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Abstract

The Generalized Degrees of Freedom (GDoF) of the two user interference channel
are characterized for all parameter regimes under the assumption of finite precision
channel state information at the transmitters (CSIT), when a limited amount of (half-
duplex or full-duplex) cooperation is allowed between the transmitters in the form
of m DoF of shared messages. In all cases, the number of over-the-air bits that each
cooperation bit buys is shown to be equal to either 0,1,1/2 or 1/3. The most interesting
aspect of the result is the 1/3 slope, which appears only under finite precision CSIT
and strong interference, and as such has not been encountered in previous studies
that invariably assumed perfect CSIT. Indeed, the achievability and converse for the
parameter regimes with 1/3 slope are the most challenging aspects of this work. In
particular, the converse relies on non-trivial applications of Aligned Images bounds.
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1 Introduction

As distributed computing applications become increasingly practical there is renewed in-
terest in fundamental limits of cooperative communication in robust settings. Partially
overlapping message sets naturally arise as computing tasks are distributed with some re-
dundancy, e.g., to account for straggling nodes and adverse channel conditions [1]. Studies
of cellular communication with limited backhaul [2], unreliable cooperating links [3], and
variable delay constrained messages [4] lead to similar scenarios as well. An elementary
model for information theoretic analysis of such settings is an interference network with a
limited amount of shared messages between the transmitters. While the body of literature
on information theoretic benefits of cooperative communication is too vast to survey here
(e.g., see [9]), it is notable that robust settings with finite precision CSIT remain under-
explored, especially with limited cooperative capacities. Most closely related to this work
are degrees of freedom (DoF') and generalized degrees of freedom (GDoF) studies in [6-12].
Connections to these prior works are explained in the remainder of this section.

Since exact capacity limits tend to be intractable, Generalized Degrees of Freedom
(GDoF) studies have emerged as an alternative path to progress for understanding the
fundamental limits of wireless networks. Robustness is enforced in GDoF studies by lim-
iting the channel state information at the transmitters (CSIT) to finite precision. Until
recently, a stumbling block for robust GDoF characterizations has been the difficulty of
obtaining tight converse bounds under finite precision CSIT (cf. Lapidoth-Shamai-Wigger
conjecture in [6] and the PN conjecture in [13]). However, the introduction of aligned
images bounds in [7] has made it possible to circumvent this challenge. Building upon this
opportunity, in this work we pursue the the GDoF of the interference channel under finite
precision CSIT with limited cooperation between the transmitters.

Perhaps the most powerful regime for cooperative communication is the strong inter-
ference regime, because the sharing of messages among transmitters allows essentially a
re-routing of messages through stronger channels. However, this regime turns out to be
also the most challenging regime for information theoretic GDoF characterizations under
finite precision CSIT. For example, in 8] the GDoF are characterized for the K user broad-
cast channel obtained by full transmitter cooperation in a K user symmetric interference
channel with partial CSIT levels. Remarkably, while the GDoF are characterized for the
weak interference regime, the strong interference regime remains open. More recently, the
extremal GDoF benefits of transmitter cooperation under finite precision CSIT were char-
acterized in [9] for large interference networks. The benefits of cooperation are shown to
be substantial, but the extremal analysis is again limited to weak interference settings.
Evidently the strong interference regime poses some challenges. To gauge the difficulty of
robust GDoF characterizations in different parameter regimes with limited cooperation,
especially the strong interference regime, in this work we explore the 2-user setting.

The main result of this work is the exact GDoF characterization of the 2 user interfer-
ence channel under finite precision CSIT, when a limited amount of cooperation is allowed



between the transmitters in the form of m DoF of shared messages. To place this work in
perspective, let us note that the GDoF region for the 2-user broadcast channel (where all
messages are shared) under finite-precision CSIT is found in [10], while the GDoF region
of 2-user interference channel (where no messages are shared) under finite-precision CSIT
is the same as that under perfect CSIT [11]. This work bridges the gap between these two
extremes. Finally, let us recall that under perfect CSIT, Wang and Tse found in [12] that
each bit of cooperation buys either 0,1 or 1/2 bit over-the-air. In this work, with finite
precision CSIT, for all parameter regimes we show that the number of over-the-air bits
that each bit of transmitter cooperation buys is either 0,1,1/2 or 1/3. Remarkably, the
1/3 factor shows up only in the strong interference regime and only under finite precision
CSIT. Indeed, the central contribution of this work, is the strong interference regime which
requires the most sophisticated converse and achievability arguments.

Notation: The notation (x)* represents max(x,0). Index set {1,2,...,n} is represented
as [n]. f(z) = o(g(x)) denotes that limsup,_, . Eég; = 0. Define |x] as the largest integer
that is smaller than or equal to z when x is nonnegative.

2 System Model: Interference Channel with Limited Coop-

eration
a1 -
Wi, Wor —| Tx1 — (Wip, Wor, Woe) — X3 Y1 — (Wi, Wor)
Q12
Woi Woz
Qo
Wag, Woa —| Tx2 = (Waz, Wo1, Wo2) — X» o Yo — (Way, Wo2)

Figure 1: Interference Channel with Limited Cooperation. The rates of cooperative messages
Wo1, Woe are limited by the cooperation capability .

The interference channel with limited cooperation is comprised of 4 independent mes-
sages: Wi1, Wao, Wo1, Woa. Messages W11, Was are the noncooperative messages that orig-
inate at Transmitters 1,2, and are intended for Receivers 1,2, respectively. Messages
Wo1, Woe are the cooperative messages intended for Receivers 1,2, respectively, with the
distinction that these messages are assumed to be known to both transmitters because
they are shared among the transmitters through the limited conference link. Specifically,
message Wo; is sent through the cooperation link by Transmitter 1 to Transmitter 2, and
message Wpys is sent through the cooperation link by Transmitter 2 to Transmitter 1.

For GDoF studies, the 2-user interference channel with limited cooperation is described



by the following input-output relationship.

Yi(t) = VPO G () X1 (£) + VP2 Gha(t) Xa(t) + Z1 (1) (1)
Yé(t) = VvV P221(Gyy (t)X1(t) + V PO‘QQGQQ(t)XQ(t) + Zg(t (2)

During the t** use of the channel, X;(t) = fit(Wii, Wor, Woz) € C is the symbol sent from
Transmitter ¢, and is subject to unit transmit power constraint. The symbol observed
by Receiver i is denoted Y;(t) € C, and Z;(t) ~ N¢(0,1) is the zero mean unit variance
additive white Gaussian noise (AWGN) at Receiver i. The variable P is referred to as
power and represents a nominal parameter that approaches infinity to define the GDoF
limit. The parameters ay; € R represent the coarse channel strength between Transmitter
¢ and Receiver k, respectively. To understand the intuition behind the GDoF model, it
is useful to think of ay; as the (approximate) capacity of the physical channel between
Transmitter ¢ and Receiver k£ in a given finite SNR setting that we wish to study. The
GDoF model scales the capacity of every link by the same factor v = log(P). Note
that in the GDoF model the capacity of the physical channel between Transmitter ¢ and
Receiver k is approximately ay; log(P). Intuitively, the reason for this proportional scaling
of capacities is the expectation of approximate scale invariance, i.e., when the the capacity
of every link in a network is scaled by the same factor «y, then we expect that the capacity of
the overall network should scale approximately by the same factor v as well. So normalizing
the capacity of the network by v = log(P) yields an approximation to the capacity of the
original finite SNR, network; hence the normalization by log(P) of the rates in the GDoF
definition (see (3)).

The power P and the channel strengths ay; are known to all transmitters and receivers.
Gpi(t) € C are the channel coefficient values, known perfectly to the receivers. Robustness
is enforced by the assumption that the channel coefficients are only available to transmitters
with finite precision. Recall that under the finite precision CSIT assumption, as defined
in [7], the transmitters are only aware of the probability density functions of the channel
coefficients, and it is assumed that all joint and conditional probability density functions
of channel coefficients exist and are bounded. As in [7], to avoid degenerate conditions,
the channel coefficients are also assumed to be bounded away from 0 and infinity, i.e., all
Gri(t) € [1/A, A] for some positive finite constant A. The set of all channel coefficient
random variables is denoted G = {G;(t) | i,k € {1,2},t € Z4}.

The rates associated with messages Wy1, Wao, W1, Wi are denoted as Ri1, Rao, Ro1, Roo,
respectively. The definitions of probability of error, achievable rate tuples (R11, Ra2, Ro1, Ro2),
codebooks and capacity region C are all in the standard Shannon-theoretic sense (see for
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example |14]). The GDoF region is defined as,

3((R11(P), RQQ(P), R()l(P), RQQ(P)) S C(P

D= dll,dgg,d()l,dogi T Ri1(P T Ros (P 3
( ) s.t. dn_ph_r,réo 1015((13))’ d”_ph_rféo 102g2((P))’ (3)

. Ro1 (P . Ro2(P

dn = Jim ) do = Jim

The total cooperation capability of the system is fixed by a given parameter 7. We
focus in particular on two models for cooperation, half-duplex and full-duplex, represented
by the following assumptions.

Half-duplex Assumption: do1 + doo < T, (4)
Full-duplex Assumption: dor < g, doo < g (5)

Thus, the half-duplex assumption implies that the capacity of the cooperation link is
limited to # GDoF, which can be divided arbitrarily between the two one-way modes,
while the full-duplex assumption implies that the capacity of the cooperation link is limited
to 5, which can be simultaneously utilized in both directions without mutual interference.
Correspondingly, the sum-GDoF value of the interference channel with limited cooperation
is denoted as Ds; jcrc for the half-duplex model, and as D’E oL for the full-duplex model.
In each case, the sum-GDoF value is the maximum value of di1 + doo + do1 + dps across all

(dlla d22, d()l, dog) tuples the GDoF region.

2.1 Interference Channel

The interference channel corresponds to the setting with no cooperation, i.e., 7 = 0, so
there are no cooperative messages Woy1, Wye. In [11], the GDoF region of the interference
channel is characterized under perfect CSIT. As noted in [15], for the 2-user interference
channel, GDoF under finite precision CSIT are the same as that under perfect CSIT. The
sum-GDoF value, denoted Dy, ;¢ is found to be,

Dy ;c = min (max(ozll — ag1, a12) + max(a — @12, a21),
max (a1, a12) + (a2 — ag2) ™,

max(asy, ag) + (11 — @)™,

o + (m) (6)

2.2 Broadcast Channel

The broadcast channel corresponds to unlimited cooperation, i.e., @ — oo, so that only
cooperative messages Wy1, Wyo are needed for the sum-GDoF characterization. The sum-



GDoF value, denoted Dy, g under finite-precision CSIT is found in [10] as,

DZ,BC = min (max(all, alg) + max(a21 — 11,092 — a12)+

)

max(a1, ag2) + max(ai — a1, 012 — ag2) ") (7)

Note that unlike the interference channel, the broadcast channel suffers a loss in GDoF
due to finite precision CSIT as compared to perfect CSIT.

