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Abstract— We consider the problem of bounding the probability of
buffer overflow in a network nodefed with independentarri val processes
that are eachconstrainedby arri val curves,but that are served asan ag-
gregate.Existing results(for example[1] and [2]) assumethat the nodeis
a constant rate server. However, in practice, one finds complex network
nodesthat do not provide a constantservicerate, and thus to which the ex-
isting boundsdo not apply. Now many nodescanbeadequatelyabstracted
by a service curve property. We extend the results in [1] and [2] to such
cases.As a by-product, wealsoprovide a slight impr ovementto the bound
in [2]. Our boundsarevalid for both discreteand continuoustime models.

Index Terms—Statistical multiplexing, scheduling,queuinganalysis

I . INTRODUCTION

BOUNDSon theprobabilityof buffer overflow in a network node
(element)fed with independentarrival processes(inputs,flows)

thatareeachconstrainedby arrival curvesareobtainedin [1], [2], [3],
[4], [5], [6], [7], [8], [9], [10], [11], [12] undervariousassumptions.
Wesaythataflow is regulated,or constrained,by anarrival curve ������� ,
if thenumberof bits observedon theflow duringany time interval of
duration� is at most ��� � � . Leaky bucket regulationcorrespondsto an
affine function ���	�
� . Existingresultsfocuson work-conservingqueu-
ing systemsthat offer a constantservicerate. However, in practice,
thenetwork nodesareoftennot work-conservinganddo not offer the
constantservicerateateachinstantof time. It turnsout thatmany net-
work nodessatisfyaservicecurveproperty[13], [14], [15], [16], [17].
In adeterministiccontext, aservicecurveproperty, with servicecurve�

, meansthatat any time � , thetotal outputtraffic observedin � 
������ is
at leastequalto � ������� � � ��� ��� for some� in � 
������ , where� ����� is the
total inputtraffic in � 
�� � � . Thus,it is of apracticalimportanceto derive
performanceboundsfor aservicecurvenetwork element.In thisnote,
on onehand,we extend the resultsby KesidisandKonstantopoulos
[1], andon the otherhand,the resultsof Chang,Song,andChiu [2]
to hold for a servicecurve node. As a by-product,we alsoslightly
improve the boundin [2], even for the caseof a constantrateserver.
We alsogive a definitionof servicecurve which is moreadaptedto a
stochasticframework.

Fromthemethodologicalviewpoint,anovelty of ourapproachis in
thatwe systematicallyapplythefollowing two steps:(1) we majorize
thebuffer overflow eventwith unionof theeventsthataredeviationof
asumof randomvariablesfrom its mean,(2) underthegivenassump-
tions,theserandomvariablesareindependent,with boundedsupport,
andwe know anupperboundon thesummationmean;theseproper-
tiesallow usto useHoeffding’s inequalities[18]. In thefirst step,we
oftenmake useof sample-pathresultsof deterministicnetwork calcu-
lus (e.g. see[5], [17] andthereferencestherein).Combinedwith the
secondstep,wherewe applyHoeffding’s inequalities,it turnsout that

Paperapproved by G. S. Kuo, the Editor for Network Architectureof the
IEEE CommunicationsSociety. Manuscriptreceived May 9, 2001; revised
September30,2002.

Theauthorsarewith EPFL-IC(ISC/LCA), CH-1015Lausanne,Switzerland
(e-mail: milan.vojnovic@epfl.ch,jean-yves.leboudec@epfl.ch).

weareableto extendandrecover theresultsof [1] and[2], andobtain
somenew ones.

Kesidisand Konstantopoulos[1], [3] considera work-conserving
constantrateserver, andalsoassumethatarrival curvesarethecom-
binationof two leaky buckets(as is commonplacewith ATM andin
the Internet). In SectionIII (Theorem1), we extend their resultsto
a nodethat offers an arbitraryservicecurve, andto any arrival curve
constraints.For this, we usea differentproof; it is simpler, even for
theoriginal caseconsideredin [1].

Chang,Song,andChiu [2] considerthe sameproblemasKesidis
andKonstantopoulos,but allow for arbitraryarrival curves. In Sec-
tion IV (Theorem3), we extend their result to a nodethat offers a
servicecurve undera mild conditionon thearrival andservicecurve
(assumption(A6) in SectionIV). Extending[2] to servicecurveis sim-
ple. However, by thevirtueof stochasticcomparisonsandHoeffding’s
inequalitieswe areableto obtainnew boundsfor the heterogeneous
case,as explainedlater. We also slightly improve the boundin [2]
(evenfor theoriginal case),usinganunder-samplingargument.Inci-
dentally, this makesthe boundvalid in continuoustime, whereas[2]
considersthediscretetimecase.

