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Abstract—We consider the effective degrees of freedom (DoF)
achieved by interference alignment when channel state informa-
tion (CSI) is acquired by training and feedback. For a flat block-
fading K x K interference channel with power P per transmitter
and M antennas per node, we show that interference alignment
achieves higher DoF than orthogonal transmission (e.g., TDMA)
only if the channel coherence time is large and the capacity of
feedback link is at least as O(log P). Under this condition, to
maximize the effective DoF, each receiver needs to feed back
CSI via (M? — 1)log P bits per coherence interval; smaller
growth rate of feedback bits will decrease the effective DoF. We
also show that in the presence of training and feedback cost,
K = 3 achieves the optimal DoF for a broad range of channel
characteristics; with larger number of user pairs, the DoF falls
short of its optimum and beyond a certain point becomes a
decreasing function of K.

Index Terms—Interference alignment, limited feedback, train-
ing, optimization, effective degrees of freedom

I. INTRODUCTION

Interference alignment is a class of promising transmission
schemes that allows multiple pairs of transmitters and receivers
to share the same spectrum. Each user pair can achieve half
of the degrees of freedom (multiplexing gain) that can be
achieved without interference [1]. For example, a K x K-
user interference network with M antennas per user has a
sum degrees of freedom (DoF) of K M /2. To achieve the full
DoF, the full channel state information (CSI) is required, with
in general an infinite symbol extension.

Among the alignment schemes, spatial (signal space) inter-
ference alignment [2] requires no symbol extension (thus little
delay) and is promising in practice [3]. A variety of schemes
on spatial precoding design are proposed [4], [5], which
require either full CSI or iterative approach with channels
being reciprocal. Recently, Ayach et al. [6] considered that
transmitters obtain CSI via analog feedback, while Thukral
et al. [7] and Krishnamachari et al. [8] applied limited feed-
back [9] for CSI exchange. For limited feedback, it had shown
that if the number of feedback bits grows logarithmically
with signal-to-noise-ratio (SNR), the full DoF is sustained in
constant (non-fading) channels.

In this paper, we study the effective DoF achieved by
interference alignment when both training [10] and limited
feedback [9] are taken into consideration. We have found both
lower and upper bounds of ergodic sum DoF for block-fading
channels. It is shown that at high SNR, interference alignment

outperforms orthogonal transmission schemes (e.g., TDMA)
when the channel coherence time is large and the capacity
of the feedback link scales ar least ©(log P). In this case,
feeding back (M? —1)log P bits from each receiver achieves
the optimal DoF, given alignment is feasible [2]. We have
also found that in many practical scenarios, a small number
of user pairs suffices to achieve the optimal effective DoF. For
example, K = 3 user pairs maximize the effective DoF for a
coherence interval ranging from 150 to 600 symbols and the
number of antennas M from 2 to 8; with higher number of
user pairs, the effective DoF becomes a decreasing function
of K.

Notations: Throughout the paper, the boldface low-case
letter a stands for vector while upper-case A represents matrix.
AT indicates the Hermitian transpose of A. ||a|| means 5-norm
while ||A|| refers to Frobenius norm. CA (a,A) is complex
Gaussian distribution with mean a and covariance matrix A.
Inv-x?(a) is inverse x? distribution with degree of freedom a.
E[] stands for expectation. CM*¥ is the M x N dimension
complex space. log(+) is base 2 logarithm. | -] and [-] represent
floor and ceiling operation, respectively. For some positive c;
and cg, and sufficiently large z:

f(z) =0(g(2)) :
f(@) =0(g(2)) :

[f(@)] < erlg(o)]
ez [g()| <[f(2)] < erlg(a)]

