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Abstract

This paper deals with the problem of non-fragile
H, control for neutral systems with time-varying
delays. The state feedback gains to be designed are
subject to norm-bounded uncertainties. The pur-
pose of the problem is the design of a state feedback
controller such that the resulting closed-loop system
is asymptotically stable while satisfying a prescribed
H,, performance level for all admissible uncertain-
ties in the controller gain. Sufficient conditions for
the solvability of this problem are obtained for the
cases with additive and multiplicative controller un-
certainties, respectively, A desired non-fragile state
feedback controller can be obtained by solving cer-
tain linear matrix inequalities.

1 Introduction

Time delay is frequently a source of instability and
poor performance in a control systemn. Time delays
can be encountered in various engineering systems
stuch as chemical processes and long transmission
lines in pneumatic systems [2]. Therefore, control
of delay systems has received considerable attention
and has been one of the most interesting research
topics in the pasi years. Usually, there are many
types of delay systems; among them, delay systems
with neutral type have been studied since many engi-
neering systems can be modeled by using functional
differential equations of the neutral type. Practical
examples of neutral delay-differential systems can be
found in the distributed networks containing loss-less
transmission lines [1}, population ecology [4], and
other areas {5]. The problems of stability analysis
and control of neutral systems have been investigated
and many results on these topics have been obtained
5]

On the other hand, in the implementing of a de-
signed controller, perturbations in the controller may
arise due to finite word length in digital systems, the
imprecision inherent in analog systems, the need for
additional tuning of parameters in the final controller
implementation and other reasons [3, 8]. Therefore,
the non-fragile control problem has been studied over
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the decades, which is of practical and theoretical im-
portance. In the context of H., control for neutral
systems, although the controller’s robustness with re-
spect to the system's parameter uncertainties was
considered in [6], its robustness with respect to the
controller's uncertainties still has not been investi-
gated. This motivates the present study.

In this paper, we are concerned with the problem
of non-fragile H,, control for neutral systems with
time-varying delays. Attention is focused on the de-
sign of a state feedback controller, which is subject
to norm-bounded uncertainty, such that the result-
ing closed-loop system is asymptotically stable while
satisfying a prescribed H,, performance level. Suffi-
cient conditions for the solvability of this problem are
given for the cases with additive and multiplicative
controller uncertainties, respectively. A desired non-
fragile state feedback controllers can be obtained by
solving certain linear matrix inequalities (LMlIs}.

2 Problem Formulation

Consider the following neutral system with time-
varying delays:

(1)
{2)

() () = Az(t) + Azt ~ 1 () + A2 {t — =(8))
+Bu(t) + Fuw(t),
z{t) Cx(t) + Duft),
z(8) = ¢(0), 0€[-p0,

where z(t) € R™ is the state; u{t) € R™ is the control
input; w(t) € R? is the exogenous input which be-
longs to £2]0,00), where £3{0, 00} denotes the space
of square-integrable vector functions over [0, 00);
z(t) € R is the controlled output, 4, A, Ao, B,
C, ID and F are known real constant matrices with
appropriate dimensions. The scalars 71 (¢) and m2(t)
are the time-varying delays satisfying

fi(t) < hp <1, (4)
Talt) < ha < 1, (3)

O < Tl(t) S pu‘l:l
O < T‘Z(t) S Ha,
where g; and h;, ¢ = 1, 2, are real constant scalars,

¢ = max(uy,p2); ¢t} is a real-valued continuous
initial function on [—u,0].

48

(3)



Now, consider the following state feedback con-
troller for system (Z):

ult) = Kz(t), {6)

where K € BR™*" is the controller gain to be de-
signed. Since gain perturbations may arise when im-
plementing the controller in (6), the actual controller
may be of the following form:

u(t) = (K + AK(2)) =(t), (7)

where AK({t) is the controller gain perturbation. In
this paper, the following two classes of controller gain
perturbations will be considered:

(I) AK(t) is with the norm-bounded additive form

AK(t) = Ag(t) = HoFy(t)Ea, (8)

where H,, and F,; are known matrices, and F,(t}
is an unknown matrix satisfying

R R <1 9)

