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Abstract—Inspired by the subject of performance enhance-
ment of users located at the edge of cells in cellular networks,
this paper studies a centralized frequency reuse scheme de-
pending on the link quality of users within the Voronoi cell
of the serving base station (BS) for the homogeneous Poisson
point process (PPP) network. To quantify how much a user
experiencing performance degradation, we consider that each
cell is partitioned into multiple regions based on the strength of
the signal to interference ratio. In our model, a given resource
block (RB) is allocated to one user in a cell and cannot be shared
by another user in this cell. The RB is divided into multiple sub-
channels and the user of interest uses only one of the multiple
sub-channels, the mapping depending on the region in which
the user belongs, letting a part of the RB unused to reduce
the interference to the other cells. This scenario implies that
the interfering set of BS depends on the coverage probability
of the typical user. We tightly approximate the interfering BS
set as a thinned version of the original PPP depending on the
probability of coverage of each type of user. Results show that the
scheme increases the network’s global coverage probability and
enhances spectral efficiency by comparing the known fractional
frequency reuse scheme.

Index Terms—User classification, Coverage probability, Spec-
tral efficiency, Poisson point process.

I. INTRODUCTION

A. Motivation

In modern cellular networks, the quality of service is

correlated to relative signal strength received from serving

base station (BS) and all other interfering BS through the

so-called signal to interference ratio (SIR), which in turn

depends on the network geometry and channel conditions.

In a full interference network, users near the cell boundary

are known to experience a low SIR [1]. However, in a non-

full interference networks, locating close to cell edge does not

necessarily lead important performance degradation because

all BS are not active in the same resource [2].

To help users who are more vulnerable to interference,

the frequency reuse technique allows reducing the interfer-

ence by not allocating the same frequencies to neighboring

cells. A derivative of that idea is to classify users to cell

center/edge user class and apply a location-based approach

to assign different sub-bands to each type [3]. However, this

is purely geometric and hence does not consider the SIR

experienced by the user, that may be a good measure in the

full interference scenario, but the SIR can be temporally larger

in the non-full interference networks at a point located farther

from the BS than the nearest one. In the downlink case, the

non-full interference network is a network where all BS do

not contribute to the interference received by a user in a given

resource block (RB).

In this paper, a cell is divided into N + 1 classes, and a

typical user belongs to a certain class depending on its SIR.

Moreover each class has its proper sub-band that may be used

by the nearest interfering cell but only by the same type of

user in that interfering cell. In our model, a user is classified

to be a type-1 when its SIR is larger than a threshold, a

user is type-2 if its SIR is less than the first-class threshold

and larger than the second class one, and so on. A user type-

N+1 has the weakest SIR and is in outage from the network.

This user-centric model allows to quantify key performances,

i.e. the coverage probability and the spectral efficiency (SE)

in the non-full interference context, based on the user type.

We show that the BS activity is driven by the user position

within each cell. In this case, user classification leads to BS

classification, which means that the density of the interfering

BS set is correlated with the user position in the interfering

cells and depends on the location of the user where the SIR is

measured. However, it is shown that the correlated interfering

scenario can be estimated as a thinning process: the original

PPP is split into N+1 thinned complementary processes and

we quantify the thinning factor for each class.

B. Related Work

User classification schemes mainly focus on two aspects:

