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Abstract

This paper tackles the control problem of nonlinear systems
subject to parameter uncertainties based on a fuzzy logic
approach and the genetic algorithm (GA). In order to achieve a
stable controller, TSK fuzzy plant model is employed to describe
the dynamics of the uncertain nonlinear plant. A fuzzy controller
and the corresponding stability conditions will be derived. The
parameters of the fuzzy controller and the solution to the stability
conditions are determined using GA. In order to obtain the
optimal performance, the membership functions of the fuzzy
controller are obtained automatically by minimizing a defined
fitness function using GA.

I. INTRODUCTION

Fuzzy control is one of the useful control techniques for
uncertain and ill-defined nonlinear systems. Control actions of
the fuzzy controller are described by some linguistic rules.
This property makes the control algorithm to be understood
easily. The early design of fuzzy controllers is heuristic. It
incorporates the experience or knowledge of the designer into
the rules of the fuzzy controller, which is fine-tuned based on
trial and error. Genetic algorithm (GA) is a powerful searching
algorithm [3] having been applied to fuzzy systems. By using
GA, the membership functions and/or rule sets of the fuzzy
system can be generated systematically [5].  These
methodologies make the design simple and the system to have
optimal performance; however, the design does not guarantee
the system stability and robustness. In order to investigate the
system stability, the TSK fuzzy plant model {1] was proposed
to represent a nonlinear plant as a weighted sum of some
simple sub-systems. This model gives a fixed structure to
some of the nonlinear plants and thus facilitates the analysis of
the systems. Stability of the fuzzy system formed by a fuzzy
plant model and a fuzzy controller has been investigated
recently. Different stability conditions have been obtained by
employing Lyapunov stability theory]. Most of the fuzzy
controliers reported depend on membership of the fuzzy plant
model. Hence, the membership functions of the fuzzy plant
model, or effectively the plant parameters must be known.
Practically, the parameters may change during the operation.
In these cases, the robustness property of the fuzzy controller is
an important concern. Robust analysis of fuzzy control
systems can be found [6-9]. However, these works only
provided a stability and robustness testing conditions. The
determination of the parameters (e.g., the gains and
membership functions) of the fuzzy controller and the system
performance have seldom been discussed. In order to have a
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. systematic method to obtain a fuzzy controller which

guarantees the system stability, robustness, and optimally good
performance, a fuzzy controller designed and tuned with GA is
proposed.

II. TSK Fuzzy PLANT MODEL AND FUZZY CONTROLLER

In order to obtain a fuzzy controller, a TSK fuzzy plant
model is employed to describe the dynamics of the nonlinear
plant subject to parameter uncertainties.

A. TSK Fuzzy Plant Model with Parameter Uncertainties
Let p be the number of fuzzy rules describing the uncertain
nonlinear plant. The i-th rule is of the following format,

Rule i: IF f,(x(#)) is M} and ... and f, (x(¢)) is M,
THEN x(f) = A,x(t) + B, u(?) 1)
where M! is a fuzzy term of rule i corresponding to the
function f,(x(¢)) containing parameter uncertainties of the
nonlinear plant, =1, 2, ..., % i=1,2, ..., p, ¥is a positive
integer; A, e R™" and B, € R™" are known constant system

and input matrices respectively; x(¢) € R™ is the system state

_vector and u(f) e R™ is the input vector. The inferred system

is given by,

3(0) = 3w, (A, x(t) + Bu(o)), @
i=1

where iw,(x(t)) =1, w,(x(t)) [0, l] for all i 3)
=

o = P SOV g (o GON 34, U GO

3 i O <ty oGO x5 1 )
is a nonlinlear function of x(f) and By (f,(x(2))) is the
membership function corresponding to Mj, . The value of
Hy (f,(x(?))) is unknown as f, (x(¢)) isrelated to parameter
uncertainties of the nonlinear plant.