2.3 Weak, Mixed and Strong Interference Regimes

The range of values of ay; parameters is partitioned into three regimes, labeled weak, mixed
and strong interference. These regimes are defined as follows.

Weak interference: max (a2, @s1) < min(aqy, aog) (8)
Mixed interference: min(aqg, a21) < max(aii, agg), max(aig, e1) > min(ag1, ag)  (9)

Strong interference: max(ai1, age) < min(aqg, as) (10)

The boundaries between regimes may be considered to belong to either regime.

2.4 Sub-Messages

In the description of the achievable scheme, we partition messages into sub-messages, and
in labeling these sub-messages we use subscripts to indicate transmitter cooperation, while
the superscripts are associated with the decodability of the message. Specifically, if the
subscript contains a 0 then that part of the message is shared between the two transmitters,
otherwise it is not. Similarly, if the superscript is a p then that part of the message is
private, i.e., only decodable at its desired receiver, otherwise it is common, i.e., decodable
by both receivers. Specifically, the noncooperative message W;; and cooperative message
Wo; are split into common and private parts, so that Wy; = (W5, WE), Wy, = (W§;, W{,),
and we have the following sub-messages:

WP, : Noncooperative private message, encoded by Transmitter 1 and decoded by Receiver 1.
WP,: Noncooperative private message, encoded by Transmitter 2 and decoded by Receiver 2.
W, Noncooperative common message, encoded by Transmitter 1, decoded by both receivers.
W5 Noncooperative common message, encoded by Transmitter 2, decoded by both receivers.
W{: Cooperative private message, private part of Wy, encodecﬂ by Transmitter 2, decoded by
Receiver 1.

W{,: Cooperative private message, private part of Woq, encoded by Transmitter 1, decoded by
Receiver 2.

W§,: Cooperative common message, common part of Wy, encoded by both transmitters, decoded

!'Note that even though W, is a cooperative message, i.e., it is known to both transmitters and as such
could be jointly encoded by both transmitters, our achievable schemes only require it to be encoded by
Transmitter 2. Similar observation holds for W{, as well.



by both receivers.

Wyt Cooperative common message, common part of Wys, encoded by both transmitters, decoded
by both receivers.

W§: Combination of common parts of Wy, Woa, i.e., W§ = (W§, W§,).

3 Results

Under the half-duplex model, the sum-GDoF value for the interference channel with lim-
ited transmitter cooperation under finite precision CSIT is characterized in the following
theorem.

Theorem 1. Under the half-duplex model, in the weak and mized interference regime, we
have

DZ,ICLC = min (DE,IC + m, DZ,BC), (11)

and in the strong interference regime

Do + 71 D3+ 7
2 ’ 3

DZ,ICLC = min (DE,IC + m, 7DZ,BC> (12)

where

Doe = a2 + oy (13)

D3, = min(ag; — ag, a11) + 2max(ag; — a1, az2) + a2 + max(ajz — age, o11).  (14)

As an immediate corollary, we obtain the minimum value of 7 needed for the interference
channel to achieve the same sum-GDoF value as the broadcast channel.
Corollary 1. Let * denote the minimum half-duplex cooperation GDoF needed to achieve
the broadcast channel bound. In the strong interference regime with an assumption 1o >
g1, ™ > Dy pe — Dx 1o, and its value is given below

N — 2max(aq1, og2) aig, a0 < M,N <M+ an
o 2N — M — 3max(air,a) oz, 001 < M, N > M+ aqy (15)
) N+ a1 — 3max(a1, a22) ayp > M, < M

N + M — 3max(a11, a22) aip > M,ag > M

where M = a1 + a2, N = a2 + 1. In all other parameter regimes, 7 = Dyx, yc — Dx 1c-
Our next result is the sum-GDoF characterization of the interference channel with

limited full-duplex transmitter cooperation, under finite precision CSIT, as presented in

the following theorem.

Theorem 2. Under the full-duplex model, in the weak interference regime, we have

D/Z,ICLC = min (DE,IC +m, DZ,BC>7 (16)



in the mized interference regime we have,
/ . T
Dy, 1orc = min ( Dy e + X Ds sc (17)

and in the strong interference regime we have,

D’EJCLC = min (Dz,Ic + 7, min(ay2, ao1) + g, %, Dz,Bc) (18)
where Ds3. is the same as in .

Similarly, as a corollary we obtain the minimum value of 7 needed for the interference
channel with full-duplex cooperation to achieve the same sum-GDoF value as the broadcast
channel.

Corollary 2. Let ©+ denote the minimum full-duplex cooperation GDoF needed to achieve
the broadcast channel bound. In the weak interference regime, n* = (Dx gc — Dyxyc). In
the mized interference regime, 7™ = 2(Dx. o — Dy 1c). In the strong interference regime,

where we assume a1 < ao without loss of generality, the value of © is given below

2N — M — 3max(a11,a22) a9, 001 < M, 2001 > M + max(ozn, 0422)

ot N + ag1 — 3max(ai1, a22) a1z > M, a9 < M, a2 < 2a91 — max(aq, ag2)
N + M — 3max(aq1, a22) aig > M, o1 > M, a1z < oy + min(og, az2)
2012 — 2max(a1, ag2) otherwise,
(19)

where M = aq1 + ago, N = a19 + aosy.
To place the results in perspective, let us present some observations and examples.

1. A comparison of Theorem [2] with Theorem [I] reveals that the sum-GDoF of the full-
duplex setting are identical to the half-duplex setting, i.e., for the same amount of
total cooperation capability, with only two exceptions — the mixed interference regime
where the full-duplex bound Ds; ;¢ + 7 is different from the half-duplex bound Ds; ;¢ +
7, and the strong interference regime where the full-duplex bound min (a9, ao1) + 5
is different from the half-duplex bound 0.5(a12 + @91 + 7). A notable insight here
is that when either of these bounds is active in the full-duplex setting, then only
one-way cooperation is needed, i.e., half of the cooperation capability is wasted in
the full-duplex setting.

2. The slope of sum-GDoF with respect to 7 for full-duplex and half-duplex, respectively,
represents how many over-the-air bits are bought with each bit of total cooperation
capability. Based on Theorem [1| and Theorem [2] the slope only takes values 0,1,1/2,
or 1/3. Figure [2] shows an example where the slopes 0,1,1/2,1/3 can all be seen.
Note that in Figure [2, half-duplex cooperation has greater slope than full-duplex
cooperation for 0 < 7 < 0.2, and smaller slope than full-duplex cooperation for
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Figure 2: Sum-GDoF of the interference channel (o117 = 1.2, 00 = 1,112 = 2,91 = 1.8) with

limited cooperation for half-duplex and full-duplex settings, under perfect [@/ and finite precision
CSIT (this work).

0.6 < < 1.2. Thus, the incremental benefit from each additional bit of cooperation
capability may be greater for either half-duplex or full-duplex cooperation in different
regimes. Also note that the benefits of cooperation saturate much more quickly under
finite precision CSIT.

3. In general, for both full-duplex and half-duplex settings, each incremental bit of co-
operation capability buys either 0,1,1/2 or 1/3 additional over-the-air bit. Compare
this to the findings in for perfect CSIT, where each incremental bit of cooper-
ation capability buys either 0,1, or 1/2 additional bit over-the-air. The 1/3 slope
appears only under finite precision CSIT and only under strong interference. In fact,
the GDoF bounds with slope 1/3 are the onlyE| bounds in Theorem 1 and Theorem
2 that do not appear in the perfect CSIT setting studied in [12]. Indeed, the con-
verse and achievability for the parameter regimes where the 1/3 slope appears are
the central contributions of this work.

4. A notable insight here is that when the 1/3 slope appears, it is because each in-
cremental e increase in GDoF' corresponds to an € increase in the GDoF of each of
the three cooperative messages W, W{,, W§, and a simultaneous e decrease in the

20f course, the bound corresponding to the sum-GDoF of the broadcast channel takes different values
under perfect CSIT and finite precision CSIT. Under perfect CSIT, we have Ds pc = max(a11 + 22, @12 +
a21), while under finite precision CSIT, the value is given by .



GDoF of each of the two noncooperative messages Wy, Was. Therefore, the total
increase in GDOoF is €, while the total increase in the required cooperation capability
is 3¢, which gives us the 1/3 slope.
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Figure 3: Sum-GDoF of the symmetric interference channel (a11 = agy = 1,019 = a1 = @) with
limited cooperation for various half-duplex and full-duplex settings, under perfect [@/ and finite
precision CSIT (this work).

5. Figure [3| plots the sum-GDoF value of the 2 user interference channel with limited
cooperation under the symmetric setting (a11 = a2 = 1,12 = ag1 = «) for both
half-duplex and full-duplex cooperation models, under both perfect CSIT and
finite-precision CSIT (this work). Note that in this symmetric setting, full-duplex
cooperation and half-duplex cooperation have identical sum-GDoF as a function of
m. This is because the mixed interference regime does not appear in the symmetric
setting, and in the strong interference regime the full-duplex bound min (a2, a21) +%
matches the half-duplex bound 0.5(cj2 + ag1 + 7). Note that there is no cooperation
gain for 2/3 < a < 1, which recovers the results in . Furthermore, for any fixed
cooperation capability 7, as « increases, eventually the sum-GDoF with perfect CSIT
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match the sum-GDoF of finite precision CSIT, as they both converge to 2+4. In fact,
this is true more generally (even with asymmetric settings) in the following sense.
For any fixed values of (7, a11, 22), as the cross-channels aj9, ag; become stronger,
the sum-GDoF for both finite precision CSIT and perfect CSIT must converge to
a11 4+ ao9 + m. This is because as the cross-channels become stronger, each receiver
is able to decode all interference and desired signals without interference, so the
sum-GDoF for each user are only limited by the min-cut between its transmitter
and receiver. Thus, the total GDoF of User 1, d; is only limited by ai1 + do1, and
similarly do is only limited by as9s 4 dg2, so that the sum-GDoF are only limited by
Qi1 + oo + .

6. From Theorems 1 and 2 we can find the minimum amount of cooperation capability
needed to achieve any given sum-GDoF value. In particular, the minimum amount
of cooperation needed to achieve the same sum-GDoF as with unlimited cooperation,
i.e., Dy pc, is specified in Corollaries 1 and 2. Since the Ds; p was characterized pre-
viously in [10], a natural question is to gauge the efficiency of the achievable schemes
used in [10]. Since cooperation efficiency is not a concern in [10], understandably the
schemes from [10] that achieve Dy g are in general not the most efficient in terms
of the amount of cooperation needed. This is shown explicitly through the examples
in Figure [5] and Figure [ Evidently, even for settings where the sum-GDoF are al-
ready known, the most efficient solution in terms of the minimum required level of
cooperation is a non-trivial question that is answered by Theorems 1 and 2.

4 Proof of General Converse

Let us recall some definitions that are needed for aligned images bounds.
Definition 1 (Power Levels). Consider the integer valued random variables X; over al-
phabet X},

Xy, 2{0,1,2,--- , PN — 1} (20)

where P & L\/Pi)‘ZJ We are primarily interested in limits as P — oo, where P € Ry is
denoted as power. The constant \; refers to the power level of X;.

