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Abstract—In this paper, the design of distributed space- of multipath fading channels, the design of distributed space-
frequency codes (DSFCs) implementing the decode-and-forward frequency codes (DSFCs) is crucial to exploit the frequency
(DAF) pQOtg‘éOF' Cfor Wi’egessf re'gthhanﬂ.e's isthCO”fSidered' The jdiversity of the channel. The presence of multipaths provides
E(r)?)%ct)esrgtive diverssit?erg ofe;ﬁg r\l/(\?ireleossafelfy ?:har?nelr:qxet?/\fg-h%g anoth_e_r mean for aChieVing.div_ersitY across 'Fhe fr_equency axis.
system model, where there is no direct link from the source node Exploiting the frequency axis diversity can highly improve the
to the destination node, is considered. We propose to use twosystem performance, by achieving higher diversity orders.
oting. The. proposed DSFCs ara proved 1o achiove ful diversiy -~ 111¢_0€sign of DSFCs was considered in [4] in which
of ordger NLF\)Nh?areN is the numbgr of relay nodes andL is they DSFCs, based_ on OFDM modulation, were designed for a
number of paths per channel. system employing the DAF protocol. The authors assume that
all the relays always decode correctly, which is not always

. INTRODUCTION true especially over wireless fading channels. The presence

Wireless channels have a lot of impairments such as fagk-the cyclic prefix in OFDM modulation can mitigate relays
ing, shadowing, and multiuser interference which can highfjynchronization errors which is also a property of our proposed
degrade the system performance. This has increased the tio#iDM based DSFCs.
towards the Study of wireless channels to overcome thei”n th|s paper, we Consider the design Of distributed Space_
impairments. Spatial diversity has proved to be an emineféquency codes (DSFCs) that can exploit the multipath nature
candidate for combating the wireless channels impairmerjsthe wireless relay channels. By exploiting the frequency di-
and hence, achieving the signal quality and high data rafgrsity of the channel higher performance gains are achievable
promised by the future multimedia services. In wireless agspecially at high signal-to-noise ratio (SNR). We consider the
plications, it is affordable to have multiple antennas at thgse of the DAF protocol as the user cooperation protocol. We
base station but it is difficult to equip the small mobile unitgerive sufficient conditions for the proposed code structure to
with more than one antenna due to space constraints of Hiieve full diversity. We prove that the proposed DSFC can
small mobile units. Hence, the use of multiple antennas at thenieve full diversity of ordetVL where N is the number

mobile units is limited. This gave rise to what is known agf Cooperating re'ay nodes arldis the number of paths per
cooperative diversityin which the nodes try to form a virtual channel.

multiple element transmit antenna. _Notations: | z] denotes the largest integer that is less than
The techniques of cooperative diversity have been in- diag(y), wherey is aT x 1 vector, is thel’ x T diagonal

troduced, for example, by Sendonaris in the context @l \yith the elements of on its diagonal A @ B denotes
CDMA systems [1]. In [2], different protocols were pro-yq tengor product of the two matricasandB. ||A||% of the

posed to achieve spatial diversity through node cooperation.,. ,, matrix A is the Frobenius norm of the matrix defined
Among those protocols are the decode-and-forward (DAE&HAH% _ Zin;lz;;:l 1A, )2

and amplify-and-forward (AAF) protocols. In the decode-and-

forward protocol with one relay node, the relay node decodes

the source symbol before re-transmitting to the destination. Il. SYSTEM MODEL

In the amplify-and-forward protocol with one relay node, the

relay normalizes the received signal and then amplifies itIn this section, the system model for the DSFCs with

before re-transmission. the DAF protocol is presented. A two-hop relay channel
The problem with the previous protocols is the loss in th@odel, where there is no direct link from the source node

data rate as the number of relays increases and this leadsotthe destination node, is used. A simplified system model is

the use of what is known agistributed space-time codingdepicted in Fig. 1. The system is based on OFDM modulation

(DSTC) [3]. DSTC are designed to achieve diversity ovawith K subcarriers. The channel between the source node and

flat, frequency non-selective, fading channels. For the cabe n-th relay node is modeled as a multipath fading channel



pah where Af = 1/T is the subcarrier frequency separation
V and 7' is the OFDM symbol duration. We assume perfect
channel state information at any receiving node but no channel
information at transmitting nodes.