B.  Fuzzy Controller
A fuzzy controller with ¢ fuzzy rules is to be designed for the
plant. Its j-th rule is of the following format,

Rule j: IF g,(x(£)) is N{ and ... and g,(x(?)) is NJ,
THEN u(f)=G x(t)+r )
where N7 is a fuzzy term of rule j corresponding to the
function g,(x(®), f=1,2,..,R2j=12, .., ¢ Risa
positive integer; G, € R™™ is the feedback gain of rule j to

be designed, re R™ is the reference input vector. The

inferred output of the fuzzy controller is given by,
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u(r) = 2»:] )G x)+r) )
Pad B

where im (@) =1, m(x(®) [0, 1] forallj )

g (& RO * 1y (2 (KON - iy, (20 KO) (g

m,x(1)) = —
3 (s 81X 1y (2 (KON -+ 1y, (22 (x(0))

k=1
is a nonlinear function of x(f) and ,uN,’ (g,(x(0) is the
membership function corresponding to Nj to be designed.

C. Fuzzy Control System
From (2) and (6), the closed-loop fuzzy system is given by,

()= 33w, x(O)m, (x()(H,x() + B,r) ©
ey
where H, =A, +B,G, (10)

III. STABILITY ANALYSIS
To analyze the stability of the fuzzy control s}'stem of (9)
subject to parameter uncertainties, we multiply a
transformation matrix T € R™" of rank » to both sides,

Tx(t+An) = Tx(t)+ 3" 3 wom T{H, x(¢) + B, )Ar + To(Ar)

=1 j=1

= (] + iiwiijH,,T"AtJTx(t) + iiw,mlTB,rAt +To(Ar)
i=l j=1 i=l j=1 )

The procedure of stability analysis can be found in [6] and will

not be repeated here. The result can be summarized by the
following lemma:

Lemma 1. The fuzzy control system, subject to parameter
uncertainties, as given by (9) is exponentially stable for r =0
or input-to-state stable for r # 0 if TH ,].T“ is designed such
that,

,u[TH,jT" ]s ~¢ for all i and j

where & is a nonzero positive constant scalar, ,u[TH,.jT"] =

i S TR A1 ,.,,{TH'J‘T_' +(TH”_T_,).}

A0 2

It should be noted that with the use of a suitable T, any
Hurwitz matrix having a positive or zero matrix measure can
be transformed into another matrix having a negative matrix
measure (see (18)). The stability conditions derived can then
be applied. The problem left is how to find such a matrix T for
a given system. This will be discussed later.

IV. GENETIC ALGORITHM

GA is a powerful searching algorithm [3]. In this paper, GA
is used to solve the solution of the stability conditions (Lemma
1) and optimize the performance by choosing the membership
functions of the fuzzy controller. The traditional GA process is
very simple; however, it does not guarantee that a superior
offspring can be produced in each reproduction process. In
this paper, this weakness is removed. The modified GA is
shown in Fig. 1. Its details will be given as follows.

A.  Initial Population

Initial population is the potential solution set, P. The first set
of population is usually generated randomly. The potential
solution set is defined as,

Pz{pl’pl"“’ppop_lla (11)
p = [p,, P, p,_,__,,] »i=12, ..., pop_size (12)
P, = [p:' py p,‘,f’] ,i=1,2, ..., pop_size,j=1,2,...,
no_vars 13)

where pop_size denotes the population size, no_vars denotes
the number of variables used in the fitness function, b,

denotes the number of bits to encode the variable p, . It can
be seen from (11) to (13) that the potential solution set P
consists of some candidate solutions p; (chromosome). The
chromosome p, consists of some variables P, (genes) used
in the fitness function. The gene p, is then encoded by a
b, -bit binary number.

B. Evaluation

Each chromosome in the population will be evaluated by a
defined fitness function. The better chromosomes will return
higher values in this process. The fitness function to evaluate
the i-th chromosomes p,, i = 1,2, ..., pop size, in the
population is defined as follows,

fitness = f(y,;),i=1,2, ..., pop_size (14)
\ =[yll Y, y%_‘,‘_,] ,i=1,2, ..., pop_size (15)
i i
v, =y, +decimal(p, )-J—”'—"b—yjé, i=1,2,...,pop_size,j

’ -t ! 2 4y —l

=1,2,...,no_vars (16)
where decimal(p, ) denotes the decimal value of the binary

number p, , ¥j.., and y)  are the maximum and minimum
values the parameter corresponding to the gene b,

respectively. It should be noted that (16) effectively convert a
binary number to a decimal floating number. The definition of
f(y,;) depends on the application.