Both [1] and[2] give explicit resultsfor thehomogeneouscase(all
arrival curves are identical) and leave the heterogeneouscaseas an
optimizationproblemto solve. For both cases,we alsogive simple
formulasthat apply to the heterogeneouscase(Theorems2 and 4).
Of course,the boundsfor the heterogeneouscasealso apply to the
homogeneouscase,but they arenot astight; this featureis inherited
from Hoeffding’s inequalities.

Wealsoderiveavariantfor theheterogeneouscase(Theorem5), by
combiningtheproof of Theorem4 with a majorizationsimilar to that
found in [6]. The boundin Theorem4 (aswith Theorem2) requires
knowing thearrival curvesof all flows. In contrast,Theorem5 requires
anincompleteknowledgeaboutthearrival curves;it sufficesto know
the aggregate burstinessand aggregate sustainablerate. The bound
is lesstight thanTheorem4, but may be moreuseful in a context of
differentiatedservices,whereonly aggregateinformationis available.

Chang,Song, and Chiu showed numerically that their bound is
tighter than Kesidisand Konstantopoulos’bound. We confirm this
alsofor our extensionsby numericalcomputations:Theorems3 and
4 seemto provide tighterboundsthanTheorems1 and 2, andshould
thusbepreferredin practice.SectionV shows a sampleof numerical
results.Anotheraspectwould beto comparetheboundswith empiri-
cal estimates,whichgoesbeyondthescopeof this paper.

Theproofsof two lemmasaregivenin Appendix.

I I . NOTATION AND ASSUMPTIONS

Considera set ����� �!�#"!�%$%$%$%��&�' of flows input to a network el-
ement. Let �)( , for *,+-� , be a Borel countingmeasureon some
probability space( .���/0�21 ). We interpret �)( ��� �3��� as the number
of bits observed on input flow * in the interval ��� ����� . By conven-
tion, if �54 � , �)( �	� �����768�9�:�)( �	� ��� � � � . Likewise, define �<; ( ��� �����
for the output of the * th flow. Let � ��� �����,68� =(?>A@ �B( ��� ����� and� ; ��� �����C6
� =(D>A@ � ; ( �	� ����� .
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Wemake thefollowing assumptions:
(A1) �E@#���GF%�%$%$%$%��� = areindependent.
(A2) For all *H+E� , �)( has� ( asanarrival curve, i.e. for all � ����+GI ,�)( ��� �����KJ � ( � �L� ��� �K1L�<M!$ NO$
�

where � ( is a non-negative, wide-senseincreasingfunction1

suchthat ��� � � �P
 , for all �BQR
 . We assume,without lossof
generality, that � ( is sub-additive,i.e. � ( � � �S��� J � ( � � �T�<� ( �����
for all ��� � +GI [14], [15], [16], [17].

(A3) For each*H+E� , andany � ����+GI ,U � �)( ��� �����8�KJ-V� (LW � �L� ��� � (1)

where V� (A�,X
Y8Z\[�]_^a`!bdc [fe[ �gY8hji�[�k�l<`!b	c [me[ . (Thelastequalityis
by sub-additivity of � ( [20].)

(A4) There exists a sequenceof randompoints (“the construction
points”):$%$%$jQRnAopF�QRnCoq@HQPnrlsJt
uQRnC@HQRnpF�QP$%$%$
suchthat X8Y
Z\v�]uow^xnrvS�y�{z andX8Y
Z\v�]_^ynrvS�yz , andfor
all |,+~} , � � nrv��%n�v!�C@m�C��� ; � nrv��%nrv!�C@f� , 1L�<M!$ NO$ .

