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Abstract—We consider a spectrum sharing scenario, where a where an intermediate node helps forwarding the informatio

secondary network coexists with a primary network of multi-
ple transceivers. The secondary network consists of an ergy-
constrained decode-and-forward secondary relay which agsts the
LO) communication between a secondary transmitter and a destation in
<1 the presence of the interference from multiple primary transmitters.
() The secondary relay harvests energy from the received radio
(\] frequency signals, which include the information signal fom the
secondary transmitter and the primary interference. The havested
energy is then used to decode the secondary information andrivard
@) it to the secondary destination. At the relay, we adopt a time
switching policy due to its simplicity that switches betwen the
energy harvesting and information decoding over time. Spefically,
O\l we derive a closed-form expression for the secondary outagaob-
ability under the primary outage constraint and the peak power
—constraint at both secondary transmitter and relay. In addiion, we
|_ investigate the effect of the number of primary transceives on the
. optimal energy harvesting duration that minimizes the secondary
(/) outage probability. By utilizing the primary interference as a useful
() energy source in the energy harvesting phase, the secondamgtwork
——lachieves a better outage performance.

i |

> . INTRODUCTION
O) . Energy harvesting (EH) cognitive radio [1]H5] is a promii

from the source to the destination to improve the coverage an
reliability of the communication[[11]=[20]. However, thelay
may have a battery with limited capacity, replacing or reghmey
which frequently may be inconvenient. In this case, wirgles
energy harvesting helps the relay to stay active in the nétwo
and facilitate the information cooperation. Similarly,dagnitive
radio, using energy harvesting for energy-limited rel&/ds can
achieve significant performance gains|[21].1[22]. [n][22hder
spectrum sharing with a PU, an EH relay which forwards the
secondary data is considered, while a tradeoff betweenapyim
interference constraint and energy constraint due to EHreaif
relays is investigated in [23].

In spectrum sharing, both PU and SU transmit together, which
limits the transmit powers of secondary source and relayetpk
the interference to PU below a threshold. However, PU, baing
legacy user, has no such restriction on its transmit powee D
to this, SU may experience heavy interference from PU, which
deteriorates the quality-of-service (QoS) of SU. Nevdese
since the interference is a RF signal, it can be leveraged as a
potential source of energy [10], [12],[24]. For exampleden

I\ solution to the problem of the inefficient SpeCtI‘um Usagelwhitime Switching po"cy’ in the energy harvesting phase OfQ'i, sl
[~ achieving green communications. In particular, the cogmit the interference can be utilized as a useful energy sourtis. T
O radio can improve the spectral efficiency by facilitatinge thcould subdue the harmful effect of the interference at thergyn
O unlicensed/secondary users (SUs) to share the spectrumtheit constrained relay by supplying additional energy, which be

CD. licensed/primary users (PUs), provided that the interfegeto

used to transmit with a higher power (provided it satisfiessPU

O PUs stays below a specified threshold. On the other handgeneghterference threshold), to achieve better QoS.

LO) harvesting provides the cognitive radio a greener alteradb

«— harness energy for its operation, which also helps enhasce i

U lifetime under the energy constraints.

E the form of radio-frequency (RF) signals| [6]. Noticing tHRE
signals can carry both information and energy togethé«[9]]

have advocated the use of RF signals to harvest energy along

with the information transmission. However, it is difficditir a
receiver, in practice, to simultaneously decode the infdiom

and harvest energy from the received RF signals. Thus, two
practical policies are proposed to harvest energy and @ecod

information separately [9]=[11]. One is the time switchjmmjicy,

where the time is switched between the energy harvesting and
information decoding; while the second policy is based aom th
power splitting, where a part of the received power is used to

harvest energy and the rest for information decoding.

Such wireless energy harvesting while receiving the infor-
mation has an important application in cooperative relgyin
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Besides harvesting energy from natural sources like soldr a
wind, nowadays, the radio environment can feed the energy in

The contributions and key results of this paper are as faliow
With interference leveraged as an energy source, under
spectrum sharing with multiple primary transceivers, we
consider SU’s communication via a decode-and-forward
relay that harvests energy from the received RF signals, i.e
the information signal from the secondary source and the
primary interference, using the time switching policy.

