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Abstract—In this paper, we investigate a state-of-the-art re-
configurable intelligent surface (RIS)-assisted spatial scattering
modulation (SSM) scheme for millimeter-wave (mmWave) sys-
tems, where a more practical scenario that the RIS is near the
transmitter while the receiver is far from RIS is considered. To
this end, the line-of-sight (LoS) and non-LoS links are utilized
in the transmitter-RIS and RIS-receiver channels, respectively.
By employing the maximum likelihood detector at the receiver,
the conditional pairwise error probability (CPEP) expression for
the RIS-SSM scheme is derived under the two scenarios that the
received beam demodulation is correct or not. Furthermore, the
union upper bound of average bit error probability (ABEP) is
obtained based on the CPEP expression. Finally, the derivation
results are exhaustively validated by the Monte Carlo simulations.

Index Terms—Reconfigurable intelligent surface, spatial scat-
tering modulation, millimeter-wave, average bit error probability.

I. INTRODUCTION

Reconfigurable Intelligent Surface (RIS) has risen as a

notably promising technique in the advancement of sixth-

generation (6G) wireless networks. This is attributed to its

distinctive capacity to efficiently modify the propagation en-

vironment, all the while diminishing power consumption and

hardware cost. Specifically, RIS is comprised of a large number

of low-cost reflective elements arranged in a two-dimensional

(2D) planar array configuration [1]. Each element of the RIS

can be regarded as a reconfigurable scatterer, endowed with the

ability to adjust the phase shift to effectively alter the direction

of the incident signal [2]. By jointly manipulating all elements

of the RIS, the reflection signal can be constructively enlarged

to improve the signal-to-noise ratio (SNR) or degraded to

mitigate interference [3]. It is worth noting that RIS has an

easy deployment feature, which can improve the delivery of

communication services in the desired direction and extend the

network coverage [4]. Compared with conventional relays, RIS

does not require radio frequency (RF) chains and amplifiers,

which can greatly reduce communication energy consumption

[5]. These advancements in RIS technology make it a promis-

ing solution to the challenges of energy consumption and

hardware cost in the next-generation communication networks.

Index modulation (IM) is a well-established concept in

wireless communication that has gained considerable attention

in recent decades, which can facilitate the transmission of

additional data by utilizing available resources such as transmit

antenna, subcarrier, etc. [6]. One of the prominent IM tech-

niques is spatial modulation (SM), which utilizes one RF chain

to establish connection with an arbitrary antenna, allowing the

spatial location of the antenna to convey additional bits [7]. It

is worth noting that SM strikes a favorable balance between

energy efficiency and spectral efficiency [8]. A recent large-

scale measurement campaign was conducted in various indoor

environments to investigate the propagation characteristics of

SM in real-world scenarios [9]. Moreover, the variant of SM

is quadrature SM, which was proposed to improve the over-

all throughput of conventional SM systems by incorporating

additional modulation spatial dimensions [10]. Space shift

keying (SSK) is a simplified version of SM that relies only on

the antenna index to achieve information transmission [11].

However, in high-frequency bands such as the millimeter-

wave (mmWave) range, ensuring satisfactory signal quality

becomes challenging when relying solely on the activation of a

single antenna during each time slot. To tackle this challenge,

spatial scattering modulation (SSM) was introduced in [12].

This approach embraces an analog and hybrid beamforming

structure at the transmitter (Tx), enabling the transmission of

spatial domain information via scatterer indices. Similar to

SM, SSM also utilizes a single RF chain, empowering the

transmitter to concentrate the beam in a specific direction

during each time slot. To improve the spectral efficiency, the

quadrature SSM scheme was also investigated in [13].

Considering these aspects, the potential of IM-based trans-

mission with the help of RIS has been investigated in [14]–

[18] while maintaining the inherent advantages of both IM and

RIS. More specifically, Basar first proposed the RIS-SM/SSK

schemes and derived the ABEP closed-form expressions,

where the RIS aims to transmit a beam at a specific receive

antenna to enhance the spectral efficiency based on the spatial

domain information [14]. In [15], the authors investigated the

RIS-SSK scheme in the presence of the channel estimation
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Fig. 1. System model of the proposed RIS-SSM scheme.