Definition 2. Consider integer valued random variables X € X\, and any nonnegative
real numbers A1, Ay such that 0 < Ay < Ay < A, define

(2 2| 5| (21)
(X)r, £ X — PN L%J (22)
oo & | ] &

11



In other words, (X)? retrieves the top Ay power levels of X, (X)y, retrieves the bottom A\
power levels of X, (X):\\f retrieves the partition of X between levels A1 and Xs.

Let us prove the outer bounds on the GDoF region of the interference channel with
limited cooperation under finite precision CSIT, for arbitrary levels of cooperation, dp; <
o1, do2 < mp2. These bounds can then be specialized to obtain the tight converse for both
half-duplex and full-duplex models. As noted previously, with the exception of the bounds
that have slope 1/3 (as a function of 7), all other bounds that we need for Theorem 1 and
Theorem 2 also hold under perfect CSIT, so they can be obtained from [12]. However, for
the sake of completeness we will prove all the bounds here.

The bound Dy o1, < Dy pe is trivial because full cooperation cannot reduce GDoF.
The bound Dsjcrc < Dxic + mo1 + mo2 is also trivial because di1 + do2 < Dy ;e and
do1 < mo1,dp2 < mp2 by assumption. These bounds suffice for the weak interference regime
in both half-duplex and full-duplex settings.

Next, let us consider the bounds that are needed for the mixed and strong interference
regimes. Here we will use the Aligned Images bounds approach, starting with the deter-
ministic model of 7] whose GDoF region contains the GDoF region of the original channel
model from above.

Yi(t) = [V Pen-maxainaa) Gy (1) X, (1)] + [V Porz-max(@izan) Gy Xa(1)] (24)
Ya(t) = [V Pazi—max(@i102) Gy (1) X (1) | + [V Porz—max(@i2,022) G (1) Xo(t) ] (25)

where Xz(t> = XiR(t) —i—in](t), 1€ {1, 2}, and XlR; XU € {0, 1,2, [ Pmax(an,agﬂ"}’
while XQR, XQ[ € {0, 1,2,---, [\/ Pmax(alz,agz)w }

Applying Fano’s inequality and ignoring the o(log(P)) terms that are inconsequential
for GDoF, we have

nRoz + nRog < I(Waa, Wo; YQM K9 (26)
< H(Waa, Woo; V3™ | Wor, G) (27)
= H(YQ["] | Wo1,G) — H(YQM | Wao, Wori, Wo, G) (28)
= H(Yy" | Wor,G) — H((X{")%2 | Was, Wor, Wen, G) (29)

where holds because )_(2["] is a function of (Wag, Wy1, Wo2), and 172["] is a function of
()_dn})o‘21 and ()_(2["})0‘22 because Receiver 2 only hears the top as; dimensional space of

Xl[n] and top ago dimensional space of XQ[H] above the noise floor. In addition, from Fano’s

12



inequality,
nR < I(Wn;?l[n} | G) (30)
< I(Wn;f/l[n] | Wot, Woz, Waz, G) (31)
< H(Yl[n] | Wor, Wo2, Waa, G) (32)
(33)
(34)
(35)

— H(L\/Paufmax(au,azl)G[l”l]Xl[”}J | W017 Wog, W22’ g)
< H(L\/Po‘“*max(o‘“’“"’l)a[ﬁ])zl[nu, (X{n])a“ | Wao, Woi, Wo, G)
< H((X{™)™ | Was, Wor, Woa, G) + no(log(P))

where holds because given (Wag, Wo1, Wo2) and G, Receiver 1 is able to reconstruct X gb}
and then subtract [V Po‘lrma"(al%‘l??)G[f;] XQ[n]j from received signal, and the remaining re-
ceived signal at Receiver 1 is |V Pallfmax(all’O‘?l)G[ﬁ} X'l[n]J. Then holds because con-
ditioned on any value of (X{n])a“ = L\/Pallfmax(all’O‘?l)X{n}J, there can b no more than
(A+2)" possible values of L\/Po‘ll—max(allvaﬂ)G[ﬁ]X{n]j , 80 H( L\/Po‘ll—maX(all’O‘?l)G[ﬁ]Xl[n}J |
(XIhau Wy, Wor, Wea, G) < nlog(A + 2) = no(log(P)).

Adding and , then applying the Aligned image inequalities (Lemma 1 in [15]),

we have

nRi1 + nRag + nRps < H(Yg[n]\WOh g)+
[H((Xl[n])a“ | Wao, Woi, W2, G) — H((X{n])a” | Waz, Wor, Wz, G)]

(36)
< nmax(agy, a2) log(P) + n(aiy — as) T log(P). (37)

Similarly,
nRi1 +nRos +nRp1 < nmax(alg, a11) log(P) + n(a22 - 0412)+ log(P). (38)

Dividing both sides in and by nlog(P), and applying the GDoF limit, we obtain
the following GDoF bounds:

d11 + da2 + dog < max(aer, age) + (11 — agr)™ (39)
d11 + da2 + do1 < max(aia, a11) + (g2 — ag2)™ (40)

Thus, the following bound is obtained.

D5 1o < min(max(aor, ag2) + (11 — ao1)™ + mo1, max(ar2, a11) + (a2 — a12) T + mo2)
(41)

3Since [bX| < bX = (b/a)aX < (b/a)(|aX]+1) and [bX| > bX —1 = (b/a)(aX)—1> (b/a)|aX]| -1,

it follows that given a,b, |aX | there are no more than |b/a| + 2 possible values for |bX |. Also recall that
|G (1) < A
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Figure 4: Power level partitions A, B, C' where 1 = a1 — 22,0 = 11+ Qoo —ain1,0 = a1 — 11,7 =
12 — a2, X1 € Xy, Xo € Xy, and azr < ag1 + aga.

This bound is useful in the mixed and strong regimes. Note that in the strong interference
regime, the bound can be simplified as

DZ,ICLC < min(a21 + o1, (12 + 71'02). (42)

Finally, consider the strong interference regime, and in particular, the case ajs > ao1. The
alternative setting of a1o < a1 will follow similarly. For ease of notation, define

A— ()?{"})355 a1 < a1 + a2 (43)
(XW)%LQU Qo1 > Q11 + Qa2

B— (XW)giffau a1 < aq1 + g (44)
0 o1 = (1 + (22

C =Xy, (45)

Figure 4] illustrates the definitions for the case a1 < aq1 + @92, where the notation [n]

is omitted for simplicity. The case ao1 > a1 4+ ags can be shown similarly. Note that if

91 < a1+ a9, then A represents the top as; — ang power levels of X{n}, and B represents

[n]

the remaining power level partition of X;" that appears above the noise floor at Receiver

1. Otherwise, if as; > @11 + aoo, then A represents the top aqp levels of XIM and B is
]

zero. The combination of A, B is the partition of X {n that is heard by Receiver 1 above

the noise floor. Note that in both cases, A represents the power level partition of Xl[n] that

14



n]

is heard above the signal due to )_(£ at Receiver 2, i.e.,

H(A| Y™, G) = no(log(P)) (46)
n]

C represents the top awy power levels of )_(£ , which is all that Receiver 2 is able to hear
from Transmitter 2. Note that the sum of power levels of A and C' is always less than «aqo,
which will be important when applying the sum-set inequality.

Because C'is a function of Wag, Wy1, Woa,

H(C | W227 W027 g)

= 1(C; Wor | Wag, Wz, G) (47)
< I(A,C; Wor | Wag, Woa, G)

= I(A; Wor | Wag, Wo2,G) 4+ I(C; Wor | Waa, Woa, A, G) (48)
S T(A; Woy | Wag, Woa, G) + H(C' | Wag, Woa, A, G) (49)

Thus,
I(A; Wor | Wag, Woa,G) > H(C' | Wag, Woa,G) — H(C' | Waa, W2, A, G) (50)

At the same time, we also have the following bound,

H(C | Wag, Wo2,G) > H(C' | Wo2,G) — H(Waa|Wo2,9) (51)
=H(C | Wo2,G) — H(W22 | G) (52)

H(C| Wo2,G) — I(C; Wag | Wiy, Wor, W2, G) (53)

> H(C'| Woa, G) — H(C | Wiy, Wor, Woz, G) (54)

= I(C; Wiy, Wor | Woa, G) (55)

= 1(C, V"™ Wy, Wy | Woa, G) — TG Wy, Way | €, Wia, ) (56)

> 1(171[ ", s Wi, Wor | Woe, G) + 1(C, W11,W01 | Y1 n]v g)

—H(Yl[” | C, Woa,G) + HVA™ | C, Wiy, Wor, Woa, G) (57)

> I W, Wor | Woe, §) — HOY™ | ©, Wi, 6) (58)
> I(Y Wi, Wor | 6) — HVA " | €, Wie, G) (59)
> 1" W, Wou | 6) - HWM [ €.9) (60)
(61)

> nRi +nRo1 — H(Y; 1[n] | C,G) 61

Where is because mutual information and entropy are no less than zero. is
because (W71, Wo1) is independent from Wy and for any three random variables U, V, T,
if V and T are independent, then

U, v)<1u;v|T) (62)
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(60)) is because conditioning cannot increase entropy.
Next, from Fano’s inequality, we have

nR11 + nRo1 < I(Wi1, Wor; v

<H(Y1"]|g)
2y | g) -
" g)
™| g)
" g)
( )
( )

)

:<1

,_.

IN

Yln]|g
vi" g
i g

I
::mmmm::

IN

H

- H
- H
—H
- H
-1
-1

(
(

o)
H(A, C|W11, Wor, G)
A, C|Whi1, Wi, G)
A | Wi, Wor, G)
A | Wi, Wor, G) —
A | Wi, Wor, G) —
A | Wi, Wor, G)

/\/‘\/‘\/\/‘\/\

— nRys

A; Wag, Woa | Wit, Woi,G) — nRaa

A; Wag, Woa | G) — nRao

- H(C|W117 W017 Aa g)
H(C|Wh1, Wor, A, Wpe, G)
H(C | Wi1, Wor, Woz, G)

(63)
(64)
(65)
(66)
(67)
(68)
(69)
(70)
(71)

where is due to the sumset inequality (Theorem 1 in |16]). Rearranging the above

inequality we get

I(A; Wa, Woa | G) < H(Y1[n] | G) — n(R11 + Roa + Ro1)

Next, applying Fano’s inequality at Receiver 2, we have

nRas + nRys
<I(W227W027Y'2 ‘ g)

< I(W227W02,Y2 LA G)

Wao, Wo2; A | G) + I(W22,W02,Y2 | A, Q)

=I(
I(W227W027A | g) +H(Y2 ’ A g)
= I(Wa, Woa; A | g)+H(Y2 | A,G) —

I(Wag, Wos A | G) + HYS™ | A,G)

< I(Wag, Wo; A | G) + H(Ys

H(Y2" | A, Was, Wen, G)
H(Y," | Wa, Woz, G)+
I(YJ"];A | Wag, Woz, G)
— H(A,C | Waz, Wo2,G)+
I(YJ"];A | Wag, Wo2,G)
"1 AG)~ H(C | A, Was, W2, G)

(72)

(78)
(79)

where in (78), we used sum-set inequality from Theorem 1 in [16]. Combining and

™.

