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Abstract—Despite the deleterious effect of hardware impair- works is limited. For instance, experimental results model
ments on communication systems, most prior works have not the residual hardware impairments at the transmitter and
investigated their impact on widely used relay systems. Mos ipo study of their impact on certain MIMO detectors such

importantly, the application of inexpensive transceivers being . . — .
prone to hardware impairments, is the most cost-efficient wg as zero-forcing took place iri[11]. Regarding the channel

for the implementation of massive multiple-input multiple-output ~ capacity, [12] elaborated on the derivation of high sigioal-
(MIMO) systems. Consequently, the direction of this paper $ noise ratio (SNR) ceilings by considering only transmitter

towards the investigation of the impact of hardware impairments  jmpairments, while in[[13] the authors extended the analysi
on MIMO relay networks with large number of antennas. Specit 4 arbitrary SNR values, but most importantly, by including

ically, we obtain the general expression for the ergodic carit . . . -
of dﬁal-hop (DH) amgliw-and-fofward (AF) relay s;gstems.&l\piex}tl, receiver impairments as well. Moreover, the authors(in [14]

given the advantages of the free probability (FP) theory wih considered this kind of impairments in dual-hop (DH) amplif
comparison to other known techniques in the area of large and-forward (AF) relay systems, which have attracted aflot o
random matrix theory, we pursue a large limit analysis in tems  attention recently due to their performance benefits in $esim
of number of antennas and users by shedding light to the behar -\ erage extension, spatial diversity gains, étc. [15]ikely,
of relay systems inflicted by hardware impairments. they considered only the outage probability and some simple
capacity upper bounds in the simplistic case of single argen
systems. However, a thorough analysis of the capacity of
Since the publication of the seminal papers of Telatar amglay systems in the case of multiple antennas lacks from the
Foschini [1], [2], showing the linear growth of the channeliterature.
capacity by increasing the number of transmit and receive anThis work covers the arising need for the assessment of
tennas, multiple-input multiple-output (MIMO) systemsvha the impact of the residual hardware impairments on the
attracted a tremendous interest. Especially, the demand dapacity of DH AF systems, when their size becomes large
a thousand-fold higher capacity in 5G systems has broughtterms of number of antennas and users. In fact, to the
to the forefront a promising technique with numerous advaest of our knowledge, this is the first paper which studies
tages, known as massive MIMO, where the base station (BB¢ effect of residual impairments in relay systems with
includes a very large number of antennas [3]. The researglultiple antennas. Specifically, we present a new insightfu
on massive MIMO has been approached mostly by applyiegpression for the ergodic capacity of DH AF systems under
tools from large random matrix theory such as the Silvatie presence of residual hardware impairments for arlitrar
stein’s fixed-point equation and the technique of deterstimi SNR values. Compared to the existing literature, we pursue
equivalents[[4]-+£[7]. However, most works in conventionatla a free probability (FP) analysis [4]_[16], which requires
massive MIMO have been based on the strong assumptiorjft a polynomial solution instead of fixed-point equations
using perfect hardware in the radio-frequency (RF) chains.and provide a thorough characterization of the impact of the
Indisputably, in practical systems, numerous detrimentasidual transceiver impairments on the capacity of DH AF
effects such as 1/Q imbalancel [8] and high-power amplifi@ystems in the large system limit.
nonlinearities([[9], appear and result to the degradatiothef = The remainder of this paper is organized as follows: Section
performance of MIMO systems. Despite the effort for mitigdl presents the system model of a DH AF MIMO system
tion of the arising impairments by application of calibosti with residual hardware impairments. Sectlad Il provides t
schemes at the transmitter and/or compensation algorittmsheoretical analysis for the ergodic capacity of the comsd
the receiverl[10], residual distortions remain becausewéiml system, while Sectiof IV presents asymptotic capacity ex-
reasons. For example, imperfect parameters estimation gmedssions. Subsequently, Sectigh V evaluates the perfmena
inaccurate models prove to be incapable to hinder the totdlthe considered system with the help of numerical results.
infliction of the system’s performance. Not to mention th&Einally, Sectior'Vl concludes the paper. Appendices inelud
the cost-efficiency of the suggested for 5G massive MIM&8bme preliminaries on random matrix theory and certain
technology rests on the application of inexpensive hardwaproofs.
which will make the deleterious effect of the residual inmpai
ments more pronounced. Il. SYSTEM MODEL
Disregarding the importance for study of the effects of Suppose an ideal DH AF relay channel wifki single
the residual transceiver impairments, the number of raevantenna non-cooperative users, desiring to communicdte wi
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a distantN-antennas BS by first contacting an intermediat@verage signal power, as shown by measurement results [11].
relay including an array of\/ antennas (first hop). In otherMathematically speaking, we have

words, a single-input multiple-output multiple accessroie 5 ..

