1—(5,

iel

where the last two inequalities follow from § € (0,0.1). Thus, C’ has J-slack and hence \ is with
o-slack.

For any i € C' it holds that Y ycex Ap - D(i) = Acr - C'(i) = % -k =1. Also, for any i € I'\ C' it
holds that Y peex Ap - D(i) = Aer - C'(i) = 0. Finally,

Thus, A is a 4d-relaxation of C, as required. O

4.4 Solving the Matching-LP

In this section we present a PTAS for the MLP problem, thus proving Lemma 1.8. Let 6 € (0,0.1)
and € € (0,0.1). Our objective is to obtain a polynomial-time (1 + O(g))-approximation for MLP.
To this end we use a result of Grotschel, Lovész, and Schrijver [GLS81], which outlines the ellipsoid
method via separation oracles. A separation oracle for a polytope P C R™ accepts as input a point
Z € R”, and either determines that £ € P or finds ¢ € R” such that z-¢ < ¢ - ¢ for any §y € P.
That is, the oracle finds a hyperplane which separates between Z and the polytope P. It is also
required that the encoding size of the returned hyperplane is polynomial in the query encoding
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size. Given a separation oracle, the ellipsoid method either determines that P = ) or finds z € P in
time polynomial in n and the facet complezity of P. As a consequence, if P = () then the execution
of the ellipsoid method is comprised of invocations of the separation oracle that always result in a
separating hyperplane. If P # (), then at least one of the calls to the separation oracle results in
zeP.

We use an approximate variant of the separation oracle commonly used to solve linear programs
similar to (1) (see, e.g., [KK82]). In the classic setting, the ellipsoid method is executed with
the dual of the original linear program, as this program has a polynomial number of variables.
For example, the dual linear program of (1) has |I| variables. This approach cannot be directly
implemented for MLP, since the number of variables in both the primal and dual linear programs
is non-polynomial in the d-huge free 2VBP instance (I,v), due to the number of linear constraints
required to represent the matching polytop. We overcome this difficulty by projecting polytopes in
a vector space of non-polynomial dimension into polytopes with polynomial dimension. A similar
approach was recently used by Fairstein et al. [FKS21].

We use the following definitions and lemmas from Grétschel et al. [GLS88].

Definition 4.31 ([GLS88, Definition 6.2.2]). Let P C R" be a polyhedron, and ¢ > n+1 a positive
integer.

1. We say that P has facet complexity at most ¢ if there exists a system of linear inequalities
with rational coefficients that has a solution set P that the encoding length of each inequality
in the system is at most .

2. We say that P has a vertex complexity at most o if there exist finite sets Vi, Vo of rational
vectors such that P = conv(Vy) + cone(Va) and each of the vectors in Vi U Vs has encoding
length at most ¢.'?

3. A well-described polyhedron is a triplet (P,n,¢) where P C R™ is a polyhedron with facet
complexity at most .

Lemma 4.32 ([GLS88, Lemma 6.2.4]). Let P C R™ be a polyhedron with facet complexity at
most p. Then P has vertex complexity at most 4n? - .

Proposition 4.33 (The Ellipsoid Method, [GLS88, Theorem 6.4.1]). There is an algorithm Ellipsoid
which given n, e and a separation oracle for a well-described polyhedron (P,n, ), determines that
either P =) or returns T € P in time polynomial in n + ¢.

Throughout this section, we define multiple mathematical optimization problems. We use
OPT(P) to denote the value of the optimal solution for the problem P. We use (z) to denote
the encoding length of a number /vector/inequality x. To simplify notation, we assume the 6-2VBP
instance (I, v) is fixed throughout this section, and omit it from the input of the algorithms. We
use G = (L, E) to denote the d-matching graph of (I,v) as defined in Section 1.3, and Pyp(G) is
the matching polytope of GG. Recall that £ is the projection function defined in Section 1.3.

We first simplify our problem. We relax the requirement )~ -Zc - C(i) = 1 in (4) and use

13conv(V1) is the convex hull of Vi and cone(V2) is the conic hull of Vo. We refer the reader to Grétschel et
al. [GLSS88] for the formal definitions.
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inequality instead. That is,

rMLP : min Z To
ceC
Viel: » ze-Cli) =1 (94)
ceC
£(x) € Pm(G)
vC eC: Zc >0

It can be easily shown that the optima of (4) and (94) are equal; furthermore, a solution for (94)
can be easily converted to a solution for (4) of the same or lower value.

Our objective is to find a variant of (94) in which the set C is replaced by a polynomial-size
set D C C, while approximately preserving the optimal value. To this end we use the following
family of polytopes:

z € RD,, 5 € Pu(G)

vDCcC: P(D)=1{(z9) E@) =y . (95)

Viel: Y Zc-C(i)>1
CceD

Given D C C, with a slight abuse of notation we refer to a vector # € RZ, as a vector in RS,
where Z¢ = 0 for every C € C \ D. This ensures that the term £(7) is well defined. Since Py (G)
is downward closed, we have that rMLP is equivalent to the problem of finding (Z,y) € P(C) such
that ||Z|| is minimized.!* For D C C we define rMLP(D) as the problem of finding (z,7) € P(D)
such that ||z|| is minimized. It follows that OPT(rMLP(D)) > OPT(rMLP) for any D C C.