errors. To increase the spectral efficiency of the RIS-SSK

scheme, [16] studied the RIS-assisted full-duplex SSK (RIS-

FD-SSK) scheme with perfect self-interference (SI) elimina-

tion. Based on this, [17] investigated the ABEP performance

on the RIS-FD-SSK scheme with the imperfect SI elimination

via the Gaussian Chebyshev quadrature approach. It is worth

noting that [14]–[17] are all specific to antenna indices, which

is not practical in the mmWave band due to the severe path

loss. To fill this gap, [18] applied the hybrid beamforming

instead of activating different antenna elements in [14]–[16]

by aiming at different scatterers. It is worth mentioning that

in [18], RIS is deployed in the middle of Tx and receiver

(Rx), and both Tx-RIS and RIS-Rx use none-line-of-sight

(NLoS) link communication. In this paper, we consider another

communication scenario, i.e., the RIS is deployed closer to

the Tx using the line-of-sight (LoS) path to effectively assist

the Tx achieve information transfer and thus significantly

mitigate the power consumption and cost of the Tx. The main

contributions of this work are summarized as follows: 1) In this

paper, we consider a RIS-assisted SSM mmWave transmission

system, where the Tx and RIS are deployed relatively closed

positions, they can communicate through the LoS path, while

the distance between the RIS and Rx is relatively far from

each other, the NLoS paths are considered to convey via

the SSM technique in the RIS-Rx channel. 2) A detailed

derivation of the conditional pair error probability (CPEP)

for RIS-SSM is performed based on maximum likelihood

(ML) detection algorithm under two scenarios of correct and

incorrect decoding of scatterers. 3) Simulations are utilized

to validate the analytical derivations and reveal that the more

abundant the scatterers in the environment and the less the

number of scatterers involved in the modulation, the better

average bit error probability (ABEP) can be obtained.

II. SYSTEM MODEL

In Fig. 1, we consider a RIS-assisted narrowband hybrid

mmWave multiple-input multiple-output (MIMO) transmission

system model, where the RIS is deployed close to the Tx and

can communicate directly with an LoS path, while the RIS is

deployed far from the Rx.

Notations Definitions

Nt Number of antenna of the transmit array
Nr Number of antenna of the receive array
nt Transmit array element index
nr Receive array element index
L Total number of scatterers
Ls The number of scatterers participating

in the modulation
M Symbol domain phase shift keying/quadrature

amplitude modulation (PSK/QAM) modulation order

(·)T The transpose operation

(·)H The complex conjugate transpose operation
diag(·) The diagonal matrix operation

C
n×m The space of n×m complex-valued matrices

N (·, ·) The real Gaussian distribution
CN (·, ·) The circularly symmetric complex

Gaussian distribution
Q(·) The Q-function
ℜ{·} The real part of a complex variable
Pr(·) The probability of an event
Pe The value of CPEP
∼ “Distributed as”
I0(·) The modified bessel function

of the first kind of zeroth order
Γ(·) The Gamma function
(·)! The factorial operation

A. RIS-SSM Channel Model

In this paper, we assume that Tx and Rx are equipped with

uniform linear array (ULA), while the RIS is composed of the

2D uniform planar array (UPA).

1) Tx-RIS Channel: In this situation, we assume that there

exists the strong LoS mmWave MIMO link. As such, the

channel between the Tx and RIS can be characterized as

B = aris(φ
r , ϕr)aHt (θt), (1)

where at(θ
t) represents the response of the Nt-element ULA

at the Tx, which can be given by

at(θ
t) =

1√
Nt

[

1, e−j2π
δt

λ
sin θt , · · · , e−j2π δt

λ
(Nt−1) sin θt

]T

,

(2)

where δt represents the spacing between adjacent elements in

the Tx array, λ means the carrier wavelength, θt ∈ [−π, π]



represents the angle of departure (AoD) of signals from the Tx.

As shown in Fig. 1, aHris(φ
r, ϕr) stands for the array response

at the RIS in the Tx-RIS channel, which can be evaluated as

aris(φ
r, ϕr) =

1√
N

[1, · · · , e−j2π
δris

λ
(nh sin φr cosϕr+nv cosφr),

· · · , e−j2π
δris

λ
((Nh−1) sinφr cosϕr+(Nv−1) cosφr)]T ,

(3)

where Nh and Nv are the number of rows and columns of

RIS, respectively. nh and nv represent the corresponding row

index and column index, respectively. δris denotes the spac-

ing between adjacent reflective RIS elements. φr ∈ [−π, π]
represents the elevation angle of arrival (AoA) of incoming

signals to the RIS and ϕr ∈ [−π, π] denotes the azimuth AoA

of signals to the RIS.

