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Abstract—In adaptive output feedback control based on al-
most strictly positive real (ASPR) conditions, a technical difficulty
arises when the controlled multi-input multi-output (MIMO)
system is non-square. To overcome this, the idea of multirate
sampled-data control has been proposed. That is, through careful
choice of faster input sampling rates create a lifted discrete-
time system which has the same number of inputs and outputs
and does not give rise to the causality constraint. The output
feedback based adaptive control strategy can then be applied to
this lifted system under certain conditions. In this report, we
propose a robust adaptive controller design scheme for non-
square MIMO systems using the multirate sampling strategy
without the causality problem.

Keywords—adaptive output feedback control, multirate
sampled-data control, MIMO systems, almost strictly positive real

I. INTRODUCTION

Adaptive output feedback control design based on almost
strictly positive real (ASPR) conditions has several practical
advantages and has been applied successfully to many in-
dustrial processes. The design procedure for such adaptive
control scheme, however, requires a technical assumption that
the systems to be controlled must be square, i.e., the number
of inputs must be equal to the number of outputs [1], [2], [3],
[4], [5]. Although this requirement is automatically satisfied
to SISO plants [6], [7], [8], it can be quite restrictive because
in many practical MIMO systems, the number of inputs is
less than that of the outputs, especially in cases where several
control objectives are to be achieved. As a countermeasure
to this problem, the application of digital control with a
multirate sampling scheme has been considered on purpose
in order to obtain a multirate system with square structure so
as to accommodate existing adaptive control strategies [9]. By
carefully selecting different sampling rates, the method ensures
that the resultant systems after lifting [10], [11] are square
(with the same number of inputs and outputs) without causality
constraint.

In this paper, we present a robust adaptive controller design
scheme for non-square MIMO systems using the multirate
sampling strategy. Considering the ASPR based adaptive out-
put feedback control of discrete time systems, the controlled
system should be proper so that the causality problem in the
controller appears in general. We propose a design scheme of
robust adaptive control which can solve the causality problem
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Fig. 1. The multirate sampled-data system

and show that all the signals in the closed loop system are
bounded.

II. MULTIRATE SAMPLING AND LIFTING

Consider a continuous-time, linear, time-invariant plant G
with m inputs and p outputs.

jtc(t) = Acxc(t) + Bcuc(t) + nc(t)a (D
Ye(t) = Czc(t), (2)

where x.€ R" is a state vector, y.€ RP and u.€ R™ are
output and input vectors, respectively, and 7. is a disturbance.
We assume that p > m and B, is partitioned according to the
input u. as follows:
Bc = [bcl ch bcm]; ]T
in which b.;,7 =1, - - -, m are n-dimensional column vectors.

The system G, is a typical non-square system so that
one can not directly apply the ASPR based adaptive output
feedback strategy. To overcome this problem, the use of multi-
rate sampling and lifting techniques has been presented [9] in
order to derive a square lifted discrete time system.

Consider choosing all outputs uniformly with a single
period, say, 7', and update the inputs w1, Uc2, - -+, Uem through
zero-order holds with fast periods T/q1, T/q2, -+ T/Gm.,
respectively. Here q1, g2, - - -, ¢, are all positive integers and
are chosen to satisfy

Ue = [ucla U2y * 5 Uem]|

g1 tq2+---+qgm=0p. 3)

We remark that such ¢;’s always exist (if m < p) and are
non-unique; e.g., if m = 2 and p = 5, there are four possible
(q1,g2) pairs satisfying (3); they are (1,4), (2,3), (3,2), and
(4,1).

Denoting the correspondingly discretized system by G, the
obtained multirate discrete-time system depicted in Figure 1
can be expressed by

G = SrG - Hmr,
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where St is an ideal sampler with period T' (vector-valued),
and Hmr is the multirate zero-order hold operator defined as
Hmr = diag[Hr/q,)i=1,...m
with Hr /4, being the synchronized zero-order hold with period
T'/q;. Note that y is single-rate with period T (y = Sty.), but
u is multirate with each component having a different period;
we can write
Uy
U = )

uci:HT/qiu'L; 1=1,2,---,m.

uﬂ’l,

Next, consider lifting this multirate system to arrive at a
time-invariant one with the single period 7'

Let v be a discrete-time signal defined on the time set
{0,1,2,--}:

V= {U(O)a U(l)a U(z)a T }
and consider the g-fold lifting operator L, which maps v into
v as follows [10], [11]:

v(0) o(q)
B u(1) vig+1) |
og-1) | | v@g-1)

The inverse lifting operation, L;l is also defined obviously.