We use P(D) to define a family of additional polytopes Q(D, h) in R, one for each D C C and
h e RZO:

Q(D.h)={yeR” |3z eREy: (z,9) € P(D) and ||z| < h} . (96)

It thus follows that Q(D,h) # 0 if and only if OPT(rMLP(D)) < h. Furthermore, Q(D,h) is
a polytope in a vector space of polynomial size. We use the ellipsoid method to determine if
Q(C,h) = 0 for various values of h. The separation oracle first checks if § € Py(G), and otherwise
finds a separating hyperplane using a separation oracle for the matching polytope. If § € Py(G) we
use the following linear program, which depends on y € Py(G) and D C C, to obtain a separating
hyperplane:

PRIMAL(7, D)  min > e,
CeD
viel: Y Zc-C(i) =1,
CeD (97)
Veec E: Z o < Ye,
CeS(e)nD

vCeClC: z¢>0.

where for every e € F we define its superset of configurations as S(e) = {C € C | e C C}. Using this
notation it holds that (£(Z)), = > -ceg(e) To- It follows that § € Q(D, k) if and only if § € Pa(G)
and OPT(PRIMAL(y, D)) < h.

A polytope P C R%, is downward closed if for any Z € P and y € R%, such that y < Z it holds that gy € P.
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Recall the set Cy is defined in (2). For any C € C it holds that C' € Cy if and only if there is
e € F such that C € S(e). We use this observation to derive the dual of PRIMAL(g, D), which is
the following linear program:

DUAL(y,D)  max D N=Y Be Tes

el eclk
VC eD\Cs d <,

ieC

_ (98)

Vec B, CeSe)nD: Y AN<1+8,

ieC
Viel: i >0,
VYeec E: Be>0 .

Observe that the feasibility region of DUAL(y, D) is independent of 3. That is, for any D C C
we can define

VC € D\ Cy d o<t
R(D) ={ (A, B) e RLy x RE, o . (99)
Vec B, CeSe)nD: Y N<1+4
ieC

Then DUAL(y, D) is the problem of finding (X, 3) € R(D) for which > ,c; A — Y ocp Be - Te is
maximized.
We use the following relation between R(C) and Q(C,h) to generate separating hyperplanes.

Lemma 4.34. For any h € R>, y € Q(C,h) and (X, 3) € R(C) it holds that

D>A=D> B <h .

el eeE

Proof. As § € Q(C,h) it follows that OPT(DUAL(y,C)) = OPT(PRIMAL(y,C)) < h. Thus, as

(A, B) € R(C) we have

> A= Be-fe < OPT(DUAL(,C)) < h . O

el eck
We also use R(C) to bound the facet complexity of Q(C, h).

Lemma 4.35. There is a polynomial p1 (independent of the instance (I,v)) such that for any h > 0
the facet complexity of Q(C,h) is at most p1(|I| 4 (h)).

Proof. By (99), the facet complexity of R(C) is polynomial in the encoding of the input in-
stance (I,v). Therefore, by Lemma 4.32, the vertex complexity of R(C) is at most 4 - (|I| + |I]?)
times the facet complexity of R(C). Thus, the vertex complexity of R(C) is polynomial in |I|.
Hence, there is a polynomial g such that the vertex complexity of R(C) is at most ¢(|I]).

By Definition 4.31 there are V;,Vy € RL, x RZ; such that R(C) = conv(V}) + cone(V2) and
(u) < q(|I]) for every @ € V4 U Va. For any h > 0 define

VLB eV D> A=Y BeBe<h

th _ icP G o iEI_ eGE_
A K VLB €Va: > A= BB <0
el ecE
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Claim 4.36. For any h > 0 it holds that Q(C,h) C Q'(h).

Proof. Let § € Q(C,h). For any (), 3) € V1 it holds that (X, 3) € R(C), thusizjel Ni = eep Be -
Je < h by Lemma 4.34. Suppose, for sake of contradiction, that there is (A, 5) € Va such that
Sicr i — Yoeer Be - e = € > 0. It therefore holds that (h+1)\ h+15) € R(C). Thus

h 1 - h+1 -
h > OPT(PRIMAL(j,C)) = OPT(DUAL(,C)) > Z RIS W Z Mt B g > hd,
1€l ecl
a contradiction. Hence, >, Ai — >, cp Be - Je < 0 for every (A, 8) € Va, and § € Q'(h). o

Claim 4.37. For any h > 0 it holds that Q'(h) C Q(C,h).

Proof. Let § € Q'(h) and (\*,B3*) € R(C). As R(C) = conv(V;) + cone(V3) there are numbers
x5 = 0 for all (X, 3) € Vy and &5 5 > 0 for all (A, 3) € V3 such that ) (xFen 63,3 =1, and

(X, B%) = Z CS\B Z fxﬁ

\B)evi (NB)EVL
Thus,
Z )‘;k - Z ﬁ: “Ye
el eck
= Z CS\,B <Zj\i_zge'ge> Z g)\ﬁ (Z)‘ _Zﬁe ye)
(A\B)evi = e€E (A B)eVn il ccE
< DL Gaht Y &p00
(A\Bevy (\B)eVa
< h.
That is, we showed that > ,c; Af — Y .cpBf - % < h for every (A\*,8*) € R(C). Hence,
OPT(DUAL(y,C)) < h. As it also holds that § € Py(G), we conclude that 5 € Q(C, h). o