(I1) AK(t) is with the norm-bounded multiplicative
form

AK(E) = Ap(t) = HoFp(DELK,  (10)

where H,, and F,, are known matrices, and F,
is an unknown matrix satisfying

Fa () F,() < 1. (11)

The non-fragile H,, control problem to be ad-
dressed in this paper is the design of a state feed-
back controller in the form of (6) with perturbations
satisfying (8) and (9), or (10) and {11) such that the
resulting closed-loop system is asymptotically stable
- and under the zero initial condition,

l2(EMl <y llw(t)l (12)

is satisfied for any nonzero w(t) € La[0, 00). In this
case, (6) is said to be a non-fragile state feedback
controller.

3 Main Results

The following theorem provides a sufficient condition
for the solvability of the non-fragile H., control prob-
lem with the controller perturbation A, in (8) and

(9).

Theorem 1 Consider the neutral system (1}-(3)

and the controller perturbation A, in (8) and (9).
Then the non-fragile Hy, control problemn is solvable

if there exist matrices X >0, Q1 >0, @2 >0, Y
ond a scalar € > O such that the following LMI holds:

'+ eBH. HI BT A X A2Q2
XAl —(1-f) 0
QA7 0 (1 =h1) Q2

BT 0 0

W, +eBH,HTBT A X AxQDa
Wa + eDH. HT BT 0 0
E.X 0 0

E W +eBH,HIBT

0 xAT

0 Q247

—~2F ET

E  eBH,HTBT -,

0 eDH, HIRT

0 0

WS + eBH.HTDT XET
0 0
0 0
0 0 < 0, (13)
eBH,HI DV 0 :
eDH . HITDT — I 0
0 el

where

Wi = AX+BY, Wi;=CX+DY, T=W1+W{+@.
(14)

In this case, a desired non-fragile state feedback con-

troller can be chosen as

u(t) =YX x(t). (15)

Proof. By applying the Schur complement formula
to (13), we have

T ALX A20Q; E
XAT —(-h)Q 0 0
QA7 0 -1-m)Q; 0
ET 0 0 —r

Wi A X AxQe E
Wa 0 [} 0
wl  wf xXET xET 1"
xaT o 0 0
QAT 0 O 0 0
BT o | 7€ 0 0
—~(J2 0 0 0
0 —I 0 0
BH. 1 [ BH. 17
0 0
1 o 0
| g 0 < 0. (16)
BH. BH,
DH, DH,
Note that
BH.
0
8 Ft)[ EaX 0 0 0 0 0|
BH,
DH,



XET
0
+| o | RO HTET 0 0 o HTET HIDT |
o
0
XET XET 17 BH, BH, 17
0 0 0 0
-1 0 0 0 0
s 0 I I 0
0 0 BH, BH,
0 0 DH, DH,
This together with {16) gives
AD)X + X A0 + @y ArX
XA ~(1=hi)h
Q=AY 0
ET 0
A (DX A X
CoAt)X 0
AzQa E  XAMT XcnT
0 0 XAT 0
—(1=-h)@Q: 0 Q4% . 0
0 - ET 0 <0
Ay E -Q: 0
0 0 0 .
(17)
where
Ac(t) = A+ BYX '+ BH,F,(0)E,,
Clty = C+DYX '+ DH,F,()E,.
Denote
P=X"' Q\=PQP Q2 =Q3".
Then, pre- and post-multiplying (17) by
ding (P, 7,02, 1,G,1)
give
PA(Y+ A()TP+ O, PA; P4,
ATp —(1-h)Q 0
AT P 0 —(1 - h1) Q2
ETP o 0
Q2A(t) Q24 Q2As
Ce(t) 0 0
PE  A()7Qx C(t)T
0 AT Qe 0
-1 E'Q. o |<Y
Q:E —Qs 0
0 0 —I

which, by the Schur complement formula, implies

PA() + A(t)TP 4+ Q1+ Co(t)TC. (1)
ATpP

o = ATP

ETp

Pa PA, PE
—{1—h1) o 0
0 ~{1-h)Qs 0
0 0 ~52r
A (BT AT 17
AT = AT
B KT <0. {18)
ET ET
and
PA() + A1) P+ Q) PA
M) = ATp —(1~h)
ATp 0
PA,
0 -~
~(1-h}Qs
A®T] T ABT T
+| AT |G| AT <0.  (19)
AT A7

