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Abstract—Continuous Variable (CV) non-Gaussian resources
are fundamental in the realization of quantum error correction
for CV-based quantum communications and CV-based comput-
ing. In this work, we investigate the use of CV non-Gaussian
states as quantum teleportation resource states in the context
of the transmission of coherent and squeezed states through
noisy channels. We consider an array of different non-Gaussian
resource states, and compute the fidelity of state teleportation
achieved for each resource. Our results show that the use of
non-Gaussian states presents a significant advantage compared
to the traditional resource adopted for CV teleportation; the
Gaussian two-mode squeezed vacuum state. In fiber-based quan-
tum communications, the range of quantum teleportation is
increased by approximately 40% via the use of certain non-
Gaussian states. In satellite-to-ground quantum communications,
for aperture configurations consistent with the Micius satellite,
the viable range of quantum teleportation is increased from
700 km to over 1200 km. These results represent a significant
increase in the performance of pragmatic and realizable quantum
communications in both terrestrial and space-based networks.

I. INTRODUCTION

The use of continuous variable (CV) quantum information
is a prominent approach for quantum information protocols
[1]. Applications based on the transmission of CV quantum
signals such as quantum key distribution (QKD) are par-
ticularly promising [2[]. One reason for this is the ‘off-the-
shelf” availability of the devices required to send, receive, and
measure CV quantum signals. However, achieving practical
and global quantum communications involves difficult tech-
nological challenges.

Currently, there exist two main approaches for constructing
a global quantum communications network. One is a terrestrial
implementation via optical fiber, and the second is through
satellites in space. An optical fiber implementation is able to
use a similar infrastructure to the one used by the classical
internet. However, fiber implementations suffer an exponential
increase of loss with respect to the distance, making long-
distance transmission challenging [3[]. On the other hand, in
satellite quantum communications the main source of noise
(via loss) arises in the atmospheric quantum channels connect-
ing the satellites to Earth. If the loss due to the atmospheric
channels can be dealt with, then satellites in space represent
a practical approach to achieve global quantum communica-
tions. Nevertheless, reliable transfer of quantum signals by
means of satellites requires highly advanced technology and
infrastructure. While satellites have been used in quantum

communication protocols using single photons [4]], [5], there
have not been any satellite experimental realizations yet using
CV quantum information. However, there is a growing interest
in this latter approach, with several recent studies focusing
on the satellite-to-ground transmission of quantum signals to
perform CV-QKD [6]-[8].

A key element in long-distance quantum communications
is the transmission and distribution of entanglement resources,
which can later be used to transmit quantum states via quantum
teleportation [9], [10]]. Recently, CV quantum teleportation has
been demonstrated experimentally over 6 km [11]]. For quan-
tum teleportation to be successful it is essential to maximize
the amount of entanglement in the resource state to increase
the quality (fidelity) of the teleported state. Remarkably, states
commonly referred to as non-Gaussian states have shown
higher amounts of entanglement (at a given energy) in com-
parison to their Gaussian counterparts [[12]], [13]. In CV-QKD,
non-Gaussian states have been successfully used directly to
increase key rates [12], [[14], including in the context of space-
based CV-QKD [[15]], [16]. Non-Gaussian states have also been
shown to allow for long-distance state transmission by means
of quantum repeaters [3]], [17].

In this work, we consider the use of two-mode non-Gaussian
states as entangled resource states in quantum teleportation
over noisy channels (channels with loss and excess noise)
to enhance the transmission of quantum states. We focus
on several types of non-Gaussian resource states generated
by means of the operations: photon subtraction (PS), photon
addition (PA), photon catalysis (PC), and quantum scissors
(QS). Moreover, we also consider the more general squeezed
Bell-like (SB) states introduced in [18]], as a resource state.