By Claim 4.36 and Claim 4.37 it follows that Q'(h) = Q(C,h). Furthermore, by Edmonds’
matching polytope theorem (see, e.g., Corollary 25.1a in Schrijver’s book [Sch03]) it holds that

(i,¢')EE
Pu(G) = {7 € RE, Ul
- i : T < | =L
WCLstUisodd @ Z” g;(m)_bJ
(¢,i)EE s.t. 4,i'€U
Thus,
' V(X B) e Vi D> A=Y Beges<h
i€l eeE
V(A B) € Vs Y A=Y B0 <0
, - 5 el eeE
QIR =@ ) =47 ER20 |y ¢ [ CY Ean <1
(i,¢")EE
- . e < | 1Y
VU C Lst. Uisodd > Ty < |5
(i,¢")EE s.t.,4'€eU
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That is, Q(C, h) is the solution set for a system of linear equations in which the encoding length of
each inequality is at most q(|I|) + (h) + O(|I|?). This completes the proof of Lemma 4.35. O

Let M* be a maximum matching in the graph G. Since each of the vertices in a matching
polytope corresponds to a(n integral) matching, it holds that

D ge < IM*| forall § € Py(G) . (100)
eeE

Since for every e € M* it holds that e € Cy, i.e., vi(e) > (1 —0), for every solution z of rMLP we

have
Z Ic > Z Tc-v1(C) > Z fczvl(i) -C(i)
cec cec cec i€l
=> wi(i) Y T C{H) =D vi) = > wvi(e) > (1— )M .
el ceC el ee M*
Hence,

OPT(rMLP) > (1 — §)|M*| .
We combine Lemma 4.34 with the next lemma that is proved later in this section.

Lemma 4.38. There is a polynomial-time algorithm Ellipsoid_R which, given y € Pym(G) and
h > (1 —0)|M*|, returns

o cither a subset D C C of size |D| polynomial in the input size such that OPT(DUAL(y, D)) <
(1+¢e)h,

e or a point (X, B) € R(C) such that > ;c; Xi — > ecp Be - Je > h.

Algorithm 3: Q_separator
Input : §eRE), h> (1—0)M.
Output: Either a separating hyperplane between Q(C, h) and g, or a subset D C C.

1 If § ¢ Py(G), then find a separating hyperplane between § and Py(G) and return it.

2 Run Ellipsoid_R (Lemma 4.38) with gy and & as its inputs

3 if Ellipsoid_R returned (X, 8) € R(C) such that > ;c; Ai — > .cp Be - Ye > h then

4 ‘ return > ;c; Ai — Yoocp Be - Ze = h as a separating hyperplane

5 else

6 ‘ notify the ellipsoid algorithm to abort, and return the set D C C returned by Ellipsoid_R
7 end

We use algorithm Ellipsoid_R in Lemma 4.38 to derive a separation oracle for Q(C,h). The
pseudocode of the oracle is given in Algorithm 3. We note there is a polynomial-time separation
oracle for the matching polytope (see, e.g, Schrijver [Sch03]); thus, Step 3 can be implemented in
polynomial time. While the algorithm does not formally qualify as a separation oracle, it gives the
following guarantee:

Lemma 4.39. Given y € Rgo and h > (1 — 6)|M*|, Algorithm 3,
e cither returns a separating hyperplane between Q(C,h) and g,
e or notifies the ellipsoid method to abort and returns D C C of polynomial cardinality such that

OPT(DUAL(y,D)) < (1 +¢)h. In this case, it must hold that § € Py(G).
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Proof. It § & Pap(G) then Algorithm 3 finds a separating hyperplane between § and Py(G). As
Q(C,h) C Pym(G), this hyperplane also separates between g and Q(C, h).

If the invocation of Ellipsoid_R returns (A, 3) € R(C) such that > ;c; A — > cpBe - Je > h,
then D ,c; Ai — > .cp Be - Ze = h is a separating hyperplane between g and Q(C, h) by Lemma 4.34.
Otherwise, by Lemma 4.38, the invocation of Ellipsoid_R returns a subset D C C of polynomial
cardinality such that OPT(DUAL(y,D)) < (1+¢)h. It follows that in this case Algorithm 3
notifies the ellipsoid to abort and returns D. O

Algorithm 4 utilizes Q_separator as a separation oracle. The algorithm may return a vector
7 € RD, for some D C C. Recall that we interpret such a vector as a vector in R¢ as well.

Algorithm 4: Ellipsoid_Q
Input : h > (1—0)|M*
Output: Either determine that OPT(rMLP) > h, or return a solution z’ for rMLP with

|Z']] < (14 ¢)h.
1 Run Ellipsoid with n = |E|, ¢ = p1(|I| + (h)) and Q_separator (and h) as the separation
oracle
2 if the ellipsoid method returned that the polytope is empty then
3 | Return OPT(rMLP) > h
4 else
5 This case can only happen if the Q_separator notified the ellipsoid to abort and
returned a set D C C. Find an optimal solution (', ) for rMLP(D) and return z’.
6 end

Lemma 4.40. In polynomial time, Algorithm /j either determines that OPT(rMLP) > h, or finds
a solution &' for tMLP satisfying ||7'|| < (14 ¢)h.