2) RIS-Rx Channel: Due to the small wavelength of the

mmWave, it has limited ability to diffract on encountering

obstacles. In this way, mmWave channels exhibit a sparse

multipath structure and are typically characterized by the

Saleh-Valenzuela channel model. It is worth noting that the

SSM technology working in the mmWave band is adopted to

complete the information transmission of the RIS-Rx channel.

Accordingly, the channel from the RIS to Rx can be expressed

as

F =

L
∑

l=1

hlar(θ
r
l )a

H
ris(φ

t
l , ϕ

t
l), (4)

where L is the total number of signal paths between the RIS

and the Rx. φtl ∈ [−π, π] and ϕtl ∈ [−π, π] denote the azimuth

and elevation AoDs associated with the RIS, respectively.

θrl ∈ [−π, π] represents the AoA at the Rx side, hl is the

complex channel gain. ar(θ
r) denotes the normalized array

response vectors associated with the Rx. Hence, the ULA with

Nr antennas at the Rx side can be given as

ar(θ
r
l ) =

1√
Nr

[

1, e−j2π
δr

λ
sin θr

l , · · · , e−j2π δr

λ
(Nr−1) sin θr

l

]T

,

(5)

where δr and λ are the antenna spacing and the signal wave-

length. Besides, the normalized array response transmitted

from the RIS can be given by

aris(φ
t
l , ϕ

t
l) =

1√
N

[1, · · · , e−j2π
δris

λ
(nh sinφt

l
cosϕt

l
+nv cosφt

l
),

· · · , e−j2π
δris

λ
((Nh−1) sinφt

l
cosϕt

l
+(Nv−1) cosφt

l
)]T .

(6)

3) Composite Channel : The transmitted signal propagates

through the Tx-RIS-Rx channel to reach Rx, where the RIS

consists of N passive reflecting elements. Each of them is

independent of each other without interference. To characterize

the performance limit of RIS, we assume the magnitude of

each reflecting element equals one. As this point, the reflection

matrix of the RIS can be formulated as

Ψ = diag(ejψ1 , · · · , ejψn , · · · , ejψN ) ∈ C
N×N . (7)

Considering Eqs. (1), (4), and (7), the composite channel can

be calculated as

H = FΨB =

L
∑

l=1

hlar(θ
r
l )a

H
ris(φ

t
l , ϕ

t
l)Ψaris(φ

r , ϕr)aHt (θt).

(8)

Let us define βl
∆
= hla

H
ris(φ

t
l , ϕ

t
l), ζ

r = arg[aHris(φ
r, ϕr)], and

ζtl = arg[aris(φ
t
l , ϕ

t
l)]. Based on this, the phase of composite

channel is Ξ = 1
N

∑N
n=1 e

j(ψn−ζ
t

l
−ζr). By tuning the phase

shifts of RIS as ψn = ζtl +ζ
r, we have

∑N
n=1 e

j(ψn−ζ
t

l
−ζr) =

N . Hence, the Eq. (8) can be further expressed as

H =
∑L

l=1
hlar(θ

r
l )a

H
t (θt). (9)

Lemma 1. As the number of antennas of Nt and Nr is large

enough, we can argue that the beams directed between the

different scatterers are orthogonal to each other. Thus, we have

a
H
t (θtl )at(θ

t
l′) = δ(l − l′), a

H
r (θrl )ar(θ

r
l′) = δ(l − l′).

(10)

Proof: Please refer Appendix A for the detailed proof. �

B. RIS-SSM Transmission

In Fig. 1, we consider that the RIS is deployed close to

the Tx, where the Tx and RIS communicate through the LoS

link. Among the RIS-Rx channels, it is difficult to guarantee

the existence of a stable LoS path due to the existence of

abundant scatterers. Consequently, the RIS-Rx can realize

information transfer through the NLoS paths. In the proposed

RIS-SSM scheme, the SSM technique is employed in the RIS-

Rx channel, where the RIS can accurately emit the reflecting

beam towards the objective scatterer in each time slot based

on the perfect channel state information (CSI). To enhance the

reliability of the transmission, we select Ls candidate scatterers

in descending order of amplitude gain out of the L scatterers

in the RIS-Rx channel, i.e., |h1| > |h2| > · · · > |hL|. As such,

the received information at the Rx side can be given as

y =
√

PsHat(θ
t)sm + n, (11)

where Ps denotes the transmit power, and n represents additive

Gaussian white noise vector following CN (0, N0INr
).

