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Abstract—Massive multiple-input multiple-output (MIMO) are
expected to significantly enhance the spectrum efficiency £
and energy efficiency (EE) of future cellular systems. Sincéhe
performance gain of massive MIMO is fundamentally limited
by pilot contamination, pilot reuse design is crucial to acleve
reasonable cell throughput and user rate. In this paper, weeéver-
age stochastic geometry to model pilot reuse in massive MIMO
systems by introducing a guard region model to match realist
pilot allocation strategies. The uplink signal-to-interference-plus-
noise ratio (SINR) distribution is analytically derived, based on
which the benefits of pilot reuse on cell-throughput and user
rate are investigated. The optimal pilot reuse factor for ugink
transmission is obtained. We also find through simulations hat
increasing the pilot reuse factor beyond a certain value wold
not improve user-rate, and could even lead to a significant ks
of the cell throughput.

I. INTRODUCTION

jandrews@seesas.edu, wangyingmin@catt.cn

structures. Several mitigating approaches to pilot comam
tion have been proposed ihl[7] and its references, but they
introduce significant complexity.

All the aforementioned works are based on a simplified
network topology, e.g., considering only a few base station
a ideal hexagonal grid. Since realistic deployments ofutall
networks are typically irregular [8] and extend far beyond
a few neighbouring cells, it is of great interest to analyze
non-regular network topologies. Fortunately, by modetimg
BS deployment as a realization of Poisson point processes
(PPPs), stochastic geometry is able to facilitate mathemat
cal characterizations of the signal-to-interferenceord8IR)
distribution in cellular networks with single-antenna B[Sk
The stochastic geometry analysis has been extended tovmassi
MIMO systems in[[10],[[11], but the derived asymptotic SIR is
approached with impractically large number of antennasg, e.

Massive MIMO system is considered as a scalable advanaext antennas. In additior], [12] shows the relationship between
architecture that would play a key role in future 5G cellulathe number of users and number of antennas in an uplink
networks [1]. Some simple linear schemes could achieweasive MIMO system without considering pilot reuse.
high capacity performance for massive MIMO systems. For The pilot reuse design for multi-cell massive MIMO cellular
example, maximum ratio transmission (MRT) in the downlinkystem is considered iri][6] under an ideal hexagonal BS
and maximum ratio combining (MRC) in the uplink are able tbcation model, as shown in Fig. I[b). Due to the symmetric
achieve comparable performance to optimal nonlinear seeentopology in hexagonal model, the optimal pilot reuse factor
[2] when the number of base station (BS) antennas becofoend in [€] is restricted to certain values (e.g., 1,3,4.)7,In

large.

addition, [13] gives a lower bound on the energy efficiency

Despite massive MIMO’s potential benefits, it is still subin a Poisson massive MIMO network as shown in fig.]1(a),

ject to several practical implementation challenges. Tre fi

which assumes a sub-optimal pilot reuse approach such that

challenge is cost, which includes hardware, deployment atieg pilot allocated to each BS is i.i.d. uniformly distribdt

computation (delay) costs. For example, the one-bit antdeg

In this paper, we propose a novel pilot reuse model for

digital converter (ADCs) is applied in][3] to reduce the cosan uplink massive MIMO system, and we apply stochastic
of front-end antennas. Low-complexity precoding methads ageometry to study the pilot contamination problem with MRC.

considered in[[4] to reduce the computation cost.

Our main contributions can be summarized as follows:

Another challenge is the pilot contamination. Specifically « We introduce a “guard region [14] to analyze pilot

pilot contamination refers to the fact that the SINR of massi
MIMO systems is ultimately limited by the large-scale chainn

information from the BSs with common pilots]|[2]. Several
recent works have investigated pilot contamination. For ex «
ample, the performance of precoding in a multi-cell TDD

system with pilot contamination is studied in [5], which sl
that multi-cell cooperation precoding gets better periamoe
with non-orthogonal pilot sequences. The relationshipvben
pilots and users is investigated in [6]. Its asymptotic psial

contamination in uplink, abiding by the basic Physical

Cell Identifier (PCI) planning rules [15] to ensure the

minimum pilot contamination distance.

The proposed model changes the distribution of users,

which is amenable to stochastic geometry analysis. We

derive the analytical uplink SINR distribution of a mas-

sive MIMO system with a finite number of antennas.