(A5) Define � � � � ���Onrv��C|�+�}56\nrv\J��%' . Thenetwork element
offerstheservicecurve

�
to theaggregateof all flows, if for all��+GI , andany ��+E� � � � ,� � +�� �������C6�� ; � ���������\� � ��� � �K� � � �L� ��� �K1L�<M!$ NO$
�

where
�

is anon-negative wide-senseincreasingfunction.
Let � � � � bethenumberof bits in thenetwork elementat time � (it is

theunfinishedwork; we call it backlog).We assumethat theelement
hasbuffer capacitythatis sufficient to ensureno losses.Then,indeed,� � � � �R� � �������q��� ; � ������� , for any ��+~� � � � . From(A5), it follows
that,for any ��+GI ,� � � � J N	�j�ow^u�p����[ �2� ��� ������� � � ��� ��� 'O$ (2)

In the next two sectionswe give upperboundson 1 � � � 
 ��4-��� ,
for an arbitrary time instant 
 . Before that, in the remainderof this
section,wefirst introducesomeadditionaldefinitionsandthendiscuss
assumptions(A3)–(A5).

For two functions � and � , we define the vertical and hori-
zontal deviations by � � ����� � ��N��j� [��rl �O� � � � �R� � � � ' , � � ����� � �N	��� [��rl �2Y
hji����-��
x6�� � � � J � � � � � � 'O' [17]. Note that � � �w��� �
is theworst-casebacklogfor a network elementthatofferstheservice
curve � to theaggregatearrival processthathas � asanarrival curve.
Similarly, � � �w��� � is the worst-casevirtual delay(equalto the worst-
casedelay if the nodewould be FIFO). We alsodefine ¡�¢ � � � � £��
for �G�P
 and ¡r¢ � � � �x
 for �GQP
 , £¤+�I . Let V� � =(?>A@ V� ( and� � =(?>A@ � ( .

We discuss(A3) first. Note that (A3) is true for �E@#���GF%�%$%$%$%��� =
stationaryand ergodic in their intensities. Indeed, by stationarityU � �)( ��� �����
�t� U � �)( � 
��#�2�
� � �_� ��� and by ergodicity

U � �)( � 
��#�2�8�t�X8Y
Z\¥#]_^5�)( � 
������d¦2��JtX
Y8Z\¥#]_^ � ( � � � ¦2�~��V� ( .
Regarding(A4), it follows from aknown result(see,e.g.,Lemma1

in [21]) thatfor (A4) to hold it is sufficient that
(A4-a) � �?� � � � QPz ,
(A4-b) X
Y8Z5Y
h�i�[�]_^y� ��� � � � � � � � '<�P�{z .

For instance,for the rate-latency servicecurve
� � � � �P§rZ~M2¨A�2�H�© ��
�' , §�� © �g
 , thesecondconditionis theintuitive stability condition@ We saythat function ª�«�¬�­ is wide-senseincreasingif ®_¯�° alwaysimpliesª�«8®!­p¯7ªL«8°�­ . This is alsocalled“non-decreasing”.

V� Q�§ . In the generalcase,roughly speaking,conditions(A3) and
(A4) areweakstability conditions.

Next, note that the definition in (A5) is different than the classi-
cal servicecurve definition (e.g.,see[17], Section1.3.1),which is in
the framework of deterministicnetwork calculus; there it would be� � �{z5��
O�u�a� ; � �{z5��
O�u�±
 . It can be easily observed that the
two definitionsarecompatible.However, in contrastto the classical
definition,wedonotassumethatthesystemis emptyat time 
 .

I I I . EXTENDING KESIDIS AND KONSTANTOPOULOS’ BOUND

We extend[1] in the following two theorems,the proofsof which
aregivenat theendof this section.

Theorem1—HomogeneousCase: Assume(A1)–(A5), � �?� � � � Qz , � �?� � � � Qyz , and � (�� � @ , for all *�+7� . Then,for V� � �?� � � � Q� Qg� �?� � � � ,
1 � � � 
 �L4g��� Jt²%¨�� �:& �� X
h �V� � � & �³� �� X8h �G�yV� ��G� � �

wherefor brevity �S��� �D� � � � and ���P� �?� � � � .
The theoremgivesus a boundfor � + � V� � �?� � � � ��� �D� � � �	� . Other-
wise,for � J V� � �D� � � � , use 1 � � � 
 �H45��� Jx� , andfor � �5� �?� � � � ,1 � � � 
 �L4g��� �g
 .

