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Abstract- An open problem in source coding theory has
beenwhether the Karhunen-Loéwe transform (KL T) is opti-
mal for a systemthat orthogonally transforms a vector source,
scalar quantizesthe componentsof the transformed vector us-
ing optimal bit allocation, and theninversetransforms the vec-
tor. Huang and Schultheissprovedin 1963that for a Gaussian
source the KL T is mean squared optimal in the limit of high
quantizer resolution. It is often assumedand statedin the liter -
aturethat the KL T is alsooptimal in generalfor non-Gaussian
sources. We disprove such assertionsby demonstrating that
the KL T is not optimal for certain nearly bimodal Gaussian
and uniform sources. In addition, we show the unusual re-
sult that for vector sourceswith independentidentically dis-
trib uted Laplacian components,the distortion resulting from
scalar quantizing the componentscan be reducedby includ-
ing an orthogonal transform that addsinter-componentdepen-
dency

I. INTRODUCTION

The Karhunen-L@we transform(KLT) plays a funda-
mentalrole in a variety of disciplines,including statistical
patternmatching, filtering, estimationtheory and source
coding. In mary of theseapplicationsthe KLT is known
to be “optimal” in varioussenses.In certainapplications,
however, thereis widespreadeliefthatthe KLT is optimal
for generalconditionseventhoughproofsonly exist under
very restrictve assumptionsWe demonstratédnerethat, in
fact,someof thisacceptedfolklore” of theKLT optimality
is wrong. We specificallyfocuson therole of the KLT in
sourcecoding.

The mainapplicationof the KLT in sourcecodingis in
scalarquantizedransformcoding. In sucha systemanin-
putvectoris linearly transformednto anothewectorof the
samedimension,whosecomponentsare scalarquantized.
The resultingvectoris thenlinearly transformedo getan
estimateof the original input vector The goalis to find the
pair of linear transformsand the allocation of a fixed bit
budgetamongthe variousscalarquantizersthat minimize
the end-to-endmeansquarecerror. This systemis in gen-
eral suboptimalto vectorquantizatiorbut hassenedasan
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importanttheoreticalmodelin orderto gainunderstanding
of optimalquantizationlts scalarquantizersareeasyto im-
plementbut thetransformis signaldependenivhich canbe
expensve in practice. It wasshawvn in [5] thatif the vec-
tor sourceis Gaussiarandthe bit budgetis asymptotically
large, thenthe Karhunen-L@we transformand its inverse
areanoptimalpair of transforms TheKLT decorrelatethe
inputvectorcomponentsthusmakingthemindependenin
the Gaussiartase.The proofin [5] reliesonthesourcebe-
ing Gaussiarandno subsequerextensiongo non-Gaussian
sourceshave beenpublishedn the nearlyfour decadeshat
followed. Recently Goyal, Zhuang,andVetterli (Proof1 of
Theorem6in [3, p. 1628])andTelatar(Proof2 of Theorem
6in [3, p. 1629])improvedtheresultby shaving the KLT
is optimalfor Gaussiannputswithoutmakingary highres-
olution assumptions!

Despitethe lack of rigorousgeneralizationsf the KLT
optimality for transformcoding, mary peopletodayassert
thatthe KLT is optimalin a more generalsensejf notin
completegeneralityfor all possiblesources. In fact, nu-
merougextbooksandotherscholarlypublicationsroutinely
quotethe KLT asbeing optimal with respectto the trans-
form coding/ bit allocation problem, despitethe lack of
proof.

In the presentpaper we demonstrate classof sources
for which the KLT is not optimalin the transformcoding/
bit allocationsense.In factwe shov thatthe KLT makes
things substantiallyworsefor this classof sources.To the
bestof our knowledge,no suchassertiorhaspreviously ap-
pearedin the literaturefor fixed-ratetransformcoders. 2

1A secondapplicationof the KLT in transformcodinghasbeencalled
truncationcodingor zonalsampling[6] in whicha certainfixednumberof
the component®f the transformedsourcevectorarequantizedisingzero
bits, andthe remainingcomponentsre quantizedwith infinite accurag.
This is a special(suboptimal)caseof the bit allocationtransformcoding
systempreviously described.In this caseit hasbeenshavn thatthe KLT
minimizesthe meansquarecerrorover all possiblechoicesof orthogonal
transforms. Someauthorsconfusethis form of optimality (which holds
for all stationarysources)with optimality in the bit allocationversionof
transformcodingdescribedreviously.