« Based on the analytical and simulation results, we give
the relationship between pilot reuse, SIR distribution and

leads to the optimum number of users given antennas and cell cell-throughput.
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Fig. 1. lllustration of one realization of BS position fronuayd region PPP model, compared to random PPP model andhedeagjonal model, with the
same BS densityNg = 2.8 x 10~° [BSs perm?2]), K = 10 per cell and pilot reuse factah = 3.

to search a reasonable solution, which must follow ribe-
collision andnon-confusion rules [1%]. However, most existing

We consider a cellular network that is designed to seryg, ks on stochastic geometry analysis of massive MIMO
a uniform user distribution, where the BSs are distributed ignore these basic rules.

) ) o> © :
R* according to a homogeneous PRPwith intensity Ap. In order to abide by the PCI planning rules, we define the
Each BS has\/ antennas and servés single-antenna USer g ar4 region as a circular area with radifs around the
equipments (UEs). Each UE connects to its closest BS, herﬂﬁ@ﬁcal BS, which is shown in Fig_I{c). There is no pilot
the coverage area of a BS is its Poisson-Voronoi cell. ASSUdgtamination to the BS inside the guard region, while it
the pilot reuse factor (i.e., number of pilot groups)Nsthen - g terg pilot contamination with random probabilify outside
there areA x K" orthogonal pilot sequences to support uplin,e 4yard region. Compared to the complete random model
channel training in TDD model. Each cell selects one set pf Fig. [I@), the typical BS in Figi I{c) is not subject to
pilots from A groups, which means that users share differegfio; contamination from its three nearest neighboring BSs
pilots in the same cell, and pilot contamination might exigfhich is consistent with the commercial PCI planning. In
among different cells. ~_addition, for the ideal hexagonal model in Fig. 1(b), the

Considering the drawbacks of the random model in Figjjot allocation scheme and minimum distanBeare always
and ideal hexagonal model in Fig. 1(b), this section firyeq and optimal, which could be treated as the upper bound
introduces a more tractable model to evaluate pilot comami 1 the realistic model. In contrast, the guard region model
tion, namely the guard region model. Next, the correspandigimytaneously complies with the random distribution ofsBS
channel model, power control model and uplink transmissiyhg the basic PCI planning rules. Moreover, the guard region
model are presented. radius D can be adjusted according to the SIR constraint
per UE and/or PCI planning methods. In order to illustrate
the difference for these three models, we give the simulatio
sults in Fig[R in Section VI.

Il. SYSTEM MODEL

A. Guard Region Model

Most existing works use the ideal hexagonal cellular mod&l
for pilot contamination, where the pilot resource is altech .
by some symmetrical methods. Fig. 3(b) shows an ideRt Uplink Channel and Power Control Model
hexagonal model with pilot reuse factdr = 3, which keeps  We consider a TDD system with perfect synchronization,
the minimum distance among BSs sharing the same pibotd we denote bff',, ;, the pilot sequence fak-th user in the
resource a2RvA with R being the cell radius. Although g-th pilot resource group, whetee [1, K] andg € [1, A]. In
it could easily model the pilot allocation under PCI plarghinthe uplink channel training stage, the scheduled users send
rules [15], this model suffers from being both highly ideati their assigned pilotsTy ;, and base station estimates the
and not very tractable. channels using the corresponding orthogonal pilots. In the

The stochastic geometry model in Fjg. 1(a) is widely aa#plink transmission phase, the BSs apply MRC to receive the
cepted as a reasonable approximation to realistic deplotane uplink data, based on the estimated channel.
and is tractable to analyze key system performance metricsThe channel is assumed constant during one resource block
Due to the irregular deployment of BSs, the commerciahd fades independently from block to block. This narrow-
PCI planning needs to utilize exhaustive system simulatidiand channel model which could be guaranteed by applying
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orthogonal frequency-division multiplexing (OFDM) anagfr CN (O,ale). Eq. [3) represents a simple massive MIMO
guency domain equalization [16]. Here, we denote the cHansgstem in the uplink with MRC, in which the estimation

model by: normalization could be ignored, and ti& N R expression
hy = (Blnk)lﬂwlnk, (1) can be analytically derived using stochastic geometry.
where 3., is the large-scale path loss for theh BS to the  |ll. PERFORMANCEANALYSIS WITH MRC RECEIVERS

k-th UE associated with the-th BS, andwy,,;, is a Gaussian  In this section, we derive the approximate SINR distribuitio
vector with the distributionC'V (0,I,/) (i.e., complex i.i.d. investigate the effect of pilot reuse factor on SINR perfor-
Rayleigh fading). mance, and obtain the cell throughput.