the location-based [2]–[6], and the SIR based classification

[7]–[9]. However, in classical full interference networks, since

all BS are active, both aspects lead to similar conclusions

on average and a user located at the cell border undergoes

severe performance degradation. For instance, in [4], [5], [10],

the ratio of the distance between the typical user and the

serving BS to the distance between the typical user to the

nearest interfering BS is computed. If the ratio is larger than

a threshold, then the user is a cell edge user; otherwise, it

is a cell center user. Based on this kind of classification,

base station cooperation techniques have been investigated to

enhance the cell edge user coverage [2], [3], [6]. In [7], the

whole frequency band has been divided into cell center and

cell edge frequency sub-bands to improve the cell edge user

coverage using spectrum access techniques such as fractional

and soft frequency reuse. In [8], the authors used the instanta-



neous SINR based classification and got an approximation of

the coverage probability of the typical cell edge user for PPP-

modeled 3-tier heterogeneous networks. Within this general

direction, the authors in [10] used the location-based cell

center/edge user classification and derived the moments of the

meta distribution under non-orthogonal/orthogonal multiple

access techniques. All these previous works have been done

with full interference assumption, i.e., considering that all

BS, or a fraction of them but non-related to the coverage

probability, act as interferers to the typical user whatever the

bandwidth it uses. However, these are not always a good

measure because, in practice, there are many inactive BS in

the network. In [2], the authors proposed a new definition

for the cell edge users in small cell deployments based on

the nearest active base stations (non-empty cells) to evaluate

the user performance degradation in practice. However, it

does not consider the received SIR that contains the relevant

statistic of the communication performance, and which can

correlate the activity of a BS with the coverage probability of

its user. The BS activity depends on the coverage probability

that lead to a thinning over the original PPP in a given

resource block that in turn leads to a non-full interference

situation. This is what is called a user-centric thinning that has

been explored in [2] to analyze the performance of cell-edge

users in small cell networks. In a previous work [9], a SIR-

dependent non-full interference model has been introduced in

which the given resource is divided into two sub-channels that

are used exclusively according to whether the user is a cell

center or cell edge user and lets a part of the resource unused

to reduce the interference. The central coverage probability

has been found to be the solution of a fix point equation.

In this paper, we extend the work in [9] to N + 1
user classes and key performance metrics, i.e. the coverage

probability and the SE, in a non-full interference context are

tackled. In our work, the non-full interference setting refers to

the fact that the interference in a given sub-channel depends

on the coverage probability of the user type according to the

sub-channel considered. Section II presents our system model.

Our main results are stated in Theorems 1 and 2 in Section III.

Section IV presents the numerical results and conclusions are

drawn in Section V.

Notations: Random variables are denoted in capital font

while their realizations remain in small font. Moreover, P(·)
and E[·] are the probability and the expectation operators. 1(·)
is the indicator function.

II. SYSTEM MODEL

Let us consider an OFDMA-based single-tier downlink

cellular network where the BS deployment is modeled as

an homogeneous PPP Φ ⊂ R
2 with density λ. The users

are associated with their nearest BS, and all BS and users

are equipped with a single antenna. Similarly to the works

in [9], [11], only one randomly chosen user is considered

to communicate with its BS on a given time-frequency

resource. We assume that users are experiencing Rayleigh

fading channel. In each cell, the typical user is a type-k user

according to the relative value of its SIR w.r.t. some thresholds

that, in turn, depends on the location of others BS and on

the channel conditions. Fig. 1 illustrates one realization of

a PPP network for two types of served users, with only

one user per BS. The BS colored in green, red and black

represent the active BS for users of type-1, type-2 and outage

users respectively. An RB is allocated to one user in each

cell. Contrarily to 4G or 5G systems, the RB is divided into

multiple sub-channels. A sub-channel k is used by the type-k
user. However, since the entire RB is dedicated to a given

type of user, BS cannot allocate the remaining part of the RB

to another user in the cell. This setting leads to a non-full load

context for interference in each sub-channel because only a

part of the RB is used in a given cell.

In that context, let us consider the typical BS at X0 and di-

vide the interfering BS set Φ\{X0} into N+1 complementary

subsets Φk such that Φ\{X0} = ∪N+1
k=1 Φk and Φk ∩ Φl = ∅

for all k 6= l. Φk is the subset gathering the BS that are

serving type-k users across the network and hence ΦN+1 is

the set of BS that have the typical user in outage. Let Xi be

the position of the BS i and SIRk
i the SIR experienced by a

randomly selected user in the cell i over the sub-channel k.

The subset Φk for all 1 ≤ k ≤ N is

Φk ,
{

Xi | SIRk
i ≥ θk, Xi ∈ Φ!

k−1

}

, (1)

and ΦN+1 = Φ!
N , where Φ!

k = Φ\{∪k
m=1Φm} for all k and

real numbers {θk}N1 ≥ 0 are the SIR classification thresholds.