2In generaltheremay be multiple KLTs for a given source.Fengand
Effros [1] have recentlyshawvn for variableratetransformcodingsystems



In light of this result, one might conjecturethat a wealer
theoremholds, namelythatif the KLT producesindepen-
dentvectorcomponentghenit is optimal. Sucha conjec-
turewould directly generalizéheHuang-Schultheisesult,
sincethe KLT producesndependentomponents$or vector
GaussiarsourcesHowever, we alsodemonstrat¢he some-
what surprisingfact that sucha conjectureis false,by ex-

hibiting a source(i.e. the Laplacian)for which quantizing
independentomponentss not optimal.

II. MAIN RESULTS

Let X be a k-dimensionalzero meanrandomvector
(i.e. the source with real componentsXy,..., X, and
correlationmatrix ®x = E[XX!]. LetT beak x k
orthogonalmatrix (i.e. the transforn) with real elements
andlet Y = TX be a transformedrandomvector with
componentsyy, ..., Y. A scalar quantizerwith resolu-
tion r bitsis a mapping@ : R — R whoserange(called
a codebook hascardinality2™. Let @, ..., Q@ be scalar
guantizerswith correspondingesolutionsry, ...,r;. For
ary k-dimensionalvectorz = (z1,...,z;)%, let Q(z) =
(Q1(x1),-- -, Qr(zk))! beavectorof scalamuantizeccom-
ponentsof z. We restrictattentionto orthogonakransforms
sinceit sufficesto demonstratéhenonoptimalityof theKLT
overthisrestrictedclass.

Themeansquaederror atresolutionr of thistransform
codedscalarquantizatiorsystemis:

dr(r)= _min  E[|X - T'Q(TX)|P.

> i—q Ti=kr

The minimizationabove is taken over all scalarquantizers
Q1 --.Qr andall bit allocations(ry, ..., rr) whoseaver
ageresolutionis ». WhenT is the identity matrix I we
omit thesubscripandsimply write d(r), whichis themean
squarecerror correspondindo the classicalscalarbit allo-
cationproblem.The optimality of atransformis considered
in anasymptoticsensge.g.[2]). Thecodinggain obtained
by usingtransformT insteadof transformU is definedas

GT,U = rll>Il(;lo dU(T)/dT(T).

An orthogonatransformT is saidto beoptimalwith respect
to the sourceX if G,y > 1 for all orthogonaltransforms
U. All of the resultsto follow refer to optimality in this
fixed-ratetransformcodingsense.

The Karhunen-L@vetransformis the linearmapgiven
by a k x k orthogonalmatrix M* suchthat M'®x M is
a diagonalmatrix. The matrix M decorrelateshe random
vectorX since

Orrex = B[(MIX)(MX)!] = M'®x M.

thata badKLT for a given sourcecan be arbitrarily worsethanthe best
KLT for thesource.

Lemmal (HuangandSdultheiss1963in [5]):
If asourceis GaussiarthentheKarhunen-L@&vetransform
is optimal.

It hasbeenconjecturedthat Lemmal holds for non-
Gaussiarsourcesaswell. Our main resultis Theoreml1
belon which shavs thatthis conjectures false.

Theorem1 Thee exist sourcesfor which the Karhunen-
Loévetransformis notoptimal.

Theorem?2 Thee exist souicesfor which the Karhunen-
Loévetransformproducesndependentomponentandyet
is notoptimal.

It is clearthat Theorem1l follows from Theorem?2 but
we include both theoremsfor the following reason. The
proofof Theoreml demonstratethattransformingadecor
relatedsourcewith dependentomponentgo a correlated
sourcecanimprove the overall performance.The proof of
Theorem?2 demonstrateshat transforminga sourcewith
independentomponentso a decorrelatedgourcewith de-
pendenttomponentganimprove the overall performance.
Also, the codinggain achiezed in the proof of Theoreml
rangesfrom about5.6 dB in onecaseandis about3.4 dB
in a secondcase,whereaghe codinggain achiezedin the
proof of Theorem1 is only about1.3 dB. Thusboth theo-
remsareinteresting,eachin their own right. The corollary
below follows from Theorem?2.

