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Abstract—Integrated sensing and communication (ISAC) is a
significant application scenario in future wireless communica-
tion networks, and sensing capability of a waveform is always
evaluated by the ambiguity function. To enhance the sensing
performance of the orthogonal time frequency space (OTFS)
waveform, we propose a novel time-domain interleaved cyclic-
shifted P4-coded OTFS (TICP4-OTFS) with improved ambiguity
function. TICP4-OTFS can achieve superior autocorrelation
features in both the time and frequency domains by exploiting
the multicarrier-like form of OTFS after interleaved and the
favorable autocorrelation attributes of the P4 code. Furthermore,
we present the vectorized formulation of TICP4-OTFS modula-
tion as well as its signal structure in each domain. Numerical
simulations show that our proposed TICP4-OTFS waveform
outperforms OTFS with a narrower mainlobe as well as lower
and more distant sidelobes in terms of delay and Doppler-
dimensional ambiguity functions, and an instance of range
estimation using pulse compression is illustrated to exhibit the
proposed waveform’s greater resolution. Besides, TICP4-OTFS
achieves better performance of bit error rate for communication
in low signal-to-noise ratio (SNR) scenarios.

Index Terms—OTFS, P4 phase code, radar sensing, ambiguity
function, ISAC.

I. INTRODUCTION

The development of next-generation wireless networks has
highlighted the increasing importance of sensing capabilities,
paving the way for the introduction of integrated sensing and
communication (ISAC) [1]. Waveform design is an impor-
tant part of ISAC research since it allows for the seamless
integration of radar and communication features on a single
hardware device, facilitating spectrum sharing and enabling
synergistic collaboration to uncover greater capabilities [2].
Designing communication waveforms to improve their sensing
performance is one of the schemes in ISAC waveform design.

Orthogonal frequency division multiplexing (OFDM) has
received extensive usage as a communication waveform in
commercial fourth and fifth generation wireless networks, and
some research on exploiting OFDM for ISAC applications
has been undertaken [3]. However, in cases requiring high-
speed movement, OFDM has limitations, necessitating the
investigation of alternate waveforms. In this regard, orthogonal
time frequency space (OTFS) has emerged as a viable method
capable of minimizing the negative consequences of significant
Doppler shifts. The increased interest in OTFS from academia
and industry emphasizes it as a promising candidate for next-
generation wireless networks [4]. Notably, the distinguishing

aspect of OTFS is its parameterization via delay and Doppler
indices, which aligns well with the physical interpretation of
radar targets in terms of range and velocity. These intrinsic
properties make OTFS a good fit for ISAC applications, as
demonstrated by [4]-[7].

Radar sensing is a key component of ISAC, and some work
has focused on radar sensing applications for OTFS based on
matched filter algorithms [8]—[11]. Moreover, since matched
filtering is one of the most important methods in radar sensing,
it is crucial to study the ambiguity function because the sensing
performance in terms of e.g., the resolution performance of
velocimetry and ranging is characterized by the ambiguity
function [12]. [8]] proposed an efficient OTFS-based matched
filter algorithm for target range and velocity estimation, which
allows longer range radar and larger Doppler frequency esti-
mation. [9] proposed a framework to achieve pulse Doppler
radar processing using an existing OTFS communications
architecture, based on which [[10] proposed a two-dimensional
correlation-based algorithm to estimate the fractional delay
and Doppler parameters for radar sensing. However, there
has been little research into the OTFS ambiguity function
in the context of sensing performance. In a related study
[11]], the authors proposed a random-padded OTFS modulation
scheme for joint communication and radar/sensing systems.
This OTFS variation increased radar system efficiency by
drastically lowering sidelobes in the ambiguity function of
the transmitted signal. It should be noted, however, that the
work was designed particularly for a zero-padded OTFS signal,
making it inapplicable to OTFS waveforms that do not use the
zero-padded form.