We can apply Theorem1 to the original casein [1] by letting� @ � � � �-ZGY
h �?´ @��%��V� @f� ��µ @ � and
� � � � �-§#� . It canbe found later

in the proof of Theorem1 that the boundis obtainedby computingN��j�C¶ krlj· �?¸�� , wherein this specialcase,· ���
� readsas

· �?¸�� � ¸ � �\&LX8h �³� V� @§ � V� @§ © ¶)¹ º�»C¼¹ º�»C½¾Oº�¿ º �
which is exactly theresultin Theorem1 of [1]; this shows thatwe do
have an extensionof that result. It hasto be mentionedthat, in fact,
[1] provesa tighterboundthanthatof Theorem1 [1], but which is not
expressiblein aclosed-form(seediscussionin Sec.III [1]).

Next, weprovidealooserboundthanin Theorem1,but whichholds
for theheterogeneouscase.

Theorem2—HeterogeneousCase: Assume (A1)–(A3) and (A5).
Let À��x� �DÁ @#� Á F��%$%$%$#� Á = � +�I =� 6�Âj*�+S�H���j(3�%�j(CQPz5� =(?>A@ Á (KJ�!' , wherefor brevity �j(Ã6
��� �?� (3� Á ( � � and ��(_68�Ä� �?� (3� Á ( � � . As-
sume,in addition,that for each*G+�� , (A4) holdsfor a virtual node
thatofferstheservicecurve Á ( � fedwith thearrival process�)( . Then,
for any Á +EÀ , and =(?>A@ V� (�� �?� (3� Á ( � � Q � Q,� �D� � � � ,1 � � � 
 �L4g��� Jt²%¨�� � · �?Á � � (3)

where · �?Á � � " �?� � =(?>A@ V� (3� �D� (3� Á ( � �	� F=(D>A@ � �?� (3� Á ( � � F $
Proof: [Theorem1] Define,for each*H+E� , andall ��+GI ,�<( � � � � N��j�ow^u�����r[ �2�)( ��� ������� Á ( � � �L� ��� '!$

Now from (2), for any �?Á @�� Á F%�%$%$%$%� Á = � +GI =� suchthat =(?>q@ Á (CJ�� ,
wehave, � � � � J =(?>A@ �<( � � � , for any ��+GI . Hence,

1 � � � 
 �Å4g��� J�1 � =(?>q@ �<( � 
 �L4g��� $ (4)

Wenotethefollowing properties.
1) For any ��+GI ,�)@ � � � �%�_F � � � �%$%$%$%�%� = � � � M�Æ	²ÅY8hjÇj²%�r²%hjÇj²%h�È $ (5)
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2) For any ��+GI , andeach*H+E� ,
SJP�É( � � � J,� �D� (�� Á ( � � $ (6)

3) For any ��+GI , U �Ê� � � � ��J-V� � �?� � � � $ (7)

Thefirst propertyis obvious from (A1); thesecondfrom (A2) and
the definition of the vertical deviation. We prove the third property
next. To thatend,define,for any ��+GI ,Ë � � � �gY
h�i��2�7+�� 
�� � �C6 � +E� � � � ��� ; ��� �����K�g� ��� ���L�\�!�3'O$
Notethat

Ë � � � is thevirtual delay(sojourntime)of abit thatdepartsat
time � . If thesystemwouldbeFIFO,then

Ë � � � is thedelayof abit that
departsat � . It caneasilybeshown thatfor any ��+GI ,

Ë � � � JR� �?� � � � .
Next, note,for any ��+GI , � +E� � � � ,� � � � �E� ��� �������~� ; ��� �����KJg� �	� �����r�~� ��� ���L� Ë � � � �J�� ��� �������~� ��� ���L�5� �?� � � � �C�,� � �L�5� �?� � � � �����3$

Takingexpectationin theabove displayandcombiningwith (A3) we
recover (7).

Let Á (A�R�!¦�& . By (4)-(7)andusing(4.5)in theproofof Hoeffding’s
inequality(Theorem1, [18]), weobtainthatfor any ¸E4 
 ,

1 � � � 
 �Å4g��� J © o ¶�Ì �³� U �8�)@ � 
 � �� �?� @�� � ¦2& � � U �Ê�)@ � 
 � �� �?� @�� � ¦2& � © ¶	Í c8` º�Î Ï�Ð = e = $
Theright-handsidein thelast inequalityis increasingwith

U �Ê�Ã@ � 
 � � .
Now, by (7) appliedto �<( , we obtain

U �Ê�É( � 
 � �GJÑV� (3� �?� (3� Á ( � � �V� @#� �?� @�� � ¦2& � . It is simple to observe � �?� @#� � ¦2& � �Ò� �?� � � � , and� �?� @#� � ¦2& � �,� �?� � � � ¦�& . Weshowed