For the proposed model, we derive a closed-form expression

for SU’s outage probability provided PU’s outage probapili

remains below a threshold and investigate the effective use

of the interference from multiple primary transmitters as a

energy source.

o We show that, such interference-assisted EH not only im-

proves SU’s outage performance due to the extra acquired

energy, but also reduces the optimal energy harvesting time
that minimizes the secondary outage probability.

o Finally, we study the impact of the number of primary
transceivers on SU’s outage performance. We observe that,
though the optimal energy harvesting time reduces with the
increase in the number of primary transceivers, the minimum
secondary outage probability increases simultaneousgnwh
the transmit powers of the secondary transmitter and relay
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network transmit simultaneously, SR experiences thefertence
from L PTs, which is also a RF signal. Thus, SR can also harvest

I e B I additional energy from the primary interference in the gger
AN harvesting phase, converting it into a useful energy sourbe
\"/,><\/\/.\§ ; ST and PTs are the conventional nodes with constant power
AL S
b\ '@rp. < supply (e.g. battery).
e Vv A I1l. MAXIMUM ALLOWED SECONDARY TRANSMIT POWERS
ST her SR hea SD In the spectrum sharing scenario, the interference cantgra
Interference Link — - » at PDs govern the maximum transmit powers of ST and SR.
Forward Link ——> We model the interference constraint at a PD as its outage
Fig. 1. Secondary communication via an EH relay in spectrbarisg. probability, i.e., ST and SR should limit their transmit pes so

. , . . that the outage probability of each primary link remainsoheé
restricted by the primary outage constraint satisfy th&kpegien threshold. Let us denote the maximum allowed transmit

power constraint. Int_eres_tln_gly, the trend reverses ohee Lo vers of ST and SR due to the primary outage constraint
peak power cons_tralnt limits the transmit powers of theg Psr and Psg, respectively. Then, in the first hop of the
secondary transmitter and the relay. secondary communication when ST transmits to SR, given the

Il. SYSTEM AND CHANNEL MODELS constant transmit power of PTP{r), the outage probability for
As shown in Fig[IL, consider a primary network consisting df! Primary link can be written as follows:
L pairs of primary transmitters (PTs) and primary destintio Pl out,s7 = Pr(Blogy (1 +7pp,) < Rp) <O, (1)

(PDs), where each PU pair communicates over a ChannelvﬂerwpDi _ %ppif is the signal-to-interference ratio (Sﬂq)

1 1 P ‘hﬁpi_‘ R R ;
bandwidthB Hz. The secondary network consists of a secondaé)( PD, R, is théTdeswed primary rate for each primary link, and

trar_lsmitter (SJ) WT:Ch communiﬁates V\,’ith 3 segonda(;ymfiesgp is the primary outage threshold for each PU. Ensuring that
nation (SD) through an energy harvesting decode-and- Wil{e outage probability of the primary link having the wor$RS

secongary relay I(<Slr?1). AIIhnodes have ?bs'n(?le "’r‘genn?" T88ys belowd,, we can write the primary outage constraint with
secondary network shares the spectrum of bandwlifiz with e = FC

PUs, provided that the quality-of-service (QoS) of eaclmary ,
link is maintained above a given threshold. Py out,sT = Pr (i_{ngaff LP;,out,ST) < Op. (2)
Let iy, e, hed, hsp, » Bup, s hp,r, @ndhy,, q denote the channel . o 5

coefficients ofith primary link PT;-PD; (: = 1,2, ..., L), ST-SR, ;Lher;é frvc\)lreng%, \?v?i?elg)n%;he independence betwagp | and
SR-SD, ST-PR, SR-PD, PT;-SR, and PT-SD, respectively. All " P!’ . ,

channels are independent of each other and experience- quasi Ppr|hpp,|

: . R . Pyoutsr =1— —Pr =— P < ,

static Rayleigh fading, i.e., the channels remain constant prout,ST = 1 }:[1 1 g Psr|hsp, 2 G )
one slot of secondary communication and change indepdgdent R./B B
from one slot to another. The instantaneous channel povirs gdVherec, = 27v/% — 1.
are exponentially distributed random variables (RVs). ust Proposition 1. The maximum allowed transmit power for ST
denote the mean channel power gain |6f|> by )., where under the primary outage constraint is

k € {pp,,sr,rd,sp;,rp;, pir, p;d}. For simplicity, we consider i +
& 2 S e : : PprApp 1
PT-PR links are identically distributed, i.€\,,, = A,p; inter- Psp = ) -6 -1 , 4)
ference channels from PTs to a node and vice-versa are also prisp P
identically distributed, i.€.\p,r = Apr, Ap;d = Apd, Asp, = Asp,  WHETE (z)* = max(z, 0. _
and \,p, = A;p. We assume the knowledge of mean channel Proof: The proof is given in AppendikJA. |

power gains for PFPD;, ST-PD, and SR-PD links, while SR Similarly, in the second hop of the secondary communication
and SD have the knowledge of instantaneous channels gains'f§en SR transmits to SD, following the same procedure toveleri
the respective receiving links, i.e., for ST-SR and;4SR links s, the maximum transmit power for SR is given as
at SR anq for SR—_SD a_nd RBD links at SD! as in[[ZS][QG]. _ Pprdpp 1 T +