Corollary 1 Forani.i.d. Laplaciansource{X;} it isasymp-
totically betterto scalar quantizesuccessiveumsand dif-
ferenceghanto scalarquantizethesouicedirectly. Thatis,
for all 4,

i 92" {E (Q(Xi + Xit1) + QX — Xipa) X') 2]
o 2 ’
2
o p[(QUHXin) S QUG = X)) ] }
< lim 27 (2B[(Q(X) - X))

wheee  andQ are optimalrater scalarquantizes for X;
and X; + X1, respectively

The following lemmais a specializatiorto two dimen-
sionsof a high resolutionbit allocationresultof Huangand
Schultheisg5] (seealso[2, pp. 228-232]).

Lemma?2 Let Z = (Z;, Z,) be a two-dimensionakan-
domvectorwith marginal probability densityfunctionsfz,

and fz,, respectivelylLet Q1 and Q2 bescalarquantizes
with resolutions; andrs, respectivelyThen theminimum



3 + €
Fig. 1. StationaryMarkov processS,,.

meansquaederror of independenthgcalar quantizingthe
componentsf Z is

lim d(r) -2*" =

T—00

whee | flljs = (72, £/ (u)du)” andd(r) =
B((Z — Qu(Z0)] + Bl(Z: — @a(2:))°).

1
Izl -1zl

min
Q1,Q2:r14712<27

Ill. PROOF OF THEOREM 1: NONOPTIMAL KLT
WITH CORRELATED TRANSFORM
COEFFICIENTS

LetW,, beani.i.d. realrandomsequencaith E[W,,] =
0, E[W?] = o2, andsymmetrigprobabilitydensityfunction
fw. Let S, bethestationary2-stateMarkov processhovn
in Figurel with A > 0 ande > 0.

Thatis, S, = A in onestateand S, = —A in the
other stateand the value of ¢ determineghe tendenyg of
the procesgo remainin its currentstate. Furthermoreas-
sumethe processedV,, and S,, are independenbf each
other Let X,, = W,, + S,, be a scalarsourceanddefine
the 2-dimensionatandomvectorX = (X, X,,;1)t. Then

E[X] = (0,0)* andthe correlationmatrix is (independent
of n)
2 2 2
_ o | o+ A 2eA
Ox = BXXT=| "9er 24 a2

Thematrix®x isdiagonalizecs® x = MAM?, where

A= o? + A%(1 — 2¢) 0
- 0 o2 + A?(1 + 2¢)
is thediagonalmatrix of eigervaluesof ® x and
1 1 1
u=zl 1] ‘1)

is anorthogonamatrix whosecolumnsarethe correspond-
ing eigervectorsof ®x. ThevectorY = M!X is the
Karhunen-Lave transformof the vector X, and M? sim-
ply rotatesX throughan angleof 45° counterclockwise.
We will show that optimally scalarquantizing(in the high
resolutionlimit) the component®f the correletedrandom
vector X producesa smallermeansquarederrorthanopti-
mally scalarquantizingthe component®f the decorrelated
vectorY . (NotethatY hasdependentomponents).

Sincethe Markov processS,, is stationary we assume
without lossof generalitythat X = (X, X»)*. Noticethat
by symmetrythe scalarcomponentof X are identically
distributedwith probability densityfunction:

1 1
fxi(u) = fx,(u) = Efw(u + A4) + §fw(u —4). (2
Supposefw (u) = 0 for all u & [—A/2, A/2]. Thenfor all
u, eitherfyy (u + A) = 0 or fw(u — A) = 0, andthus

fxlljs = ( /

([ e - a]a) o

1/3 3
[%fw(u +A) + %fw(u - A)] du)

=4- ||fW||1/3-
Leta = & — £ andB = ; + £. Thejoint densityof
(Xl,XQ) is:
fX1,X2(uaU) =
B(fw(u+ A) fw (v + A) + fw (u — A) fw (v — A))
+a(fw(u+ A) fw (v — A) + fw(u — A) fw (v + A)).
SinceY; = %(Xl —X,), Y, = \%(Xl + X5), andsince

fw is symmetricthe mamginal densitief Y are:
falw) = V2- [a(fW * fw) (ux/i + 2A)