Proof. By Lemma 4.35 it holds that (Q, n, ¢) is a well-described polyhedron. Asn, ¢ are polynomial
in the instance, it follows the execution time of the ellipsoid method is polynomial. Furthermore, if
the algorithm solves rMLP(D) in Line 5 then, by Lemma 4.39, we have that |D| is polynomial, and
hence rMLP(D) can be solved in polynomial time (as there is a separation oracle for £(z) € Py (G),
and the number of variables and additional constraints is polynomial).

By Lemma 4.39, if the ellipsoid method asserts that the polytope is empty, it holds that
all invocations of Q_separator returned a separating hyperplane. Hence, this is a valid execu-
tion of Ellipsoid with a separation oracle for Q(C,h). It follows that Q(C,h) = (), implying that
OPT(rMLP) = OPT(rMLP(C)) > h due to (96).

Otherwise, it must hold that the execution of the ellipsoid method was aborted by Q_separator at
some iteration. Let § € Py((G) be the value of § used in the call to Q_separator in this iteration, let
D C C be the subset of configurations returned by Q_separator, and let (Z/, ') € P(D) be the solution
found in Line 5. It holds that ||Z’|] < OPT(PRIMAL(y, D)) = OPT(DUAL(y,D)) < (1+¢)h,
where the last inequality is by Lemma 4.39. Since (Z',7) € P(D), it holds that £(Z') < ¥ € Pu(G);
thus, £(z) € Pp(G). For the same reason, we also have Y ., T;-C(i) > 1 for all i € I. Hence, &’
is a solution for rMLP of value at most (1 + €)h. O

Our algorithm for §-rMLP, given in Algorithm 5, uses Ellipsoid_Q to perform a binary search.

Proof of Lemma 1.8. We show that Algorithm 5 is a polynomial time (1 4 3¢)-approximation
algorithm for rMLP. This immediately implies a PTAS for the MLP problem due to the connection
between MLP and rMLP.
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Algorithm 5: Matching-LP
Configuration: ¢,4 € (0,0.1)
Input : A 2VBP instance (I,v).
Output : A (14 O(e))-approximate solution z for rMLP.

1 Run a binary search over the range (¢,u) = ((1 — 0)|M*|, |I|): in each iteration call
Ellipsoid_Q(h) with h = 5. If Ellipsoid_Q returned that OPT(rMLP) > h update £ = h;
if Ellipsoid_Q returned a solution Z, set Z to be the best solution and u = h. Repeat the
process until u — £ < €.

2 If u # |I], return the best solution found; else, return a vector Z € {0,1}¢ where Z; = 1
for every i € I and Z¢ = 0 for any other C € C.

By Lemma 4.40 it holds that OPT(rMLP) > ¢ throughout the binary search, and if u # |I| then
the best solution found Z satisfies ||Z]| < (1 4+ €)u throughout the execution of the binary search.
Thus, Algorithm 5 returns a solution Z satisfying

|1Z] < (1+e)u<(I+e)l+e) < (14¢e)(OPT(MLP) +¢) < (1 + 32)OPT(rMLP),

where the last inequality holds since OPT(rMLP) > 1 (otherwise I = () and = 0 is an optimal
solution). ]

It remains to prove Lemma 4.38. Similar to Ellipsoid_Q, the ellipsoid method is applied with

an approximate separation oracle. Consider the following family of polytopes. For any ¢ > 0,
g € Py (G) and D C C, define

R(Evgvp) = {(;\75_) € R(D) | Zj\i_zge'ge ZE}

el ecE
D= Beve>t
i€l eeE (101)
= (LB e Ry x RE, | YO EP\G: 2=t
= = ieC
VecE, CeSe)nD: > A<1+8
ieC

The ellipsoid method is used with polytopes in R(¢,y, D). To derive a separation oracle for
R(¢,y,D) we use a PTAS for 2-DIMENSIONAL KNAPSACK (2DK) [FC84]. Using the terminology
in this paper, the input for 2DK is a 2VBP instance (S,v), a profit vector p € Rio and a two-
dimensional budget b € RZ,,. The objective is to find a subset W C S of items such that v(W) =
Siew v(i) < b, and p(W) = 3,y bi is maximal. Denote a 2DK instance by (S,v,p,b). We also
allow p € R§0 where S C T. The separation oracle is given in Algorithm 6. The pseudocode uses
Nglj] ={i € L | {i,j} € E}U{j} to denote the closed neighborhood of j € L in the §-matching
graph G.

As in the case of Q_separator, we show that R_separator has properties similar to those of a
separation oracle.

Lemma 4.41. On input (A, B) € RI x R¥, § € Py(G) and £ > (1 — 6)|M*|, in polynomial time
Algorithm 6 either

e returns a separating hyperplane between R(¢,y,C) and (X, 3), or
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Algorithm 6: R_separator

Input : (), B) € RI x RE § € Py (G) and £ > (1 — §)|M*|. o

Output: Either a separating hyperplane between R(¢,y,C) and (X, 3), or

(N, B) e {%((1 - 5)4,5,C).
1IEY i N — > ecr Be - Ye < £, then return it as the separating hyperplane.
2 Find a (1 — §)-approximate solution W for the 2DK instance (I \ L,v, A, 1). If
> icw Ai > 1, return W as a separating hyperplane.

3 foreach j € L do B
Find a (1 — g)-approximate solution W for the 2DK instance (I \ Ng[j],v, A, 1 —v(j)).