Wireless multipath

Wirel ltipath
fading channel ireless multipat

fading channel

V V In phase 2, relays that hgve deched correctly in phase 1 will
Source o N sttin forward the source node mfor_matlon. Each relay is assumed
- facing ohanne to _be able to de_C|de whether it has decod_ed correctly or npt.
V This can be achieved through the use of either error detecting
codes or the use of SNR thresholds at the relay nodes. Relays

. L o will only forward the source node information if the received
Fig. 1. Simplified system model for the distributed space-frequency COd?NR is larger than the threshold [5]
The transmittedK x N space-frequency (SF) codeword

with L paths as
P from the relay nodes is given by

L
hs,rn (T) = Z As r, (1)6(7 - Tl)a (1) CT(L 1) CT(L 2) e CT’(L N)
1=1 Cr(2,1) Cr(2,2) --- Cr(2,N)
where; is the delay of thd-th path,d(-) is the Dirac delta Cr = : : : > ()
function, andas,, (1) is the complex amplitude of thé Co(K,1) C.(K,2) --- C(K,N)
th path. Thea, ., (I)'s are modeled as zero-mean complex _ _
Gaussian random variables with variange|a,,, ()] = where C,.(k,n) is the symbol transmitted by the-th relay

O’Q(Z), where we assume symmetry between the re|ay nodes mde on thek-th subcarrier. The SF is assumed to satisfy the
simplicity of presentation. The analysis can be easily extende@wer constraint|C,.|[3 < K.
to the asymmetric case. The channels are normalized such thathe received signal at the destination node on Ak
the channel varianc® ), 0%(l) = 1. subcarrier is given by
The channel frequency response is given by

N
L o va(k) = VP Y Hyp, a(k)Cr(k,n) Ly + 0y, a(k),  (6)
Hop, (f) =) s, (e 727 2) n=1
=1 where P, is the relay node powef, .(k) is the attenuation
A cyclic prefix is introduced to convert the multipathof the channel between theth relay node and the destination
frequency-selective fading channels to flat fading subchannglsde on the:-th subcarriers,., 4(k) is the destination additive
on the subcarriers. white Gaussian noise on ttketh subcarrier, and,, is the state
The system has two phases, as follows. In phase N if of the n-th relay.,, will equal 1 if then-th relay has decoded

relays are assigned for helping the source node, the sougegrectly in phase 1, otherwisé, will equal O.
node broadcasts the information to tierelays. The received

signal in the frequency domain on tieth subcarrier at the Ill. PERFORMANCEANALYSIS
n-th relay node is given by It is now necessary to develop sufficient code design criteria
Yo (k) = /PoHy v (K)$(K) + g (K), k=1, K, for the DSFC to a_chleve full diversity of Qrd@VL. _The
3) proposed DSFCs will have two stages of coding: the first stage
is coding at the source node and the second stage is coding at

whereP; is the transmitted source node powst, .., (k) is the
. the relay nodes.

channel attenuation of the source node tosthid relay node
channel on thet-th subcarriers(k) is the transmitted source o, Source Node Coding
node symbol on the-th subcarrier withE {|s(k)[*} = 1, , , :
and s, (k) is the n-th relay node additive white Gaussian The transm!tted_source node code will be de&gned_ o
noise on thek-th subcarriern (k) is modeled as zero-meangL.Ja.rantee a diversity of orddr at the relay UOdeS* anq th|_s
circularly symmetric compIeX Gaussian random variable wit\f\w"" In turn cause the proposed DSFC to achieve full diversity
. . X . . of order NL as will be shown later. Due to the symmetry
varianceN, /2 per dimension. The subcarrier noise terms are

statistically independent assuming that the time domain nO%Sesumptlon, the pairwise error probability (PEP) is the same

samples are statistically independentr, , (k) is given b at any relay node. For two distinct transmitted source node
P y P ST 9 y symbols,s and s, the PEP can be tightly upper bounded as

L ‘ 6], [7
Hs.,rn(k) = Zas,rn(l)ei‘ﬂﬂ-(kil)Afﬂ7 k= ]-7 T 7Ka (4) [ ] [ ]
=1

-1
- 2v—1 . PN\
PEP(s —§) < ( g ) JJRS <) @)
IFFT, which is used to transform the received data from the time domain to v im1 No

the frequency domain, can be represented by a unitary matrix multiplication. . .