C. RIS-SSM Detection

The maximum ratio combing technique is applied to achieve

reception of the signal through the l-th scatterer at the Rx side.

To distinguish that the received beam is coming from a specific

scatterer, the Rx is equipped with no less than Ls RF chains.

Notice that each RF chain has a set of phase shifters to monitor

a specific scatterer. In this respect, it is feasible to monitor the

Ls scattered beams in real time, thus enabling the recovery

of the signal in the spatial domain. Here, the combined signal

after the RF chains can be given by

yr = [aHr (θr1) , . . . ,a
H
r

(

θrLs

)

]Ty. (12)



Next, the ML detector is performed to jointly detects the

activated scatterer index and the modulated symbols, which

can be given by

[l̂, m̂] = argmin
m∈{1,...,M}

l∈{1,...,Ls}

|yr (l)−a
H
r (θrl )Hat(θ

t)
√

Pssm|2, (13)

where yr(l) denotes the l-th element of yr, l̂ and ŝm denotes

the detected index of scatterer and symbol, respectively.

III. PERFORMANCE ANALYSIS

In this section, we derive the CPEP for union detection of

the selected scatterer index l and the transmitted symbol m. In

particular, the mathematical derivation process can be divided

into Rx correctly detected and falsely detected scatterers.

A. l̂ = l

In this case, the detection of transmission direction is

correct, whereas the error comes from the transmitted symbol,

i.e., sm 6= sm̂. Herein, the CPEP can be calculated as

Pe = Pr
(

|yr(l)− a
H
r (θrl )Hat(θ

t)
√

Pssm|2

> |yr(l)− a
H
r (θr

l̂
)Hat(θ

t)
√

Pssm̂|2
)

.
(14)

Combining Eqs. (10) and (14), we can get



























yr (l) = RHy (l,m) =
√
Pshlsm + a

H
r (θrl )n,

|yr(l)− a
H
r (θrl )Hat(θ

t)
√
Pssm|2 = |aHr (θrl )n|2,

∣

∣

∣
yr(l̂)− a

H
r (θr

l̂
)Hat(θ

t)
√
Pssm̂

∣

∣

∣

2

=
∣

∣

√
Pshl (sm − sm̂) + a

H
r (θrl )n

∣

∣

2
.

(15)

Substituting Eq. (15) into Eq. (14), the CPEP can be evaluated

as

Pe =Pr(−|
√

Pshl (sm − sm̂) |2

> |2aHr (θrl )n
√

Pshl (sm − sm̂) |2)
=Pr(−|

√

Pshl (sm − sm̂) |2

− 2ℜ{nr
√

Pshl (sm − sm̂)} > 0)

=Pr (G > 0) ,

(16)

where G follows N (µG, σ
2
G) with µG =

−|√Pshl (sm − sm̂) |2 and σ2
G = |2N0

√
Pshl (sm − sm̂) |2.

Based on this, we have

Pe = Q (−µG/σG) = Q

(
√

ρ|hl|2|sm − sm̂|2
2

)

, (17)

where ρ = Ps/N0 denotes average SNR.

B. l̂ 6= l

In this case, the transmission direction is detected incor-

rectly, and the erroneous bits originate from both the beam and

signal components. Consequently, the CPEP can be written as

Pe =Pr
(

|yr(l)− a
H
r (θrl )Hat(θ

t)
√

Pssm|2

> |yr(l̂)− a
H
r (θr

l̂
)Hat(θ

t)
√

Pssm̂|2
)

.
(18)

Depending on Eqs. (10) and (18), we can obtain















yr(l̂) = RHy(l̂, m̂) = a
H
r (θr

l̂
)n,

|yr(l)− a
H
r (θrl )Hat(θ

t)
√
Pssm|2 = |aHr (θrl )n|2,

|yr(l̂)−a
H
r (θr

l̂
)Hat(θ

t)
√
Pssm̂|2= |aHr (θr

l̂
)n−√

Pshl̂sm̂|2.
(19)

Combining Eqs. (18) and (19), we have

Pe =Pr
(

|aHr (θrl )n|2 > |aHr (θr
l̂
)n−

√

Pshl̂sm̂|2
)

. (20)