Let SIRk
0 be the received SIR by the typical user of the BS

X0 in the subchannel k, then

SIRk
0 =

Hk
0,0R

−α
0

∑

Xi∈Φ\{X0}
Hk

0,iR
−α
i 1(Xi ∈ Φk)

, (2)

where Ri is the distance between the BS i and the typical

type-k user, Hk
0,i is the channel gain between the typical

user located at the origin and the BS i in sub-channel k,

and α > 2 is the path loss exponent. Since separated

frequency sub-bands are allocated to different user types, they

do not experience the same instantaneous channel gain but

Hk
0,i are independent and identically exponentially distributed

(i.i.e.d.). The indicator function in (2) ensures that the typical

user experiences interference only from BS that serve other

type-k users. This model enlightens the fact that this is an

interdependent thinning process, and we obtain in this paper

that it can be tightly approximated by a thinning process on

BS PPP by a factor depending on the coverage probability.

III. PERFORMANCE METRICS

In this section, we first analyze the coverage probability of

a typical randomly located user in the non-full interference

network. Next, the conditional coverage probability of each

user is investigated. Finally, to fairly evaluate the proposed

method, the SE of the network is studied.
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Figure 1. PPP deployment for BS with a randomly selected user (blue dots)
in each cell.

A. Coverage Probability

In interference-limited wireless networks, the standard cov-

erage probability describes the probability that the SIR of the

typical link exceeds a threshold [11]. In our model, we have a

set of thresholds {θk}1≤k≤N to successfully demodulate and

decode the received signal. Then, the typical user placed at

the origin is covered on downlink if one of the subsequent

events occurs:

{X0 ∈ Φk} = {SIRk
0 ≥ θk, X0 ∈ Φ!

k−1} , k = 1, ..., N.
(3)

Referring to the law of total probability, the coverage proba-

bility of the typical user is as follows.

Theorem 1. The coverage probability pc of a randomly

located typical user in a non-full interference network with

N type of covered users is given by

pc({θk}, α, λ) =
N
∑

k=1

pk (4)

where pk is well estimated with a fixed point equation as

pk =

∫ ∞

0

e−v(1+pkρ(θk,α))
k−1
∏

i=1

(

1− e−piρ(θi,α)v
)

dv , (5)

and ρ(θ, α) = θδ
∞
∫

θ−δ

1
1+x1/δ dx, where δ = 2/α.

Proof. See Appendix A.

This expression for coverage probability does not depend

on BS density λ and is calculated using the system param-

eters, i.e. path loss exponent α, SIR thresholds {θk}1≤k≤N ,

and as expected it goes to 1 for all θk → 0 and 0 for all

θk → ∞.

Furthermore, the conditional coverage probability Pk of

type-k user in the non-full interference network is defined as

Pk({θk}, α, λ) , P(SIRk
0 ≥ θk|X0 ∈ Φ!

k−1). (6)

Corollary 1. Conditioning on X0 ∈ Φ!
k−1, the probability

that SIRk
0 satisfies a threshold θk is given by

Pk({θk}, α, λ) =
pk

∫∞
0

e−v
∏k−1

i=1

(

1− e−piρ(θi,α)v
)

dv
(7)

Proof. Starting with (6) and using the Bayes rule, we have

Conditioned on X0 ∈ Φ!
k−1 , the coverage probability of

type-k user Pk is

Pk({θk}, α, λ) = P(SIRk
0 ≥ θk|X0 ∈ Φ!

k−1)

=
P(SIRk

0 ≥ θk, X0 ∈ Φ!
k−1)

P(X0 ∈ Φ!
k−1)

. (8)

The rest of the proof straightforwardly follows from Theo-

rem 1.

The expressions obtained in (4) and (7) are not tractable

to find a closed-form expression for the typical user coverage

probability, except for the coverage probability of the typical

type-1 (cell interior) user:

P1(θ1, α, λ) = p1 =

√

1 + 4ρ(θ1, α)− 1

2ρ(θ1, α)
. (9)

In particular, when α = 4 (high path-loss condition), we have

ρ(θ, 4) =
√
θ
(

π
2 − arctan( 1√

θ
)
)

.