Unitary transformations of a Gaussian random vector, whose components@afgl v is the rank of the matridxC o R where
statistically independent, results in a Gaussian random vector with statistically

independent components. C=(s—38)(s—38§)",



R=F {HSM H:‘frn , wherely ., is the L x L matrix whose all elements are ones.

. The last equality follows from a property of the Hadamard
andH,, = [H, (1),---,H,, (K)]'. A\/s are the non- product ([8], p.304).

zero eigenvalues of the matri€ o R, whereo denotes the =

all  of the ejgnenvalues of the matrix
Hadamard produgét _
The correlation matrixR, of the channel impulse response(FPo po) ( Po Fpo) o Q are non-zero, then
can be found as their product can be calculated as
_ H - -
R=FE{H,, HY det ((Fm - Fpo) (Fm - Fpo) o Q)
=WE {a,,, aZ:T.n W (8) H
= Wdiag{02(1),0%(2), -~ ,0*(L)}W™, = det (diag (Fpo - Fp)) det (Q) det <diag (Fpo - Fpo) )
where

‘ 2

Fpy (D] (det(Q))-

L1l

(11)
1 1 1
W™ wr W™ The matrix Q is ngn—singular. Hence, if the product
W= : : _ : ; -, ’Fpo — F,, (l)‘ is non-zero over all possible pairs of
(K—1)m w(KI*l)T? 3 w(K;l)TL distinct transmitted source codewordsnds, then a diversity
of order L will be achieved at each relay node.
andw = e J27AS In phase 2, relays that have decoded correctly in phase 1

The coding at the source node is implemented to guarantd forward the source node information. The received signal
a diversity of orderL, which is the maximum achievableat the destination node on thieth subcarrier is as given in
diversity order at the relay nodes. The transmittdx 1 (6). The state of the-th relay nodel,, is a Bernoulli random
source node code is partitioned into subblocks of lerigthet Vvariable with a probability mass function (pmf) given by
M = |K/L] denote the number of subblocks in the source . I
node transmitted OFDM block. The transmitt&dx 1 source I, = 0 W!th probab!I!ty_ SER
node code is given as 1 with probability=1— SER,

12)

where SER is the symbol error rate at the-th rela
S = [5(1)78(2)7 aS(K)]T: [F,{ang FAIaOK J\IL]Tv y y

9) node. Note thatSER is the same for any relay node

where F, = [Fi(1),---,F(L)]” is the ith subblock of due to the symmetry assumption. If the transmitted code

dimensionZ x 1. Zeros are padded if¢ is not an integer from the source node is designed such that the product

multiple of L. For any two distinct source codewordsand Hl 1 ’Fpo — F,, (l)‘ is non-zero, for at least one index

s=[FT FL,... 'F¥, 0L _,, 17, atleast one index, exists p,, over all the possible pairs of distinct transmitted source

for which F,,, is not equal taF,,, . codewordss ands, then theSER at then-th relay node can
Based on the proposed structure of the transmitted coe@ upper bounded as

from the source node, sufficient conditions for the code to . .

achieve a diversity of ordeL at the relay nodes are derived. SER = ZPr{s} Pr{error given thas was transmittef

We assume fos ands thatF, = F,, for all p # p,. This does €S

not decrease the rank of the matéi% R [7]. Define theL x L <Y Pr{s} Y PEP(s—3§)
matrix Q — {Qi,j} asgq;,; = Zlel O—Q(Z)w(i*j)‘r(l)’ 1< seS SES,S5#s
1,7 < L. Note that the non-zero eigenvalues of the matrix <e¢x SNR™L,
C o R are the same as those of the mat(rﬁpO - Fpo) (13)
=\ whereS is the set of all possible transmitted source codewords
(Fp“ B Fp“) ° Q. Hence, we have and c is a constant that does not depend on $h€R. The
- - \H first inequality follows from the union upper bound and the
(F - FPD) (Fpo FPO) °Q second inequality follows from (7), whel®N R is defined as
- - SNR = P,/Nj.
= {diag (Fpo — Fpo) 11« diag ( -F, ) ] o _
B. Relay Nodes Coding