H(C| A, Wy, Wy, G) < H(Yl[n] | G) + H(YQM | A,G) — n(R11 + 2R22 + Ro1 + Rp2) (80)
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Combining , , , we have,
I(A; Wor | Wag, Woa,G) > n(2Ry11 + 2Ra2 + 2Rp1 + Ro2)
—~HW" [ C,0) - HW™ | g) - HY," | A,9)  (81)

Using again the sum-set inequality from Theorem 1 in [16] we have,
H(YS" | Was, Wea,G) = H(A, B | Wag, Wo2, G) (82)
Combining with , and rearranging the terms we get

H(B | Waz, Woz, A) < H(A) + H(Y{" | A,G) — n(Raz + Rep)
- H(A | W227 W027 g) (83)

Message Wi can only be transmitted through A, B because it needs to be successfully
decoded by User 1. Therefore,

nRi1 < H(A, B | Wag, Woa, Wo1,G) (84)
= H(A | Wag, Wo2, Wo1,G) + H(B | Wag, Woa, Woi, A, G) (85)
< H(A | Wag, Woa, Wo1,G) + H(B | Wag, Woe, A,,G) (86)
Combining and , we get
I(A; Wor [Woz, Wa,G) < H(A | G) + H(?Q[n} | A,G) —n(Ri1 + Ra2 + Ro2). (87)

Because and are upper and lower bound on the same mutual information, com-
bining them we have

3’rl(R11 + RQQ) + 2n(R01 + R()Q) <
H(A|G)+2HY" | 4,6)+ BV | 6)+ HY™ | C0) (88)

Note that the following bounds hold, with o(log(P)) terms omitted.

H(A|G) < nmin(agr — azs, arr)log(P) (
H(YQ[RHA, G) < mmax(ag; — a1, a2) log(P) (90
H(Y{" | G) < naszlog(P) (

H(Yl[n] |C,G) < nmax(aiy — aog, aq1) log(P) (

Thus, yields the GDoF bound,

3d11 + 3da2 + 2dp1 + 2do2 < D3e (93)
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Combining it with the assumption dg; < 7g1, do2 < w2, we get the bound

D3¢ + mo1 + mo2
3 .
Proceeding similarly, the same bound is obtained for ag; > aqo.

At this point, let us list the bounds that we have shown along with the regimes where
they are useful.

DZ,ICLC < (94)

WEAK INTERFERENCE REGIME:
DE,ICLC < min <DZ),IC + To1 + o2, DZ,BC) (95)
MIXED INTERFERENCE REGIME:
Ds 1cLe < min (DZ,IC + o1 + mo2, max (a1, aza) + (a11 — a21)t + o1,
max(ay2,a11) + (o2 — a12)™ + mo2, DE,Bc) (96)

STRONG INTERFERENCE REGIME:

D3e + mo1 + To2
3

Next, we show how these bounds provide a tight converse for Theorem 1 as well as
Theorem 2.

Dy 1crc < min (Dz,m + mo1 + o2, 12 + o2, @21 + To1, ,Dz,nc) (97)

4.1 Converse for Theorem 1 and Theorem 2
4.1.1 Weak Interference

First consider the weak interference regime where we apply the bound . Setting
mo1 + mo2 < 7 for the half-duplex setting we recover the tight converse bound, Ds; jcrc <
min(Ds gc, Ds1c + ). Similarly, setting mo1 < 5,72 < § for the full-duplex setting, we
obtain the tight converse bound, D/Z,ICLC < min(Dy o, Py 1c + 7).

4.1.2 Mixed Interference

Next consider the mixed interference regime. The converse for the half-duplex case with
mixed interference is trivial because the bounds are identical to the weak interference
regime. So let us focus on the full-duplex case. It follows from the sum-GDoF under
finite precision CSIT of the broadcast channel (reference [10], summarized in (]ZD)7 and the
interference channel without cooperation (reference [10,12], summarized in (), that in the
mixed interference regime, there is no cooperation gain, i.e., Ds; ¢ = Dx; 1, when either of
the following conditions holds.
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1. a11 + a9 > ag2 + any

2. min(aq1, age) < min(aig, ag1) < max(aiz, az) < max(ai, aoz)

only consider the remainder of the mixed interference regime, which excludes a1 + aog >
12 + 91 and min(ozn, 0622) S min(alg, 0521) S max(alg, 0621) S max(ozn, 0622).

Let us assume without loss of generality that age < aj;. Next, let us define max(ag1, agg)+
(a1 — 1)t as Ay, and similarly max(ays, a11) + (a2 — ag2)™ as Ag, so the bound
can be written as:

In both cases the trivial bound Dy 1c1.c < Ds pe is tight. Henceforth in this section we will

Ds 1orne < min (Ds e + mo1 + mo2, A1 + o1, A2 + o2, Ds pe)

Now let us show that one of Ay, Ay is equal to Dy ;¢ and the other is equal to Dy, go. This
will be useful to simplify the bound later. We have the following four cases.

e a9 < <app L ape
A1 is a1 + agy — a1 = Dy 1, and A is aj2 = Dy pe.

e a0 < < a1 < agg
Ay is a9y = Dy pe, and Ag is a1 + @ — a12 = Dy e

e oy < a2 < ajr S ag
Ay is ag1 = Dy pe, and Ag is g1 = Dy rc.

e o <o <app < ape
A1 is a11 = DZ,IC-; and A2 is 19 = DZ,BC-

Next, let us apply the bound to the full-duplex setting which corresponds to
o1 < 5, o2 < 5. In the mixed interference regime with a11 + ag2 < a2 + a9y, we have,

D5 jere < min (Dy e + mo1 + o2, A1 + mo1, Az + 702, Dy se)

. m s

< min (DZ,IC +, DZ,IC + 57 DE,BC + 57 DE,BC)
. ™

< min <DZ,IC + 57 DZ,BC)

Thus, a tight converse for the full-duplex setting is obtained in the mixed interference
regime.
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4.1.3 Strong Interference

Let us apply the bound @ to the half-duplex setting which corresponds to my; +mg2 <
. Here we have,

Dy 1crc < min (Dmc + mo1 + o2, 12 + o2, A21 + To1, Dae + 7r?())1 702 , Dz,Bc) (98)
< i (Dot SO S0 T DutT g 5
< min (Dmc b2t ;‘21 T D363+ ”,DZ,BC> (100)
< min (Dz,m . D262+ 7T’ D363+ W,Dz,Bc) (101)

which is the tight converse bound for the half-duplex setting in the strong interference
regime.

Next, let us apply the bound to the full-duplex setting which corresponds to
mo1 < 5,2 < 5. Here we have,

D3e + mo1 + 702

D5 jorc < min (DZ,IC + o1 + o2, (12 + o2, 21 + o1, 7DZ,BC> (102)

3
2 , Q21 + 57 3 7DE,BC) (103)

. . T Die+m
S min (DE,IC + T, mln(a127 an) + 57 3677 E,BC)

. T 7 Dy, + 7
< min (Dz,lc +m a2+ < Zhe U7

(104)

which is the tight converse bound for the full-duplex setting in the strong interference
regime. This completes the proof of converse for both Theorem 1 and Theorem 2.

5 Achievability for Weak and Mixed Interference

In this section, we specify the achievable schemes for the weak and mixed interference
regimes, for both the half-duplex setting and the full-duplex setting. Without loss of
generality, we will assume throughout this section that

Q11 2 Q9. (105)

5.1 Weak Interference Regime: max(ais, o) < min(aqy, agg)

We will assume m < Ds; g — Dy 1¢. There is no loss of generality in this assumption because
the achievability for m > Dy, e — Dy 1c is the same as that for 7 = Dy e — Dy ¢, i€,
the upperbound of Dy; g¢ is achieved without need for further cooperation. The achievable
schemes for both half-duplex and full-duplex settings are shown in the Table This is
because in the weak interference regime the cooperative messages Wy1, Wy are combined
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Subcases Codewords’ GDoF and Transmitted Power Received Power
X1 Xoo X5 User 1 User 2
c
o1, 00 2 N d ‘lio _‘Zﬂ X§ i~ pon X§ i PO22
- n=an—az | do=axn— o2 EIX§1* = - _
m < Ds e — Dyc 2 pean 2 e ar . 0 oo X1 i~ PO11=021 | X in, PO22—012
: ElXu[*=P E|Xp|*=P Diag(l — P, 0 0
= min(a2, a21) 1 - pro) Xoo i~ P! X1 :~ P
dﬂ = Q11 — Q21
E|Xf1 2 _ p-an d§=m X§ i~ PO X§ i~ P22
a;n > N az > df, = dp2 = agy — a1z B|X§[* = X e Pfivton | X i pon
o z N o - 12 + (91 — 92 E‘ng‘z E¥ i Diag(P*dH — P21, ijl i~ PoirTo2n Xog i~ P22 12
22 > 21 - 12 —au: . 0 P . 0
<D EIXH | = 1—pro2) Xop 1~ P Xy~ P
TS Uy BC 1— P*dh
7DZ,IC dp [ ——
= ap— Ei;(p 2= p-om dg =7 X i~ P”‘C‘ X§ i~ P22
max(aig, o) oy < e llQQ o doy = any — gy E|X§)? = X§ i~ Prdniton | xe o pon
1}2 = 11E_‘|XC2‘12 22 E‘X22‘2 — pox Diag(P’dfl — poa, Xfl i~ PO | X, i, PO22T021
Qa1 nl- = - . 0 P . 0
1— pdi L—poa) Xog i~ P Xy~ P
T P —
dy, = ?11 —ag | dyy = ?22 — 12 X¢, i~ PO X5, :~ PO
ai, a2 <N E|XT) P =P | E|X5,|° =P~ dj :277 X§ i~ pditan X§ i~ pPdsataz
N +IHHX((¥12~,(Y21) <M df, = 50 = Elifr[g‘ = X5, i~ P2 X¢) i POt
T < Dsgpc — Dsic aip + o) —aze | a2+ —an Diag(P~ %11 — P21, XP . poni—an | XP .. paxn—on
_ 12 2 —ds, —ans 11 * 22 °
= M N maxan,az) | BIXG[ = B|Xg, P = [ S T g
1— P-4 1— P 22 - 11 -

Table 1: The achievability for weak interference regime under both half-duplex and full-duplex
settings, where M 2 a1+ aog, N 2 a1 + agy, and © < Ds sc — Ds1c. The received powers of
different codewords at each receiver are specified in decreasing order, which also corresponds to the
successive decoding order at that receiver.

into one common message W§§ = (W1, Wo2), which carries df DoF and can be decoded by
both users. Therefore, without loss of generality we can assume do; = dp2 = d§j/2. Since the
total cooperation capability is shared equally in the two directions, there is no distinction
between the half-duplex and full-duplex settings in the weak interference regime.