1 � � � 
 �L4g��� Jg²%¨�� ��N	�j�¶ k�l · �?¸�� �
where

· �?¸�� � � ¸ �\&LX
h ���ÓV� � �D� � � �� �?� � � � � V� � �?� � � �� �?� � � � © ¶�Ô%Õ ¾!Ö ×�ØÙ $ (8)

ComputingN	���C¶ krlj· �?¸�� yieldsthedesiredresult.
NotethatwecouldimmediatelyapplyHoeffding’s inequality(The-

orem1, [18]) to (4)-(7). However, thelastpartof theproof is givenfor
thesakeof acomparisonwith [1] madeearlier.

Proof: [Theorem2] The proof builds upon the proof of Theo-
rem 1. Given (4)-(7), the problemis equivalent to deriving an up-
per boundon the complementarydistribution (4) of a sum of inde-
pendentnon-uniformlyboundedrandomvariables.FromHoeffding’s
inequality (Theorem2, [18]) it follows that, for any Á +ÚÀ , and��4 =(D>A@ U �Ê�<( � 
 � � ,

1 � � � 
 �L4,�j� Jt²%¨�� � " �?� � =(?>q@ U �8�<( � 
 � � � F=(?>A@ � �?� (3� Á ( � � F $
Theright-handsideis increasingwith =(D>A@ U �Ê�<( � 
 � � , hencewe can
replaceit with its upperbound =(?>A@ V� (3� �D� (�� Á ( � � and still have a
bound.This recoverstheinequalityin (3), whichcompletestheproof.

IV. EXTENDING CHANG, SONG, AND CHIU’ S BOUND

We extend[2] in threetheorems,the proofsof which aregiven at
theendof this section.

Assumein additionto (A1)–(A5);
(A6) Thereexists Û~QRz suchthatfor all � �gÛ ,

� ����� � ������� .

(A6) is astrongerform of (A4-b),whichholdsin practice(for exam-
ple,but notonly, when� is concaveand

�
is convex) whenthenatural

stability conditionsaremet. Notice that Û replaces,in the context of
servicecurve, theconceptof anupperboundon thedurationof abusy
period,which is usefulonly for work-conservingservers.

For any ÜÝ+�Þ , andany �³�g
 , let ßCà � � � bethesetof partitionsof� 
������ in Ü intervals,in otherwordsßCà � � � �P� � ��l����T@#�%$
$8$
����à � 6H
S�,��lsJ,�T@HJR$8$8$jJg�%à����%'O$
(if time would bediscrete,we requirethat thepartition ßCà � � � is uni-
form, i.e. �%áÉ�xâ���¦2Ü , â)�g
��%$%$%$%��Ü ).

Theorem3—HomogeneousCase: Assume(A1)–(A6) and � (x�� @ , for all *H+E� . Then,for any ÜÒ+GÞ andany � +EßCà � Û � ,
1 � � � 
 �L4,�j� J à�oA@á >�l ²%¨�� � �Å&�� � � á ��� á �C@ �	� � (9)

where,for ��4g��� � � � � � � � , � � ����� � � � z , elsefor � Q-V� �É� � � � � ,� � ����� � �g
 , elseã «8äqåmæj­qç è «8äp­jé�êª�«8æj­ ë ì è «8äp­�éGêíª�æ é î�ï�ð è «8äp­jé�êª�«8æj­añ ë�ì ª�«8æj­ ð è «8äp­ ð êª�«8æj­ ð íªræ ò
If time would be discrete,andwe let

� ����� � § ���s� � � , Üó� � ,��á<�yâ , thenthetheoremgivesthesameboundas[2]. However, even
for theoriginal scenarioin [2], we have a slight improvement:if Û is
large(which mayhappensimply becauseour time unit is very small),
we expecttheboundin [2] to be large,becauseit relieson theunion
bound.We expectto have a betterboundby allowing Ü to besmaller
than Û (under-sampling).This is verified in SectionV. Note that the
theoremimplies that for any Üô+�Þ and � +�ßAà � Û � , the right hand-
sidein (9) is a bound;hence,we cantake infimum over all possible
partitionsof � 
���Ûw� .