In order to get a lifted system which is single-rate with
period T, we lift the input u; by L4 to get u;. The lifted
input u(k) is given by

u1 (k)

Thus the lifted system G which maps u(k) into y(k) can be
expressed as:

—1
LQl
G=G
—1
LQm
This G is the m x m square system, based on (3) and is time-

invariant. The state-space model of G can be derived based on
the results in [12], [13] as follows:

z(k+1) = Az(k) + Bu(k) + na(k), 4)
y(k) = Cx(k), 5)
where
A=e*" B=[B B B |
C=0C., Bi=[ A% 'B; A;B; B; |

T/q
A'L = eACT/Qia bi :/ eACtBC'idt5 i:152;"';m-
0

(k+1)T
nah) = [ AT (1) s
kT

Due to the choice of sampling rates, the causality constraint
in the lifted controller (mapping y into u) will not arise [12].

III. ADAPTIVE CONTROL DESIGN

The robust adaptive controller is designed for the lifted
square system G in (4) and (5).

A. Problem Statement

Consider the lifted, but square system G in (4) and (5);
We shall recall a few definition concerning the ASPR-ness of
discrete systems in order to proceed.

Definition 1: (Almost Strictly Positive Realness [2], [5])
The square plant G in (4) and (5) is called almost strictly
positive real (ASPR) if there exists a static output feedback
such that the resulting closed loop system is strictly positive
real (SPR). Explicitly, G is ASPR if there exists a control input
with a feedback gain O,

u(k) = —©"y(k) + v(k), (6)
(v is any external input) such that the resulting closed loop
system from v(k) to y(k),
J?(k? + 1) = Aclx(k) + Bclﬂ(k)a @)
y(k) = clx(k) + Dclﬂ(kj)a (8)
with
Ag = A—BO*(I + DO*)"'C, By = B(I +©*D)™ 1,
Cq={I+DO*"'C, Dy=D(I+6*D)"!,
©)
is SPR.

Definition 2: (Strong ASPR-ness [9]) The square plant G
is called strongly ASPR if there exists a static output feedback,

u(k) = —O0%y(k) +u(k),

such that the closed loop system with state matrices

(Act, Bet, Cet, Dey) as given in (9) is SPR and, in addition,

a transformed closed loop system with © = (I + ©*D) "1y as
input,

x(k+1) = Aqx(k) + Bo(k) (10)

y(k) = Caz(k)+ Di(k) (1D

is also SPR.

The sufficient conditions for G to be ASPR are easily
obtained by translating the conditions given for continuous-
time systems [14] as follows.

ASPR Conditions:

(1) The relative MacMillan degree of the system is n/n,
where n is the dimension of the A-matrix.
(2) The plant is minimum-phase.
Furthermore, for strong almost strictly positive realness, an
additional condition is required [9]:
3) D+ DT >o.

We shall impose the following assumptions on the lifted
model G in (4) and (5).

Assumption 1: The plant G given in (4) and (5) is control-
lable and observable.
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This assumption can be related to controllability and ob-
servability of the original continuous-time system and a non-
pathological sampling condition [13], [12].

Assumption 2: For the plant G given in (4) and (5) with
n4(k) = 0, there exists a known static feedforward compen-
sator (PFC) D such that the resulting augmented system with
a state-space model,

z(k+1) = Az(k) + Bu(k), (12)
Ya(k) = y(k) + Du(k) = Cx(k) + Du(k), (13)
is strongly ASPR.

Assumption 3: The disturbance 74(k) can be represented
as

na(k) =
Assumption 4: Denoting n(k) = [,
positive constant [3; such that

ni (k)| < 67 (15)

It should be noted that under Assumption 2, therg E:xists a
static output feedback with a feedback gain matrix ©, > 0,

u(k) = —O7ya(k) +u(k)

such that the resulting closed loop system, after an input
transformation ¢ = (I + ©*D)~!

z(k+1) = Asex(k) + Bo(k),
Ya(k) = Cocx(k) + Do(k),

Bn(k) (14)
,Mm)], there exist

is SPR. Where
Age = A= BO:(I +D6;)~'C,
Coc = (I +DO)71C.
Further, since the system (Age, B, Cquc, D) is SPR, there exist
positive symmetric matrices P = PT > 0, Q = QT > 0 and
appropriate matrices L and W such that based on the Kalman-
Yakubovich Lemma, the following hold:
AaTCPAa%— P = —%LT — QT,
AlL.PB = Cp.— LW+, (16)
BT"PB = D+ DT —wwT.