As shown in Table [I] the achievable schemes are partitioned into three sub-cases. To
complement Table |1} let us explicitly note the sum-GDoF of the interference channel [11]
and the broadcast channel [10] for each sub-case as follows.

o i1, a0 > N
DZ,IC =M — N, DZ,BC =M — maX(Oqg, Oégl).

e a1 > N,yags < N
Ds;1c = a11, Dy pec = M — max(ai2, o).

o ajj,a <N
Dsic = min(N, M — max(ai2,a21)), Dy e = M — max(aj2,a91). Note that if
N + max(a2,a01) > M then there is no cooperation gain as Dy ;c = Dypc =
M — max (a2, a21). This is why we have the constraint N + max (a2, a21) < M in
the last row of the table.

In order to illustrate how the entries in the table describe the achievable scheme for each

21



case, let us explain the last row of the table. The achievability for all other cases follows
from the description in Table [I|in a similar fashion.

In the subcase corresponding to the last row of Table [I] the noncooperative messages
W1 and Wy are both split into private and common components, Wy = (W{, WF),
Wao = (W5,, Wh,). The submessages Wiy, Wi, Ws,, WL, carry ais + a1 — ag, a1 —
o1, Q12 + asy — aj1, and g — age GDoF respectively. I/Vfal,VVfl,I/V%,VVQC2 are en-
coded into independent Gaussian codebooks producing codewords X7, X¢;, X5y, X5, with
power levels P=@21 1 — P, P~®2 and 1 — P%:, respectively. Message W¢ car-
ries 7 GDoF and is encoded into the vector Gaussian codeword X§ = (X§;, X§,) with
covariance matrix Diag(P~%1 — P~ pP~d3 — p~12)  The transmitted symbols are
X1 =X§ + X§ + XV, Xo = XS, + X5, + Xby. Next let us describe the decoding. User
1 (resp. User 2) decodes X§;, X§, X5y, X¥, (resp. X§,, X§, Xy, X5,) successively. Specif-
ically, for User 1, the received power of X{, is ~ P®!! while the interference power is
~ P~duten g0 that the SINR is ~ P%i. Therefore X§; for message W can be suc-
cessfully decoded. Then User 1 reconstructs and subtracts the contribution of X7, and
starts to decode X§. The desired power for X§ is ~ P~911+e11 while the interference
power is P12, so that SINR is ~ P~%itan—as — pantan=—2az2-aza — pM=N-a12_ Gjnce
d5 =m < M — N — max(ai2,a21) < M — N — ajg, it follows that message W§ can be
successfully decoded. Proceeding similarly, by using successive interference cancellation,
User 1 can decode X§,, X7}, X%, in that order for messages W&,, WP /WL, Note that the
decoding order corresponds to the decreasing order of power levels at the receiver, which
is also the order in which the codewords are listed in the last two columns of Table [1l

5.2 Mixed Interference Regime: min(ajs, as;) < max(ayq, aes), max(ags, agy) >
min(all, CYQQ)

In the mixed interference regime, as explained in Section there are only four cases
where a cooperation gain exists. Therefore, the description of achievable schemes in Table
2] shows only these four sub-cases.

The achievability for the full-duplex setting follows by replacing = with 7/2. This is
because only one-sided cooperation is needed in the mixed interference regime, i.e., either
Wo1 or Woys is not used, thereby wasting one-half of the cooperation capability.

To illustrate how the table describes the achievable scheme, let us consider the first
row. In this regime, User 1 is strictly stronger than User 2. Messages Wiy, Wao, Wy
carry aq1 — a1, o, 7 GDoF, and they are encoded into independent Gaussian codebooks
X11, X992, Xo1 with powers P21 1 — P72 and P~%22, respectively. The transmitted
signals are X1 = X1, Xo = Xo9 + Xg1. User 1 decodes Xoo for Woq first, while treating
everything else as noise. For this decoding stage, the desired signal power is ~ P%!2 while
the interference power is ~ P*27922 go that SINR is ~ P*2, which gives us the GDoF
value doo = aiy. After successfully decoding Wao, Receiver 1 is able to reconstruct the
codeword X9 and subtract its contribution from the received signal. Then it decodes
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ubcases odeswords oF and Transmitted Power eceived Power
Sub Cod ds’” GDoF and T tted P R d P
X11 X22 X01 X02 User 1 User 2
a1 < g < di1 = o
2104_ <22a_ " o Hldyn = an |dg=n Xog i~ P2 Xog 1o P22
7 < Dzu - Dl; E|X11|221_ E|Xp|* = |B|Xq [* = Xop i~ Po127022 | Xy i PO
= ,BC T ,IC - —Qag —as . 11—« . 0
“N_-M pox 1— pP~922 P22 X171 i~ P12 X1 :~ P
a1 < g < dos = «

12047 <22Oéi di1 = aq1 2 o = dpo =m X11 i~ P12 X1 i~ P21
< Dzu - DQ; Bl Xul* = E|X22|1227 ElXp* =  Xoz:~ P?  |Xgg i~ PO2mon
> ,BC — ,JIC —a - —a . 0 . Qoo —o

e T = pren IR P | Xgpin PO Xy in PO
g < ajp <
di1 = a1 dog =7
ar; < as E|X11|2 _ E|X02‘2 _ X1 i~ Pa; Xq1 i~ P21
T < Dspc — Dsic 1_ p-an p-on Xog i~ P Xog i~ POt
= Q21 — Q11
g < g <
< di1 = a1 doy =7 Xy i POI2 X1y i PO21
1] > 12 E‘X |2 E|X ‘2 01 -~ 11 -~
7™ < Dssc — Ds1c :11 :01 X11 i~ P Xop i~ P922
= Q12 — Qq1

Table 2: The achievability for mized interference regime under half-duplez setting and full-duplex
setting. It is assumed that m < Dy, gc — Dy 1c, because any further cooperation is redundant. The
table also applies to the full-duplex setting, provided that 7 is replaced by 5. This is because one of
W()l, W02 is wasted.

the codeword Xy for its message Wy while treating the remaining signal as noise. The
desired power is ~ P®127%22 while interference power is ~ P*17%21 go that the SINR for
this decoding is ~ PN-M_Since 7 < N — M, Wy can be successfully decoded. After
reconstructing and subtracting the contribution of codeword Xg;, User 1 decodes X1; for
its desired message W1, while treating the remaining signal as noise. The desired signal
power is ~ P®117%1 while interference power is ~ PY. Since di1 = a1 — a1, message Wiy
can be successfully decoded. Receiver 2 is able to decode X292 by treating everything else
as noise.

6 Achievability for Strong interference: min(as, ao1) > max(aqy, o)

In this section, we describe the achievable schemes for the strong interference regime, which
are separated into half-duplex and full-duplex settings. The broadcast channel bound for
the strong interference, which is found in [10], is Dy, gc = a2+ a1 —max(ai1, ag2). In this
section, we no longer assume that ay; > age. Instead, in the strong interference regime, it
is more convenient to assume «aqo > o1 without loss of generality.
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6.1 Half-duplex Setting

Let us begin with an illustrative example where a7 = a9 = 2,12 = 5, ag; = 3. For this
setting, Dy, e = 6 according to [10] and Ds; ;¢ = 3 according to [11]. Let us consider how
much cooperation is needed in this case to achieve Dy, 5. The achievable scheme of [10]
summarized in Figure [5 requires @ = 6 GDoF of cooperation, i.e., all messages must be
shared between the two transmitters. This is because in order to take advantage of the
strong interference links, the private messages of Users 1 and 2, are sent from opposing
transmitters, i.e., Transmitters 2 and 1, respectively. These are messages VV(I)’I,VV(%’2 in
Figure The common message WS that is decoded by both users is sent from both
transmitters, so it is shared as well. However, as shown in Theorem [l| in this paper,

X2
X3 Wg 2
2 wg (x0)}
P
1] we 2 Zl wi | 0[]
X2 5 Y’l
2 Wg X1
3 (X2)3
2 ws
3 wh 2 w§ 2
’ NE j
Yo

Figure 5: The scheme from [10] requires 1 = 6 GDoF of cooperation to achieve the broadcast
channel bound.

the sum-GDoF' of limited cooperation interference channel for this example is Dy jcrc =
min(3 + T, S‘FT”, 13;‘ T 6). Therefore, 7* = 5 is the minimum value of cooperative GDoF
needed to achieve the BC bound. The optimally efficient scheme is shown in Figure[6] The
improvement in efficiency comes from the observation that part of the common message
(in this case, Wa2) can be transmitted from only one transmitter (in this case, Transmitter
2), and therefore requires no cooperation.

The achievable scheme is described as follows: The cooperative messages W1, Woye are
split into a cooperative commorﬁ message W§ = (W, W§,) and the cooperative private
messages W{|, WE,. Messages Wag, W§, W, W{, carry 1,1,3,1 GDoF respectively such
that m = 5. Wag, Wé’l, W{, are encoded into independent Gaussian codebooks Xo9, Xgl, ng

4The cooperative common message may be arbitrarily divided among the two users, e.g., without loss
of generality, we can assume that half of Wy is the desired message for User 1 and the other half of W is
the desired message for User 2.
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respectively with powers E|[Xgo|> = 1 — P71 E|X}||? = P72, E|X},|? = P72, Message
W§ carries 1 GDoF and is encoded to a vector Gaussian codebook X§ = (X§;, X§,) with
power covariance matrix Diag(l — P~2, P~! — P~2). The transmitted symbols are X; =
X6 + X5y, Xo = Xoo + X§o + X8,. Suppressing the time index for clarity, the received
signals are:

Y1 = VP2G11(X§, + XBy) + VPO Gra(Xaz + X + XB)) + 2
Yo = VP3G (X§) + Xby) + VP2Gas(Xoo + X, + XB)) + Zo

When decoding, User 1 first decodes Xoo for Wae while treating everything else as
Gaussian noise. Since Xoo is received at power level ~ P°® while all other signals are
received with power levels ~ P* or lower, the SINR for decoding Wy is ~ P!, which
gives us the GDoF value dos = 1. After decoding Was, Receiver 1 is able to reconstruct
codeword X9 and subtract its contribution from the received signal. After this, Receiver 1
decodes the codeword X§ for message W, while treating the remaining signals as Gaussian
noise. Since the desired signal for this decoding is received with power level ~ P* while
all other signals are received with power levels ~ P3 or less, the SINR for decoding Wg
is ~ P! which gives GDoF value dg = 1. Then Receiver 1 subtracts the contribution of
X§ and decodes message W, while treating all other remaining signals as Gaussian noise.
As evident from Figure @ the SINR for this decoding is ~ P? which gives us GDoF value
dgl = 3. Receiver 2 proceeds similarly by successively decoding W(j, Waa, W&.