C. Selection

In the selection process, some of the chromosomes will be
selected to undergo the genetic operations for reproduction.
The chromosomes having higher fitness values will have a
higher chance to be selected. It is believed that the high
potential parents will produce better offspring, which is similar
to the survival of the best ones in the nature. The selection can
be done by assigning a probability g, to the chromosome p, : -

pop _ size
g = f(y,)/ S0 1i=1,2, ... pop.size an
=
The cumulative probability g, is defined as,
4,=2.9,,i=1,2, ..., pop_size (18)
j=1

The selection process starts by randomly generating a nonzero
floating-point number, 4 eﬁ) l] , for each chromosome.
Then, the chromosome p, is chosen if ¢,_, <d <¢g,,i=1,2,
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..., pop_size, where g, =0. It can be observed from this
selection process that some chromosomes will be selected
more than once. Consequently, the best chromosomes will get
more copies, the average will stay and the worst will die off.

D. Genetic Operations

The genetic operations are to generate some new
chromosomes (offspring) from their parents after the selection
process. They include the crossover and the mutation
operations. The crossover operation is mainly for exchanging
information from two parents in order to produce a better
offspring. To perform this, a floating-point number,
d, E[O 1], is generated randomly for each chromosome.
Then, the chromosome is chosen for undergoing crossover if
its d, < p, where p, e[O 1] is the probability of crossover.

Each chosen chromosome will then be selected randomly to
form a pair for crossover. A random integer,
pos e [l num _ bits — l], will be generated for each pair of the

chromosomes where num_bits denotes the number of bits of
the chromosomes, pos denotés the position of the crossing

point. The contents of the pair of chromosomes after this
crossing point will be exchanged to generate their pair of
offspring. This pair of offspring will replace their parents.

These offspring will undergo the mutation operation, which
changes the genes (bits) of the chromosomes. Consequently,
the features of the chromosomes inherited from their parents
can be changed. To perform the mutation operation, a
floating-point number, d,, € [0 l] , is generated randomly for
each bit of all chromosomes in the population. The bit value is
complemented if d, <p, where p,e€ [0 1] is the
probability of mutation.

After the processes of selection, crossover, and mutation, a
new population is generated. This new population will
repeated the same processes to obtain a better result.
Termination occurs when the result reaches a defined
condition. For the simple GA process, the offspring generated
may not be better than their parents. To improve this situation,
we modify the simple GA process to that shown Fig. 1. After
each iteration, we compare the previous and current fitness
values. If the current fitness value is better, the new offspring
are used; otherwise, the parents are used again to generate
other offspring. A better searching result is then obtained.

V. GA FOR STABILITY CONDITIONS, FEEDBACK GAINS

A. Stability Conditions and Feedback Gains
From Lemma 1, the system is stable if there exists a
transformation matrix T satisfying the following conditions,

ur(a, +B,G 1] <-z,i=1,2,..,p,j=1,2,....c (19)

T, T, - T,
The objectives are to find T= T, T, - T, | and
Ty T, T,
Gh G - 6] . N
G Gi{ G}, - Gl | such that the above conditions are
el I H :
G G Gl

satisfied. The fitness function is defined as follows,

fitness = Zn,l,u[T(A, + B,G,)T"] (20)
i=1 j=1
where n; 20,i=1,2,...,p,j=1,2, ..., c, are constant scalar.

The problems of finding T and G; are now formulated to a
minimization problem. The aim is to minimize the fitness
function with T and G; using GA. As T and G; are the
variables of the fitness function of (20), they will be encoded to
binary numbers to form the genes of the chromosomes for the
GA process. Under this minimization problem, the minimum
fitness value does not necessarily satisfy (19). Hence, n;,i=

1,2,..,p,j=1,2, ... c, are used to make the effects of some
terms on the right hand side of (20) less significant.

B. Optimizing the System Performance

After T and G; have been determined, what follows is to
determine the membership functions of the fuzzy controller
using GA such that the performance of the uncertain fuzzy
control system is optimal subject to a defined performance
index. The dynamics of the uncertain fuzzy control system is
restated with modification as follows,

1) = 33w, (x(e)m, (x©),2,){H,x(t) + B,r)
i=t j=l
where z Y 1,2, ..., c, are the parameter vectors governing

21

the membership functions of the fuzzy controller, e.g., the
values of the mean and standard deviation of a Gaussian
membership function. The fitness function (performance
index) is defined as follows,

Sitness = [x(£)T W_x(f) +u(?)T R u(r)ds 22)
where W, e R™ and R, e R™" are constant semi-positive

or positive definite matrices. This fitness function is the
performance index used in the conventional optimal control.
The optimization problem formulated here will be handled by
GA. z,,j=1,2,..,¢, will be encoded to binary numbers and

form the genes of the chromosomes for the GA process.