In this paper, we focus on improving the ambiguity function
of the OTFS waveform on the transmitter side since the ambi-
guity function is determined only by the transmit waveform,
from which the resolving power, ambiguity, measurement
accuracy, and clutter suppression capability of the radar system
under optimal signal processing conditions can be known. In
another word, the ambiguity function serves as a guide for
selecting radar waveforms for different purposes and charac-
terises the applicability and limitations of a certain signal, and
it is significant for ISAC systems based on specific waveform.
Specifically, we commence our investigation by examining the
alignment of the OTFS frame in the time domain and ana-
lyzing the corresponding forms of the Zak transform in both
analog and digital domains. Notably, the OTFS waveform,



which employs the inverse discrete Zak transform (IDZT)
[13]], [[14], has a multicarrier structure similar to that of the
OFDM waveform, which employs the inverse discrete Fourier
transform (IDFT). This observation motivates us to investigate
the OTFS signal’s suitability for techniques used in frequency
modulated waveforms. We demonstrate a link between the
ambiguity function and the signal’s autocorrelation features.
Based on this insight, we propose using a row-column inter-
leaver in the digital time domain to change the alignment of the
OTFS waveform, hence improving its autocorrelation features.
In addition, we use a phase coding approach that is extensively
used in radar waveforms. We encode delay-Doppler symbols
with P4 code sequences [|15]] Doppler-wise and cyclically shift
them by a value corresponding to the Doppler index, similar
to the encoding mode in multifrequency complementary phase
(MCPC) schemes [16]. Finally, we generate the vectorized
form of the proposed time-domain interleaved cyclic-shifted
P4-coded OTFS (TICP4-OTFS) to assist future investigation
of this waveform.

Through numerical simulations, we demonstrate that the
strategy proposed in this paper produces a superior ambiguity
function for radar sensing while also enhancing the bit error
rate (BER) performance in low signal-to-noise ratio (SNR)
scenarios for communication applications. In addition, we
illustrate an instance of range estimation using pulse compres-
sion, exhibiting the proposed waveform’s greater resolution.

II. FUNDAMENTAL CONCEPTS

In this section, we present the signal model for Zak-based
OTFS and another equivalent implementation based on OFDM
[13]]. Additionally, the definition of the ambiguity function and
the P4 code are introduced.

A. Signal model of OTFS

In the subsequent analysis, we introduce a time-domain
signal s(¢) with a time limit of T, = NT and a band
limit of B, = MASf, where Af is set to 1/T to ensure
orthogonality in the time-frequency domain. By employing the
Zak transform, we can express the Zak domain signal of s(t)
within the fundamental region of the delay-Doppler domain,
denoted as R = {r € [0,T),v € [0,Af)}, as
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and the corresponding inverse transform of Zak is defined as

Af
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where n =0,1,..., N —1. After sampling time ¢ and delay 7
at intervals of 1/B,, = T'/M and sampling Doppler at inter-
vals of 1/T,, = 1/(NT), we obtain the indices ¢ = tM /T for
gq=0,1,...,.NM — 1,1l =7M/T forl =0,1,...,M — 1,
and ¥ = vNT for £k = 0,1,..., N — 1. Consequently, the
digital time-domain signal model can be expressed as
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where Z[l, k] represents the original information symbols
located at the [-th delay and k-th Doppler of the delay-Doppler
plane grid T : {ZT ke L =} for [ = 0,1,...,M — 1 and
k=0,1,...,N —1. Addltlonally, slq] = s[l + nM] denotes
the time samples corresponding to the [-th delay and the n-th
time slot of the delay-time plane after column-wise parallel to
serial (P/S) conversion.

Revisiting another implementation of OTFS in the digital
domain, which is based on OFDM and proven to be equiva-
lent to IDZT-based OTFS. Firstly, the delay-Doppler domain
symbols Z[l, k] are mapped into the time-frequency domain
using inverse symplectic finite Fourier transform (ISFFT) as
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where X [m,n] represents information symbols located at the
m-th frequency and n-th time of the time-frequency plane grid
II:{nT, %} withm =0,1,...,M-1,n=0,1,...,N - 1.