Xa
Xl Wag 1
WC
][ ws R
(x1)?
[ 2 1w | wa || 3
5}
X5 Y;
1 Waa
1 ws -
3 1[ ws | (x2)3
W-
30| wa 2 2 |1
NE
Y,

Figure 6: The optimally efficient achievable scheme achieves the broadcast channel bound with only
m =5 GDoF of cooperation.

In general, to prove the achievability for the strong interference regime completely,
there are 4 subcases, which cover all possibilities. Note that we assume m < 7* because
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the achievable scheme for 7 > 7n* is the same as m = 7%, since 7* already achieves the
broadcast channel bound.

Case 1: a1z < g1 + ag, a1 < agp + agg, a1z + agp < a1 + age + max(og1, a2)

X1 X2
dn[ Wi (X021 Waz | da
dll[ Wi
dpy 1 OV an
0 Wi || doy
X Q12 >
1
X1
doo Wa2 a1s
dll[ wiyy [X2)5
21
Waa Jdgz
«
dP WP 22 P 3
01 o1 dOQI Woa
Y,

Figure 7: Signal partition in the regime a1 < @11 + a2, @21 < g1 + (o, Ao + any < a1 + Qg +
max(all, 0422), 0 =g — 0q1,7 = Q12 — Q2.

The sum-GDoF value in this case is characterized as:

g a9+

5 ,Dz,BC) (106)

DZ,ICLC = min (0421 +,
e When m < a19—a91, the first bound is tight, which is achieved by having Wy, Wao, Wé’l
carry o] — Qiog, oo, ™ GDoOF respectively. They are encoded into independent Gaus-
sian codebooks producing codewords X11, Xo2, X5 with powers E|X1;|? = 1, E| X222
1-— P_‘3‘21,E|Xgl\2 = P21, The transmitted signals are X1 = X711, Xo = Xoo + XJ),.
When decoding, User 1 first jointly (acting as the receiver in a multiple access chan-
nel) decodes X717 and Xo9 while treating everything else as noise, while the noise floor
due to X}, is ~ P*127221 The GDoF region for this multiple access channel is the
following.

{(d11,d22) : d11 < a11 + @91 — @19,d11 + doz2 < a1} (107)

Since d11 = a1 —ang < a1 +ao; —ai2,d11 +doo = ao1 belongs to the GDoF region of
the multiple access channel, User 1 is able to decode X711, X922 for messages Wi1, Wos.
After this, User 1 subtracts the reconstructed codewords Xi1, X9o and then decodes
Xgl. The SINR for this decoding is ~ P“12~%21 guch that dgl =7 < a2 — a9 and
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the decoding is successful. User 2 decodes X711, X229 successively. The SINR values for
X11, X9 are ~ P*217922 ~, P22 regpectively, which give us di1 = a1 — o, dog =
2. Therefore X171, Xoo are successfully decoded at User 2.

e When ajo — ag; < 7 < 7%, where 7% = @12 + a1 — 2max(ai1, agz) according to
Corollary 1, the second bound is tight and is achieved as follows: Wiy, Wag, W{,, W{,
carry d11 = (0621 —|-20411 — 12 —7T)/2, d22 = Q19 — (011, dgl = (Cklz — Q21 +7T)/2, de =
(21 — a2 + ) /2 GDOF respectively. They are encoded into independent Gaussian
codewords X11, Xoo, Xb,, XF, with powers E| X112 = 1 — P92 F|Xp2 =1 —
prdu—dz B xP |2 = p-du—dn FXP |2 = p~du—d2 The transmitted symbols are
X1 = Xn + X[y, Xo = Xoo + X[;. When decoding, User 1 decodes X2, X11, X},
successively, The SINRs for these codewords are ~ P*127%11 ~, pon—aiztditdzn —
phi ~ porz—du—d — Pdo respectively. User 2 acts as a multiple access receiver, it
jointly decodes X1; and X990 while treating everything else as noise, where the noise
floor due to X7, is a1 — di1 — dgp = 221=312%7_ Hence the GDoF region for this
multiple access channel is the following.

Qo] — Q12+ T

o12 o1 — 7
{(dlb do2) @ dag < ag — 5 ;dintdp € — } (108)
Since dao = @12 — a1 < ago + max(aqn, ag2) — Qg = agy — 22=GET < g,y —

L;m'”, di1 + dog = % belongs to the GDoF region of the multiple access
channel, the messages W1, Way can be jointly decoded successfully by User 2. After
this, User 2 subtracts the contribution of Xi1, X292 and decodes XS’Q, whose SINR
is ~ Po2—dn—d2 — pds, guch that X7, for W2, can be successfully decoded. The
signal partitioning is shown in Figure []] The cooperation capability beyond 7* is
redundant because with 7* cooperation the broadcast GDoF are already achieved.

Case 2: aj < ajp + agg, a1 < aq1 + a2, a1z + a1 > aq1 + age + max(ag1, 2)

In this regime, the sum-GDoF value, as characterized in , is:

a1g a9 + 7 a1 o+ ag oo+
2 ’ 3

Dy 1c1.c = min (0421 +m, 7DZ7Bc> (109)

e When 7 < aq9 — aiaq, the first bound is active. The achievable scheme is the same as
the achievable scheme in Case 1 which achieves the first bound for the corresponding
m value.

e When as; — ajo < 1 < 2011 4 2ai90 — avy2 — a1, the second bound is active and also
achieved with the same scheme as in Case 1 for corresponding 7 value.

e When 211 +2a90 —arja —an; < 7 < 7*, where according to Corollary 1 we have 7* =
2011942091 — a1 — e —3 max(aq, ag2), the third bound is tight. It is achieved by the
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Figure 8: Signal partition in the regime a2, g1 < @11 +a99, @1a+a91 > @11 +qes +max(ai, os),
where § = ag1 — Q11,77 = Qi1g — Q2.

following: W11, WQQ, ng, W& carry (2&21—0&12+20611—0522—7T)/3, (20&12—0&214—20&22—
1] — 7T)/3, (a11 + o9+ 1o — 2091 +7T)/3, (0511 + g9+ g1 — 20019 +7T)/3 GDoF respec-
tively. They are encoded into independent Gaussian codebooks X11,X22,X51,X§2
with powers E|[X11|? = 1 — P74 E|Xy|? = 1 — P~%2 E|X§ |2 = p~dn—da-d —
P(Oé11+0622—20412—20121+7r)/3’ E|X(l]’2|2 — p—du—doa—dj _ p(anton—2a12—2a21+7)/3 W¢§
carries (12 + g1 — 2a11 — 299 + ) /3 GDoF and it is encoded to a vector Gaussian
codebook X§ = (X§, X&,) with power covariance matrix Diag(P %1 — plantazn—2a13—205+m)/3
pde2 _ plantan=2a2-2a21+7)/3)  The transmitted symbols are X; = X1 + X6 +
XP,, Xo = Xoo+X§,+X{,. When decoding, User 1 decodes X29.X§, X171, X3, for mes-
sages Wag, W, W11, Wé’l successively, whose SINR values are ~ P42 ~ p—daateiz—an —
Pd(c)’ ~ poni—(aiitogetaiz—2a21+m)/3 _ Pdn, ~ Poizt(oiitaze—2a12—2a2147)/3 Pdg1
respectively. User 2 proceeds similarly by successively decoding Wiy, W§, Wag, W,.
See Figure [§] for an illustration.

Case 3: a2 > a1 + ago, a1 < a1 +
In this regime, the sum-GDoF value is

20019 + g1 + 1

3 ,Dz,Bc) (110)

Dy 1cLc = min (0421 +m,

e When m < aj2 — a1, the first bound is tight. The achievable scheme is as fol-
lows: Wi, Was, Wé’l carry o) — Qiog, aog, m GDOF respectively and they are encoded
into independent Gaussian codebooks producing codewords X1, Xo2, X}, with power
E| X112 = 1,E| X9 = 1— P72 E| X} | = P~*22. When decoding, User 1 decodes
Xog first with SINR value ~ P%22, Then, it subtracts the reconstructed codeword
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Figure 9: Signal partition depiction for ais > a11 + aos, 01 < a1 + aioa, where where 6 =
Q21 — Q11,77 = Q12 — (22.

Xo99 and acts as a multiple access receiver to jointly decode X711 and Xgl. The GDoF
region for this multiple access channel is the following.

{(di1,dby) = din < o1, din + dfyy < 2 — s} (111)

Since d11 = a1 — a9 < aq1,d11 + d’gl = 91 — a9y + 1 < a2 — g belongs to
the GDoF region, XH,Xg1 can be successfully decoded at User 1. For User 2, it
successively decodes X711, X929, whose SINR values are ~ P*217%22 — Pd“, ~ P22 —
P2 yespectively. Therefore Wiy, Was are decoded successfully decoded at User 2.

e When a9 — a9 <7 < 7%, where according to Corollary 1 we have 7* = a0 + 201 —
3max(ai1, @g2), the second bound is tight. The achievable scheme is as follows:
Messages W11, Waa, W(};l’ WéJQ carry (20421 + a9 — 3aigg — 7T)/3, (30[22 + a1 — a1 —
m)/3, (212 — 2021 + ) /3, (@21 — a2 + 7)/3 GDoF respectively. They are encoded
into independent Gaussian codebooks producing codewords X1, Xo2, X5, X{, with
powers E[X11|2 = 1 — P71 E[Xp)? = 1 — P~%2 E|IX]||> = P~°2, E|X},? =
Ppdu—de—dj — p—(Qoz1+aiz—m)/3 W§ carries (a1 —a12+m)/3 GDoF and is encoded
into a vector Gaussian codebook X§ = (X§;, X§,) with power covariance matrix
Diag(P~%1t — p~QRezitein=m)/3 p—ds _ p=a) The transmitted symbols are X; =
X1+ XG5 + Xby, Xo = Xoo + X§, + XP,. When decoding, User 1 decodes Wag, W§
successively while treating everything else as noise. Their SINR values are ~ P%2 ~
po22—d2 — pd5 - After this, User 1 subtracts the reconstructed codewords Xao, X§.
Then it acts as a multiple access receiver to jointly decode Wiq and W while treating
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the remaining signal as noise. The GDoF region for this multiple access channel is
the following.

{(d11,d5y) : din < aq1,din + dbyy < a2 — g} (112)

Since d11 = (2a91+a12— 322 —7) /3 < ag1—a < ai1,di1+dh; < aja—ags belongs to
this GDoF region, it follows that Was, Wi can be successfully decoded. User 2 decodes
Xll,XOC,XQQ,XgQ successively, whose SINR values are ~ P&l ~ poa—du—ax —
Pdg’N Pa22—a21+(2a21+a12—7r)/3 — Pd22,N Pagl—(2a21+()é12—71')/3 — Pde respectively.
See Figure [9] for an illustration. Note that cooperation capability beyond 7* is re-
dundant because with 7 cooperation the broadcast GDoF are already achieved.