For brevity, let us define ̺1 = |aHr (θrl )n|2 and ̺2 =
|aHr (θr

l̂
)n − √

Pshl̂sm̂|2, where a
H
r (θrl )n ∼ CN (0, N0) and

(aHr (θr
l̂
)n − √

Pshl̂sm̂) ∼ CN (−√
Pshl̂sm̂, N0). Note that

̺1 denotes the central Chi-squared random variable with two

degrees of freedom (DoFs), and ̺2 represents the non-central

Chi-squared random variable with two DoFs. To facilitate the

solution, we make x1 = ̺1
N0/2

and x2 = ̺2
N0/2

. As such, the

Eq. (20) can be calculated as

Pe =

∫ ∞

0

∫ ∞

x2

f1(x1)f2(x2)dx1dx2, (21)

where the central Chi-square distribution can be described as

f1(x1) =
1

2
exp

(

−x1
2

)

. (22)

Substituting Eq. (22) into Eq. (21), the Pe can be updated as

Pe =

∫ ∞

0

f2(x2) exp
(

−x2
2

)

dx2. (23)

Besides, the non-central Chi-square distribution can be com-

puted by [19]

f2(x2) =
1

2
exp

(

−x2 + τ

2

)

I0(
√
kx), (24)

where τ = 2ρ|hl̂|2|sm̂|2 and I0(·) can be given as

I0(
√
kx) =

∞
∑

k=0

(

kx
4

)k

k!Γ(k + 1)

(a)
=

∞
∑

k=0

(

kx
4

)k

k!k!
, (25)

where (a) stands for Γ(k + 1) =
∫∞

0 tke−xdx = k!. Combin-

ing Eqs. (24) and (25), we have

f2(x2) =
xk2
2
exp

(

−x2
2

)

exp
(

−τ
2

)

∞
∑

k=0

(τ

4

)k 1

k!k!
. (26)



0 5 10 15 20 25 30

SNR (dB)

10-6

10-5

10-4

10-3

10-2

10-1

100

A
B

E
P

Simulation, L = 6

Analytical, L = 6

Simulation, L = 12

Analytical, L = 12

Simulation, L = 18

Analytical, L = 18

Fig. 2. Impact of the total number of scatterers on ABEP.

Next, we substitute Eq. (26) into Eq. (23), then the CPEP in

Eq. (23) can be updated as

Pe =
1

2
exp

(

−τ
2

)

∞
∑

k=0

(τ

4

)k 1

k!k!

∫ ∞

0

xk2 exp (−x2) dx2.

(27)

Recall that the Gamma function, the CPEP can be reformulated

as

Pe =
1

2
exp

(

−τ
2

)

∞
∑

k=0

(τ

4

)k 1

k!
. (28)

By utilizing exp(x) =
∑∞

k=0
xk

k! , the CPEP can be obtained

as

Pe =
1

2
exp

(

−ρ|hl̂|
2|sm̂|2
2

)

. (29)

C. ABEP

Based on the CPEP, the union upper bound of ABEP can

be written as

ABEP ≤ 1

MLs log2(MLs)

L
∑

l=1

M
∑

m=1

L
∑

l̂=1

M
∑

m̂=1

P̄e

×N([l,m] → [l̂, m̂]),

(30)

where N([l,m] → [l̂, m̂]) stands for the Hamming distance

between the binary expressions of the symbols l̂ to l and m̂
to m.

IV. NUMERICAL AND ANALYTICAL RESULTS

In this section, simulation results and analytical derivations

of the RIS-SSM scheme are provided. For the simulation, the

channel realization is generated by 1×106. According to [13],

let us set Nr = 32,Nt = 32, δt = λ/2, and δr = λ/2. Besides,

the derivation results analyze the impact of various RIS-SSM

system configurations.

In Fig. 2, we present the ABEP performance of the proposed

RIS-SSM scheme with the different, where Ls = 4 and

QPSK modulation is adopted. It is seen from Fig. 2 that

with increasing SNR, ABEP decreases rapidly when the total

number of scatterers is 12 and 18, while ABEP decreases
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Fig. 3. Impact of modulating scatterer order on ABEP.

0 5 10 15 20 25 30

SNR (dB)

10-6

10-5

10-4

10-3

10-2

10-1

100

A
B

E
P

Simulation, M = 8

Analytical, M = 8

Simulation, M = 4

Analytical, M = 4

Simulation, M = 2

Analytical, M = 2

Fig. 4. ABEP with different modulation orders in the symbol domain.

slightly more slowly as the total number of scatterers is 6. This

is because among the L scatterers in the channel, we select Ls
scatterers in descending order of amplitude to participate in the

modulation of the proposed RIS-SSM scheme. In other words,

when the scatterers in the environment are more enriched,

the quality of the scatterers selected by the descending order

algorithm is higher, thus leading to a better ABEP performance

for the proposed RIS-SSM scheme.