Assuming no direct link between transmitter and destimatio Psg = ) ) -1 (5)
due to high attenuation [11]=[14], the secondary commuiuina _ e P
happens over two-hops. In the first hop, ST transmits datdto §Ie5|d_es the przlmary koutage constraint, a';] bOthhST anq SR, we
while in the second hop, SR forwards the received data to & af' 50 IMpose t efpea povx:jer constraifit Tler;), the maximum
decoding. The SR is an EH node, that is capable of harvestihgSmit Powers for ST an .SR respectively become
energy from the received radio-frequency (RF) signals.r@ne Psyy = min (Psr, P) (6)
harvesting is considered to be the only_pow_er source for_ SR. Pr = min (Psg, P,). @)
The SR may use some part of the received information signaj_. o , o
to gather the energy required to forward the information B S Since our focus is interference-limited spectrum sharingrenment where

~ . ) . the interference power is dominant than the noise power, ldtter can be

In addition, as in spectrum sharing, the primary and seagndaeglected[[27].




Energy Harvesting at SR |y, co1ati0n Transmission Information Forwarding Here, VSR and Ysp are SIRs at SR and SD, reSpeCtiVEly, and are

from Information and ST — SR SR — SD

Interference Signals g'Ven as P h 2
(PR emeo(1— ) Toemmeer e (1— )T - > _ _Bmlhal” (13)
oaT (1—2a)T """ (1—2a)T TSR = )
. . . . . . Z PPT |hpir 2
Fig. 2. Time switching protocol for the interference-atsisenergy harvesting 1
and information processing at SR. '
PRm|hrd |2
ysp = (14)

IV. RELAYING PROTOCOL AT SECONDARY RELAY

. . - ZPPT|hp1:d|2
In this paper, at SR, we adopt a time switching protocol due

to its simplicity to harvest energy from received RF signads Then, we can rewrite the secondary outage probability filbf) (
shown in Fig[2. In this protocol, at the start of a slot, t6F g5 follows:
duration () < a < 1), SR harvests energy from ST’s signal and B .
interference fronL, PTs, wherd is the duration of one slot of the Puout(&s) = Pr(min (ysr, 350) < &) (15)
secondary communication. The remaining time slot of darati Where min (ysr,ysp) is the instantaneous end-to-end SIR be-
(1 — )T is divided into two sub-slots, each of duranéhﬂ tween ST and SD angf = 2T~ e 1, Using the independence
In the first sub-slot, ST transmits information to SR; wh|IR Sbetweemsg and~sp, we can write [(Ib) as
forwards th_e mfc_)rmatlon to SD in the next su_b slo_t. Thusewh Piout(&) =1— [(1 —Pr(ysr < &))(1—Pr(ysp < 55))}, (16)
ST transmits withPs,, and each PT transmits witipr, the
energy harvested by SR I’ duration is given as

Fsr(&s) Fsp (&)
where Fgr (&) and Fsp(&) are the cumulative distribution
) ®) functions (CDFs) of RVsysg and~vsp, respectively.

L
Espu = (aT)d | Pom|hse|? Por|hpe|? o .
s = (@ )5< Sl P +Z erlhp.s| Proposition 2. The CDF Fsr (&) is

i=1

L
where §, with 0 < § < 1, is the energy conversion efficiency r _1_(; Pordpr 17
factor, whose value depends on the receiver architecture. T s (&) + Psi Aer 55 ’ (17)
SR uses the harvested energy to forward the information to SD  Proof: The proof is given in Appendi u

Then, given the amount of harvested energy, the transmiepowroposition 3. The CDF Fsp (&) is

of SR in the absence of peak power constraint and primarygeuta D —L
constraint can be given By Fsp(&)=Z(1 — Py, ) +|1— (1 + Wgs) ] Py, (18)
RArd
2F 260 o
PSR,H — SR.H - ‘PSm|hsr|2 +Z PPT|hpq;r|2 . where 2tL
1-a)T 1-a = I= - [T - To], (19)
(9) BC(AD)E