Previous studies have analyzed the fidelity of teleported
coherent states using non-Gaussian resource states [/18[]-[23]].
In [18]], the SB state is introduced, showing improved fidelities
relative to the Gaussian two-mode squeezed vacuum (TMSV)
state. This increase in fidelity is shown to still hold when the
resource states are subject to the effects of noisy channels
[19], [20]. In [21]], it is shown that non-Gaussian resource
states created from the symmetrical application of PS lead
to an increase in the fidelity of teleported coherent states.
Moreover, the sequential use of non-Gaussian operations PA
and PS has also been shown to create resource states that
enhance quantum teleportation, especially when such resource



states are subject to high loss [23]]. However, the work of
[23] did not optimize the teleportation fidelity over all the
available parameter space. It is the main contribution of this
current work to remedy this issue. That is, we carry out a
full optimization analysis of sequential PA and PS operations
to create enhanced teleportation outcomes for coherent states.
We then compare our new optimized outcomes with those
obtained from the use of PS, PA, PC, QS, and SB resource
states. Beyond previous works, our analysis also includes
the use of squeezed states as input states in teleportation.
Our main conclusion is that optimized sequential PA and PS
operation delivers substantial improvement in the distance over
which CV quantum teleportation is feasible; for both fiber and
satellite-based real-world implementations.

II. CONTINUOUS VARIABLE QUANTUM TELEPORTATION

Quantum teleportation using CV quantum information was
first introduced in [9], [[10]. As shown in Fig quantum
teleportation is done between two parties, commonly referred
to as Alice and Bob, using an entangled bipartite resource
state, pap. Part B of the entangled state is transmitted by
Alice to Bob via a quantum channel. After receiving part
B, Bob will use a beam-splitter (BS) to mix B with the
state to the be teleported, [¢), ., and perform homodyne
measurements on both outcomes of the BS. The measurement
results are then broadcast to Alice who uses these results
to apply a displacement operation, ﬁ(q,p), on part A of
the entangled state, obtaining the teleported state, [t)), -
Conveniently, using the Wigner characteristic function (CF)
formalism the resulting state of the teleportation protocol can
be computed as the product of the CFs of the input state
and the entangled resource, as shown in [24]. This result was
later expanded to include the effects of non-unit efficiency
homodyne measurements [20], such that the CF of [¢)_ . is
given by

Xout (5) :Xin (9775)
X X ap(& gnet)e T

where £ is a complex argument, g is the gain parameter, and
n? the efficiency of the homodyne measurements.
The CF of any n-mode quantum state p is defined as

X (&1, &2, &) = Tr{pD(&1) D(&2)...D(&0)}, (2

where D is the displacement operator,
D(&) = esoi=tin, 3)

with a; and dz are the annihilation and creation operators of
mode ¢, respectively.

As is the case in any non-ideal quantum channel, the trans-
mission of B via the channel unavoidably introduces noise to
the resource state, thus, effectively decreasing the effectiveness
of the teleportation. This means that higher amounts of noise
result in larger differences between the outcome state and
the input state, as quantified by the fidelity. The effects of

Alice Bob

TMSV

A .><.]§ G;.losr;;an

& out

non-
Gaussian|

Noise
channel

Coherent
state ® n

Fig. 1. CV quantum teleportation via a noisy channel. A non-Gaussian
operation can be applied either transmitter-side or receiver-side to create a
non-Gaussian resource state. This state then forms the teleportation channel.

a noisy channel are described by means of two parameters;
the transmissivity, 7', and the excess noise, €. For the bipartite
state, pap, where only mode B is transmitted through the noisy
channel, the corresponding CF is,

XAB (€a, ER) = exp [— %(e +1-— T)|5B|2]
X XAB(fAA/TﬁB)- “4)

Using Eq. [1] and Eq. [4] we can obtain the CF of the
output state of the teleportation via a noisy channel. Now, in
order to quantify the effectiveness of teleportation we compute
the fidelity between the output and input states. The fidelity
represents a measure of the closeness between the two states,
in the CF formalism it is computed as,

_ 1 2 _
F= ;/d €X1n<£)Xout( 6) (5)

In this work, two types of input states are considered in the
teleportation: coherent states and squeezed states. Coherent
states are defined as |a) = D(«) |0), with a € C. Squeezed
states are defined as

|s) = 8(s) [0) = e2 (74" 53" g) ©6)

where s=ce'? is the squeezing of the state. Ultimately, the
fidelity between output and input states will be highly depen-
dent on the value of « or s. To address this issue, we will
use instead the mean fidelity over an ensemble of states. The
ensemble is specified by following the distribution,

_ 2
Pr) = —exp (- ), ™

with o the variance of the distribution, and z={«, s}. This
allows us to define the average fidelity over the ensemble as,

F = / dz? P(z)F(x), 8)

where F(z) represents the fidelity when a specific |z) is used
as the input state.