Next, weprovidealooserboundthanin Theorem3,but whichholds
for theheterogeneouscase.

Theorem4—HeterogeneousCase: Assume(A1)–(A6). Then, for
any ÜÒ+GÞ andany � +EßCà � Û � , for � Qg� �?� � � � ,

1 � � � 
 �L4g��� J à³oq@á >rl ²%¨�� � �:� � � á ��� á �C@ �	� � (10)

where � � ����� � � " �	�D�{� � � � � �yV� � � � � F=(D>A@ � ( � � � F �
and ���
� � �gZ~M2¨A� � ��
�' .

We canderive anadditionalboundfor theheterogeneouscasethat
requiresonly aggregateinformationaboutthearrival curves. We ob-
tain this by usinga majorizationsimilar to [6] for leaky-bucket con-
strainedprocesses.Notethat this result(andthis resultonly) is stated
underastrongerassumptionthan(A3), namely,
(A3bis) � @ ��� F �%$%$%$%��� = arestationaryandergodic.

Theorem5—HeterogeneousCase: Assume (A1), (A2), (A3bis),
(A4)–(A6). Then,thesameboundasin (10)holds,with

� � ����� � � �d�?�{� � � � � �yV� � � � � F" =(D>A@ � �?� (3�#¡Åõ`!b � F $
The proofsof the above theoremsrequiretwo lemmas,proved in

appendix.
Lemma1: Under(A2), (A5), and(A6), for any � �t
 , it holds1 � � � 
 �Å4g��� J�1 � N	�j�l#�p���rö �2� � � � ��
O��� � ���%� ' 4g��� $
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Lemma2: We have, for any ÜÒ+GÞ , � +EßAà � Û � , and� �t
 ,

1 � N	�j�l#�p���rö �2� � � � ��
O�3� � �	��� ' 4g��� J à³oq@á >rl 1 � � � �:�%á �C@ ��
O� 4,�j� � � �%á �	� $
(11)

Proof: [Theorem3] By the hypothesisof the theorem,for any� ����+GI , andany *H+E� , �)( ��� ����� is uniformly boundedwith � @ � �A� ���
((A2)). Thus, the â th summationterm in (11) is the complemen-
tary distribution of a sum of independentuniformly boundedran-
dom variables. By Hoeffding’s inequality (Theorem1, [18]), andU � �)( � �Å��á �C@ ��
O�
�EJ÷V� (8�%á �C@ ((A3)), the â th summationterm in (11)
is upper-boundedby ²%¨�� � �Å&�� � �%áO���%á �C@ �	� , for ��4 V� �%á �C@ � � � ��á � .
This provestheresult.

Proof: [Theorem4] By Hoeffding’s inequality(Theorem2, [18]),
the â th summationtermin (11) is upper-boundedwith

²%¨�� � " �?�{� � � � á � � U � � � �Å� á �A@#��
O�8� � F=(?>q@ � F( � �%á �C@ � $
For �¤4 U � � � �:�%á �C@ ��
O�8��� � � �%á � , the last display is wide-sensein-
creasingwith

U � � � �Å� á �C@#��
O�
� . From (1),
U � � � �Å� á �C@#��
O�
�)JÝV� � á �C@ ,

thus for ��4 V� �%á �C@ � � � ��á � we can replace
U � � � �:�%á �C@ ��
O�8� withV� ��á �C@ andstill haveanupperbound.

Proof: [Theorem5] Define,for any ��+GI , ø 4 
 ,ù�<ú( � � � 68� N	���o�^7�����r[ �2�)( ��� ������� � � � ø � V� ( � �L� ��� 'O�
let, also, û ú( � � � 6
� ù� ú( � 
 � � ù� ú( � �:� � .

Note,by (A3bis) and(A2),
U � �B( � 
��#�2�8�:Q � � � ø � V� ( , andthus

ù� ú( ,
is stable.Thelastimpliesthatfor any ��+GI ,

U �Êû ú( � � � �C�g
 . Note,also
from (A2), �:� �D� (3�%¡Åõ` b � JRû�( � � � Jg� �?� (3�%¡Lõ` b � , ��+GI .