Case 4: aj2 > aq1 + a9, a1 > a1 + a2

X
Xl Waa dog
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0 CO L w | | diy
dgg Wga 11 di1 Wi
dg w§
Q12
X2 Yl
dog Waa X1
d(c) wg Q21 di1 Wi
& || v az | LR
de Wo2 Was dao
w§ {(dg
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Figure 10: Signal partition in the regime aa, a1 > a1 + Qag, where § = a1 — Q11,7 = Q12 — Qo

In this regime, we have

20012 + 20091 — 11 — a2 + T
3

Ds 1cLc = min (Oén + oo+, ,D2,3c> (113)
e When m < aig; — a11 — ago, the first bound is active, which is achieved by letting
Wi, Waa, W& carry aqi, a9, ™ GDOF respectively. They are encoded into indepen-
dent Gaussian codebooks X171, Xa0, X{, with power E[X11?2 =1 P21 E|Xg»|? =
1,E|X52|2 = P71 The transmitted symbols are X1 = X1 + X, Xo = Xoo.
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When decoding, User 1 decodes Xa2, X117 successively, whose SINR values are ~
pPazTl ~ P regpectively.  Since doo = any < a2 — a11,d11 = «qq1, mes-
sages Wao, W11 can be decoded successfully. User 2 decodes X11,X6)2,X22 succes-
sively, whose SINR values are ~ P! ~ PX21—11—022 ~, P2 regpectively. Since
d11 = Ozn,de =T S Qo1 — (V11 — OéQQ,dQQ = (22, Inessages Wll,WgZ,WQQ can be
decoded successfully.

When ag1 — a1 —aos < 7 < ago+ao; — 211 — 299, the first bound is still active and
is achieved by letting Wy, Waa, Wé’l, Wé’Q carry agqi, 92, T + Q11 + Qg — o1, Qo] —
a11—age GDoF respectively. They are encoded into independent Gaussian codebooks
X11, Xog, XB,, XP, with power E[X1;2 =1 — P~ E|Xp|? =1 — P~ E|X} > =
P2 E|XI[2 = P71, The transmitted symbols are X1 = X131 + X5, X2 =
Xo2 + X§,. When decoding, User 1 decodes Xao, X}, X11 successively, whose SINR
values are ~ P%22 ~ Po27022701 ~, PYL regpectively. Since dog = oo, dfy; =
T+ 11 + oo — Q91 S 19 — (99 — alladll = 11, XQQ,Xgl,Xll can be decoded
successfully. User 2 proceeds similarly by decoding X171, X7, Xoo successively.

When ais + ao1 — 2a11 — 290 < 7 < 7%, where according to Corollary 1 we have
™ = aia + a1 + @11 + age — 3max(agy, ae2), the second bound is tight. It is
achieved as follows: Wiy, Wao, W, W, carry (12 + ao1 — 2a00 + @11 — ) /3, (a12 +
9] — 20011 + g9 — 7T)/3, (20412 + 7T — 11 — Q9 — agl)/3, (2a21 + 7T — 11 — g —
a12)/3 GDOoF respectively and are encoded into independent Gaussian codebooks
Xi11, Xo9, X[I))l, XgQ with powers E|X11’2 =1- P_dll7E‘X22|2 =1- P_dQQ,E’Xgl‘Q =
P_O‘22,E|Xg2\2 = P71 W§ carries (2001 + 2002 + ™ — a12 — a21)/3 GDoF and is
encoded into a vector Gaussian codebook X§ = (X§;, X§,) with power covariance
matrix Diag(P~%1 — P~ p~d2 _ p=e22) The transmitted symbols are X; =
X1+ X§; + X5y, Xo = Xog + X§o + Xb). User 1 decodes Wag, W successively while
treating everything else as noise, whose SINR values are ~ P2 ~ pa22—dz — pdj
respectively. After this, User 1 subtracts the contribution of codewords X»so, X§ and
then acts as a multiple access receiver by jointly decoding W11 and W, while treating
the remaining signals as noise. The GDoF region for this multiple access channel is
the following.

{(di1,dby) : din < o1, din + dfyy < 12 — s} (114)

Since di1 = (a12 + a1 — 202 + a11 — 1) /3 < (o2 + a1 — 2002 + @11 — (g2 +
91 — 2011 — 2022))/3 < aq1,di + dfy = @12 — a2 belongs to the GDoF region,
W1, W§, can be decoded successfully. User 2 proceeds similarly. See Figure for
an illustration.
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6.2 Full-duplex Setting

In this section we consider the achievability for the full-duplex setting. Before presenting
the complete proof, let us use our example (17 = a2 = 2,12 = 5, @21 = 3) to convey the
main insights. Here we have D’E,ICLC = min(3+m, 3+ 7, 13;”,6). The bounds Dy, ;c +7 and
% are redundant. To achieve the broadcast channel bound (Ds; g = 6), the GDoF in
the conference link is 7 = 6, which means our proposed scheme is no more efficient than [10].
This is because in our scheme, df = 1,d, = 3,d{, = 1, which requires § > dfj; = 3. Hence
1 DoF in the Wy conference link is wasted because dgo < de +dg = 2. We can see that
under full-duplex setting, one cooperation link is fully wasted in the mixed interference
regime, but in the strong interference regime, one cooperation link is partially wasted.

In the full-duplex setting, first of all, the achievable schemes even for one cooperative
bit to buy one over-the-air bit or half over-the-air bit become nontrivial as one of the
cooperation links is partially wasted for some 7w values. Hence we will discuss it in a bit
more detail. On the other hand, the achievable scheme for achieving the 1/3 bound (when
the bound is active) in the full-duplex setting is the same as the corresponding scheme for
half-duplex setting. In general, we also consider the 4 cases. Similarly, 7 < 7T is assumed.

Case 1: a2 < o + a2, 01 < a1 + g, a2 + a1 < g + g + max (g, ao2)

In this regime, the sum-GDoF is
/ . T
Dy 1cpc = min <a21 + 7 DZ,BC) (115)

e When § < a2 — a9y, the first bound is active. The achievability is the same as Case
1 in the half-duplex setting to achieve the first bound, except dfj; = /2 here.

e When ajp — a9 < § < %, where according to Corollary 2 we have 77 = 2aq9 —
2max(a11, ag2), the first bound is still active and is achieved by letting W11, Wag, W, W,
carry aq1 — 5,12 — Q11, 5, 5 + @21 — a12 GDoF respectively. They are encoded into
independent Gaussian codebooks producing codewords X11, Xo2, Xb,, X{, with pow-
ers B[ X112 = 1—- P12 F|Xy|? = 1-Pp~du-dz2 F|XP |2 = p~du—d2 F|XF |2 =
p~du—dzz The transmitted signals are X1 = X171 + X}, Xo = Xoo + X};. When
decoding, Receiver 1 uses successive interference cancellation to decode Xo9, X171, Xgl
successively, whose SINR values are ~ P12, ~ poni—aiztdutds: — pdu o, peiz—du—dz —
P73 . Therefore, Waa, W11, Wé’l can be successfully decoded. User 2 acts as a multiple
access receiver, it jointly decodes X711 and X9, while the noise floor due to ng is
pen—e2t3  the GDoF region for this multiple access channel is the following.

Vs T
{(di1,d22) : daa < 92 — (21 — 12 + 5),d11 +doo < aqg — 5} (116)
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a9 — (0521 — Qa2 + %),dn + d22 = 12 — g = 21 — d82, W22, W11 can be decoded
successfully. Then User 2 subtracts the contribution of X771, X292 and decodes X(Z;Q,
whose SINR is ~ Po21—dii—dz — pdg, g W, is decoded successfully.

. +
Since day = a1z — a11 < age — a1 + max(aq1, ) = oy — (a1 — a2 + &) <

Case 2: aj2 < ajp + a9z, a1 < aq1 + a2, a1z + a1 > aq1 + aoe + max(og1, o2)
o 2091 < a1 + a2 + max(aqg, e2)
In this regime, the sum-GDoF value is

. T
Dy jore = min (0421 + 7 DZ,BC) (117)

— When § < a1 + age — agi, the first bound is active. The achievability is the
same as in Case 1 above to achieve the first bound for the corresponding 7 value.

— When aj1 +agp —ag < § < %, where according to Corollary 2 we have 77 =
2019 — 2max(aq1, ag2), the first bound is still active and is achieved by letting
W1, Wao, W, Wy, W§ carry a1 — 5, a1s—am + o2 — 5, 5, a1 —ono+ 5, o1 —
a11 — age + 5 GDOF respectively. Messages Wi, Wae, Wi, W, are encoded
into independent Gaussian codewords X171, X992, X(’)’l, X& with powers E|X11 \2 =
1—P_d11,E|X22‘2 — 1_P—d22’E|X(7)’1’2 — Pa11—0412—d117E|X(1]’2|2 — PCV22—Ot21—d/227
respectively. Message Wy is encoded into a vector Gaussian codeword X§ =
(X§;, X§,) with covariance matrix Diag(P~¢11 — paz2—az1—dzz p—dzz_ pan—aiz—dir),
The transmitted symbols are X1 = X11 + X§; + X5, X1 = Xoo + X§, + X0
When decoding, User 1 decodes X2, X§, X11, X}, successively, with SINR values
~ P22~ por-en—dn — pdy ., pdu ., pon—din — P35 = Pdoi respectively.
Therefore Wag, W§, W11, W{| can be successfully decoded at User 1. User 2 pro-
ceeds similarly by decoding X1, X§, X2, X{, successively. The signal partition
depiction is similar to Figure [§| except that codewords’ power levels are changed.
It can be checked that dg; = dgl = 5,do2 = d€2+d8 =291 —apo—a1 —age+7m <
2a91 — a1z — 11 — a2 + % + 5 < 2a91 — ann — a — max(air, an) + 5 < 5.
® 291 > a1 + gz + max(ary, a)
The sum-GDoF value in this regime is
T o1+ Qi+ Qo Qo+ T
2’ 3
- en T < aq1 + a9g + a1z — 2a91, the first bound is active. e achievable
When 7 < 291, the first bound i ti The achievabl
scheme is identical to 2aa; < a1 + g + max(aq1, ae) for the same 7 value.

DIE,ICLC = min (a21 + )DE,BC> (118)

— When aq1 + a9 — 2a12 + g1 < g < %, where according to Corollary 2 we have
7T = 2019 + 2091 — @11 — aoe — 3max(aq1, ag2), the second bound is active,
whose achievability is the same as the achievable scheme for the corresponding
bound in Case 2 in the half-duplex setting.
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Case 3: a12 > a11 + 92, a1 < aq1 + a2

e aip > 20p1 — max(aiy, )
In this regime, the sum-GDoF value is

) T
D,E,ICLC = min <a21 + 7 DZ,BC) (119)

— When 5 < ajz — agi, the first bound is tight, and its achievability is identical
to first bound in Case 3 under the half-duplex setting except dfy, = 5 here.