Then, using IDFT the time-frequency symbols X [m, n| are
mapped into the delay-time domain. Finally, the delay-time
symbols S[l,n] are rearranged in a column-wise P/S conver-
sion to obtain the time-domain symbols s[q] = s[l+nM]. The
process can be denoted as
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B. Ambiguity function and P4 code

To analyze the performance and characteristics of the wave-
form in greater detail, we introduce the concept of the ambi-
guity function. The ambiguity function serves as a metric to
evaluate the sensing performance of a waveform, revealing the
interference caused by a transmitted signal due to variations
in delay 7 and Doppler shift v compared to a reference signal.
In this paper, the ambiguity function is defined as

+o0
x(r,v) = / s(t)s*(t + 7)el*™ dt. (6)

If we set v = 0 or 7 = 0, the delay and Doppler-dimensional
versions of the ambiguity function can be obtained, respec-
tively. The delay and Doppler-dimensional ambiguity function
is defined as

“+00
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where s(t) and S(f) denote the signal in the time and
frequency domain, respectively, and (-)* is the conjugate
operation. It can be noted that the definition of the ambiguity
function in and is the same as the autocorrelation
function. Therefore, improving the autocorrelation properties



multicarrier-like modulation
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of the signal in both the time and frequency domains is crucial
to optimizing the sensing performance.

In terms of the P4 code, it has good autocorrelation proper-
ties in both the time and frequency domains for inheriting
the advantages of the linear frequency modulation (LFM)
waveform, which has the potential to be used to improve
the ambiguity function of waveforms. The P4 code is gen-
erated conceptually by downconverting the LFM waveform to
baseband using a local oscillator and then sampling it at the
Nyquist rate, so that the successive samples are given by

¢p =7(p—1)%/P —m(p—1), ©9)

where P denotes the number of samples and p = 1,2,..., P.

According to the definition of conventional OTFS and
ambiguity function, the autocorrelation performance of OTFS
in time and frequency domains is lackluster due to its dispersed
time-domain sample arrangement and the shape of its envelope
superimposed on a sinusoidal wave.

ITI. PROPOSED TICP4-OTFS

In this section, we introduce the TICP4-OTFS signal model
and derive the vectorized formulation at the transmitter side.
This enables us to describe the structure of the TICP4-OTFS
signal in each domain, emphasizing its distinct arrangement
and properties.

A. Signal model of TICP4-OTFS

By observing the form of Zak-based OTFS in the digital
domain, we can identify an intrinsic form of multicarrier mod-
ulation. Equation (3) can be seen as an IDFT for the Doppler
indices k, with the results parameterized by the time indices
n, if we treat the delay indices [ as constant. This observation
implies that the delay-Doppler plane can be viewed as a
time-frequency plane with different inter-symbol and inter-
carrier spacing, where the carriers are the Doppler indices,
thus indicating another paradigm of multicarrier modulation.

For all N subcarriers in the proposed TICP4-OTFS signal,
we use cyclic-shifted P4 phase code sequences. Each subcar-
rier corresponds to M symbols with different delay indices
in the delay-Doppler plane grid. Each P4 code sequence,
which is made up of M samples, is multiplied by M delay-
domain symbols and cyclically shifted using different Doppler
indices k. Additionally, a row-column interleaver is employed
to modify the alignment in the digital time domain. As a result,
the TICP4-OTFS signal is formulated as
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Fig. 2. Structure of proposed TICP4-OTFS

where (-)s represents the modulo M operation. In addition
to the definition in (]m), the TICP4-OTFS signal can also be
acquired using an OFDM-based method. Firstly, using ISFFT,
the time-frequency domain symbols can be obtained as

Z[l, k]ejd)“*k]M 6j27f(%*lﬁ)_
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Then, using IDFT, we can obtain the delay-time signal as