The large-scale path loss ga#y,;, is computed as A. Approximate SINR Analysis

Bink = C(max (R, 0)) (2)  The pilot contamination and interference [ (4) make the
,%NR distribution intractable. Therefore, we derive anrapp
imate SINR distribution by simplifying the numerator and

is the path loss exponent, aid> 0 is the reference distancedenominator similar to Theorem 1 inl[5]. Specifically, we
(e.g. 1 meter), intended to address the near field effecilagim "€Write the received uplink signal given byl (4) infd (5), and

path loss models have been used in prior work on Ce||u|def|nex00kE{hQOkhOOk as the desired signal, argdo, as
network analysis [9]. the additive noise. The desired signal only depends on the
We utilize the fractional power control as in LTE [17] inchannel distribution, rather than the instantaneous aklann
both the uplink training and uplink data stages. SpecifjcallThe additive noise is neither independent nor Gaussian, and
the usery; of the n-th BS transmits with powerP,,, = we apply the approximation theorem in [18] to model the
Pi(Bnnk)” ", wheree € [0,1] is the fraction of the path worst-case uncorrelated additive noise, such that theatesi
loss compensation, anf; is the open loop transmit power3|gnalx00kE{hOOkhook is dependent to the noigg,. As
with no power control. Further, we omit the constraint on thg result, an approximafte SINR can be expresseflas (6), whose
maximum uplink transmit power and sBf = 1 for simplicity.  distribution is given by:
To maintain tractability, we assume that the BSs estimate th Theorem 1. With i.i.d. Rayleigh fading and fractional
channel by correlating the received training signal witke thpower control, the uplinkSIN R distribution can be approxi-
corresponding pilot without using minimum mean squareflated by:

whereC is a constant determined by the carrier frequency a
reference distancey;,,;. is the corresponding distance,> 2

error estimation. P[SINR > T] ~
Hence, the estimated channel in the channel estimatior stag n / 5 _— . . K1 @)
s given by: = (V) e 1 2 ) @ ]
hoor = /Poorhook + . Cikv/Piirhoik, (3) Where we have: ]
i€y f(x) = 2nxAge ™ B

. . . _ 1 a(l—e¢) 2a(l—c)
where S Civ/Prhoir is the estimation error caused byZ (x) = =777 (42 +Be )

S\ _Q(1—e
pilotcontzfmination,\IJA is the set of BSs excluding the typical _ ool gOr(@u™ 2079 1N @ sao |
(z) — + (1 N e “du,
0

)

BS, and(;; € {0,1} is a Bernoulli random variable with A
parameterx.

Therefore, the uplink received signal after MRC is: and t;ljelfollowmg notations:
bl yoor A= lAl +(K) P I 4 02,
~ 4
=h, <h00kTO0A ]Jr 1z%ﬁhoogacooj J;ez\;/ 721 ST +n> ; ) B_ (M+1)P Lo+ PLILA - (P1[1)2

A )
where x,,; is the transmitted signal with distribu- _ a(l—e) Qa(l_g)) _ Na(l—e)
tion CN (0,P,,;), and n is the noise with distribution 1 )_N(x +hhLe  C2(2) =Ne '



In addition, N is the number of terms used in the approxi€. Rate Analysis

. L1 a1
mation,n = N(N!)™ ™ -2N = —nTni(rAp) 21 We also | this section, we apply the approximate SINR results to
have P, = (\ym) ““/°I' (%2 1 1), I, = =227, D?>~“* compute the achievable rate. First, we define the average use

for w € {1,2}, wherel (o) is the Gamma function. achieved spectrum efficiency as:
Proof: First, get the expectations respectively in numerator )
and denominator. And by expectation, the SINR is displaced 7o = E [log (1 4+ min {STR, Tiax})], 12)

only by large-scale information, anBl[SINR > T| can be \ynere 7 is a SINR distortion threshold. Denote SIR
calculated as in Appendix A. Meanwhile, next section cexifi coverage probability in Theorefd 1 b§o(T), the average

the accuracy of the approximation in Theorem 1. user-achieved spectrum efficiency can be computed as:
B. Effect of Pilot Reuse on SINR Performance 1 [Tow po(T)