(SIMO MAC), i.e., users-relay, is followed by a point to pbin ne; ~ CN(Q, 0, diag (i, - - -, qm)), (5)
MIMO channel (relay-BS). The BS is assumed to be aware ne, ~ CN(Q, 67 tr (Qi) Ir,) (6)

of the total system channel state information (CSI) and the

statistics of the distortion noises, while both the usexsthe Wwith 7; and R; being the numbers of transmit and receive
relay have no CSI knowledge during their transmission. Titennas of linki, i.e.,, T = K, T, = M and R; =

received signals by the relay and the BS are expressed asM, Ry = N, while Q; is the transmit covariance matrix
of the corresponding link with diagonal elemegts, . .., qr;.

y1=Hix; + 2, (1) Moreover,éfi andéfi are proportionality parameters describing
vo = Ho/vy, + 29 the severity of the residual impairments in the transmiéited
= VUH,H,x; + UHozy + 29, @) the receiver of link. Especially, in practical applications, these

parameters appear as the error vector magnitudes (EVM) at
where [1) and[{2) describe the users-relay and relay-BS-ingach transceiver side [17]. Obviously, as far as the firstisop
output signal models, respectively. Specificajly, andy, as concerned, the additive transceiver impairments are ezpte
well asz; ~ CN(Q,Iy) andzs ~ CN(Q,Iy) denote the as

received signals as well as the additive white Gaussiarenois P

i ~CN(0Q,62 —Ik) 7
(AWGN) vectors at the relay and BS, respectively. Both chan- Mty t K
nels representing the two hops assume Rayleigh fast-fading e, ~ CN(Q, 531 pLg). (8)

channels, expressed by Gaussian matrices with independent
and identically distributed (i.i.d.) complex circularlyramet- Given that the input signal for the second hop,i&y;, the

ric elements. Hencell; € CM** ~ CN(Q, Iy ® Ik) is the corresponding input covariance matrix is
concatenated channel matrix betweenghasers and the relay

exhibiting flat-fading, whileH, € CV*M ~ CN(Q, Iy ®1y) —JE M K 2 2 1 I
describes the channel matrix of the second hop. In addition, Q: =vE[yiyi] =» P On et Ot K)™
x; € CE*1 is the Gaussian vector of symbols simultaneously = wKIyy, (9)

transmitted by thei( users withE [x;x!] = Q; = £k, i.e.,

the individual signal-to-noise-ratio (SNR) equalsto= £. whereji = (pu+ 62 1+ 02 pu+ ). Note that nowy = %,
Note that before forwarding the received sigpalat the relay, after accounting for fixed gain relaying. Thus, the additive
we have assumed that it is amplified by= m, where transceiver impairments for the second hop take the form

we have placed a per relay-antenna fixed power constgaint

ie., E [|lvvy1][?] < o, where the expectation is taken over My ~ CN(Q, 05w KTy), (10)

all random variables. Ny ~ CN(Q 67 v K MIy). (11)
Unfortunately, in practice, the transmitter, the relay dme

BS appear certain inevitable impairments such as 1/Q imbal- I1l. ERGODIC CAPACITY ANALYSIS

ance [10]. Although, mitigation schemes are incorporated i Tpe capacity per receive antenna of this channel model is
both the transmitter and the receiver, residual impairsistift given by the following lemma, which takes] (4) into account.
emerge by means of additive distortion noises [10] [11k-Ta" | esyma 1:The capacity per receive antenna of a DH AF
ing this into consideration, in each part of the system &iiEn gy stem in the presence of i.i.d. Rayleigh fading with reaidu
and/or receive impairment exists that causes: 1) a mismaighyitive transceiver hardware impairments under per user

between the intended signal and what is actually transhittg,,,er constraint$Qu s, < 4, Vk = 1... K and [9) is given
during the transmit processing, 2) and/or a distortion &f trEy R

received signal at the receiver side.
Introduction of the residual additive transceiver impaérs C=_—F {ln det(IN + /gHQHlH{{Hf‘I)—l)} (12)