M-1
]. ; ml
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Finally, the time-domain signal s'[¢] = s'[IIN 4+ n] can

be obtained by performing a column-wise P/S conversion
followed by a row-column interleaving operation, as

S'lt,n) 255 s IN +n) = §']q). (13)

In conclusion, we obtain the TICP4-OTFS samples in the
digital domain by using the cyclic-shifted P4 encoder and a
row-column interleaver. The analog domain signal of TICP4-
OTES is then obtained using rectangular pulse shaping, al-
lowing us to investigate the TICP4-OTFS waveform and its
ambiguity function. Fig. [T] depicts the modulation process.

B. Vectorized formulation of TICP4-OTFS modulation

The notations used in this subsection are as follows. Up-
percase boldface letters represent matrices, while lowercase
boldface letters represent vectors. The Hermitian transpose is
denoted by (-)¥ and the normalized n-point DFT matrix is
denoted by F',,. The identity matrix of size k is denoted by the
symbol Iy. The Kronecker and Hadamard product operations
are denoted by the symbols ® and ®, respectively.

First, the transmitted signal in (T2) can be rewritten using
a vectorized formulation as

S =IyZ'FL,

OTFS

(14)
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Fig. 5. Zero Doppler and delay-cut ambiguity function comparison, M=8, N=8

where Z' = Z © Ay represents the input data in the delay-
Doppler domain after applying the cyclic-shifted P4 code. Z
is a M x N matrix with Z[l, k] elements, and Ay isa M X N
matrix with the cyclic-shifted P4 code described as

[ e%o ePrM—1
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- (15)
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Performing column-wise vectorization on S__ ., yields the
MN x 1 vector as

!

S pes = vec(SL ) = (Fy @ In)Z, (16)

where z' = vec(Z'). To generate the proposed TICP4-OTFS
signal s’ ., we introduce a row-column interleaving
matrix T € CVMXNM 5 represent the row-column inter-

leaving operation

E: Ey; En
Eio Eo» Enp
T = . i ) , (17)
Ei v Eoum Ex v
where the N x M matrix E; ; is defined as
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Finally, we obtain the vectorized formulation of TICP4-
OTES as s’ =Ts’

TICP4—-OTFS OTFS "’

C. Structure analysis for TICP4-OTFS signal

Fig. 2| depicts the TICP4-OTFS transceiver, where the
cyclic-shifted CP4-coded modulated symbols are mapped to
the delay-Doppler domain. There are two ways for generating
the time-domain TICP4-OTFS waveform for transmission over
the channel. The first approach employs IDZT, which is fol-
lowed by a row-column interleaver. As previously stated, IDZT
allows the mapping of delay-Doppler CP4-coded symbols to
the time domain, resulting in a multicarrier-like modulation.
The row-column interleaver rearranges the time-domain sam-
ples while retaining all of their information.

To provide a more detailed description, we present an
alternate indirect system based on OFDM. The delay-Doppler
domain signal is first transferred to the time-frequency domain
using an orthogonal 2D precoding approach such as the ISFFT.
Following that, in each time slot, an OFDM modulator is
utilized to further transform the time-frequency domain signal
to the delay-time domain. Finally, the TICP4-OTFS waveform
is formed by using column-wise P/S conversion followed by
a row-column interleaver.

Examining the alignment of the TICP4-OTFS signal in the
delay-Doppler domain and time domain reveals similarities to
an OFDM signal when the delay axis is interpreted as the time
axis and the Doppler axis as the frequency axis. As a result,
the time domain part of TICP4-OTFES inherits the shape of the
MCPC waveform, which determines the ambiguity function’s
features.