In the single-user type case, i.e. N = 1, if θ1 = 1 (0

dB), the coverage probability of a typical user in (4) is equal

2π−1(
√
1 + π − 1) = 0.66 which gains 0.7 dB rather than

the coverage probability of a typical user in the classical full

interference network given in [11]. As the coverage does not

take into account the resource used, we need another measure

to evaluate and compare the proposed method fairly. So, we

investigate the SE as follows.

B. Spectral Efficiency

Considering the system setting of [11], where only one type

of user is considered, i.e. the user is covered, the average rate

per RB for the typical user is E[ln(1+SINR)]. In our case, a

given RB is divided into N sub-channels each assigned to its

corresponding user type and the conditional SE in nats/s/Hz

of the typical user of type-k is defined as

Rk , ωkE[ln (1 + SIRk
0)|X0 ∈ Φk], (10)

where 0 ≤ ωk ≤ 1 and
∑N

k=1 ωk = 1.

Theorem 2. Conditioning on the typical user being of type-k,

the spectral efficiency Rk is given by

Rk =
ωk

pk

(

pk ln (1 + θk) +

∫ ∞

θk

gk(z)dz

)

, (11)

where

gk(z)=
1

1+z

∫ ∞

0

e−v(1+pkρ(z,α))
k−1
∏

i=1

(

1−e−piρ(θi,α)v
)

dv.

(12)

Proof. See Appendix B.

Hence, the overall SE of the typical user in the non-full

interference network is R =
∑N

k=1 pkRk.
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Figure 2. (a) Coverage probability, (b) Conditional coverage probability for k = 2 users case, (c) Probability of being type-k user.

C. Bandwidth Allocation

In this part, we investigate two strategies to allocate the

available bandwidth among N class of users to have the max-

imum overall spectral efficiency or fair bandwidth allocation

among different user types. To maximize the overall spectral

efficiency, the maximization problem can be written as

max
{ωk}1≤k≤N

N
∑

k=1

ωk

(

pk ln (1 + θk) +

∫ ∞

θk

gk(z)dz

)

(13)

subject to:

N
∑

k=1

ωk = 1, ωk ≥ 0.

The optimal solution of (13) is simply given by ωk = 1 for the

index k corresponding to the largest value of pk ln (1 + θk)+
∫∞
θk

gk(z)dz, which is function of the set of the classification

thresholds, and ωk = 0 otherwise. However, this strategy does

not allow fairness among users and it can be preferable to

share the RB among all the covered users, i.e. ωk > 0 for all

k. Two policies can be followed.

1) Fixed bandwidth partitions. This model assigns a real

value in (0, 1) to ωk, based on the quality of service

required by the type-k user. The simplest partition

policy, which does not need any other information from

the system, is an equal partitioning method where the

RB is equally divided into N equal sub-channels, i.e.

ωk = 1/N . In this case, the overall rate of the given

typical user is

R =
1

N

N
∑

k=1

(

pk ln (1 + θk) +

∫ ∞

θk

gk(z)dz

)

. (14)

2) Adaptive bandwidth partitions. The available bandwidth

is shared among the users according to the SIR distribu-

tion and traffic load. In a regular grid network, the fre-

quency reuse scheme relies on a geometry-based policy

to allocate a set of contiguous bandwidth chunks among

cell center and cell edge users which is proportional to

the square of the ratio of the interior and the cell radius

[7]. In PPP models, geometric foreknowledge for chunk

allocation is not employed and, instead, the allocation

can be made based on the SIR distribution [7]. Hence,

in the SIR-proportional model, we have ωk = pk and

the overall rate is

R =

N
∑

k=1

(

p2k ln (1 + θk) + pk

∫ ∞

θk

gk(z)dz

)

. (15)

IV. NUMERICAL RESULTS

To verify the analytical results, we conduct simulations

in a PPP network. The coverage probability and the SE are

evaluated at the typical user for 100,000 realizations of the

network. We consider an interference-limited scenario with

α = 4. In each realization, the BS locations are generated as a

PPP of unit intensity in an area of [−10, 10]2, and user density

is considered large enough to have at least one randomly

chosen user per cell.