+alfw + fw) (w2 -24) + 28(fw * fw) (u/2)]
fraw) = V2- [B(fw = fw) (w2 +24)

+B(fw * fw) (w2 -24) + 2a(fw = fw) (uV2)]

wherethe convolution of fy with itself is

(fw * fw)(u / fw (t) fw (u — t)dt

Fromthemarginal densitiesve obtain

1
Il fvill1/3 5(21/331/3+2a1/3)3'||fW*fW||1/3

1
Ifvalliys = 5(21/3041/3 + 2833 || fw = Twlliys-

By Lemmaz2, the coding gain obtainedby quantizing
thecorrelatedscalarcomponentinsteadof theuncorrelated
componentss:

Gy = i BT Vs - Ifvllys
I,Mt = m d =
r—oo () \/||fX1||1/3 1 fx,l1/3
||fW*fW||1/3 . [(21/3/31/3 +2a1/3)(21/3a1/3 +251/3)]3/2_
8l fwll/s



A. Specialcase:W is uniform
If therandomvariableW is uniformon[—B, B] then

lfw * fwllis = 4B

andthereforefor all e € (0,1/2],

27 3/2
Grmt = a.[(21/351/3+2al/:>‘)(21/3a1/3+2ﬂ1/3)] _

In thelimit ase — 0 thecodinggainis about5.63 dB.
Figures2 and 3 shawv the two-dimensionabrobability
densityfunctionsof X andY andalsotheequialentvector
guantizercodebooksijnducedby optimally scalarquantiz-
ing the individual component®f the randomvectors. The
equivalentvectorquantizecodebooksirethe Cartesiamprod-
uctsof the scalarquantizercodebookdor the two compo-
nentsof the sourcevector It canbe seenthatthe quantizer
associatedvith the decorrelatedandomvectorY is very
inefficientandleadsto highermeansquarecerror.

B. Specialcase:W is Gaussian
SupposeherandomvariableW is Gaussiarwith
_ L v
oV2or

ando << A. Themaminaldensitieof X arestill givenby
(2). For smallvaluesof o, Equation(3) is anapproximation
which becomesccurateass — 0, giving

Jw (u)

lim ||fX12||1/3

o—0 o

zlimw:wlﬁ-ﬂ

o—0 o

andthemamginal densitiesof Y weregivenearlier Also,

(fw * fw)(u) = 201/7? L e—u/(40?)
fw * fwllis = 12V/3 - o>,

Likewise, the expressionsor || fy,[l1/3 and || fy,[l1/3 de-
rivedfor sourcesvith boundedsupportbecomeaccuratdor
a Gaussiaraso — 0. Thereforethelimiting codinggain
G v Obtainedby quantizingthe correlatedscalarcompo-
nentsinsteadof the uncorrelatedcomponentss:

3/2
Hm Gy e = 1 [(21/3ﬂ1/3 + 2a1/3)(21/3a1/3 + 251/3)] )
o—0 ’ 4

ThereforeG ae > 1 whenevere < 0.485 for somes > 0.
Fore = 0, thecodinggainobtainedoy notdecorrelatinghe
sourceX is about3.36 dB.

IV. PROOF OF THEOREM 2: QUANTIZING
INDEPENDENT TRANSFORM COEFFICIENTS
CAN BE SUBOPTIMAL

In this sectionwe demonstrat¢hatit is notalwaysopti-
malto quantizendependentomponentsThatis, themean

squarederror can sometimesbe reducedby orthoginally
transformingavectorof independentandomvariablesprior
to quantization Theexamplewe giveis theLaplaciansource
in two dimensionsin whichcaseheKLT in notunique.We
shaow thata rotationby 45° is an orthogonaftransformthat
yields dependenbut uncorrelateccomponentsand results
in a strictly smallermean-squaredrror than simply using
theidentity transform.Let

Fx, (u) = fx, (u) = aiﬁ o lulva/o

andlet thetransformM bethesameasin (1). Then

||fX1||1/3 = ||fX2||1/3 = 540°2.
Thejoint densityof (Y7, Y>) is

1

andthemaiginal densitiesare

fY1,Y1 (u,v) = = (lv+ul+o—ul)

1 —2|ul/o o
Therefore,

8leo?