If Ziewu{j} Ai > 1 return W U {j} as a separating hyperplane.

5 end

6 foreach e € E do

Find a (1 — §)-approximate solution W for the 2DK instance (I \ L,v,\,1 —v(e)). If
Y icwue Ni > 1+ Be return W U e as a separating hyperplane.

8 end
9 Notify the ellipsoid method to abort, and return ((1 — %) WA ) where 3. = min{2, 3.} for
every e € F.

e notifies the ellipsoid method to abort and returns (N, 8') € R((1—5)£,3.C).

Proof. Since 2DK admits a PTAS [FC84], it follows that Algorithm 6 runs in polynomial time.

If> s S‘i_zee B Be-Je < ¢ then the algorithm returns this inequality as a separating hyperplane
in Step 1. This inequality indeed serves as a separating hyperplane by the definition of R(¢,y,C)
in (101). Thus, for the remainder of the proof, we may assume that ) . ; i — Y oecE Be e > L.

If the algorithm returns a set W in Step 2, then W C I \ L and v(W) < 1 as a solution for
2DK. Thus, W € C \ C and the inequality  ; y;/ \; > 1 defines a separating hyperplane by (101)
and (99). Hence, for the remainder of the proof we may assume that the algorithm did not return a
set in Step 2. This implies that the optimal solution for the 2DK instance (I \ L,v, A, 1) has value
at most (1 - %)_1. Since every C € C such that C C I'\ L is a solution for (I'\ L,v, \, 1), it follows
that .

VCecC, CCI\L: ZXig(l—i) . (102)
1eC 8

Consider the case in which the algorithm returns the set W U {j} in Step 4. It holds that
v(WU{j}) < oW)+4+v(G) <1-—0v()+wv({y) =1, as W is a solution for the 2DK instance
(I\ Ng[j],v,A\,1 —v(j)). Thus, W U {j} € C. Suppose, for the sake of contradiction, that
W U {j} € Cy. Thus, there is some j/ € W N L such that (j,5') € E, and we conclude that
WNNj] # 0, contradicting W C I'\ N[j] (see Step 3). It therefore holds that WU{j} € C\Cs. Since
D iewui} A\; > 1, the configuration W U {j} defines a separating hyperplane, by (101) and (99).

Hence, for the remainder of the proof we may assume that the algorithm did not return a
separating hyperplane in Step 4. Let C' € C\Cy. If C' C I'\ L then it holds that ), _~ i < (1 — %)_1
by (102).

Consider the iteration of the loop in Step 3 in which j = 5%, and let W be the set found in this
iteration in Step 4. It holds that C'\ {j} is a solution for the 2DK instance (I\ Ng[j],v, A\, 1 —v(j));
thus, Y ,cpp N = (1- %) D icc\(j) A;. Since the algorithm did not return W U {j}, we have that
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that > ;cpug Ai < 1. Therefore,

_ e\ -1
VO €C\Cy: ;A23<1+§) . (103)

Next, we consider the case in which the algorithms returns the set W U e in Step 7. Then
v(W U {e}) = v(W)+uv(e) <1 —uv(e) +v(e) =1 since W is a solution for (I \ L,v,\,1 — v(e)).
Hence, W Ue € C. It follows that W U {e} € S(e). Since Y ;cpyie Ai > 1+ Be, it follows that W Ue
defines a separating hyperplane between (X, 3) and R(¢,3,C) (by (99) and (101)).

We may therefore assume that the algorithm does not return a set in Step 7 throughout its
execution. Let e* € E and C' € S(e*), and consider the iteration of the loop in Step 6 in which
e = e*. It holds that C'\e C I'\ L (otherwise, v4(C) > 1 for some d € {1,2}) and v(C'\e) < 1—v(e);
thus, C'\ e is a solution for the 2DK instance (I \ L,v,\,1 — v(e)). Let W be the approximate
solution found for (I'\ L,v,A,1 —v(e)). It then holds that >, .y A > (1 —5) DicC\e Ae. Also,
since we assume that the algorithm does not return a set in Step 7, it holds that ) ;. A < 1+8.
Therefore, we have that

Y=Y+ Y Xi§25\i+<1—§)_125\i§ (1—§>_1 Y hi< (1—%)_1(1+ﬁe) .

ieC ice ieC\e ice eWw i€eWuUe
(104)
Let e = {j1,j2}. Then {j1},{j2},C \ e € C\ Ca. Therefore, by (103),
- _ _ ey —1
PIRESTEDIEDD )\i§3<1+§> . (105)
eC ieC\e
By (104) and (105), we have
B 1 _ —1 _
Vec E, CeSle): N < (1 - %) (1 + min{3.,2}) = (1 - %) 1+5) .  (106)

By (103) and (106) it holds that ((1—£) A,3") € R(C). Furthermore,

S (- r-Y8m=(1-%) <ZM—ZBQ@>—§ZBQ Te
el eceE el eceE ecE
> (1-5) (ZM—Z@@)—ZZ%
el ecE ecE
- (-5

The first inequality holds since 3, = min{3,, 2}, the second inequality uses Yoecr Ue < IMF| <

4
=y
due to (100). Thus, ((1-5) A, B8) e R((1—5)¢.4,C). O
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The facet complexity of R(¢,y,D) can be trivially bounded by (99), as stated in the next lemma
(we omit the proof).