Now, observe, for any � ����+GI , � Jg� ,ù�{ú( � � � � ù�<ú( ����� �,�)( ��� �����r� � � � ø � V� ( � �L� ��� $
Hence,for any ��+GI , û ú( � � � �g�)( � �:�%��
O��� � � � ø � V� (8� , andthus1 � � � �Å����
O��� � � � ø � V� � 4gür� Ja1 � =(D>A@ û ú( � � �Å4gür�J�²#¨�� � ý�þFTÿ Ùb � º Í c8`!b Î � ½¾ b e þ � (12)

wherethe last inequalityis by applyingHoeffding’s inequality(The-
orem 2, [18]) for a sum of independentzero-meannon-uniformly
boundedrandomvariables. Finally, from (12) anda simplevariable
substitution,wehave, for any �����7�t
 , � � � � � ø � V��� � � � � � � � ,
1 � � � �Å�p��
O� 4g�{� � � � �	� Jt²%¨�� � �D�{� � � � � � � � � ø � V� � � F" =(?>q@ � �?� (3�%¡Lõ` b � F $

By continuityof theright-handside,we canlet ø�� 
 , andthencom-
biningwith Lemmas1 and2, wecompletetheproof.

V. NUMERICAL COMPARISON OF BOUNDS

We give numericalresultsfor leaky-bucket constrainedinput flows,� ( � � � � V� (8� ��µ ( , where V� ( is the sustainablerate, and µ ( is the
burstinessof the * th flow. We assumepacketsof fixed-lengthequalto� ������
O
 bytes. We considerthe rate-latency servicecurve

� � � � �§rZ~M2¨A�2�L� © ��
�' , with rate§_�R���2
 Mbps,andlatency © � � ¦2§ .
We considerbothhomogeneous(Theorems1 and3) andheteroge-

neouscase(Theorems2 and4), andTheorem5 later. For thebounds
of Theorems3,4,and5,weuniformly partitiontheinterval � 
���Ûw� , such
that �%á���â�ÛC¦2Ü , for â0��
��#�!�%$%$%$%��Ü , andthenfind Üô+\Þ thatat-
tainstheminimum. In thehomogeneouscase,we set V� @³���!§�¦2& and
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Fig. 1. Boundsof Theorems1 and3 for thehomogeneouscaseof 	uç ï�
�

input flows. The graphsaregiven for the loads(uppergraph) ªPç 
 ò 
 , and
(lowergraph)ª~ç 
 ò � . Boundof Theorem3 is computedfor uniformpartition
of � 
 å���� ; for theoptimum� and� fixedto � ������� .
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Fig. 2. Boundsof Theorems2 and4 for theheterogeneouscaseof two classes
of the input flows eachconsistingof � 
 flows. The graphsare for the loads
(uppergraph)ª~ç 
 ò 
 and(lowergraph)ª~ç 
 ò � . Boundof Theorem4 is for
uniformpartitionof � 
 å���� ; for theoptimum � and� fixedto � ������� .

µ @_��� � ; here�,+ � 
��%� � is the load. We show numericalresultsin
Figure1 for &5�±�2
O
 , �¤�Ó
�$
" and 
p$�� . In the heterogeneouscase,
wesupposetwo classesof theinputflowseachconsistingof &w@ and&�F
flows, respectively. We set V� @��x"�V� F , µ @���� � , and µ F���� � . (Here
thesubscript� ( " ) refersto thefirst (second)classflow.) The results
areshown in Figure2, for &w@:�,&�F����2
 , �S�g
�$
" and
p$�� .

Wemakeafew mainobservations.First,wefind thattheextensions
of Chang,Song,andChiu’s bound(excluding Theorem5, which is
handledseparatelylater) is substantiallytighterthantheextensionsof
KesidisandKonstantopoulos’bound(seeFigure1 and2). This con-
firms a similar observation in [2]. Second,the boundin Theorem3
becomestighter aswe optimizewith respectto Ü ; this slightly im-
provesupon[2]. Wenotethattheboundof Theorem2 readsas

· �?Á ; � � " �d�?� ���!¦2§ � =(?>A@! V� ( µ ( � F � � � F=(D>A@ �Dµ ( � V� ( ©w� F $
We next compareour exact boundswith the boundsobtainedby ne-
glectingthelatency parameter(thiswouldcorrespondif wewouldap-
proximatethe systemwith a constantrate server). In Figure 3, we
show theboundof Theorem3 for the latency parameter© equalto 
 ,"
, and � � ¦2§ . Weobservethattheboundsobtainedfor © �g
 (constant

rateserver) areover-optimistic. This is not negligible andis empha-
sizedfor lighter load; for �\�¤
�$
" , thediscrepancy is aboutoneorder
of magnitudefor somebacklogvalues.