The rest of the paper is organized as follows. Section II
describes system model. In Section III we outline our approach
by taking training and feedback into consideration. Section IV
formulates the effective DoF and analyzes its lower bound and
upper bound. Discussions and simulation results on the re-
quirement of feedback bits and coherence interval are included
in this section as well. In Section V, the optimal number of
user pairs is investigated. Finally, Section VI concludes this

paper.
II. SYSTEM MODEL

A K x K narrowband interference channel is considered
where transmitters and receivers are equipped with M anten-
nas each. The signal at receiver k is:

K
ye =Y Huxe+zy, fork=12--- K ()
(=1
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where x, € CM*! is the signal from transmitter ¢ and
H,, € CM*M i the channel coefficient matrix between the
transmitter ¢ and the receiver k. In the above, z;, € CM*1 js
additive noise with distribution CA/(0, 0>I). In this paper, we
consider a block-fading model where the channel coefficients
remain constant for 7T-symbols (a block). Each entity of Hy,
is i.i.d. CN(0,1).

In interference alignment, the transmitter ¢ sends d, data
streams (spatial multiplexing) simultaneously; more precisely:

dg
X; = Z vhs? ()
p=1

where V| € CM*1 is the unit-norm precoding vector associ-
ated with sf , the data stream p. Each transmitter has the total
power constraint P, Wthh is equally allocated to their data
streams, i.e., E[||s) 1>] = P/d,.

At the receiver k, a receiving vector u} € CM*1 for data
stream ¢ is applied to suppress the interference from other
streams:

dy,
P P
E HkakSk

p=1,p#q

uZ)THkkangr u?)f

K

dy
Z ZHuvﬁ’sf + (

0=1,0#£k p=1

+ (uf)f ul)'z,. ()
With full CSI, the precoding and receiving vectors in interfer-
ence alignment should satisfy

(u)) T Hyvh = 0,0 # k 4)

(uf) Hyevh = 0,Yq # p (5)
|(uf) T Hy,vi| > 0,Vk,q. (6)

The specific designs of the precoding and receiving vectors
can be found in, e.g., [4], [5].

III. INTERFERENCE ALIGNMENT WITH TRAINING AND
FEEDBACK

In this paper, training [10] and feedback [9] are used to
acquire and exchange CSI which is required for interference
alignment. Specifically, it consists of the following steps.

1) Forward Link Training: All transmit antennas send a
pilot symbol in a time-division manner over K x M time-
slots (symbols) [10], [11]. Each receiver estimates their chan-
nels from all the transmitters. For simplicity, we assume the
channels are estimated perfectly.

2) Channel Quantization: After obtaining CSI at the re-
ceiver k, it quantizes Hy, into Ny bits [9], for £ =1,--- | K,
resulting in a total of N;K quantization bits at one re-
ceiver. More prec1sely, Hj, is expanded into a vector hy, =
vec(Hy,) € CM°*1 and the direction of hyy, ie., hyy =
hy,/ ||hge|| is quantized according to a quantization codebook
C={w;:i=1,---,2N7} [9] as:

- = f
h, £ arg max ‘hkzwi
w; eC

(7

where w; is of unit-norm.
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3) Channel Feedback: We assume a shared feedback chan-
nel that allows By feedback bits per symbol duration (of
forward link) to be received simultaneously by all the transmit-
ters. The receivers feed back the index of the chosen codeword
hy¢ via the feedback channel sequentially. In order for the
transmitters to obtain the quantized version of all channels,
feedback overhead is equivalent to K?Ny/(cBy)! symbol
durations of the forward link, where c is the code rate of the
error correcting code for feedback bits.

In addition, depending on the infrastructure of the whole
system, unless the reverse channel is already known at the
transmitter, another K' M symbols are required for training of
the reverse link, assuming the same training process is used
as the forward link. Consequently, the total time slots spent
on training is 7K M, where 7 = 1 or 2 depends on whether
reverse training is required or not.