Fig. 2(a) shows the simulation and the analytical results

for the coverage probability (4) for a typical user when N ∈
{1, 2, 3, 4}, under non-full and full interference scenarios

when a unique θ is considered, i.e. the target threshold is the

same for all user classes. The non-full interference strategy

induced by the user-centric RB allocation according to the

type of users, leads to a larger coverage probability when

N increases. The analytical derivations are relatively close

to the simulations especially for small values of threshold.

However, the mismatch increases as the threshold and N

increase. The gap comes from the use of the independence

assumption in the derivation of Theorem 1. Moreover the

estimation of the type-k interfering set of BS by simulation is

an iterative process that is sensitive to the threshold value and

requires a lot of iterations when θ is large. Nonetheless, this

approach fits when the threshold θ is not too large to ensure

enough active BS for large scale network approximation in

simulation.

In Fig. 2(b), the type-2 user conditional coverage proba-

bility P2 in (7) is plotted versus θ2 for specific type-1 target

thresholds θ1 = {−10,−5, 0, 5, 10} dB. As seen in the figure,

when θ1 decreases, the number of active BS in the type-

2 class, i.e. interfering BS, decreases and consequently the

conditional coverage probability of the typical type-2 user

increases when θ1 decreases.
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Fig. 2(c) shows the probability pk in (5) that the typical

user be a type-k user for k ∈ {1, 2, 3, 4}. From the figure, it

can be seen that when increasing the unique target threshold

θ, the probability p1 decreases, but p2, p3 and p4 increase

and then decrease after a specific threshold value.

Fig. 3 represents the trade-off between the spectral efficien-

cies of type-1 and type-2 user classes regardless of the band-

width allocation strategy and evaluated with (11). The trade-

off curve varies versus the value of θ1 = [−10, 20] dB when

the threshold of type-2 has specific value, i.e. θ2 = 3 dB. The

type-2 spectral efficiency increases with θ1, since the number

of type-2 user increases, and vice versa for the type-1 user

spectral efficiency.

Fig. 4 shows the overall spectral efficiency in the case of

two user types under SIR-proportional bandwidth allocation

strategy [7]. From the figure, it can be found that for the

specific values of θ1, the overall spectral efficiency increases

and decreases after 6 dB, because the number of the type-2

users decreases and it is not compensated by the gain of being

closer to the BS.

Fig. 5 represents the overall spectral efficiency for N ∈
{1, 2, 3} in the non-full interference network versus the type-

1 user target threshold θ1 when θ2 = 3 dB and θ2 = 1 dB.

The SE of different types of users are compared under

fixed equal partitioning (14) and adaptive SIR-proportional

(15) strategies. When θ1 increases, the total SE under SIR-

proportional policy decreases and it increases under equal

partitioning. Moreover, the total SE is compared with the

fractional frequency reuse (FFR) technique with reuse factor

∆ presented in [11], under full interference network, i.e. only

one type of user. Since in SIR-proportional policy, the typical

user benefits from a fraction of resources that depends on the

SIR, and suffers from the same fraction of the interference,

it has higher SE than FFR with ∆ = 1, ∆ = 2 and ∆ = 3,

respectively.

V. CONCLUSION

This paper has presented a complete characterization of

the downlink coverage probability and spectral efficiency

of a typical user in a non-full interference homogeneous
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PPP network. Semi closed-form expressions of performance

metrics based on the received SIR level for the typical user

have been presented. The results show that the user-centric re-

source allocation approach outperforms the conventional FFR

approach, which is BS-centric. In further works, we intend

to investigate system performance when resource allocation

is performed according to the number of users in the cells

which implies correlations among two PPPs.
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APPENDIX

A. Appendix A: Proof of Theorem 1

Based on the law of total probability, the coverage probabil-

ity pc of the typical user is the probability that it satisfies the

required condition of at least one of the N type user classes

in (1). Hence, the coverage probability can be expressed as

pc =
∑N

k=1 pk where pk is the probability of being a type-k
user, i.e.