= diag (Fl)o _}?‘po) Q diag (F ) Next, the design of the SF code at the relay nodes to
(10) achieve a diversity of ordeV L is considered. We propose to
design SF codes constructed from the concatenation of block
2f A = {a;;} andB = {b;;} are twom x n matrices, the Hadamard diagonal matrices, which is similar to the structure used in [7]
product is defined a® = A o B = {d; ;}, whered; ; = a;, jbi ;. to design full-rate, full-diversity space-frequency codes. The



only difference between our system and the SF coding donewhere the second and the third equalities follow from the
[7] comes from the fact that in our system not all of the relagroperties of the tensor and Hadamard products [7], [8].
nodes will always transmit their parts of the SF code, while Let n; = ZnN:1 I,, denote the number of relays that have
in [7], all of the antennas will always transmit their codes. decoded correctly corresponding to a realizaliaf the relays

Let P = |K/NL| denote the number of subblocks instates. Using (17), the product of the non-zero eigenvalues of
the transmitted OFDM block from the relay nodes. Thehe matrixC(I) o R can be found as
transmittedK x N SF codeword from the relay nodes, if all

relays decoded correctly, is given by u L
| [Ini={ II le)-aG)F | (@etSo)™  @8)
CT = [G?a Gga Ty G£7 OJI;—PLN]Tv (14) i=1 i=1,1€7

where G; is thei-th subblock of dimensiodVL x N. Zeros WhereZ is the index set of symbols that are transmitted from
are padded ifil is not an integer multiple ofVL. EachG; the relays that have decoded correctly corresponding to the
is a block diagonal matrix that has the structure realizationl andS, = {s; ;}, 1 <i,j < L. The resultin (18)

is based on the assumption that the prody¢t’ ;.7 |=(i)—

)(()1“1 )(;L“ 8“1 #(i)|? is non-zero. The first product in (18) is overL terms.
G, — Ixl A2 Lt (15) The matrixS, is always full rank of orde.. Hence, designing
: : : the product[];"5 ;.7 [2(i) — #(i)|* to be non-zero wil
Orx1 Orxi - X guarantee a rate of decay, at high SNR, of the conditional PEP

asSNR~™L where SNR is now defined &V R = P, /Ny.
To guarantee that this rate of decayNR~ ™', is always
achieved irrespective of the state realizatibrof the relay
nodes then the produf{*; |=(i)—(i)|> should be non-zero.
Hence, designing the produﬂg\f1 |z(i) — 2(i)|* to be non-
9k — 1 K -1 P\ zero for any pair of distinct source codewords is a sufficient
PEP(s —8/I) < ( . > (H m) (NT> , condition for the conditional PEP to decay 88" R—"% for
i=1 0 any realizationI, wheren; is the number of relays that have
(16) decoded correctly corresponding ko
Now, we calculate the PEP at the destination node for

C(I) = (C, — C,)diag(I)(C — C,)™. our proposed DSFC structure. Let denote the number of

relays that have decoded correctly. Therollows a Binomial
For two source codewords,ands, at least one indey, exists distribution as

for which G,,, # G,,. We assume fos ands thatG, = G,
for all p # po. As for the source node coding case, this does Pr{c, =k} = <

and letX = [XT, XT, ... X% = [z(1),2(2),--- ,2(NL)].
For two distinct transmitted source codwordsands, and

a given realization of the relays states= [I;, I, -, I,,]7,

the conditional PEP can be tightly upper bounded as

andk is the rank of the matrixC(I) o R where

N > (1— SERFSERN™*,  (19)

not decrease the rank of the mat@XI)oR that corresponds k
to any realizatiorl of the relays states. where SER is the symbol error rate at the relay nodes. The
Define theNL x NL matrix S = {s; ;} as destination PEP is given by
L o PEP(s — §
sij =y o*(wi M 1<ij<NL == }
— = Pr{I}PEP(s — §/I)
I
Note that the non-zero eigenvalues of the matiif) o R N
are the sa~me as the non-z?ro elg%nvalues of the matgxz Pr{c, = k} Z PEP(s — §/1)
(Gpo D = Gy (D) (Gopy (D) = Gy, (1)) oS whereG,,(I) ~ #=0 {Ting=k)
is formed fromG,,, by setting the columns correspondingto N/ 5 ) Nk _
the relays that have decoded erroneously to zeros. Hence, = < 3 ) (1-SER)"SER > PEP(s —3§/I),
k=0 {Iin1=k}
~ ~ H
(G = GpuD) (G~ Gy () o5 (20)

. - . . H Using the upper bound on theE' R at the relay nodes given
= (dlag(XX) (diag(I) ® 11x1) (diag(l) © 1rx1) in (13) and the expression for the conditional PEP at the

_ destination node in (16), and upper boundifig- SER) by
x diag(X — X)H) oS 1, we can easily show that
— (diag(X - X) (diag(I) @ 1) diag(X - X)) o' PEP(s — §) < constant x SNR™YE. (21)
= diag(X — X) [(diag(I) ® 11x1) o S]diag(X — X)Ha 3¢, is a Binomial random variable as it is the sum of independent identically

(17) distributed Bernoulli random variables.