Now, by incorporating the primary outage constraint andobak with 4 = PprApr, B= MMrd , C = PsmAsr, D = PprAya, and
power gonstraint, the maximum transmit power for the energy_ (% B %)71. The term 11 in (T3) is given as
harvesting SR can be given as follows:

L
Prm :min(PSR,vaR)a (10) 11 = Bcf |:1—F(L+1)6Xp<§zgpc) W—L,% <§?>:| s
where Py is given by [T). Hereafter, without loss of generality, ) ) )
we assume that the duration of a time-sloffis= 1. where I'(-) is the Gamma function [28, 8.31] and W .(-) is the
Whittaker function [28, 9.22]. The term Z, in ([ 9) is given as

V. SECONDARY OUTAGE ANALYSIS L-1

1 1 . L
The secondary communication between ST and SD via SR2 ~ 2 z_: rG+1) <tBJ—‘> 55 {P(j DD (]:\/‘S_”)
experiences an outage if the rate on one of the ST-SR and SR- r ]L’O . i
SD links falls below the desired raf@,. Then, we can write the _I ;]f_;r ) exp <€° )

secondary outage probability, ..+ as follows:
where 7 = (/£ (2 + 1). The term Py, in (I8) is given as

i1 (&DF? )]

Ps,out =Pr (mm (Rsra er) < Rs) ) (11)
. 1 1—a)P
where Ry, and R,q are the rates on ST-SR and SR-SD links, Py, =1-— LT {T (L, %) (A)*
respectively, and can be given as (A)FT(L) @
(1 — Oé)PR L (1 — Oé)PR
11—« —exp|———— |t"Y | L, —— ,
Ry = TBL log, (1 + vsr) , 2a0C 200t
1-a where Y (-, -) isthe lower incomplete Gamma function [[28, 8.35].
Riq = —5—BLlogy (1 +7sD) - (12) Proof: The proof is given in AppendikIC. n

Finally, simplifying (16), we can express the secondarnagat

2Usually, the energy consumption by the circuitry of SR in thiermation probability as
processing is negligible compared to that in the transmisgL1], [19]. Thus, we
assume that SR uses all the harvested energy for the traiemis Py out (55) = FSR(§S) + FSD(&S) - FSR(§S)FSD (gs) (20)
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of primary transceiversl{), ©, = 1072, P, = 20dB. primary transceiversl{), P, = 20 dB.
VI. RESULTS AND DISCUSSIONS P out- An another negative consequence of the increage is
A. System Parameters and Simulation Setup the stricter primary outage constraint. Since SU shouldfyat

the outage constraint of each PU, the increase in the nuniber o

We assume the following system parameters: The desifgfhg makes the constraint more difficult to satisfy, reduchme
primary rate,R,, = 0.4bits/s/Hz, the desired secondary rateayimum allowed transmit powers for both ST and SD.
Rs = 0.2bits/s/Hz, the energy conversion efficiency factor,