pk = P(X0 ∈ Φk) = P(SIRk
0 ≥ θk, X0 ∈ Φ!

k−1), (16)



Conditioning on R0 the two events in (16) are independent

and it can be written as

pk=

∫ ∞

0

P(SIRk
0 ≥ θk|R0)P(X0∈Φ!

k−1|R0)fR0
(R0)dR0,

(17)

where fR0
(R0) = 2πλR0e

−πλR2

0 . The first term in (17) is

the probability that the SIR at the typical receiver exceeds θk
and it follows

P

(

Hk
0,0 ≥ θkR

α
0

∑

Xi∈Φ\{X0}
Hk

0,iR
−α
i 1(Xi ∈ Φk)

)

(18)

a
= E

[

exp

(

− θkR
α
0

∑

Xi∈Φ\{X0}
Hk

0,iR
−α
i 1(Xi ∈ Φk)

)]

b
= E

[

∏

Xi∈Φ\{X0}

(

1−E[1(Xi ∈ Φk)](1− e−θkR
α
0
Hk

0,iR
−α
i )

)

]

,

where (a) comes from the i.i.d. exponential distribution of

Hk
0,0 with mean 1 as in [11], (b) comes from averaging

over interfering fading channels, the law of total expec-

tation, EX [f(X)] = EY [EX [f(X)|Y ]], the independence

of {SIRk
i }1≤i≤N , which is a reasonable assumption whose

correctness has been verified by simulations, and finally by

factoring out E[1(Xi ∈ Φk)]. By applying the probability

generating function (PGFL) [12] of the PPP and identically

distributed {SIRk
i }i, we have

P(SIRk
0 ≥ θk|R0) = exp

(

−2πλ pk ρ(θk, α)R
2
0

)

. (19)

The second term of (17) means that the received SIR by the

typical user is less than all {θi}k−1
i=1 and can be derived as

P(X0 ∈ Φ!
k−1|R0) =

k−1
∏

i=1

P(SIRi
0 < θi|R0) (20)

=

k−1
∏

i=1

(

1− P(SIRi
0 ≥ θi|R0)

)

=

k−1
∏

i=1

(

1− exp
(

−2πλ pi ρ(θi, α)R
2
0

))

.

By putting (19) and (20) in (17) and taking expectation over

R0, we reach to (5). Also, deconditioning (20) and with v =
πλR2

0, we have

P(X0 ∈ Φ!
k−1) =

∫ ∞

0

e−v

k−1
∏

i=1

(

1− e−piρ(θi,α)v
)

dv. (21)

B. Appendix B: Proof of Theorem 2

Conditioning on the fact that typical user being of type-k,

the spectral efficiency Rk is given as

Rk = ωkE[ln (1 + SIRk
0)|SIRk

0 ≥ θk, X0 ∈ Φ!
i−1], (22)

knowing that for a positive random variable Y , E[Y ] =
∫

u>0
P (Y > u)du, we have

Rk=

∫ ∞

0

ωkP

(

SIRk
0 ≥ eu − 1, SIRk

0 ≥ θk, X0∈Φ!
i−1

)

P

(

SIRk
0 ≥ θk, X0 ∈ Φ!

i−1

) du.

(23)

From the same approach used in the proof of Theorem 1, it

can be written as

Rk =
ωk

pk

∫ ∞

0

P

(

SIRk
0 ≥ θk,max, X0 ∈ Φ!

i−1

)

du, (24)

where θk,max = max(θk, e
u − 1), and the term inside the

integral can be simplified by dividing the integral bound into

[0, ln (1 + θk)] and [ln (1 + θk),∞], Hence, we can rewrite

(24) as follow

Rk =
ωk

pk

[
∫ ln (1+θk)

0

P

(

SIRk
0 ≥ θk, X0 ∈ Φ!

i−1

)

du

+

∫ ∞

ln (1+θk)

P

(

SIRk
0 ≥ (eu − 1), X0 ∈ Φ!

i−1

)

du

]

. (25)

Using (19) and (20), and applying the change of variable

z = eu − 1, (11) is obtained.
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