Lemma 4.42. There is a polynomial py (independent of the instance (I,v)) such that for any
D CC,y € Py and £ >0 the facet complexity of R({,y,D) is at most pa(|I]| + (g) + (£)).

Algorithm 7 uses the ellipsoid method with R_separator as the separation oracle.

Algorithm 7: Ellipsoid_R
Input : g€ Py(G) and h > (1 — 0)|M*|
Output: Either a subset D C C such that OPT(DUAL(y, D)) < (1 +¢)h or a

point (A, 3) € R(C) such that > ;c; \i = > .cpBe - Fe > h.
Run Ellipsoid (Proposition 4.33) with n = |I| + |E|, ¢ = p2(|I| + (y) + (¢)) and R_separator

as the separation oracle, where R_separator is used with y and ¢ = lfhg
4

jun

2 if the ellipsoid method returned the polytope is empty then

3 Let D be the set of configurations returned by R_separator as a separating hyperplanes
throughout the execution of the ellipsoid method. Return D.
4 else
// This only happens if R_separator aborted the ellipsoid method.
5 Return (), 3), where (), 5) € ((1 - %) E,g,C) is the value returned by R_separator.

6 end

Proof of Lemma 4.38. Note that Ellipsoid_R runs in polynomial time. Furthermore, £ > h >
(1 —9)|M*|. Thus, R_separator is used with parameters that match the conditions of Lemma 4.41.

Consider the execution of Algorithm 7. If the ellipsoid method returns that the polytope is
empty then all separating hyperplanes returned by Ellipsoid_R are also separating hyperplanes with
respect to the polytope R(¢,7,D). Thus, it must hold that R(¢,3,D) = (). This implies that
OPT(DUAL(7, D)) < £ = —h < (1 +¢)h . Since the execution of the ellipsoid is of polynomial

1—3¢

time, it follows that |D| is also polynomial. -
If the ellipsoid method was aborted, then by Lemma 4.41 it holds that (X, ) € ((1 - %) L7, C).

By (101) we have that (A, 5) € R(C), and

ZX—ZBe-gez(1-%)@:(1—%)1%>h. O

i€l eeE 4

5 Basic Probabilistic Tools

In this section we prove Lemmas 2.4 and 2.6; the probabilistic lemmas which are used both
in Section 3 and Section 4. The proof of Lemma 2.4 follows from an iterative application of
Lemma 2.3. Lemma 2.6 is an application of Lemma 2.4.

We begin with the following technical lemma.

Lemma 5.1. Let j € {0,1,...,k—1} and t > 0. Also, let u € Rlzo be an Fj-measurable random
vector. Then,

42
Pr(a-1g,,, — (1-8)u-1g, >t-tol(7)) < exp <_éPtT>
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Proof. Let A be the set of possible values the random vector @ can take, that is, A = {t(w) | w € Q}.
Since ) is finite, it holds that A is also finite.
For any S C I, pe {1,...,OPT} and a € A define fs,4 : COPT 5 R by

—1 . n . —
fs,p a(C1,...,Copr) = {t°|(a) a ]lS\(UQf:1 Ce) tol(a) # 0,
b b 0

otherwise .

)

Also, define D = {fs,a | S CI,pe{l,...,O0PT},a € A}. It can be easily verified that D is finite.
Let fs,a € D, (C1,...,Copt), (C1,...,Chpr) € COFPT and r € [OPT] such that Cy = C for
¢=1,...,r—1,r+1,...,0PT. If tol(a) = 0 or > p, then

‘fg,p,a(Cl, ... Copr) — fs,pa(C1, ... ,Cé)PT)‘ =0.

Otherwise, let T' = Uzdp}\{r} Cp= UZE[p]\{T} Cj. Then

1
fs.pa(Ci,...,Copt) — fs,pa(C1,...,Copr)| = tol (@) -a(Is\ro, — 1s\vmcr)
_ 1 ) - 3 -
~ |tol(a) @i i

i€(SNCIL\(CUT) i€(SNCy)\(CLUT)

IN

SORTS NN VRN VI

(a iE(SNCI\(C,UT)  i€(SNCy)\(CLUT)
1

<

tol(@) -tol(a) <1 .

The second equality holds, as S\ T\ C, \ (S\T\C)) = (SNC))\ (CrUT) and symmetrically
S\T\C/\(S\T\C,)=(SNCy)\ (C,.UT). Thus, fs,a is of 1-bounded difference.

Define a random function g = fs; p.,, a- Since Sj, pj+1 and u are Fj-measurable, it follows

that g is Fj-measurable. By definition of g, we have

— j+1 1 _
tol(a) - g(C{+ C%—;T) U - S AU it = =u-lg;,, .