In Fig. 3, we investigate the impact of the order of the

scatterers participating in the modulation on the ABEP per-

formance in the RIS-SSM scheme. As depicted in Fig. 3,

the ABEP performance improves as the modulation order Ls
decreases from 8 to 2. To be specific, when ABEP = 1×10−6,

the RIS-SSM system with Ls = 2 requires 3 dB and 10 dB

less SNRs than Ls = 4 and Ls = 8, respectively. This is

because that when the value of Ls is small, the RIS steers

its beam towards fewer scatterers in each transmission slot.

This results in a lower modulation order in the spatial domain,

that is, signal detection needs to be reduced by traversing the

complexity of detection, which results in a lower probability

of decoding errors.

In Fig. 4, we compare the ABEP performance of the RIS-

SSM scheme for L = 12 and Ls = 4 cases, where the Ls
with the highest gain are selected in descending order of L
scatterer gain to be modulated. The symbol modulation order

M is set to be 2, 4, and 8, respectively. As shown in Fig.



4, the proposed RIS-SSM scheme with BPSK outperforms its

counterpart with QPSK and 8PSK. Specifically, at ABEP =

1× 10−6, RIS-SSM with 8PSK and QPSK requires 2 dB and

0.5 dB more SNR than in the case of BPSK. This is because the

Euclidean distance between the adjacent constellation points

becomes shorter as the modulation order is higher in the

normalized symbol domain constellation diagram, thus leading

to an increase in the probability of false detection.

V. CONCLUSION

In this paper, we presented a novel RIS-SSM scheme

for the mmWave MIMO communication, where the RIS is

deployed closer to the Tx to transmit information with an LoS

link, while the RIS is farther away from the Rx to transmit

information with NLoS paths. Based on this architecture,

we apply the ML detector to derive the CPEP expression

under the received beam is detected correctly and incorrectly,

respectively. Combing the CPEP and Hamming distance, we

obtain the union upper bound of the ABEP. The Monte

Carlo simulation provides an exhaustive verification of the

analytical derivation results. It demonstrated that the more

abundant the scatterers in the environment, the better the ABEP

performance of the proposed RIS-SSM system. In addition, the

system performance can be improved by employing low-order

modulation in the spatial and symbol domains.
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APPENDIX A

For the large-scale ULA, the array response vectors of Nt-
antenna can be expressed as

a
H(θl1)a(θl2) =

1√
Nt

[1, e−j2πφl1 , · · · , e−j2πφl1
(Nt−1)]

× 1√
Nt

[1, ej2πφl2 , · · · , ej2πφl2
(Nt−1)]T

=
ejπ(φl2

−φl1
)Nt

Nte
jπ(φl2

−φl1
)
× e−jπ(φl2

−φl1
)Nt − ejπ(φl2

−φl1
)Nt

e−jπ(φl2
−φl1

) − ejπ(φl2
−φl1

)

=
1

Nt

sin (π(φl2 − φl1)Nt)

sin (π(φl2 − φl1))
ejπ(φl2

−φl1
)(Nt−1).

(31)

Afterwards, we divide the subsequent proof into l1 = l2 and

l1 6= l2 cases.

Remark 1. If l1 = l2, it is easy to have a
H(θl1)a(θl2) = 1.

Remark 2. If l1 6= l2, we define a function as f(x) =
∣

∣

∣

sin(Ntx)
Nt sin(x)

∣

∣

∣
. Substituting f(x) into αl1,l2 , we have

f(π(φl2 − φl1)) =

∣

∣

∣

∣

sin(Ntπ(φl2 − φl1))

Nt sin(π(φl2 − φl1))

∣

∣

∣

∣

≈
∣

∣

∣

∣

sin(Ntπ(φl2 − φl1))

Ntπ(φl2 − φl1)

∣

∣

∣

∣

≤
∣

∣

∣

∣

1

Ntπ(φl2 − φl1)

∣

∣

∣

∣

.

(32)

Let us define ∆ = φl2 − φl1 , then f(x0) can be rewritten as

f(π(φl2 − φl1)) =

∣

∣

∣

∣

2

Ntπ∆

∣

∣

∣

∣

. (33)

When Nt → ∞, we have

lim
Nt→∞

f(π(φl2 − φl1)) = lim
Nt→∞

∣

∣

∣

∣

2

Ntπ∆

∣

∣

∣

∣

= 0. (34)

At this time, the proof of Lemma 1 is completed.
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