Hence, our proposed structure for DSFCs with two-stage
coding at the source node and the relay nodes achieves a
diversity of orderN L, which is the rate of decay of the PEP

at high SNR.

For coding at the source and relay nodes we will use a linear
mapping to form the transmitted subblocld, = Vryrsa,
wheresg is aT" x 1 source symbols vectosg is carved
from QAM or PSK constellations. The gQOaI is to maximize
the productmings ]~ _, [D(m) — D(m)| , wheres ands
are two distinct source symbols vectors. It was proposed in [9]
and [10] to use both Hadamard transforms and Vandermonde
matrices to design theV . matrix. The transforms based
on the Vandermonde matrices proved to give larger minimum
product distance than the Hadamard based transforms. Two

classes of optimum transforms were proposed in [9] as followsg. 2.
linear transformations, versus SNR.

1) If T =2* (k> 1), the optimum transform is given by
Vopr = —=vandett,,0s, ...,01), where 6,0, ...,0r

BPSK modulation, two relays, DAF

Fi| —%— all channel variances are ones
— % - relays close to destination
% - relays close to source
n n

i
0 5 10 15

SNR (dB)

SER for DSFCs, for BPSK modulation with Vandermonde based

aref, — el 3% p=1,2 .. T. coding and relay nodes coding. We have derived sufficient

2) If T = 3.2% (k > 0), the optimum transform is given byconditions for the proposed code structure to achieve full
d diversity of orderN L where N is the number of relay nodes

Vo = —=vande(f, b, ...,01), where 61,6, ...,07
vt VT (61,6, ) e and L is the number of multipaths per channel.
aref, =¢e 3t ", n=12..T.

The proposed DSFCs are robust against the synchronization
errors caused by the relays’ timings mismatches and propaga-
In this section, we present some simulation results for ttion delays du.e Fo the presence of the cyclic prefix in the

' toDM transmission. Also, the proposed DSFCs are robust

proposed DSFCs. In all simulations, the source is assume . X . .
L SR .—"against the relays’ carrier offset errors since only one relay
have two relay nodes helping in forwarding its information

Fig 2 hows e case o  simple oty withacely [ [TSTIIG 7 9 SURESTr oLy ohen e Tese
T = busec between the two rays and the case lof= 4 brop prop 9 y simp Y

IV. SIMULATION RESULTS

with a delay profile given ag, 5sec, 10usec, 15usec]. For design since itis very difficult to synchronize randomly located

the case ofL = 2, the two rays have equal variances, i.e
0%(1) = 0%(2). For the case of. = 4, the rays are modeled
to have equal powers, i.es?(l) = o2, | = 1,---,4. The
number of subcarriers i& = 128 with a system bandwidth
of 1 MHz. We use BPSK modulation and Vandermonde base%J
linear transformations. Fig. 2 shows the SER of the propose
DSFCs versus the SNR defined & R = 2=, and we use
P, = P,.. We simulated three cases: all channel variances a
ones, relays close to source, and relays close to destination.
For the case of relays close to source, the variance of arl
source-relay channel is taken to be 10 and the variance of any
relay-destination channel is taken to be 1. For the case of relays
close to destination, the variance of any source-relay channellg
taken to be 1 and the variance of any relay-destination channel
is taken to be 10. For the case bf= 2, the proposed DSFC [g)
achieves a diversity of ordeNL = 4 and for the case of

L =4, it achieves a diversity of ordeV L = 8.

(1]

V. CONCLUSION 71

In this paper, the design of distributed space-frequenct%
codes (DSFCs) was considered for the wireless multipa
relay channels. The use of DSFCs can highly improve thg]
system performance by achieving higher order diversities by
exploiting the multipath diversity of the channel as well agg;
the cooperative diversity. For DSFCs with the DAF protocol,

{,@ J. N. Laneman and G. W. Wornell,

relay nodes.
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