Now, applying the state feedback controller in (15)
with the norm-bounded additive uncertainty in (8)
results in the following closed-loop system:

BE E(E) = AdBz(t) + At — 1 (2))
+A2&(t — m2(2)) + Ew(2)(20)
2(t) = Cota(®)+Du().  (21)

We shall show the asymptotic stability of (20). To
this end, we consider system (20} with w(t) = 0; that
is,

#(t) = A(B)(t) + At — 11(8)) + Api(t — mo(2)).

' (22)
Define the following Lyapunov functional candidate
for system (22):

¢

V(x(t),t) = :c(t)TP:E(t)-{-/ x(5)T Q1 2(s)ds

t—r;(t)
I' —
+ f ()T Qu(s)ds. (23)
t—ra(t)

Differentiating V(x(t),?) along the solution of (22)
results in

Viz(tht) = 2:()7TP [Ac(£)z(t) + Ayz(t — 71 (1))
+Axi(E — (1)) + w(1)T Qua(t)
—(1 = 1@t — 7 () Qualt — nu(2))
+i ()T Qai (2)
—(1 = A (@) (t — 72(6)T Quilt ~ 2(t))
< ST ()ER), (24)
where

£ = 2T at—n()T (t-mnE)T 7.

Then, by noting {19), (24), and following a similar
line as in the proof of Lemma 1 in [7], we have that
(22) is asymptotically stable,



Next, we shall show that system (31,) satisfies (12}
for all nonzero w(t) € L£3[0, oo). To this end, we
assume zero initial condition, that is, z(¢) = 0 for
t € [~ 0], and introduce

J= fnm [2(6}7 2(t) — yw(t)T w(t)] dt.

Considering the asymptotic stability of the system
and the zero initial condition, we have that for all
nonzero w(t) € £2[0,00),

(25)

J< /oo [z(t)Tz(t) — () w(t) + V(a:(t),t)] dt.

(26)
Along a similar line as in the derivation of (24), it
can be shown that

At)72(8) — () w(t) + V(2 (), ) < ()TN (D).

(27)
This together with (18) and (23) implies that {12)
holds for all nonzero w(t) € £2[0, oc). This com-
pletes the proof. O

Based on Theorem 1, we have the following re-
sults on the solvability of the non-fragile H,, control
problem for the neutral delay system (X) with the
controller perturbation A, in (19) and (11).

Theorem 2 Consider the neutral system (1}-(3)
and the controller perturbation A, in (10) and (11).
Then the non-fragile H,, control problem is solvable
if there exist matricess X > 0, Q1 > 0, Q2 > 0, Y
and a scalar € > 0 such that the following LMI holds:

'+ eBH, HT BT AX
XAT —(l—hl)Ql 0
Q24T 0
ET 0
W, +eBH, HL BT A X
W+ eDH, HEBT 0 0
EnY 0 "0
Wi +eBH, HE BT
xAaf
QA7
ET
¢BH,HT BT —
eDH, HT BT
0

WI +eBH, HIDT YET ]
U .

E

0

0
_7‘2]

E

0

0

0

0 0

0 0 <0,
eBH, HT DT 0
eDH HEDT — | 0

0 —el

where Wy, Wa and T are given in (14). In this case,
a desired non-fragile state feedback controller can be
chosen as

u(t) = Y X 2(t).

Asxla
—(1-h1} Qe
0

A2
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4 Conclusion

In this paper, we have studied the problem of non-
fragile H,, control for neutral systems with time-
varying delays. State feedback controllers, which are
subject norm-bounded uncertainties, have been de-
signed to stabilize the given neutral system and re-
duce the effect of the disturbance input on the con-
trolled output to a prescribed level. Both the cases
for controller uncertainties with additive and mul-
tiplicative forms have been considered and an LMI
approach has been developed.
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