Furthermore,

Eltol(a) - g(C{™, ..., CL) | Fil =Ela- 1s,,, | Fj] =Y - Pr(i € Sju1 | Fy)
=y

1_ Zuz' ZES - 1—5)6_1]]_5‘],

el

where the inequality holds by Lemma 2.1. Therefore,
Pr(u-1g,41—(1—0d)a-1g, > t-tol(a))

. . . 2. ¢2
<Pr(g(C{*,....CopL) ~ Blg(Cl™, .. O | i) > 1) < exp (— ) ,

OoPT
where the last inequality is by Lemma 2.3. O

We use Lemma 5.1 as part of the proof of Lemma 2.4
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Proof of Lemma 2.4. We note that

Pr(3re{j,....k}: 4-1s, — (1 =0)"7-a-1g, >t-tol(a))

= Pr(3refi....k}: S (@-ls,—(1-8)-a-1s,,) - (1-6) ">t tol(@)
l=j+1

< Pr

t
Ire{j+1,....k}, £e{j+1,...,r}: (u-]lge—(l—é).u-]lse1)-(1—6)T‘Z>T_j-tol(u)>

IN

Pr(3¢e{j+1,... k}: u-]lgl—(l—é)~u-]lge1>£-t0|(u)>

k

k/\/—\

t
< > Pr<u-]15Z—(1—5)-u-]lge1>E-tol(u)>
1

t=j+
2
(%)

9.
k- exp <_ OPT )

-4.2
< (5_2exp< 2.9 t>

IN

~ OPT

The first inequality holds, since if a sum of n variables is greater than 7' there most be a variable with
value greater than % The fourth inequality is by Lemma 5.1, and the last inequality uses k < §72.
O

Lemma 2.6 is a simple application of Lemma 2.4.

Proof of Lemma 2.6. Define u € [0,1]/ by @; = Zle ve(i). For any C € C it holds that
Yico Ui = Zle v(C) < d, therefore tol(u) < d. Furthermore, there is partition (Q1,...,QopT)
of I such that @ is a configuration for £ = 1,..., OPT. Therefore,

OPT
a-lg, <u-1y= u-1g, < OPT-tol(a) <d-OPT . (107)
1

!

~
Il

Recall that p* is the number of configurations used by First-Fit in Line 6 of Algorithm 1. Using
Lemma 2.5, we have

Pr(,o*>8-d-5-OPT+1)§Pr<zd:vt(5k)>4-d-5-OPT>
gPr(at- ]igk >4.d-6-OPT)
gPr(a-]lSk—(l—é)k-a-]lgo>3-d-5-OPT)
<Pr(3re{0,...,k}: @-lg, —(1—0) -a-1g, > tol(a)- & - OPT)
<52 exp <_2-54-52-0PT2>
OPT
<672 exp(—6" - OPT)

The third inequality uses (107) and (1 — 6)¥ < 6. The fifth inequality is by Lemma 2.4. Hence,
Pr(p* <8-d-6-OPT+1)>1-§2 exp(—5"-OPT). O
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6 Discussion

In this paper we showed that a simple iterative randomized rounding scheme (Algorithm 1) improves
the state-of-the-art algorithms for d-DIMENTIONAL VECTOR BIN PACKING, for any d > 3. We
also showed that Algorithm 1 outperforms any algorithm within the RoundéApprox framework
of Bansal et al. [BCS10]. Slight modifications in this algorithm to include an initial matching
phase (Algorithm 2) led to an algorithm that yields an asymptotic (% + E)—approximation for 2-
DIMENTIONAL VECTOR BIN PACKING, improving upon the (% + 5)—approximation algorithm of
Bansal et al. [BEK16]. To the best of our knowledge, we use here for the first time iterative
randomized rounding in the context of BIN PACKING problems.

For arbitrary d > 2 we applied a fairly simple analysis of Algorithm 1, which leaves much room
for improvement. Our analysis of Algorithm 2 is the result of multiple back-and-forth steps which
led to new insights on the stochastic process generated by randomized rounding, and on structural
properties of dVBP which proved useful in the analysis. The matching subroutine in Algorithm 2
was introduced as part of this process. While this led to a significantly better asymptotic approxi-
mation ratio for d = 2, our analysis for this case is more complex.

We note that many of the ideas used in the analysis for d = 2 can be easily incorporated into the
analysis for d > 2. For example, the sets T; (defined in (12)) used in the proof of Theorem 1.5 are
analogous to touched configurations in the analysis of Section 4.1.1. While the analysis for d = 2
considers the set Tj for every iteration j and attempts to exploit it to improve the approximation
ratio, the analysis for arbitrary d only considers the set T}, for a specific value of jj.

As part of the analysis of Algorithm 2 we introduced a structural property for 2VBP (Lemma 4.2)
which combines ideas of Bansal et al. [BEK16] and Fairstein et al. [FKS21]. Intuitively, it should be
possible to extend the lemma to arbitrary d > 2. While the rounding scheme presented in the proof
of Lemma 4.2 can be extended to d > 2, the Small Items Refinement (Lemma 4.23) is tailored to
the two-dimensional case.

The basic idea behind Algorithm 1 is that covering items with some fixed probability via iter-
ative randomized rounding requires sampling fewer configurations, in comparison to non-iterative
rounding. In our proofs we used structural properties of dVBP (e.g, Lemmas 3.5 and 4.2) to formal-
ize this basic idea. Intuitively, the same basic idea should also work for other BIN PACKING prob-
lems, such as GEOMETRIC 2-DIMENSIONAL BIN PACKING [BK14] and GENERALIZED MULTIDIMEN-
SIONAL BIN PAcCKING [KSS21], for which the state-of-the-art algorithms use the RoundéApprox
framework. Formalizing this intuition requires an analog of the structural properties for each of
these BIN PACKING variants. We note that, even without a tailored structural property, follow-
ing the outline of the proof of Theorem 3.2, it can be easily shown that a simple adaptation of
Algorithm 1 yields an asymptotic approximation ratio which is at least as good as the ratio of any
Roundé&Approz algorithm for GEOMETRIC 2-DIMENSIONAL BIN PACKING [BK14] and for GENER-
ALIZED MULTIDIMENSIONAL BIN PACKING [KSS21].