to (I) and [[2) provides the more general channel models for = N
ive li 1
the respective links _ N]E {ln det(«I) " %HngH{IHf)]
y1=Hi(x1+n, )+, +21, 3) >
1
vo=Hs (Vvy1+ne,)+10, + 22 1 g
=vUvHH (x1 +00) + Ho (VU 0, +21) + 10, + 1y, +22, (4) B NE[IH et(®)), (13)
—_———————
where the additive termsy; and n,; for i = 1,2 are the %
distortion noises coming from the residual impairmentshie t where & = f,H,H;HYHY + f3H,HY + Iy with B =
transmitter and receiver of link, respectively. Interestingly, s2 VKM + 1, fi = LHh g = 552 =
this model allows to quantify the impact of the additiveul“(Q52 K5 LK+’1) fa 2 o
residual transceiver impairments, described(in [10]] [0 Cla B”’ ,and fy, = &

a DH AF system. Generally, the transmitter and the receiver Proof: Given any channel realizatiod4,, H, and trans-
distortion noises for theth link are modeled as Gaussiammit signal covariance matric€3; andQ. at the user and relay
distributed, where their average power is proportionalh® t sides, a close observation 6f (4) shows that it is an instahce



the standard DH AF system model described[By (2), but withe solid line denotes the a.e.p.d.f. obtained by solvirg th
a different noise covariance given by polymonial [39) for Stielties transform, and then applying
. Lemma 4. From the result, we can observe a perfect agreement
— 2 HETH )
® = vy, HyHy diag (qu,, - - -, ¢x) HiHy between the results obtained from theoretical analysisM@d

+H, ((v07, tr Q1 + v) Iy + vog, diag (q1,,--.,qu)) Hy  simulations.
+ (532 tr Qo + 1) Iy. (14) }

Taking into account for the optimality of the input signal 2

because it is Gaussian distributed with covariance m@}ix= sl f\

£1k, the proof is concluded. [ ] 16t \Y
Based on Lemma@l 1, we are able to investigate the impac \Y

of the additive transceiver impairments on DH AF systems ir

the case of infinitely large system dimensions. l \
Remark 1:Despite the resemblance of the ergodic capacity % 1t N

with transceiver impairments, given dy {12), with the camve
tional ergodic capacity of a DH AF system [18, Eq. 2], this
paper shows the fundamental differences that arise betaeise
noise covariance matrix now depends on the combination c 04t
the channel matriceH, Ho.

Employing the property déi+AB) = de{I+BA), C1, C, ‘ ‘
can be alternatively Written as 0 2000 4000 6000 8000 10000 12000 14000 16000

T

1
Ci= N]E[ln det(In + fsHsHo (In+ f1H HY))] (15) Fig. 1. Aep.df. ofKa/M (u=v =20dB,5 =5, ~ = 10, N = 100,
M =10, K = 50)
1
Co= ~E [m det(IM+ fsHYH, (IM—i—éHlH{I))}. (16)
fs In Fig.[2, we plot the theoretical and simulated per-antenna
IV. ASYMPTOTIC PERFORMANCEANALYSIS ergodic capacities versus the transmit SNR, iiefor the

This section presents the main results regarding the systi&ewing two cases: (i) without impairments, and (i) with
performance in the large-antenna regime. Nevertheless, {Pairments on transmitter and receiver of both links. From
account also for the scenario, where the number of us&p§ figure, it can be noted that theoretical and simulated
increases infinitely. Given that our interest is focused lsane €aPacity curves for both the considered cases match pgrfect
nel matrices with dimensions tending to infinity, we emploffurthermore, the per-antenna capacity increases withrthe i
tools from large RMT. Among the advantages of the ensui§ease in the value of in the absence of impairments, i.e.,
analysis, we mention the achievement of deterministicligsu’t: = 0= = 9, = 0r, = 0 @s expected. Moreover, the most
that make Monte Carlo simulations unnecessary. Moredver, important observation is that the per-antenna capacity as
asymptotic analysis can be quite accurate even for realisifter & certain value of in the presence of impairments. The
system dimensions, while its convergence is rather fasheas [gend of per-antenna capacity decrease with respgcird-ig.

channel matrices grow large. Thus, after defining: % and is well aligned with the result obtained in_[13] for the case

v 2 % the channel capacity of the system under study ? _ MIMO systems. However, for the considered scenario in

given'by the following theorem is paper, an early saturation of the capacity in the prEsen

Theorem 1:The capacity of a DH AF MIMO system in of impairments is noted due to the introduction of the relay
the presence of i.i.d. Rayleigh fading channels with adeliti node impairments. Nevertheless, in Hiy. 2, we also illtstra

transceiver impairments, when the number of transmit uE(ersthe effect of different values of impairments on the capacit