The procedure to obtain the fuzzy controller using GA can
be summarized by the following steps.
1) Obtain the mathematical model of the nonlinear system and
convert it into the fuzzy plant model of (2).
2)Determine the number of rules of the fuzzy controller. Solve
T and G; with the fitness function defined in (20) and n, =1, i
=1,2,..,pj=12, ..., cusing GA. If T and G; cannot be
found, adjust »; accordingly.
3) Determine the membership functions of the fuzzy controller.
Obtain the parameters of the membership functions using GA

to optimize the system performance of the fuzzy control
system.

VI. APPLICATION EXAMPLE
An application example of a cart-pole inverted
pendulum as shown in Fig. 2 will be given. The dynamic
equation of the system is given by,
gsin(6(t)) - aml6(£)? sin(26(1)) / 2— a cos(B(t)u(f)
41 /3—ami cos* (6())

where @ is the angular displacement of the pendulum, g =
9.8m/s? is the acceleration due to gravity, m = 2kg is the mass
of the pendulum, a=1m+M), Me [8 80]kg is the mass of

é(t)::

23)
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the cart, 2/ = 1m is the lehgth of the pendulum, and u is the
force applied to the cart. The fuzzy plant model has four rules.
Rulei: IF f£,(x(1) is M| AND f£,(x(1)) is M},

THEN x(f)= A x(t)+Bu(r) fori=1,2,3,4 (24)
All A,,B, are known. A 4-rule fuzzy controller is designed:
Rulej: IF x,(f) is N{ and x,(¢) is NJ

THEN u(f)=G x(1),j=1,2,3 4 (25)
30-bit binary numbers are used to encode each element of T
and G;, j = 1, 2, 3, 4. The minimum and maximum values of
each element T are chosen to be —20 and 20 respectively. The
minimum and maximum values of each element of G, and G,
are chosen to be 0 and 4500 respectively. The minimum and
maximum values of each element of G, and G, are chosen to

be 0 and 10000 respectively. The fitness function is defined as
follows,

4 4
fitness = ZZn,J,u[T(A, + B,.Gj)'l‘"]
i=1 j=1

where n,=1,i=1,2,3,4,j=1,2,3,4.

After applying the
15.0698 -2.2784

= and G, =[4376.7841 3549.4041],

-17.9689 -3.3757

G, =[4770.5758 3020.2127, G, =[4096.6674 2730.6881],

G, =[9346.4048 5772.3017]. The population size is 100

and the initial values of T and G;, j = 1, 2, 3, 4, are randomly
generated. The stability analysis result is tabulated in Table 1.
According to Lemma 1, the fuzzy control system is stable. The
parameters of the membership functions of the fuzzy controller
are tuned by GA. (population size = 10). The fitness function
is chosen as follows,

finess = [ x(t)TW,x(0) + ()" R,u(t)dr
10000 0 .
, R, =0.01
0o 0
After the GA process, m, =02415 , &,=05085 ,
m, =4.8303 and &, =0.7461 under the nominal M =8kg .

(26)

GA process, we obtain

| 27

where W, =[ (28)

VII. CONCLUSION

Fuzzy control of nonlinear systems subject to parameter
uncertainties has been presented. Stability conditions have
been derived for this class of fuzzy control system. GA has
been proposed to help finding a solution of the stability
conditions, determining the feedback gains and the
membership functions of the fuzzy controller.
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(Chromosomes)

Fig. 1. Modified GA.

TABLE ]
STABILITY ANALYSIS RESULT OF THE INVERTED PENDULUM

ij H(TH,T"]
1,1 1.4229
1,2 3.1220
1,3 2.9617
1,4 3.1736
2,1 1.2696
2,2 1.4951
2,3 1.1917
2,4 2.3968
3,1 1.2992
3,2 3.0967
3,3 2.9105
3,4 3.1711
4,1 0.4704
4,2 0.6630
4,3 0.2639
4,4 1.9710

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on July 7, 2009 at 02:55 from IEEE Xplore. Restrictions apply.