Algorithm 1 can be used also to simplify existing results. For example, in Lemma 1.6 we
showed the algorithm is an AFPTAS for BIN PACKING. We conjecture that the algorithm is also
an AFPTAS for BIN PACKING WITH CARDINALITY CONSTRAINTS [EL10].

Finally, the number of configurations sampled in each iteration of Line 1 in Algorithm 1 was
selected arbitrarily for an easier analysis. One may consider selecting a single configuration per
iteration. We believe that such modification is unlikely to yield a better approximation ratio, but
rather make the analysis more complicated. A main cause for complication here is that the vanilla
form of McDiarmid’s concentration bound [McD89] cannot be used, due to stronger dependencies
between the sampled configurations.
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A The Flaw in Bansal, Elias and Khan [BEK16]

The flaw we found in the work of Bansal et al. [BEK16] is in the proof of Theorem 6.1. The
theorem refers to properties of the residual items after sampling configurations using a solution for
the Configuration-LP. The proof of the theorem relies on McDiarmid’s bound, given as Lemma 6.1
in [BEK16]. The flaw is in the use of Lemma 6.1, affecting the correctness of the analysis of the
asymptotic approximation guarantees of Algorithm 3 and Algorithm 4 in [BEK16]. We refer below
to the third paragraph in the left column of page 1575 in [BEK16] (starting with “We now consider
the small items”). As some of the ingredients in the proof of Theorem 6.1 are missing, we expand
steps and add details where necessary, while keeping the deviation from [BEK16] to a minimum.

Using the notation of [BEK16], let p > 1, let Z be a solution for the Configuration-LP (1) of
the dVBP instance (I,v), and let X1,..., X, ~ Z be a tuple of t = [p- z*] random configurations
distributed by Z, where z* = ||Z||. Also, define J = I\ (|J;_; X¢) to be the items not selected by
the sampled configurations X,...,X,.

For j = (h1,...,hq) € [0,1]%, S; C I is a set of items such that vg(i) < hy for all i € S; and
k=1,...,d. The set S; represents a class of small items. Bansal et al. [BEK16] define functions
fgj :C" = R by 1

f8,(Ch,.. ., Cr) = > wli): e (108)
1€8;\(Uj=1 Cr)

for k = 1,...,d. The definition in [BEK16] is: “Let function féj be Zz‘esjnJ v (2) - h—lk” (up to a
minor adaptation to our slightly different notation), which we can only interpret as (108) due to
the subsequent use of f ‘ISZ in [BEK16] as a function whose domain is a tuple of configurations, and
since ] ]

fE (X, X)) = W Yo @)= ) wli)

k .
iESj\(UZ:1 XZ) 1€S;NJ

To use Lemma 6.1 the authors of [BEK16] attempt to show that f éj is of 1-bounded difference
(see the definition in Section 2 of the preset paper) for k = 1,...,d. To this end, they consider
¢* € {1,...,r} and two vectors x = (C1,...,C,) € C" and 2’ = (C1,...,C}) € C" such that Cy = C,
for £ € {1,...,7}\ ¢£*. That is, z and 2’ differ only in one coordinate. Subsequently, the authors
state the following;:

75,(Cr, - o) = F5(CY o )

L1 N
< max Z vk (i) - T Z g () - e (109)

1€85;NCypx k 1€8;NCha

< “h <1

1
™
The second inequality (marked is red) is incorrect. With no explanation for this inequality, it
appears that Bansal et al. [BEK16] assumed that v(S; N C) < hy, for any C' € C. However, there
may be C' € C such that v, (S; N C) = 1. For example, suppose that hj = %, and let v (i) = hy
and vy (i) = 0 for every ¢ € S5 and k' € {1,...,d} \ {k}. Then a configuration C' containing 10
items from S; satisfies vi(S; N C) =1 > hy,.

In the setting of the proof of Theorem 6.1 of [BEK16], the items in S; are assigned to configu-
rations C7f,...,Cy, in a specific solution. Indeed, it holds that v (Cy NS;) < hy for £ =1,...,m,
and we believe this led the authors of [BEK16] to the conclusion that v (C N'S;) < hy, for every
configuration C' € C, and hence to the flawed inequality in (109).
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Thus, the proof that fgj is of 1-bounded difference is incorrect, and the subsequent use of
Lemma 6.1 fails.
A correct version of (109) is

1 L 1
< max Z vg (1) - o Z vk(i) - o (110)

1€8;NClpx k 1€8;NCha
1
< —.
hy;

However, this inequality only shows that f§j is of h—lk—bounded difference. As h—lk may be large

(for example, it may be that h—lk = (OPT(I))3), the concentration bound which can be derived
from (110) is too weak to complete the proof.

Theorem 6.1 of [BEK16] is a central component in the proofs of the asymptotic (1 +1In (%) + E)—
approximation for 2VBP and of the asymptotic (1.5 +1In (%) + E) -approximation for dVBP. By
the above, the two results are incorrect.
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