Ifvillys = fvellys = D) -T3(4/3,1/3)

wherethe “incompleteGammafunction” is definedas(see
[4, pp. 317 (eq. 3.381.3)]): [(u,v) = [~ t*"le'dt.

Thereforethe codinggainobtainedby quantizing}” instead
of theindependentomponensourceX is

oo 4
LMY= 3¢ . T3(4/3,1/3)

Usingtheidentity (see[4, p. 942(eq. 8.356.2)])
T(u+1,v) = ul'(u,v) + v¥e~? wehave
1 ~1/3
I'(4/3,1/3) = 3 -T'(1/3,1/3) + (3e) .
Usingtheidentity (see[4, p. 941 (eq.8.354.2)])

P(u,0) = () - 3 D0

1
= nl(u + n)

wherethe usualGammafunctionis T'(u) = [;° e~t*~*dt
we have

I'(1/3) — T(1/3,1/3)

—3-1/3. 3_1+i_i+L_.__ ~ 1.922
B 4 42 540 ' 8424 oo
Also, usingtheidentity (see[4, pp. 937 (eq. 8.327)])
1 1
T(u) = u* 2e V2 |14+ — + —— — -3
(u) = u"" ze T [ + 2u + 28802 +0(u )]



gives

P(1/3) =35 /3/ar |14 5 4 2 _

1
1 283 ~ 2.567

andthus

1

[(4/3,1/3) ~ 5 - (2.567 — 1.922) + (3¢) 1% ~ 0.712.

Thegainis then

4

GI,Mt ~
Thus,sinceGr p+ > 1, thedistortionin quantizingthein-
dependentaplaciarrandonvariablesX; and X, is greater
thanthedistortionof quantizingthedependentandonvari-
ablesY; andYs.

V. CONCLUSION

A family of two-dimensionakourceshasbeendemon-
stratedfor which the Karhunen-L@&ve transformis subop-
timal in a scalarquantizedtransformcoding system. This
settlesan openquestionin lossy sourcecodingtheoryand
correctssomefrequentmisinterpretatiorof the claim of the
KLT being“optimal”. One particularvectorsourcein the
family usedin the proof was constructedby blocking to-
gethertwo successie obsenationsof anearlybimodalsym-
metric scalarsourcewith memorycontaininga slight pref-
erenceto repeatthe samemodepreviously obsened. The
scalarsourcechosernwasuniform but it wasalsoshawvn to
hold for a Gaussiamprovidedits variancevassmallenough.

1—2¢ 142
4 4
142¢ 1—2¢
4 4

Fig. 2. Two-dimensionaprobability densityfunction fx of the
correlatedsourceX with 16-pointscalarquantizersn eachdimen-
sion. Thedensityis uniform on thefour squaredut with different
heights,asindicated. Equivalent256-point two-dimensionavec-
tor quantizercodevectorsareshavn.

Fig. 3. Two-dimensionaprobability densityfunction fy of the
uncorrelated(i.e. Karhunen-Léwe transformed)sourceY =
M*X with 16-point scalarquantizersin eachdimension. The
density fy is the sameasthat of fx shown in Figure2 but ro-
tated45° counterclockwis@bouttheorigin. Equivalent256-point
two-dimensional/ectorquantizercodevectorsareshavn.

VI. REFERENCES

[1] H.FengandM. Effros,A KLT canbearbitrarily worsethanthe optimaltrans-
form for transformcoding Conferenceon Information Sciencesand Systems
(CISS),PrincetonNJ, March2002(to appear).

[2] A. Gershoand R. M. Gray Vector quantizationand signal compession
Kluwer, Boston,1992.

[3] V. K. Goyal, J. Zhuang,and M. Vetterli, “Transformcoding with backward
adaptve updates, IEEE Transacationn Information Theory vol. 46, no. 4,
pp.1623-1633.

[4] 1. S. Gradshtgn andl. M. Ryzhik, Table of integrals, series,and products
AcademicPressNew York, 1980.

[5] J.-Y.HuangandP. M. Schultheiss;Block quantizatiorof correlatedGaussian
randomvariables, IEEE Transacation®n Communicationsyol. 11, pp. 289-
296,Septembel 963.

[6] N.S.JayantandP. Noll, Digital codingof waveformsPrentice-HallNew Jer
sey, 1984,