— When ajp —ag < § < %, where according to Corollary 2 we have 7+ =
20192 — 2max(aq1, ag2), the first bound is active and is achieved as follows: Mes-
sages Wiy, Wao, WE, W, carry ang — aop — 5,02 + a12 — agy — 5, 5, a1 —
a1z + 5 GDoF respectively. They are encoded into independent Gaussian code-
words X11, Xo2, X8, X5, with powers E|X112 = 1 — P91 E[Xp[? = 1 —
P~%2 E|XP |2 = P~022 E|XD,|? = Ptu—de—dy — pmot3 WE carries agy —
a12+ 5 GDoF and is encoded into a vector Gaussian codebook X§ = (X§;, X§y)
with covariance matrix E|X§|> = Diag(P~%1 — p~e12+3 p=d2 _ p=o2) The
transmitted symbols are X1 = X117 + X§ + X5y, Xo = Xoo + X§, + X{;. When
decoding, User 1 decodes X2, Xj successively while treating everything else as
noise. The SINR values for Xy, X are ~ P22~ pa22—d2 — pd§ regpectively.
After subtracting the contribution of X9, X§, it jointly decodes X1 and X{);.

The GDoF region for this multiple access channel is the following.
{(d11,dfy) = din < a11,dog + db; < aq2 — aga} (120)

. +
Since d11 = a12 — age — § < a12 — age — 5 = max (11, ag2) — a2 < ai1,di +
dgl = 12 — 9o belongs to the GDoF region of the multiple access channel,
Wi, Wé’l can be decoded successfully. User 2 successively decodes X11, X, Xa2, XgQ,
whose SINR values are ~ P91~ po2i—din—az — poan—onty — P~ pox—ontanz—g
P22, pear—aizts — pdg, respectively. The signal partition depiction is simi-
lar to Figure [9 except that the codewords’ power levels are changed. Note that
+
dor = diyy = 5, doz = diy + df = 2001 — 2010 + 7 < 2001 — 20012 + T + 5 =
2001 — a1z — max(aiy, ) + 5 < 3.

e ajp < 2ap1 — max(aiy, a2)
In this regime, the sum-GDoF value is

T 2010 F oo+

D,XJ,ICLC = min (OQI + 97 3 aDE,Bc> (121)

— When § < 2ai2 — 2a91, the first bound is active. The achievable schemes are
identical to those for aja > 2a91 — max(ai1, age) for the same 7 value.
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— When 2a12 — 2a9; < § < %, where according to Corollary 2 we have 7+ =
a1z + 2a91 — 3max(aq1, agz), the second bound is active, and its achievability
is the same as the corresponding 1/3 factor bound scheme in Case 3 of the
half-duplex setting.

Case 4: a1 > a1 + a2, 001 > a1 + a2
Regimes Cod ds’ GDOF and C ponding P Received Power
egimes odewords oF and Corresponding Power Teor 1 Teor 3
X11 : d11 = CK117E|X11‘2 =1—-pPn X22 i~ por2 X11 i~ P21
arp > M, g <ag — M Xoo 1 dog = ()zgg,E'l)(gg‘2 =1-— P22 X‘Z;l i~ pPo2Ta22 X‘Z;Z i~ Po2iTan
oy S Dscc =M +7 Xbodby = %,E\X&\Z = P22 Xqp i~ PO Xog i~ P22
z M, . _ 2 _ p- . 0 . 0
a2 > o1+ Xy 2 dip = 5. E|XG,[* = Pon Xy i~ P Xgy:~ P
min(an1, a22) o —M<T Xi1tdn = a1, E[Xu [P =1— P~o0 Xog i P12 Xip i PO
o) | e -w<g | LIRS | e |
12 = Qg1 I < ajp — M _ .
assumed) Dsjcre = 21 + 5 ] Xgl, sdfy = %,E\X&P’:‘P e Ky o~ POV Kag i P22
ror 2 XB, 1 dby = oo — M,E\XSQ\Z2: poen ; XPb, i~ PO XP, i~ PO
X1 :dy = - —ZE|X;lf=1—-P ™ ]
111 din = Q12 — Qg2 2 | 11\2 s Xog i~ P12 X1y i~ PO
x Xop 1 dog = a12 — a1 — 5,E|Xp)* =1 — P72 ¢ .. poia—ds ¢ .. poasi—di
O(m*]”fj Xp‘dpzﬂE‘Xp 2 _ p-ox XU'NP XO‘NP
< a1z — max(a1, a) p o k2R P 2 pan | Xop i~ PO X o pozian
_ T Xbo : dip = a1 — o2 + 5, B X(p[* = P . 11 . 22
Dsjcc =aa+ 5 XC . de — M T BIXe2 — Xq1:~ P Xog i~ P
0-% = -2+ g, | (Jl = XP . po XP .~ PO
Diag(P*d“ _ P*au’P*dzz _ Pfazg) 02 - 01 -

Table 3: The achievable scheme for Case 4 under the condition ays > a1 + min(aqy, ang).

e o > a9y + min(aqy, o)

The achievable scheme for this subcase is shown in Table In this regime the
sum-GDoF value is
Dg jorc = min (an + oo + T, a1 + g, Dz,Bc> (122)

— When § < ag1—ai11—agg, the first bound is active. Messages Wy1, Wag, W, W(,
carry «aii, 92, 5,5 GDOF respectively. They are encoded into independent
Gaussian codebooks producing codewords X11, Xa2, X7, X5, with powers E|X11|? =
1 — P71 E[Xp)? = 1 — P2 E|X}|? = P72 E|X],]? = P~11. The
transmitted signals are X; = X131 + X0, Xo = Xoo + X{;. When decoding,
User 1 decodes ng,Xé’l,Xll successively, whose SINR values are ~ P%22 ~
parzmoniTan , PAll - Since dog = OéQQ,dgl = g < a9 — o] — oo < Qg —
Q11 — Qip, messages Woo, Wé”l, W11 can be decoded successfully. User 2 proceeds
similarly by decoding X1, Xé’?, X9 successively.

— When a9 — a1 — a9y < g < aj2 — a1 — @99, the second bound is ac-
tive. Wi1, Wao, Wé’l, W& carry i1, o2, 5,21 — a11 — agz GDoF respectively.
They are encoded into independent Gaussian codebooks producing codewords
X1, Xog, X5, X5, with powers E| X112 = 1-P7211 E[X99|? = 1-P72 E| X} |2 =
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P2 E|XL,[?2 = P71, For decoding, User 1 decodes X, X}, X11 succes-
sively while User 2 decodes X1, XgQ, X9 successively. The distinction between
agr —aq; —age < § <ajp—ajrp —ag and § < ag; — a1 — ago is that message
W, carries different GDoF values.

— When ajs — a1 —agp < § < %, where according to Corollary 2 we have 77 =

2ai12 — 2max (a1, agg), the second bound is still active. Messages Wi1, Waa,
ng, WS’Q carry ae — Q2 — 5,12 — Q11 — 5, 5, @21 — 12 + 5 GDOF respectively.
They are encoded into independent Gaussian codebooks producing codewords
Xlla X22, X(I))D XgQ, Xg = (XSI, XSQ) with powers E|X11|2 = I—Pidn,E|X22‘2 =
1 — P2 E|X} |2 = P22 E|X],|2 = P71, W§ carries a1 + g — a2 +
5 GDoF and is encoded into a vector Gaussian codebook X§ = (X§;, X§,)
with power covariance E|X§|?> = Diag(P~%1 — p~eu p=dz2 _ p-ax)  The
transmitted symbols are X7 = X11 + X§; + X, Xo = Xoo + X§, + XF). User 1
decodes Waq, W successively while treating everything else as noise, the SINR
values are ~ P%2 ~ poz—dn — pontenti—oz — pdj regpectively. After this
User 1 subtracts the contribution of Xo9, X, and it acts as a multiple access
receiver by jointly decoding Wi; and W, while treating the remaining signals
as noise. The GDoF region of this multiple access channel is the following.

{(di1,dfy) - di1 < a11,din + dfyy < a1z — axn} (123)

Since d11 = a1z —ag — § < aq1,d1; + dgl = 12 — g9 belongs to the GDoF

region, Wi1,df); can be decoded successfully. User 2 proceeds similarly. The

signal partition depiction is similar to Figure [L0| except that codewords’ power

levels are changed. It can be checked that doy = df, = §,do2 = diy + df =
™

R
g1 — 2002 + 11 +age + 7 <oy — 2012 a1 +ae + 5+ 5 = a1 —age +
a1 + age — max(ai1, ) + § = agr — a2 + min(ai, azw) + 5 < 7.

o ajy < gy + min(aq, a2)
The sum-GDoF value is

T 20012 + 20091 — 11 — Qo2 + 7
/ .
DE,ICLC = min (all + a2 + T, a1 + bX 3

,DgBC) (124)

— When § < 2a12 — ag1 — a11 — agg, the achievability for the first and second
bounds are the corresponding scheme as the regime a12 > a9 + min(agg, ag2)

for the same % value.

— When 2012 —ag1 —a11 —age < § < %, where according to Corollary 2 we
have 71 = aqo + 91 + @11 + oo — 3max(ayy, ag2) the third bound is active.
The achievability is the same as the corresponding scheme in Case 4 of the

half-duplex setting.
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7 Conclusion

The aligned image sets approach of [7], and the sum-set inequalities of [16] are utilized
to characterize the sum-GDoF of two user interference channel with limited cooperation,
both in half-duplex setting and full-duplex setting, which bridges the gap between the
interference channel and broadcast channel. The sum-GDoF value is characterized for
arbitrary parameter regimes. Promising directions for future work include extensions to
include more users and more messages, e.g., the X channel setting [17]. Notably, the 2
user X channel setting turns out to be quite straightforward. For the X channel with
limited cooperation, both with half or full-duplex operation, it is easy to see that Ds; x1.c =
min(Dy, x+7, Ds; gc). The converse is trivial because the sum-GDoF of the non-cooperative
messages are bounded by Dy, x and the sum-GDoF of the cooperative messages are bounded
by m, so the total sum-GDoF cannot exceed Dyx x 4+ m. Also, the broadcast channel is
still an outer bound. For achievability, let us first consider the weak interference channel
regime, where max(aq2,a91) < min(aiy, agz). From Theorem 2 in [10] we know that in
the weak interference regime, Ds; x = Dy ¢, which means X channel boils down to the
interference channel with message W11, Was from the sum-GDoF perspective. Therefore
Dy, xr.c = min(Dy, x + 7, Dy, gc) = min(Ds; ;¢ + 7, Dy, go) whose achievability is implied by
Theorem 1 and Theorem 2 in this work. The strong interference regime maps to the weak
interference regime by relabeling the parameters so the sum-GDoF are established for that
as well. This leaves just the mixed interference regime. But from Theorem 2 in [10], we
know that Dy x = Dy pc in the mixed interference regime, i.e., cooperation has no gain in
the mixed interference regime. Thus, the sum-GDoF of the 2 user X channel with limited
cooperation are easily characterized and turn out to be much simpler than the 2 user
interference channel. However, we expect that going beyond 2 users will be challenging for
the X channel as well. Going further, the benefits of limited receiver cooperation under
finite precision CSIT are also of interest [18], as are other models of cooperation, such
as in-band cooperation [19,20] which have previously been studied primarily under the
idealized assumption of perfect CSIT.
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