§ = 0.5, the primary transmit powe@pr = 20 dB. We consider C- Effect of the Primary Outage Constraint
a 2-D simulation setup, wherer( ;) is the coordinate ofth Figs.[4 andb show the effect of the primary outage constraint
user. The mean channel gain betwe#nand jth users isd;j”, (©5) on the optimala: and its corresponding minimurRy o,
where d;; is the distance between usersand j, andp is the respectively, for different. and peak power constraint of.
path-loss coefficient which is assumed to4érhe ST, SR, and From [IT), [Z8), and (20), we can see that, deriving the dicaly
SD are placed at( 0), (0.5, 0), and (., 0), respectively. The PTs expression for the optimat is difficult due to the involvement
are collocated at((5, 1), while PDs are collocated at (1). of Whittaker function and incomplete Gamma function in an
) ) intricate manner; however, the optimalcan be easily obtained
B. Effect of the Interference-Assisted Energy Harvesting numerically. We note from Fifl4 that, relaxing the primangage
Fig.[d shows SU’s outage probabilify; ... against the energy constraint®,, increases the optimal. This is because, relaxing
harvesting ratiox. We observe that the proposed method of SB, allows ST and SR to transmit with higher powers. Thus,
harvesting energy from the primary interference in additio « increases to cater relay’s higher transmit power. Alsohéig
that from the received information signal, achieves lowgg,.; transmit powers of ST and SR increases SIR on both ST-SR
than the conventional method where SR treats the interderemnd SR-SD links, which provides an extra margin to increase
as an unwanted signal in EH phase. This improvement comesproving SU’s outage performance.
from the extraction of an additional energy from the integfece,  The peak power constraint becomes active due to the inatease
which helps increase the relay’s transmit power on SR-SEK, linmaximum allowed powers for ST, @) and SR Psr, (B))
enhancing SIR at SD. For a given number of primary transcgivavith the relaxation of®,, beyond a threshold. This is seen in
L, as « increases from 0 to 1P, ., reduces first, and then Fig.[d, where ST reaches its peak power constrainffirgtich
increases beyond the optimal value e@fthat minimizesP; ... forces ST to transmit with peak pow# even though the further
This tradeoff can be attributed to two conflicting effectatthre relaxation of®,, allows it to transmit with higher power. After
dependent orv. The increase inv allows SR to harvest more this point, to serve the increasing SR’s transmit power foxed
energy from the information signal and the primary integfere, ST's powerP;, the optimala increases at a faster rate than that
improving SIR of SR-SD link, which in turn, reduce’ ... without the peak power constraint till the peak power caistr
On the contrary, the time for data transmission reduces witfiSR is reached. Once SR’s peak power constraint is read8ified,
increasinga, which reduces SU’s throughput. This pushes Sld also forced to transmit with the fixed powEr for any further
into the outage more often, increasing its outage prolpbiliincrease in®,,, and the optimak remains the same thereafter.
Also, we can see that the extra energy gained from the primaryAs aforementioned, the increase Inreduces the maximum
interference reduces the optimal valuecofis expected. allowed power for both ST and SR, which delays the arrivahef t
Similarly, the increase in the number of primary transceivepeak power constraint as shown in Hij. 4. This has an integest
L furnishes SR with the more harvested energy through the
interference, which further reduces the optimaIBut, as shown 3In si_mulation setup, ST is _Ioca}ted farther from the primaegtihations than
. . . . . SR. This allows ST to transmit with higher power than that Bf f6r the same
in Fig. 3, the deteriorating effect of the interferenakecrease

. i X X " Op, causing ST to reach the peak power constraint before SRthEopurpose
in SIR at both SR and SBis more dominant, which increasesf exposition, the effect of distances among nodes is notessed in this paper.
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SE o PROOF OF (@)
o [ Se < ok
e é o e L= AR EE Let K be Pr (LT“ZP“P < Cp) Then, we can write
F ' Porlhpp,
=9 PT|pp,
33 K= / (PRl <G S, (@D
>g Psty b ) inen, 2 (¥)
25 where fi,_,. is the probability density function off, |?,
Q o
%é 10 o Py (Eq. (6) and is glven byf‘hsmz( )= Al exp ( ) Solving [21) and
Eg o P (Eq. (7) 10‘1'521'0:1'_ ;E)o-‘l-“gg then substituting the value df in @, we “dbtain
§ o 7 o min P. P )\ L
Sk .3 S, out P -1 ( PT A\pp ) (22)
10 ! : ,out,ST =
? "0 10° 107 10™ pomt PstAspCp + PprApp

Primary O Probability C i . . . .
fimary Outage Probability Constraied,g Solving [22) for Py, we obtain the required expression [ (4).

Fig. 5. Minimum Ps out Versus the primary outage constraint with peak power A B
constraint for different number of primary transceiverfs,(P; = 20 dB. PPENDIX
ProoF ofF(17)

consequence on the minimuf ., as shown in Figl]5. At the Let us writeysg from (13) as

stringent®,,, for lower L (L = 2), the minimumpF; ., is lower VSR = 3
than that for highef. (L = 4). However, there exists a crossover WWhere X — Py |hal? is the exponentially distributed RV with

point, after which the trend reverses; because, foe 2, the
peak power constraint is reached for both ST and SR earllrenream/\X = PsmAsr with the probability density }‘:unctlon (PDF)

forcing them to transmit with fixed powet; even with the further given by fy(z) = exp (_i) and Y = ZPPT“LPz 2
relaxation ofo,. Meanwhile, forL = 4, more energy is harvested A

from the interference than fok — 2, and ST and SR may keepis the Gamma distributed RV with a shape' parame[teand

increasing their transmit powers even@y for which the peak a scale parameteh,, and its PDF is given byfy(y) =

power constraint forl, = 2 is reached, allowing the former to 5 (L)y ~Lexp (—i), where \y = PprA,.. Thus, we can
achieve a better minimur®; ... at higher©,. Note that we do Wr|te CDF of ysr asy

not observe such behavior in Fig. 3, as@y = 10~2 as assumed X

in it, the peak power constraint is not reached for= 2,3,  Fsr(&) = <— < &.)