4) Interference Alignment with Quantized CSI: The trans-
mitters reshape hkg to form a quantized channel Hkg for
precoding demgn The precoding vectors {V}} are calculated

by regarding H,,, as the true channel, 2 for k = 1,--- , K and
q=1,---,dyg, yielding:

(Gf) Hy¥F = 0,0 # k (8)

(@) "Hy. 97 = 0,5q # p ©)

(af) T H, 7| > 0,Vk, q (10)

where {01} } is the receiving vector for the data stream ¢ at
the receiver k. The data stream ¢ is decoded by correlating
¥, with @] to suppress the interference from all other data
streams (from the same and different transmitters). Thus we
have

dy.
(ﬁZ)TYk_( )THkkkak Z Hy Vi, s
p=1,p#q
+ (af) Z Zervzs[ al)iz,.  (11)
0=1,0#k p=1

Therefore, the rate of data stream ¢ at the receiver k is

RI =1o <1+ 4 1)) ) (12)

Ipi+ 10+ 02

where
P i 2
L= > [@h) Hu| (13)
pfl,p;éq
Ino = Z Z—H ) HL || (14)
1=1,l#k p=1

Note that I, ; is the intra-user interference from the transmitter
k and I}, 7 is the inter-user interference from other transmitters.

'Some beam design algorithms (such as minimum interference leakage
algorithm in [4]) do not require the knowledge of the direct channel ({Hyy }),
resulting a feedback overhead of K (K — 1)Ny/(cBy) symbol durations.

2Whether or not any other alignment scheme exists, rather than this naive
interference alignment, which achieves higher DoF, is still unknown.



IV. EFFECTIVE DOF OF INTERFERENCE ALIGNMENT

We analyze the sum DoF achieved by interference alignment
under practical scenarios where the resource used to obtain
CSI is considered. In this case, the channel coherence time
and the capacity of the feedback link have significant impacts
on the effective DoF as well as the optimal feedback strategy.
On one hand, the receivers may quantize their channels with
higher precision (larger Ny), which will intuitively lead to
smaller interference (due to channel quantization error) at
the receivers. Nevertheless, this also requires more system
resource thus reducing the resource available for data transmis-
sion. On the other hand, the receivers may use fewer feedback
bits so that more resources are available for data transmission,
though the interference at the receivers is also increased. We
aim to characterize the optimal choice of Ny.

Taking into consideration of training and feedback described
in Section III, the normalized effective sum rate is

Rﬁ(l_

where By is the capacity (bits per forward link symbol) of the
feedback link. The effective DoF (DoF) is therefore

K dyg
KM  K2N; .
CTBf)E > E[R]  (15)

k=1gq=1

D=1l
o log P

(16)

Previous results had shown that Ny should grow linearly
with log P to limit the interference power [12], [7], [8]. In
this paper, we consider N; as a more general function of P,
denoted as Ny (P).

A. Lower Bound

For brevity, we only focus on one term, e.g., E [RZ], in the
summation in (15); the analyses of other terms are the same.
First, we rewrite
A . =t
(&) Hpe¥? = (b bET ) = e Bibf?  (17)
)M + ()th element of b{’) € CM*x1 g

where the ((m —
) x vP(m), respectively. Therefore based on the

given by uj (¢
results in [7], [8],

1
WP
\/

& Ny (P)
Tea = Z =5 HhkkH Hhkkbq’p < O(PQ_M"’l).
p=1,p#q
(18)
Similarly,
Ny
Tpo < O<P2 M21>. (19)
From (12), we have:
2|l @)  Hy v ||

E[R]] > E |lo e k Tk éROW. 20
i g( Ing+ I o+ 02 ! (20)
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Substituting (18) and (19) into (20) gives

v IGvaI : Rl

Rlow Z E IOg —N;(P) (21)
O(P27 1 ) + 0
Now, we consider the order of interference power

-Ny(P)
P2 v2-1" = P“ Naturally, « is less than or equal to 1 (with
equality indicating a constant number of feedback bits). On the
other hand, it is unnecessary to make o < 0, in which case the
noise dominates and the whole system is noise-limited rather
than interference limited. We focuson a =0 and 0 < o < 1
in the following.