A. Entangled resources

The entangled resource states to be used in constructing
the teleportation channel are now introduced. First, consider
a TMSV state. This can be defined through the application of



the two mode squeezing operator, S 12(0), to the vacuum state,
viz.,

A wp s atat
) rmsy = S12(0) [0,0) = e® “1%27¢41%210,0),  (9)

where p=re'? is the squeezing of the TMSV state. The CF of
a TMSYV state can be conveniently written using the following
Bogoliuvov transformation:

$12(0) D(€)D(&)S1a(0) = D(EDD(&),
¢ = cosh(r)&; + €' ?sinh(r)&; 0,5 =1,2; i#j (10)
Using this transformation the CF of a TMSV state can be

written as,

Xrwisy (€a,68) = e [ = 5 (164 +166l?) ] an

Here (and throughout this work), we assume hA=2.

With a TMSV state as the starting point, we can obtain
certain non-Gaussian states by using non-Gaussian opera-
tions. Non-Gaussian operations can be constructed with beam-
splitters and by the addition or absorption of single or multiple
photons. We focus on the operations, shown in Fig. 2] the oper-
ations PA-PS and PS-PA, created by the successive application
of PS and PA, and the SB states.

In this work, we consider that only a single photon is
added/subtracted/replaced in the respective non-Gaussian op-
erations. Additionally, non-Gaussian operations can be applied
either transmitter-side or receiver-side, that is, before or after
the effects of the noisy channel. We have investigated both
cases for each operation and have found that the highest
fidelities for the PS, PA, and PC operations are obtained when
the operation is applied receiver-side. For the QS operation,
however, the highest fidelities are obtained when the operation
is applied to mode B (the mode to be sent through the chan-
nel) at the transmitter-side. These results are consistent with
previous studies [[15]], [25]. Henceforth, we will only focus
on the specific cases (transmitter-side or receiver-side) where
the operations yield the highest fidelities. The transmissivity
of the beam-splitter involved in each respective operation is
determined by &, with oe{PS, PA, PC,QS}. Finally, we
assume a quantum memory is available at the receiver and
transmitter, such that the non-Gaussian resource states forming
the teleportation channel can be prepared and stored to be used
on demand[l]

1) Photon addition, photon subtraction, and photon catal-
ysis: In the following we apply the procedures of [23] for
determining CFs. The unnormalized CF of the state resulting
from the application of the PS operator, Ops, to mode B of

'In the absence of a quantum memory there exists a trade-off. Non-Gaussian
operations have non-unity success probability; a point that needs to be taken
into account in any protocol.
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Fig. 2. Non-Gaussian operations used to generate a non-Gaussian resource
state to be used in the teleportation channel. The operations are applied on a
single mode of a TMSV state.

the TMSYV state after it has been transmitted through the noisy
channel is,

Xps(6nr8) = Tr { Ops iy Obs D(Er) Dign) }
_kps — 1 ¢B/°

N KPS exp ( 2 )
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In a similar manner, the unnormalized CF after the PA
operator is applied is,

xexp{

2
Xpa(€a.n) = (kpa — 1) exp (‘fB‘ )

o (515
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When the PC operator is applied, the unnormalized CF is,
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where ¢ = %
For the sequential use of the PS and PA operators, the
operations

PS-PA and PA-PS, we consider the two non-

15)



Gaussian operations use the same beam-splitter transmissivity,
that is kpa =Kpg. For PS-PA, the unnormalized CF is,

Xps_pa(éa, )
[S3K 2h

2 )agBagg{eXp(_|€B|2) (16)
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The unnormalized CF for PA-PS is,
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2) Quantum scissors: The unnormalized CF of a TMSV
state after the QS operation has been applied to mode B is

=g eXp(

X

X
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&€
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&€
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where gqos=+/1+ kqs/kqs is the amplification parameter,
and X,y is the CF of the quantum state [m) (n|, obtained
as

. n! 2
Xjmyn) (§) = (m| D(E) ) = \/;8""65 L),
(19)

where the £~ is the associated Laguerre polynomial.
We note the above CFs above are normalized by dividing
over the norm of the respective CF, viz.,