IV. SIMULATION RESULTS AND DISCUSSIONS

In this section, we compare the ambiguity function and
BER of the conventional OTFS and TICP4-OTFS waveforms.
The simulation takes into account two delay-Doppler plane
grids I', with M = 8,8 and N = 4,8 for both waveforms to
ensure they have the same time duration and bandwidth. To
examine the ambiguity function, the two waveforms modulate
a one-element sequence with the length of M N, representing
a typical radar waveform without sending information. Analog
time-domain waveforms are created by using rectangular pulse
shaping at four times the Nyquist rate. 4-QAM modulated
symbols of M N are used for communication analysis. A 4-tap
uniform power channel is used, with delay and Doppler taps
setto [0,1,2,3] and [0, 1, 2, 3], respectively. These simulations
provide insight into the ambiguity function and BER perfor-
mance of conventional OTFS and TICP4-OTFS waveforms.

Firstly, we compare the zero Doppler and zero delay cuts
of the ambiguity function between conventional OTFS and
TICP4-OTFS waveforms. Fig. [3(a)] shows that the proposed
TICP4-OTFS waveform has a substantially narrower main
lobe in the delay dimension, around one-tenth the size of
the conventional OTFS mainlobe. Moreover, the TICP4-OTFS
waveform successfully suppresses high amplitude sidelobes
in the Doppler dimension, guaranteeing they are smaller in
magnitude and well separated from the mainlobe, as seen in
Fig.

To investigate the joint performance of the ambiguity func-
tion in the delay-Doppler domain further, we compare the
two-dimensional ambiguity contours of conventional OTFS
and TICP4-OTFS. Fig. [] clearly shows how our proposed
technique transforms the ambiguity function from a column-
like structure to a pegboard-like pattern. However, due to the
influence of the P4 code, the TICP4-OTFS waveform may
display certain coupling effects between the delay and Doppler
dimensions.

Similarly, in Fig. 5] and Fig. [6] we fix N = 8 to guarantee
that it corresponds to the value of M. TICP4-OTFS has
thinner mainlobes in both the delay and Doppler dimensions
of the ambiguity function than conventional OTFS. Further-
more, the sidelobes in the Doppler dimension are significantly
suppressed compared to Fig. e.g., all amplitudes except
the mainlobe’s are suppressed below -3dB. This enhancement
could be attributed to the use of cyclic-shifted P4 codes, where
the equality of the values of M and N prevents the Doppler-
dimensional P4 codes from reoccurring. As a result, TICP4-
OTFS achieves comparable phase coding performance in both
the time and frequency domains.

Following that, we examine the performance of two wave-
forms for range estimation using the pulse compression al-
gorithm frequently used in radar by setting the delay taps to
[1,4,7] and the Doppler taps to [0,0,0]. As seen in Fig.
TICP4-OTFS exactly matches the three peaks, however OTFS
mixes the three peaks together to produce a peak with a wider
mainlobe due to weak resolving capacity.

Finally, we compare the BER of the two waveforms to
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investigate the performance of the waveforms provided in this
paper in terms of communication. The simulation findings in
Fig. [§ reveal that TICP4-OTFS has a lower BER than OTFS
in low SNR scenarios. When combined with the ambiguity
function and BER performance, we can conclude that TICP4-
OTFS may be more appropriate for ISAC applications.

V. CONCLUSION AND FUTURE WORKS

In this paper, we propose a novel TICP4-OTFS to improve
the ambiguity function shape. This approach leverages the
multicarrier-like form of IDZT-based OTFS after interleaved
and the favorable autocorrelation properties of the P4 code.
By applying cyclic-shifted P4 code sequences in the delay-
Doppler domain and incorporating a row-column interleaver
in the time domain, the TICP4-OTFS waveform is generated.
We also derive the vectorized formulation of this waveform,
which serves as a valuable contribution for further explo-
ration of efficient techniques and algorithms for TICP4-OTFS.



Simulation results demonstrate that TICP4-OTFS exhibits a
narrower mainlobe, and lower as well as more distant side-
lobes while achieving better BER performance in low SNR
scenarios. These favorable characteristics indicate the potential
of TICP4-OTFS for application in ISAC scenarios, which will
be investigated in our future work.
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