1) «a = 0: In this case, Ny(P) = (M? — 1)log P. The
Ny (P)

interference power 2~ M2-1 P is bounded as P goes to infinity,
and the whole denominator in (21) approaches a constant as
P grows. We have

Rlow ~E [lOg (Pfl (H))]
~log P+ O(1)
where f1(H) is a function dependent on channel statistics but
independent of P.
2) 0 < a<1: We have Ny(P) = (1—a)(M?—1)log P,
and the noise power o2 in (21), compared with P%, becomes
negligible at high SNR. Thus

Riow ~ E [log (f2(H)P'~%)]
=(1—a)logP +0(1)

(22)

(23)

where fo(H) is also independent of P.

B. Upper Bound

Define AHy, = Hyo/|Hpellp — Hie and Ahy, =
vec(AHypy). From (8) and (9), we have

dy,
— T
=g >0 1Bz [l@)TARLT, 24
p—Lp#q
2
Ipz = Z Z af)'AH V) |". @25
£=1,6#k p=1
By the Jensen inequality, we have
2
d & 1@

E[R!]<log |1+ E
[ k]_ g( Ik1+Ik2+0'2

(4)
<log|1+E

B d
B og <1 + iE (A2 (Hy) | E [n])

where Apnax (Hyg) is the largest eigenvalue of Hyy and
2
n = |Hgell > HAhT bl - The step (A) holds because of

discarding non-negative terms I}, 1, o2 and other terms in I, k,2-
The step (B) follows from the independence between Hy and
Hyy, k # £. The normalized quantization error

AWy = oNs(P)/2(M?~1) N

) (26)

deAZ o (Hyg)
d, | He|[ 3 1| (0) T AH 97 |

27)



has an asymptotic probability density function (pdf) that is
independent of N; [13]. Due to the independence between
the norm and angle of vec(Hyy), we have [14]

RS -2 <t vap||
Efr] =271 B [[Hy|;”| E || A%]bE7 28)
Ny (P) I
— 9 MI=
M2-1 % 21

where |[Hy| 7> /2 ~ Inv—x2(2M?) with mean 1/(2M?2—2)
-2
and y = E HAVNVLebz’féH } is a constant. Substituting (28)

into (26), we have

Ny(P)
E [R]] < log (@ <2M21>)
=(1-a)log P+ O(1) £ Ryp.
The upper bound holds for both o =0 and 0 < o < 1.

C. Effective DoF

Note that for either « = 0 or 0 < « < 1, the lower and
upper bounds coincide except for a constant (independent of
P). Therefore, the ergodic rate of the data stream ¢ at the pair
k can be written as

E[R{]~(1—-a)logP + O(1)

(29)

(30)

in both cases. In the following, we analyze the effective
throughput using this general form.

From (15), By should be at least on the same order of
Ny = O(log P); otherwise, it is impossible to feed back
the quantized CSI within a coherence block. For purpose of
illustration, we write By = 3log P. Substituting (30) and By
into (16), then we have

KM K2(1—a)(M?-1) X
D(lT - AT >(1—a)];dk.
(3D
Due to the symmetry of all user pairs, d = d for

our consideration of spatial interference alignment. From [2,
Theorem 1], we have the feasibility requirement

2M — (K +1)d > 0. (32)

Thus, the effective DoF writes as
KM K2(1—a)(M2—1)
D(].T T 3T > (33)
2M
— | (1 - a)K.
X {K n 1J (1-a)

Note that (33) is a quadratic function of (1 —a/); the maxima
of the function is achieved when

(1-a)* =cB(T —7KM)/ (2K*(M* — 1)) .