1 /
Xo(€a, &) = mXo(ﬁA,EB)

3) Squeezed Bell-like states: We also consider the non-
Gaussian SB states, that are obtained by the application the
squeezing operator to a Bell state,

[¥)sp = (cos?(8) + sin(8))~1/2
% $12(0) [005(5) 100) + sin(8) |11) }
The normalized CF of a SB state is [18]]
Xsp(€a. &) = (cos*(8) + sin®(8)) ~1/2
exp [~ 5 (164 + 1€417)] [ cos?(5) + 2cos(8) sin(5)
x RIEAER} + sin®(9) (1 - €4 1)(1 - &gl

where R{z} is the real part of z, and the transformation given
by Eq. [10] is used.

(20)

21

(22)

4) Optimizing the entangled resources: We emphasize that
the key to increasing the effectiveness of quantum teleportation
using non-Gaussian states is the optimization of the free
parameters in each state such that the fidelity is maximized.
It is known that the fidelity is maximized for ¢=m in the
squeezing parameter for all the states considered in this work
[20]. Moreover, the parameter g in the teleportation must also
be optimized. Additionally, the non-Gaussian states possess an
additional free parameter which allows further optimization of
the teleportationE] Throughout this work, all the parameters in
the states used are optimized, and importantly, this is done for
each value of the channel transmissivity.

III. RESULTS

In Fig. [3]a comparison of the teleportation fidelities for both
input states obtained for all the teleportation resource states
is given. The limit on the fidelity that can be achieved by
means of local measurements and classical communications,
known as the classical limit, is 1/2 for a single coherent state,
and VeT/(1 4 ¢°) for squeezed states, with T the mean of
¢ obtained from the distribution in Eq. [/| [26]. Throughout
this work, the efficiency of homodyne measurements is fixed
to n2=1 dB. See that several non-Gaussian resources do not
present an improvement over the TMSV state, only the SB
and PA-PS resource states present higher fidelities. Counter-
intuitively, the PS state under-performs the TMSV state and the
PA state, whereas in the case of CV-QKD it has been shown
how the use of PS states enhances the key rates [[15]. For the
PC state, the fidelity is the same as in the TMSV state. This
can be explained by the fact kpc—1 during the optimization
process, subsequently reducing the state to a TMSV state. For
the two states that outperform the TMSV state, the SB and
PA-PS states, we observe that for a given o there exists a
threshold in the transmissivity below which the PA-PS state
yields higher fidelities, and above this threshold, the SB state
gives the highest fidelities.

A. Performance over realistic quantum channels

The noise effects of CV quantum channels are specified
by two parameters, ¢ and T (see Eq [). See in Fig. ] the
mean fidelity of teleported coherent states as a function of
the two noise parameters. There are two distinct regions in
the parameters space where either the SB or the PA-PS states
yield the highest fidelities. The regions are mostly determined
by the value of the transmissivity, while the excess noise has
a considerably lesser impact on the behavior of the fidelity.
As before, the SB state only surpasses the PA-PS state for
high values of transmissivity, where 7>0.72. We note that in
Fig. 4] we used 0=10, for higher values of ¢ we found no
considerable difference with the fidelities presented here.

With the results of Fig. E] in mind, we now assess the
advantage gained by using non-Gaussian resources on specific
real-world quantum channels. We focus on terrestrial state

2For all the resource states, the squeezing 7, and the gain g are optimized.
For the PA, PS, PC, PA-PS, PS-PA, operations the parameter x, is also
optimized. For the SB state, the phase § is optimized.
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Gaussian TMSV state for teleported coherent and squeezed states. All the
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Fig. 4. Mean fidelity of teleported coherent states as a function of the
transmissivity, 7', and excess noise, €, of the quantum channel. The black,
green, and purple curves correspond to the fidelity when the TMSV, PA-PS,
and SB states are used as the entangled resource, respectively. The value of
o=10 is used. (inset) The gray area marks the noise parameters associated
with realistic quantum channels. The red area corresponds to the classical
limit.