- o .. considering the values of;, = 6;, = §, = -, = I as
@?tﬁlvgllgi/z;e:gﬁoaqg gBiseﬁng(}a/nna\ﬂ(and N) tend to infinity 0.01, 0.08 and0.15. Specifically, it can be observed that with

the increase in the value of impairments, the saturationtpoi
1 [ appears earlier, i.e., at lower valuesof
C*;/O In (1+fsMz) fﬁ]/M(x)—f%O&/M(ff) dz, (17) Figures[3(d) and_3(p) present the per-antenna capacity
7s versus SNR levelsy, v in the presence and the absence
where the asymptotic eigenvalue probability density fiomg of impairments, respectively. It can be observed that in the
(a.e.p.d.f.)f%of /v and ffg’mfs v are obtained by the imag-absence of impairments, the capacity increases monottynica

inary part of the corresponding Stieltjes transfosifor real With both s andw, with the slope being steeper for the case of

arguments. 1. However, in the presence of impairments, clear saturation
Proof: See AppendixB. m Points can be noted with the increase in the valueg aind
v after certain values.
V. NUMERICAL RESULTS As far as Figs[ 4(&) ar{d 4{b) are concerned, we plot the per-

In order to validate our theoretical analysis, Fiy. 1 presid antenna capacity versus the channel dimensicarsd 3 in the
the a.e.p.d.f. ofK,/M given by [30). In particular, the absence and the presence of channel impairments, resggctiv
histogram represents the p.d.f. of the makix /M calculated In both cases, the capacity increases monotonically with bo
numerically based on Mote Carlo (MC) simulations. Furthe#, and % however, the slope with respect ﬂ;ois steeper as
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Fig. 2. Per-antenna ergodic capacity vergug’ = 20 dB, 8 = 5, v = 10,
N =100, M =10, K = 50, 6, = ¢, = 6, = 6r, = 0)

C, nats/s/Hz

(b)

Fig. 4. Per-antenna ergodic capacity versus channel dioreng, v (u
v =20dB, (8)dt; = 6ty = 6y = 0ry = 0, (b) 6ty = 6ty = 6ry = Ory
0.08)
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ity of DH AF MIMO relay channels by considering a large
system analysis. Specifically, we derived the ergodic dapac
by employing the theory of FP. Moreover, we proceeded with
the study of the effects of hardware impairments, when the
number of antennas becomes large as massive MIMO archi-
tecture demands. Notably, we demonstrated the quantificati
of the degradation due to the additive RF impairments on
the ergodic capacity by varying the system parameters such
as the SNR, the number of antennas, and the quality of the
RF equipment. Nevertheless, the validation of the analitic
results was shown by means of simulations. In particular; si
ulations depicted that the asymptotic results can be agigkc
even for contemporary system dimensions.

o
Q2
&

C, nats/s/Hz
o

Fig. 3. Per-antenna ergodic capacity versus SNR lgvels(5 = 5, v = 10,
N = 100, M = 10, K = 50, (@) 0¢; = 6ty = 0r; = 0ry = 0, (b
Oty = 0ty = Ory = 0ry = 0.08) APPENDIX A

compared to the slope with. This trend remains almost the USEFULLEMMAS

same in the presence of impairments, but the slope of the o _ S
capacity curve with respect té in Fig. [4(D) is observed to Herein, given the eigenvalue probability distribution ¢un

be less steeper than in F a) at higher values of tion fx(z) of a matrixX, we provide useful definitions and
P 9 4() g v lemmas, found in[19], that are considered during our amalys
VI. CONCLUSIONS In the following definitions? is a nonnegative real number.

This paper presented a thorough investigation of the impactDefinition 1 (Shannon transform [19, Definition 2.12J)he
of residual additive hardware impairment on the ergodi@cap Shannon transform of a positive semidefinite matKx is



defined as

Vx () = /000 In(1+dz) fx(x)dz. (18)

Definition 2 ¢-transform [19, Definition 2.11]):The -
transform of a positive semidefinite matX is defined as

nx (8) = /0 1 _:(Sxfx(x)d:v.

Definition 3: [S-transform [19, Definition 2.15]] Thes-
transform of a positive semidefinite matX is defined as

x4+l
= - nX

(19)

Ex(l')

Definition 4 (The Marcenko-Pastur law density functio
[2Q]): Given a Gaussiank x M channel matrixH ~
CN (0,1), the a.e.p.d.f. O%HHH converges almost surely
(a.s.) to the non-random limiting eigenvalue distributafrihe
Marcenko-Pastur law given by

(z+1). (20)

z—a)t(b—2z)"
@) = 0=y (o) LEZ 0=

wherea = (1 —/B)?, b= (14+B)2 B
Dirac’s delta function.