(34)
The corresponding D is

o= (1) ()24 - o
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Figure 1. Comparison of effective sum rate: K = 3, M = 2,7 = 600,83 =
1, IA = interference alignment, OT = orthogonal transmission

Recall that the effective DoF of the orthogonal transmission
is [10]

Dor =M (1 - M/T) (36)

In order for interference alignment to achieve a larger DoF
than the orthogonal transmission, it requires that

(T-M)(K+1)

(1—a)* > T—rkDE (37)

which is out of the domain 0 < (1 — «) < 1. Because of the
quadratic property of D in (33), the optimal value of (1 — «)
should be 1, namely, o = 0. Hence, large feedback NV f(P) =
(M? — 1) log P maximizes the effective DoF.

To verify the above results, consider a numerical example
where T = 600° c =7 =08 =1and K = 3,M = 2.
The simulated effective sum rates versus SNR are plotted in
Fig. 1, where random vector quantization [15] is employed
for CSI feedback with Ny = [(1 — a)(M? — 1)log(SNR)]
bits. At high SNR, the slopes of the simulated sum rates are
almost identical to that of the analytical result (33) (see the
reference lines) for both o = 0 and 0.2. With large feedback
bits (o« = 0), only a constant loss exists in the effective sum
rate with limited feedback, compared to that with genie-aided
CSI, which indicates that (M2 —1) log P bits of CSI feedback
preserves DoF. Furthermore, the results also imply that « = 0
is optimal: for « = 0.2, the sum rate has smaller DoF than
a = 0, though it still achieves higher DoF than orthogonal
transmission. Finally, if the number of feedback bits is fixed,
e.g., Ny = 10, the effective sum rate does not increase with
SNR and the system becomes interference limited.

Now, we characterize the minimum requirement of coher-
ence interval to perform interference alignment. Since av = 0

3This corresponds to typical scenarios in LTE where a mobile operates at
2.1 GHz with speed 5 km/h, for a symbol rate of 15 kHz.



is optimal, we concentrate on this case throughout the rest of
the discussion; from (33):

e B

From (38) and (36), in order for D > Do, T should satisfy:

2M
K+1

J K. (38)

K3(M?—1)

T > dy, (TKzM +
cp

- M2> J(Kdy — M)
(39)

where d = {é—]‘flJ Eq. (39) offers a guideline on deter-
mining when to favor interference alignment over orthogonal
transmissions. If 7" is small, the overhead (due to training and
feedback) of interference alignment will counteract the gain
over orthogonal transmissions, or even result in throughput
loss. If T is large enough (static channels), interference
alignment will attain higher DoF than orthogonal schemes.
Intuitively, overhead is negligible for large 7, and in this case
the alignment is almost equivalent to that with perfect CSI,
which is known to outperform orthogonal transmission.

V. OPTIMAL NUMBER OF COOPERATIVE USER PAIRS

With priori CSI, the sum DoF achieved by interference
alignment grows with the number of user pairs K and antennas
M [1], however, once considering the resource to obtain CSI,
the effective sum DoF may not increase as K and M grow.
For example, given capacity of the feedback link, coherence
interval and M, we can select fewer pairs to collaborate in
the alignment, requiring smaller overhead (due to training and
feedback), and thus leaves more resource for data transmission.
But since a smaller number of user pairs are active, the overall
throughput may be reduced. Another choice will be to select
more user pairs to collaborate, however, it requires larger
overhead and may limit the resource for data transmission.
Thereby, an optimal choice of cooperative pairs K (and M)
shall exist, which is further shown to depend on the capacity
of the feedback link and the channel coherence time.

We first inspect the effective DoF given by (38); the
overhead term

20072 _
(1_TKM_K(M 1)) “0)

T cBT

is a monotonically decreasing function of K, which indicates
that the more cooperative user pairs, the more training and
feedback overhead is required. Indeed, in term of overhead
cost, M has the same impact as K, which is easily seen
from (40). Then, we note that the DoF term

2M
— | K
)
increases* with K. Therefore, it is desirable to find K to
maximize the effective DoF (the product of two terms).