Our next objective is to demonstratehow the boundof Theorem4
(which holdsfor theheterogeneouscase)comparewith theboundof
Theorem3 (which holdsonly for the homogeneouscase)in the ho-
mogeneoussetting. We alsocomparewith the boundof Theorem5.
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Fig.3. Boundof Theorem3 for thehomogeneouscaseof 	_ç ï�
�

inputflows

andthelatencies�<ç$# 
 å&%jå �('*) �,+ . Thegraphsaregivenfor theloads(upper
graph)- ç 
 ò . , (middlegraph)- ç 
 ò � , and(lowergraph)- ç 
 ò � .
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Fig.4. Boundsof Theorems3,4,and5, for thehomogeneouscase.Thegraphs
aregivenfor theloads- ç 
 ò 
 , 0.5,and0.8,topto bottomgraphs,respectively.

We observe that for a light to moderateloadtheboundof Theorem4
is substantiallyconservative with respectto theboundof Theorem3.
For high load,theboundof Theorem4 is fairly closeto theboundof
Theorem3, exceptfor thebuffer beyondcertainvaluewhenit deviates
in a conservative direction. Onecancombinetheboundsobtainedin
thederivationof Theorem4 and5 to obtainabetterbound[22].VI . CONCLUDING REMARKS

Notethatall theboundsin this paper, andthustheoriginal bounds
in [1] and[2], areapplicationsof Hoeffding’s inequalities[18]. The
methodusedin this paperconsistsof stochasticcomparisonsandHo-
effding’s inequalities;themethodalsoextendsto boundingprobabili-
tiesof othereventsof interest,e.g.for delayandloss[22], [23].
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APPENDIX

Proof: From (2), for any �\+�I , � � � � J-Z~M2¨q��/ � � � �10 � � � ' ,
where / � � � 6
��N��j� ow^u�����r[�orö �2� �	� �����L� � � �s� ��� ' , and 0 � � � 6
�N��j� [�oröO�����r[ �2� �	� �����A� � � ��� ��� ' . By (A2), for any �B+�I , / � � � JN��j� ow^u�����r[�orö � ��� �Å� ��� � � � �Å� ��� ' . Now assumeÛ satisfies(A6),
thenwe conclude/ � � � J,
 , for any �s+�I . It follows, for any �³+EI ,� � � � JgZ~M2¨q��
��10 � � � ' . Hence,for any � �t
 , and��+GI ,1 � � � � �L4g��� J�1 � Z~M2¨A��
��10 � � � ' 4,�j� ��1 � 0 � � �L4g��� �
whichby definitionof 0 recoversthestatedclaim.

Proof: Fix any ÜÑ+uÞ andany 
\����lÃJ¤�T@ÉJÓ$%$%$pJ¤��àx��Û .
Note,for any � suchthat �%á{J � Q,�%á �C@ ,� � �:Ûr�%� � �K�,� � �ÅÛr�%�:� á �A@f�pM2hjÇ � �	��� � � � � á � $
Hence,N	��� l#�p����ö �2� � � � ��
O��� � �	��� '<��gZ~M2¨ á�2(3 l Î 4 4 4 Î à³oq@65 ��N	��� [87 �����r[978: º �2� � � � ��
O��� � �	��� 'O'JtZ~M2¨ á�2(3 l Î 4 4 4 Î à³oq@65 �2� � �:� á �C@���
O��� � � � á � 'O$
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For brevity, let ;-68�P��N��j� l#�p���rö �2� � � � ��
O�j� � ����� ' 4g� ' , � �t
 . By
theinequality< above,weobtain,for any � �t
 ,1 � ; � J 1 � Z\M2¨ á,2(3 l Î 4 4 4 Î à�oA@=5 �2� � �Å� á �C@#��
O��� � � � á � ' 4g���� 1 � á,2(3 l Î 4 4 4 Î à³oq@65 �2� � �Å��á �A@ ��
O� 4g�{� � � �%á � ' �J à³oq@á >rl 1 � � � �Å��á �C@ ��
O� 4g�{� � � �%á �	� $
Sincethe latter inequalityholds for any partition 
yJ ��@\J $%$%$ÉJ�%à���Û , weobtain(11). Thiscompletestheproof.