Our objective in this paper is to design a robust adaptive
controller that ensures the boundedness of all signals in the
control system for G with disturbances under Assumptions 1
to 4.

B. Controller Design Procedure

The robust adaptive controller is designed as follows:
u(k) = w(k) +u, (k) a7
u (k) = —Oc(k)y(k) (18)
U’T’L( ) = _Bi(kj)sgn(ya’i(k))) i:1,2,"',p (19)
)

where u,;(k) is the i-th element of w, (k) and yq; (k) is the
i-th element of y,(k), i.e.
Qr(k) = [U'Tl(k) T U’T;D(k)];:’ (20)
Ya(k) = [Ya1 (k) -+ Yap(k)]

The feedback gain matrix O, (k) in (18) is adaptively adjusted
by the following parameter adjusting law:

@e(k) = @Ie(k)+@Pe (k) (21)
@[e(k) = @je(k?— 1)+ya(k})y(kj)TF[e—0'@[e(kj) (22)
Ope(k) = ya(k)y(k)TrPe (23)

with Tje = T% > 0,Tp, =I5, > 0 and o > 0. The
gains in the robust adaptive controller (19) are adjusted by
the following parameter adjusting law:

Bi(k) = Bri(k) + Bpi(k) 24)
Bli(k) = Bri ( - 1)Sgn (yaz( ))
81 1Y (k)l 0B; BI’L( ) (25)
Yai (k)l (26)
with vg,, > 0, 78, > 0 and og, > 0. The parameter adjusting
laws (22) and (25) can be rewritten by
Ore(k) = 3O1(k — 1) + ay. (k)y(k )TFIe 27)
Bli(k) = 6[31611’( - 1)Sgn (yaz( ))

Bpi (k) = VBpi

08,781 1Y (k)l (28)
w1thO<U——<1andO<057—m<1.
It is noted that y,(k) in (19), (21) and (24) cannot be

directly obtained from measured signals because of a causality
problem arising from the direct feedthrough term D in (13).
However, y,(k) can be generated by using available signals
from (13) and (17) to (28) without the causality problem as
follows:

ya(k) = (I+ Dy(k)"Tuy(k) + DTy) "
x (y(k)—& DO (k—1)y(k)—Db(k—1)) (29)

where

Lre=T7,>0, Tp. =TF, >0, 5, >0, y5p, >0

Te=0olre + FPe; FB = diag {’7[315’7[32; ) 'Yﬁp}
V8: =08 V8r: T VBpi> 1=1,2,--+,p
631611“{; - 1)
0,12k — 1)
bk—1)=|
53,01p(k — 1)
C. Stability Analysis
Consider the following ideal control input:
u'(k) = ul (k) + ug (k) (30)
ug(k) = —Ozy(k), 3D
- -1 - -
o; = (1+6:p) 6:=0;(1+D6;) (2
Bisgn (Yar(k))
Bssgn (Yaz (k)
wik) = | ° (33)
B5sgn (Yap (k)
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The closed loop system with control input in (17) can be
represented by

z(k+1)= Az(k) + BAu(k) (34)
ya(k) = Ca(k) + DAu(k) — Di(k) (35)
where

A=A-BO'C, C=(-DOC (36)

Au(k) = Au, (k) + Aw, (k) + (k) + wi(k)  (37)
Au,(k)=u, (k) — u(k) = —AB(k)y(k) (38)
A8, (k) = O, (k) - . (39)
Au, (k) =u, (k) — u:(k) (40)
Since it follows from (32) that
I—DO = I - DO+ DO)™*

= (I+D,0:)t+#0 (41)

we have from (36) and (32) that
A = A—BO!(I+D6O:)"'C = A,, (42)
C = (I+D6;)"'C = C,e, (43)

Thus, since the system (Age, B, Cye, D) is SPR, there exist

positive symmetric matrices P = PT > 0, Q = Q7 > 0 such

that the Kalman-Yakubovich Lemma in (16) is satisfied.
Now, consider the following positive definite function V' (k),

V (k) =Vi(k) + Va(k) + Vs (k) (44)
Vi(k)==" (k) Pz(k) (45)