In this part, based on the approximate SINR distribution, =12 . 1r7 7T (13)
we investigate how pilot reuse factor affects the SINR perfo N )
mance under the guard region model. We assume the system #§ addition, we define the average cell throughpuyias:
interference limited, i.eg? = 0. In order to compare with the " ( KA)
TS =

optimal hexagonal structure, we define the minimum distance 705 (14)

D = 2Rv/A, which relates the guard region size to the pilot

reuse factorA. wheref;—f is the fraction of overhead, arit}; is the length of
Since the interference is mostly contributed by the neardbe channel coherent time in terms of the number of symbol

BSs using the same pilot resources, a larger pilot reuserfadime. For simplicity, we only consider the overhead due to

A would lead to smaller interference. Meanwhile, a larger uplink channel training. We will investigate the effect &f,

will also incur higher overhead for pilot resources. Theref K andA on the average cell throughput in next section.

one rule for selecting\ is to ensure that the probability for

SINR to be greater than a specified thresHBlg sufficiently

large (e.g., larger than some valyg which can be expressed In this section, we present some numerical results based on

as follows: Section Il and Section Il withh\g = 2.8 x 10~ [BSs per

P[SINR >T] > . (8) m?. Firstly, we use simulation to compare the accuracy of

Here T represents a minimum SINR threshold to ensm%ua_rd region model _to hexagon_al gnd_random mode_l. Next,
e justify our analytical SINR distribution by comparing to

Ce”a'F‘ basic _rate for users. Based bh (8.)' we can ob_taln E & simulation results. We will also investigate the efect
following relation between the SINR requirementind pilot .
reuse factor: pilot reuse factor, number of users and antennas, on the SINR

) . L and cell throughput performance.
Cor(_)II_ary 1. Under gu_ard region model WItD._ 2RVA, The SINR distribution of hexagonal, guard region, and
the minimum number pilot reuse factadk required to sat-

isfy @) is given by: random model under different power compensating factors
' and antenna numbeid are compared in Fi@] 2 by simulation.
A=y t(y,T), (9) In particular, we focus on the same deployment scenario as
Fig.[, with & = 10 and A = 3. We also setD = 2RV/A to
match the minimum distance in hexagonal model, and assume
y]gA) - the noises? = 0. Given M and ¢, the SIR performance
) (N) (_1)n+1efnTnﬁ foo [Ql(t’A)]K—lefQQ(t,A)ftdt of the gugrd region model always |I§S within the other two
n 0 models, with the hexagonal model being upper bound because

IV. NUMERICAL RESULTS

where

n=1

(10)  of the symmetrical structure with optimal pilot reuse, ahd t
and@Q:(t,A) = L (\/ #) L (e) is defined in Theorem 1; random model being the lower bound due to lack of pilot
And reuse optimization. Therefore, the guard region model is a

Qa2(t,A) = _75" (K+ %) Byts (=) 4 reasonable model for realistic deployment which is able to

(11) follow the PCI planning rules.

The approximate SINR distribution derived in Theorem 1
(ﬁ)zwflafl and the simulation results are compared in Eig. 3. The acgura
Here, we defineB,, =T (222 + 1) ~2524——. of the approximations in Theorefl 1 can be validated under
Proof: The process is similar to the Theorem 1, where chandiferent antenna numberd/, pilot reuse factorA, and
ing the variable ag = TAgx2. power compensation factar. It can also be observed that

From Corollany1, the performance is not related the densityore antennas and higher pilot reuse factor could greatly
of BS. But the distribution is constrained by the number amprove the SINR performance. Since the distribution of SIN
users per cellK and the pilot reuse factoA. Next, we becomes more centralized (e.g., closeb tdB) by increasing
would like to analyzeK and A and see how they affect thethe power compensation factor, better fairness among users
performance. can be guaranteed. In addition, even with the simple MRC in

S5 (M +1) By + (K) (B1)?) 1201-9)
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02 =0, K =10fore € {0,0.5,1}, A € {1,3} and M € {64, 500}. M € {100,500}

the uplink, significant SINR gains can be achieved by addirige cell throughput will start to decrease due to the trgnin
more antennas at the BS. overhead.