Lemma 2 ([[19, Eqgs. 2.87, 2.88]fhe S-transform of the
matrix %H”H is expressed as

(21)

)

K

= 47, andé (z) is

1

E%HHH (z,8) = 1+ 3z (22)

while the S-transform of the matrik}(HHH is obtained as
1

E%HHH (z,8) = Btz (23)

Lemma 3 ( [[19, Eq. 2.48]):The Stieltjes-transform of
a positive semidefinite matrixX can be derived by its)-
transform according to

Sx () M (24)

Lemma 4 ([[19, Eq. 2.45])The a.e.p.d.f. oX is obtained
by the imaginary part of the Stieltjes transforsn for real
arguments as

/X ()

o1 .
Jim 3 {Sx (@ +jy)} (25)

APPENDIXB
PrROOF OFTHEOREM[]]

whereC; corresponds t€’; or C, depending on the value of
i.e., ifa = fiorif a = fo/f3, respectively. In addition\; (X)

is theith ordered eigenvalue of matrX, and fg° denotes the
asymptotic eigenvalue probability density function (a.e.f.)

of X. Moreover, for the sake of simplification of our analysis,
we have made use of the following variable definitions simila
to [21]

M, = I + aH,H? (27)
N, = HH! (28)
N, = HjH, (29)
K, = H3H, (I + oH;HI) = N, M,,. (30)

N The a.e.p.d.f. ofK,/M can be obtained by means of
Lemmal[4, which demands its Stielties transform. In the
following, we describe the steps leading to the derivatibn o
the desired Stieltjes transform &, /M. First, we employ
Lemma[3, and take the inverse gftransform ofK, /M as

m}_(i/M (—2Sk, /m (z)) +1=0. (31)

Thus, we now focus on the derivation gf(i/M ().
Proposition 1:The inversey-transform ofK,, /M is given
by
M (@) = Sxyue@ = Vg @) (32)

Proof: The inverse of the)-transform ofK, /M is given
by means of the free convolution

S (@) =g, 0 (@) 25, 0 (@)= (33)
z+1\ _ z+1\ _
(_ x >77Ki/1\4(z+1)_21<12/1\4(x)<_T>77M1Q/M(I+1)’

where we have taken into advantage the asymptotic freeness
between the deterministic matrix with bounded eigenvalues
N2/M and the unitarily invariant matrid,, /M. Note that
in (33), we have applied Definitidd 3. Appropriate change of
variables, i.e.y = = + 1 provides eq.[(32). ]
In order to obtaimlg/l1 I (z), we first need its a.e.p.d.f., given
by the next proposi?ion.

Proposition 2: The a.e.p.d.f. oM, /M converges almost
surely to [34) witha = Ma. )

Proof: By denotingz and z the eigenvalues oM., /M

and ﬁNl, respectively, the a.e.p.d.f. dM,/M can be
obtained after making the transformatiofr) = (1 + Max)

The asymptotic limits of the capacity termis {15) ahd] (163s

when the channel dimensions tend to infinity, while keeping
their ratios and~ fixed, are expressed by means of principles

of FP theory in terms of a generic expression as

1 .
C;= NK,]\}}JI\I}%E [ln det(IM—l—ngng (I]u +04H1H{1))]
M
M 1 1
‘NKM%E[MQH(”JW A (MK)H
1 o0
— 5 In(1+fsMz) f, /0 () da, (26)
0

00 1 00 —
MQ/M(Z): Z/(Z—l(x))"fﬁﬂll (2 1(“7))
1 z—1
||

Consequently, we are ready to obta’y@l1 /M(:c) by us-

ing (19). N
Proposition 3:The inversey-transform ofM,, /M is given

by (32).



J@e-1-a+2aVF-ap) (a+2avB+as—z+1)
)—

fl??IOa/A,{(x’B’d 2am (z — 1) . 49

a (¢ —1)
- - dc. 36
it )= g 7{<_1 (A1 B VAT + DIC( + (L a+aB)+VBea@ + 1) o
77}/[1&/1\4(95): —xd—ﬂ&—i—d—1+\/5626¢2—|—2:1:642[3—2I;1;; 200+ (67 ~286°+2Ba+a>+2a+1 (37)

Proof: Having obtained the a.e.p.d.f. df1,, use of [3] T. Marzetta, “Noncooperative cellular wireless withliomited numbers

initi ive itg- of base station antennasEEE Trans. Wireless Commuwol. 9, no. 11,
Definition[2 allows to derive itg-transform as Op. 35903600 November 2010,
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