transfer via an optical fiber channel, and space-based state
transfer via the satellite-to-ground channel. For the optical
fiber channel, current state-of-the-art fiber technology sets
the loss at 0.16 dB/km, and an excess noise ranging from
0.0033 for a distance L=50 km, to 0.0086 for L=150 km
[27]. Based on these experimental values we approximate the
excess noise as a linear function using the following equation
efiber=aL + 6x1074, with a=5.3x10"km "

For the satellite-to-ground quantum channel, the properties
of the channel are highly dependent on the hardware character-
istics of the receiver and transmitter, most notably, on the aper-
ture sizes of the receiving and transmitting telescopes. We con-
sider realistic apertures of radii 75,;=15 cm and r4=50 cm,
for the satellite (transmitter) and ground-station (receiver),
respectively, as in [4]. The satellite and the ground station
have the ability to send and measure quantum optical signals,
respectively. The ground station is positioned at ground level,
ho=0 km, and the satellite when directly overhead at an
altitude H=500 km. The total propagation length, between the
satellite and the ground station, depends on the zenith angle of
the satellite relative to the ground station. For further details
see |]2;§|] In the satellite-to-ground channel, the fluctuations
of the atmosphere translate to variating transmissivities that
have to be sampled from a probability distribution. With
the specified aperture sizes, the mean transmissivity of the
satellite-to-ground channel ranges from 7'=0.06 at distance
L=500 km, to T~0.002 at L=1460 km. On satellite-based
quantum channels, the excess noise not only arises from the
hardware involved in the creation and measurement of the
signals, but also from the fluctuations the turbulent atmosphere
induces on the quantum signals as they are transmitted. The
magnitude of the excess noise is dependent on the specific
hardware used (i.e. aperture sizes), several theoretical studies
set the excess noise in the range of e€[0.014 — 0.015] [28],
[29], depending on the total propagation length.

In Fig. 5] we show the advantage obtained by using the
PA-PS state on the fiber and satellite-to-ground channels.
In both cases, the use of non-Gaussian resources improved
the robustness of the quantum teleportation to the loss of
the channel. In the fiber channel, the increase of fidelity is
modest, below 15%. Nonetheless, the use of the non-Gaussian
resource allows the fidelity of teleported coherent states to
overcome the classical limit up to 140 km, compared to the
limit of 100 km when the TMSV state is used as the resource.
Similarly, when squeezed states are teleported, the maximum
distance where the fidelity overcomes the classical limit is
increased from 38 km to 65 km by using the non-Gaussian
resource. For teleported coherent states via the satellite-to-
ground channel, the increase of the distance is even higher
when the non-Gaussian resource is used. Using the TMSV
state the fidelity drops below the classical limit for distances
larger than 700 km, while with the non-Gaussian resource
the fidelity surpasses the classical limit up to ~1220 km, an
increase of more than 80%. In the satellite-to-ground channel,
the fidelity of teleported squeezed states was always below the
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Fig. 5. Mean fidelity obtained for realistic quantum channels. A value of
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classical limit for the distances considered here.

Finally, we emphasize the importance of parameter opti-
mization in any enhancement of fidelity. We repeated the
calculation of the fidelities of teleported coherent states for
the realistic channels using the PA-PS state, now with a fixed
(non-optimized) value of r and a fixed g=1/7. Under these
conditions, regardless of the chosen value of r, the distance
where the teleportation fidelity surpasses the classical limit
never exceeds 92 km for the fiber channel, and 610 km for
the satellite-to-ground channel.

IV. CONCLUSIONS

We considered CV quantum teleportation of coherent and
squeezed states via a wide range of non-Gaussian entangled
resource states. Of the non-Gaussian resources considered two
achieved higher teleportation fidelities relative to the Gaussian
TMSV state, namely, the SB state and the PA-PS state. For
quantum channels with high transmissivity (low loss), the
SB state yielded the highest fidelities over any other state
considered. Conversely, for channels with low transmissivities,
the PA-PS state surpassed all the other states considered.
In many quantum communication implementations such as
terrestrial implementations based on optical fiber and space-
based implementations, the transmissivity is generally low,
making the PA-PS resource the state of choice. In such
implementations, the advantage over a TMSV state of using

the PA-PS state translates as a significant increase in the
distance over which the fidelity of teleportation surpasses the
classical limit.
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