Va(k) =tr {5AO(k — T AO(k— 1)} (46)

p
=Y Gp5 B (k- 1) (47)
=1
where

AOre(k) = Ore(k) — 7, ABri(k) = Bri(k) — B (48)

Define AV (k) by

AV(E)=V(k+1) Z AV;(k (49)

AV =Vik+ D)= Vilk). 1 =123 (50)

First, we consider the difference AV;. We have from (34),
(45) and Kalman-Yakubovich Lemma in (16) that

AVi (k) < =Amin [Q [|2(B)|I” = |lz(k)" L + Au(k)" W|?
+2y4 (k) Au(k) + 21" (k) D" Au(k) 51)

Next, consider the difference AV5. From (27) and (48), we
have

AOr(k—1) =6 1AO (k)
Thus AV, (k) can be expressed as
AVo(k)=— (671 = 5) tr {20 (k)] AO . (k)T}

+2tr {AO1(k)y(k)ya (k)" }
—tr {ya (k)y(k)" Trey(k)ya (k)" } (53)

- ya(k)y(k)Trle (52)

Since

ABre(k)=AO(k) — ya(k)y(k) T pe (54)
AO (k) =0.(k) — O (55)
AO, (k)y(k) = —Au, (k) (56)

it follows that
AVa(k) < = (571 = 3) Amin [T72] 1201 (k)2
~Amin [0Tre + Tpe] [[ya ()I%]ly(k)|1*
~[lya (B)[IPy(k) T pey(k) — 2ya (k)" Au, (k)
(57)
Next, consider the difference AV3. From (28) and (48), we
have
ABri(k = 1) = 55 ABri(k)sgn (yai(k))
Thus AV3(k) can be expressed as

P

AVs(k) = =Y (55" — s.)75, ABri(k)?

i=1

P
- Z 08, Y8r: Yai (k)
=1

— VBri¥Yai (k) (58)

p
+2) " ABri(k)sgn (Yai (k) yai (k). (59)
i=1
Further, since
ABri(k) = ABi(k) = Ypp, [Yai (k)] (60)
Api(k) = Bi(k) — B; (6D

ABi(k)sgn (Yai(k)) yai (k) =
AV3(k) can be evaluated by
P

Z (55 = 70.) v |1 8B (k)

— Ay (k)yai (k) (62)

AVs(k)=—

(38981 + V8r:) [Yai (F)]?

Mw

1

M=

VBpi |yaz | -2 Z Aum yaz (63)

Il
_

Finally, from (51), (57)and (6
AV (k) < =Amin [Q) lz(0)]|* = llz(k)" L + Au(k)" W|*
- (a-_l - a') )\min [F[_el] HA(_)Ie(k)HQ
~Amin [Ce] [lya ()]l (k)|

~llya (B)IIPy(k)" T pey(k)

P
_ Z (6-[;1 _ 5-&) 'YE,HAﬁu(k)lQ
1=1

p p
=S vl (02 = 3 Y as (K)
=1 =1

+2n(k)" DT (Aw (k) +Au, (k) +n(k) + uy (k)
+2ya (k)" (n(k) +u;(k)) (64)

3), we have
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Here, we have
2ya(k;)T( (k) + uy(k))
<2Z{|yaz B+ i (R)[(=67) }

_0 (65)
2n(k)" Dn(k) <28*%| D| (66)
2n(k)" D" (k) <28*%||D| (67)

2n(k)" D Au, (k) < 268" | D |C A e (k) [l2 (k)]
+26" | Dllllya (k) lly" (k)T pey (k) (68)
with 3* = {B;% + 35 + -+ 3;2}/ and
277(k)TDTAu (k)

P P
+22{Z B:1di51) Ve | Yai (k >|} (69)

=1 Jj=1
where D = [d;;],4,j=1,---
~ll9a () Py(k)" T pey(k) +26°|| Dll[|ya (k) |[y(k) T pey(k)

< =uin [Cre] (lya(B) = 87D ly (k)11
+Amax [Cre] (8% [P DI |l (k) 1 (70)

, p. Further we have

p
| +2Z{ 6 |dw V6 |Yai(k )l}
Jj=1

P
- Z VBpi |yaz
=1 =1

p p
:_Z'mm {lyaz (Z 6]* z]|) }
=1 ]:1

2
p p
+> V8 (Zﬁ;ldijl) (71)
i=1 j=1

and it follows for any positive constants J; and Jo that

8 la(b) P + 20" DA (k)]
- {|x< -8 —1|D||c||A@ze<k>|}

1
+(8%)? 5 IDIPICIFIAG . (R)? (72)