and 4. Combining both the primary outage constraint and the oy

peak power constraint, Fifl 5 has plotted the maximum allbwe = bW ,\LF / / eXP( )yL’lexp (—/\i) drdy, (24)

transmit powers for ST and SR normalized by their peak power y=0Te=

(23)

constraint power,. where we have used the independence betwegft and|h,.|*.
Solving [24), we obtain the required expression[in (17).
VII. CONCLUSIONS APPENDIXC
In this paper, we have considered the spectrum sharing of the PrROOF OF(18)
secondary system with multiple primary transceivers, whee  We write ysp from (@), (10), and[(14) as
secondary users communicate via an energy harvesting elecod ~ min (Psru, Pr) |hral? (25)
and-forward relay under the primary outage constraint. The TsD = Z-L L Por|hp,al? ’

secondary relay harvests energy from the received infoomat
signal as well as from the primary interference, which isdutse

forward the data to the secondary destination. We have ado
the time switching protocol which allows the relay to swﬂcfhv

between the energy harvesting and the information pratgssi A = PprAy andD = Pprpyq, respectively; whileGs and Zs

For the proposed scenario, we have derived a closed- fo&r;ré exponentially distributed RVs with meafis= Ps, ). and
expression for the secondary outage probability. We haweish B = 20aAa/(1 — ), respectively. Then, we can write the CDF
that, harvesting energy from the primary interference excs fVSD in (28) as

a better secondary outage performance and reduces theabptim

where Psgppu is given by [9). Let us denoteG; =

iL 1PPT|hpir|21 GQ - PSm|hsr|2| Zl - ZiLzl PPT|hpid|2| and
= 20alhq|?/(1—a). Then,G; andZ; are Gamma distributed
s with the same shape parameferand a scale parameters

value of the energy harvesting ratia Though the increase in (1-a)PrZ>
: ; . §) = — L) P >
the number of primary transceivers reduces the optimalevafu (&) 3 207 <4 M
« further, it increases the minimum secondary outage prdibabi Py,
L . . J

when the peak power constraint is inactive. Interestirtly trend 75 (Gr + Go)

reverses for the minimum secondary outage probabilityedhe +P (% < gs) Pr(Pspu < Pr). (26)
1 ~—_——

peak power constraint becomes active with the relaxatiothef
primary outage constraint. z

17PH1



Following the steps to deriv€ (1L7), we can wrifeas [3]

—L
D

&)
PR)\rd
We can write Py, as Py, = Pr(Gi+ G2 > Py), where
P; = %. Using the independence betweén,,.|* and
|hse|?, Py, can be written as

PR g1 L1
P, =1- ALP //g e ()t

27) 4

j_1—<1+
[5]

exp (— &) dgadgs . °

A
(28) 7
Solving [28), we get 8]
B 1 (1 — OL)PR
P, =1~ gy [ * () :
(1—0&)PR (1 —Q)PR
— exp (—W) thy (L, W) ] (29) [10]

DenoteZ = GG + Go. Then, we can write PDF of as follows:

[11]
B 1 fo(Emg\ o (9
12(2) = e 2 /0 eXp( C )91 eXp( A) dgn

[12]

tL z z
- ryAtc P (‘E) T (L’ ?) : (30) g
wheret = (4 — %) ' we denote = Z5(G1 + Go) = Z2Z. |14

Then, we can write PDF aof) as follows:

N

[15]

[16]

SinceL takes positive integer values, we use the series expans{ip,rf

of lower incomplete Gamma functidfi(a, b) for positive integer

values ofa as(a—1)! (1 — exp(—b) >4} ‘;g—’f) Also, using[[28, |,
3.471.12], we can expreds (31) as
21l (BY) % (q)* e ol
fQ<q>—mK( Ztﬂfj—i-l VE )|
(32) [20]

where K, () is the modified Bessel function of second kindI[28,
8.43] andf = % + 1. Then, we can writd in (28) as [21]

7= BT L)/ /Z? [KO(\/;>

> e 5 )| ool e
tJF]+1 J A o (=) dada

B
(33)
Using [28, 6.561.8], we obtain the requir&din (18) in closed-
form as [I9). Substituting along with 7 from (22) andPy,
from (28) in [26), we get the required closed-form exprassib
CDF of vsp as in [I18).
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