Fig.[4 plots the relation between the minimum pilot reuse AS a result, the SINR and throughput performance will
factor A and the corresponding SINR requirementwhich not benefit too much by adopting a large pilot reuse factor.
is derived in [9). The effect of different antenna and us&p contrast, the interference from other users and antenna
numbers, as well as the SINR threshddare considered. Numbers are more decisive factors for the uplink perforreanc
We can observe from Fif] 4 that whenis close to 2, most of & massive MIMO system with MRC.
cases have already reached the maximum valug, afhich
means the additional pilot resources will not greatly inyero
the SINR. If we set the total amout of pilot resources (i.e., This paper studies the pilot reuse design in an uplink
K x A) as a constant, and decrease the number of scheduteaksive MIMO system with randomly deployed base stations.
usersk, the probability would almost linearly increase withA guard region model is proposed to match the minimum
A. This result shows the intra-cell interference is very @lic distance between base stations in the hexagonal deployment
for SINR performance when MRC is adopted in the uplink.that are subject to pilot contamination. The uplink SINR

The effect of pilot reuse factoA on the average cell distribution, effects of pilot reuse factor on SINR and cell
throughput defined in[{14) is investigated in Hig. 5. Similathroughput are analytically derived and numerically eatdd.
to the trends in Fid.]l4, the optimal pilot reuse factor in terniThere are several potential future works, such as the analys
of cell throughput is typically a small number (e.g., 1, 2 dr 3for downlink massive MIMO, or considering more compli-
When the pilot reuse factor becomes larger than that rangated precoding and/or estimation methods.

V. CONCLUSION
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VI. APPENDIXA

expressions.

expectations could be approximated to

E {\uu*\Q} = M2+ J\J,E{‘u,;u;f}‘ = M, E{jun*|} =M .
Assume thatRy; is a Rayleigf
mean0.5
in other cells are modeled bgxclusion ball model
[19], which the parameteD ensures that they form a
homogeneous PPP with density, outside the ball with
radiusD.

0 we can get:
R—Ué

> (Bow) = E {

)~ B[R] =P,
(15)

> (Som)w} =2nAp [, a™%%dr = L,.
=

The numerator in[{6) is approximated @go%)?—%Mz_

The

first term in the denominator is
(Book)> > M + (Boor) "¢ 2\1; O‘?k(ﬂiik)ig(ﬁoik)l]\/j
€Wy
% (oo M + (o)L E [(Bu) | E | > </302-k,)1} (16)
1EW )

(b) _ e
=M {(ﬁook)2 %M + (Boor)" E%] ;

where(a) is from E {a;r} = E {02} = %, (b) is based on

the
S

and

_ ) M2+M
M(Booe) K PLL + Mc(Piy)? + A {

definition in [(Ib). .
imilarly, the second term is° ((500k)1*5 + %)(500]-)1*51\/1,
port

the fourth termo? [(deu)' = + 2. The third term is

Z (wakrk (50<,;k)2

eV

}

@M(Book)FEKHh + % K(PL)? + 4(1\'[%21)&]2
17)
where(c) is similar to (b) with w = 2.
Next, conditioning onRyy. = z, we take the above

where in(a), we use adummy gamma variablgy with unit

First, we consider the following approximations to simplyn€an and shape parametdr to approximate the constant
number one, whose detail is showed in|[20]; (), the

« For Massive MIMO, based on i.i.d. matrix; 5/, these approximation follows from Alzer’s inequality_[19]; Ific),

we

A’ random variable with@nd L (2) AR
1/Ap in [9]. Meanwhile, the scheduled userd®!lows the Rayleigh distribution.

(1]

(2]

(4]

5

—_

6

—

(7]

(8]

El

[10]

expressions intd _{6), and compute the conditional uplifkFSI [11
distribution as

B[

(@)

~
=~

(v)

z

Q

I=

M=

n

And

SINR > T|R,,, = 1]

K
P <1 > L1+ 20790 4 2220790, + Cy Y- (Booy)' ™
ik
K
(

> (Booj)' ™

7k

5)>
5)2

P <g > %(1 + 2219y 4 g20(1-9) 0, 4 Cy

. K
*%<1+I“(17€)Cl+1‘z“(17€)02+04 > (/3001)175>
1-F 1—e irk

P[SINR >T] =
() ot 5 2 @) £ o) 1 ()"

1\

18
the the corresponding parameters are ()
C1=(%+K)PL+0?
Cy= (KP I +02) B ¢ %
Cy = a(1=9) (1 +2079 52 0 (Bar) " (Bow)

€Wy

(19)

)

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

K
get the expectation af? and ;C (Booj)' %, and Z ()

J
are given in Theorem 1. Finallyd) is becauser
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