P P P
—%ZABZ(IC)HZ{Z 55 ldi) |Aﬁu<k>|}
i=1 i=1 | j=1

:_522; {|Aﬁh —51 (iﬁ |dw|) }

1 p p 2
5—2 > Bildil ] (73)

Thus AV (k) can finally be evaluated as
AV (k)
<~ {Auin [Q)
~Amax [Lpe] (8°)° [CIPIDI? = 61} ()1

_{(U_l - a') )\min [F[_el]
(3
01

- {(o

i=1

+4 (51D + = Z(iﬁ sz>

i=1 =1
2

P
+> V8 (Z 35 1dss |> (74)
i=1 j=1

Here, suppose that §; is chosen such that
)
Gl (el
(a-—l - 6) )\min [F[_el]
< )\min [Q] - )\max [FPe] (6
is satisfied. That is, &, I';. and I'p. are designed such that

there exists a ; which satisfies (75). Further suppose that 6
is chosen such that

p
> { (o5 - oa) .}
0< by < =L > : (76)

With 6; and d- satisfying (75) and (76), the difference AV (k)
can be evaluated as

AV(K)<—aV(k)+ R (77)

|D|2|C|2}|A91e(k)|2

—5,) ik — 02 } |ABr (k)

<

VICIPIDI® - @5)

2
12 P
R=4(0 D]+ 3> (ZB w)
i=1 \j=1
P
+ZW3P1¢ ZB |dij (78)
i=1

. {)\min [Q]_)\max [FPe] (6*)2 HCHQHDHQ_él}
. =1mIin )\Inax [P] )

{(U‘l =) Amin [I'7)] — (65? IDIQICIQ}

=1 (79)
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Fig. 2. Cart-crane system

Table 1 Parameters of cart-crane system

Parameter | Value |
g 9.81 [m/s?]
M (mass of the cart) 1.168 + 3 [kg]
m(mass of the crane) 0.071 kg
L(length to the center of gravity) 0.358 [m]

3.025 x 1073 [kg:m?]
0.01 [N-s/rad]
10 [N-s/m]

I(moment of inertia)
c1(damping constant of crane)
co(damping constant of cart)

Consequently we have the following theorem concerning
the boundedness of all the signals in the control system.

Theorem 1: Under Assumptions 1 to 4, all the signals in
the resulting closed loop control system with control input in
(17) are uniformly bounded provided that &, I'7. and T'p. are
designed such that inequality (75) is satisfied.

IV. NUMERICAL SIMULATION

In this section, we validate the effectiveness of the proposed
method through numerical simulations for a cart-crane model.
A simple configuration of the cart-crane system is illustrated
in Fig. 2. Parameters of this model are given in Table 1 above.

In this simulation, we assume that a disturbance 7.(¢) which
describes the friction on the cart is added in the control input
term.

ne(t) = —dsgn(y(t))-

Further we assume that the output y.(t) = [¢(t),y(t)]T is
sampled with a period of T' = 0.2 [s], but the input signal
uc(t) can be updated through a zero-order hold with a fast
period T'/2. Furthermore, to improve the control performance
for the crane angle, we consider a weighted angle, that is, we

generate

wol® = | 0 et (80)

as a new output for the controller design. In this simulation, we
set w1 = 20. A PFC, which renders the resulting augmented
system ASPR, is designed as follows:

D = diag[5 x 1073,1077]
for the system with y., as the output. Parameters in the
adaptive adjusting laws are set to
I're = diag[60,140], T'p. =diag[l,1], o =0.1
V81 = 9500, VBr2 = 100, YBp1 = 1, VBp2 = 1
og, = 0.05, o5, =0.01

angle [rad]
- - - - position [m

1s 20 25 50
time  [sec]

Simulation result: cart position and crane angle

input
°

—100

—=200

—300
) s 1o 20 25 50

1s
time  [sec]

Fig. 4. Simulation result: control input
Figs. 3 and 4 show simulation results of the proposed
multirate control strategy — vibration of the pendulum is
effectively suppressed and the cart moves smoothly to the
desired position.

V. CONCLUSIONS
In this paper, we proposed a robust adaptive output feedback
controller design scheme for general MIMO systems using the
idea of multirate sampled data control. The proposed robust
adaptive control scheme negates the causality problem and can
be implemented even though the controlled system has an input

direct through pass.
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