(41)

“Due to the integer constraint, it is not a strictly increasing function of K.
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Table 1
OPTIMAL NUMBER OF USER PAIRS

5 ;\Iumb:r of 5Antengas J\/[7 . T (symbols) 3
31 3 3] 3] 3] 3| 3 150 |
% 31 5| 3] 3] 3] 3| 3 600
bt |\ T3 3 [ 3] 3] 3| 3 150 5
31 5| 3] 4] 3] 3] 3 600

Note that for given M, from (32), K could take up to
|222] — 1, for d = 1,---,|M/2], where d is the desired
DoF per user pair. The optimal K is

Kopy =arg . max D. 42)

3<K<2M-—1

In order to evaluate the above optimization problem, we
consider several practical scenarios where T and [ take
different values. Specifically, we consider again T' = 600, the
same as the previous numerical example in Section IV-C, and
T = 150 that corresponds to a mobile speed of 20 km/h. Also,
different capacities of the feedback link are considered, where
0 = 1 and 2, respectively. Finally, we allow up to M = 8
antennas per user, which is the maximum antenna number
supported by present systems.

The optimal value of K is found via (42) under various
system parameters, and the results are listed in Table. 1. For
most cases, interference alignment achieves the maximum
effective DoF with 3 user pairs; a large K may even reduce
the effective DoF. Intuitively, for many practical cases, the cost
of training and feedback is significant and thus it is optimal
to allow only a small number of user pairs to cooperate.

To further illustrate the relation among K, M and D, we
plot the effective DoF associated with Table I in Fig. 2.For
T = 150 and 8 = 1, D even decreases with M: in order
to obtain CSI of the additional antennas, more feedback bits
are required which significantly reduces the data transmission
time, which leads to smaller effective DoF in the presence of
short coherence time and small feedback capacity. In this case,
the effective DoF of interference alignment is even less than
that of orthogonal transmission schemes. As T" and /3 increase,
e.g., T =600 and B = 2, using more antennas produces larger
effective DoF due to less significant training and feedback
cost. However, as M continues to increase, the DoF attained
by interference alignment becomes close to that of orthogonal
schemes or even worse since the overhead cost keeps growing
as well. Therefore, interference alignment produces DoF gains
in systems with small M but with large coherence time 7' and
feedback capacity By.

To obtain some intuitions, we consider two limiting cases.
With increasing channel stability, the overhead with training
and feedback becomes negligible; as T goes to infinity, e.g.,
constant channel, the whole discussion falls back into the
original interference alignment with genie-aided CSI. In this
case, activating as many users as possible is the optimal
strategy.

5The unsmoothness of the plots is due to the integer constraints of DoF
and K, i.e., the floor operation in (41).
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Figure 2. Effective DoF versus the number of antennas with Kopt
Now, we consider B goes to infinity, i.e., the receivers can

feed back CSI with infinite preciseness and zero delay; the
effective degrees of freedom is

KM 2M
D> =(1- — | K 43
(-5 [l @
The optimal number of cooperative pairs is therefore
oo o0
Kopt = arg SSKH%%)JEJ—lp 44)

One can verify that, Kggt isup to 9 for ' = 150 and 11
for T' = 600 (with the same parameter settings as previous
analysis), which serves as an upper bound on the number of

users.

VI. CONCLUSION

In this work, we have shown, both analytically and numer-
ically, that the channel coherence time and the capacity of
feedback link are critical for spatial interference alignment
when taking the training and feedback into consideration.
Given sufficient coherence interval and feedback capacity, the
optimal effective DoF is achieved if each receiver feeds back
(M? — 1)log P bits of CSI to the transmitters; insufficient
feedback bits might result in even a smaller DoF than that of
orthogonal transmission schemes. For many practical scenar-
ios, we have found that a small number of user pairs suffices
to achieve the optimal effective DoF, and it is unnecessary or
suboptimal to include large number of user pairs to cooperate.
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