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North CJrol ina State University

Ralelgh, :Iurth Carolina

L. ii. Schwd]he
University of Califxnid Los Alms Sclen?ific Ldbordtory
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ABSTRACT

Suarse delta function series occur as data in
many cnenicJl dndlysis and seismic methods. This

original ddtd is often sufficiently degraded by the
recording instrumnt response that the individu~l
de]tJ function pe,lks are difficult to distinguish
dnd masure. A ~ChOd, whicn hdS been used to mea-
sure tnese peaks, is to fi t a paranketerizcd model
bv a nonlinear least sauares fitting algorithm.
The decon..’olution aDproaci?cs described here have
the ddv,lntaqe of not requirinq d pardmeterized

point SPrYdd function. nor do they expect d fixed
nunbcr Of ~CdKS.

TWO new metrods wil 1 be presented, The maxi-
mm power technique wi il be revi?wed. A maximum
a poster;ari tccnnique will be Introduced. Results
on both sinulated Jnd real ddta by the two msthods
will bc presented. The characteristics of the ddta
can determine ~hich metiod gives superior results.

INTROOUCTION

There ar~xwo m~in requlmnents for the definl-
f

tion of a si9ndl restoration mCthOd. TiIc first is
t),e dat,! fo)mation model. The second, and more con-
trover~i~l ruquircm!nt, is the restoration critc -
rionm It is in dcc!dinq upon this crftcrion th~t
tile opcr,ltor Ims tiw nmst latitude in determining
the appcisrdncr! of the rustored siqnal. tlec~usc of
thi’. qrc~t lJ*.itudc this is thu stop most froqucnt-
ly subjected to criticism,

Th/ choice of the d~tn folrnat~~n mudul is J
factcr of IWy ttlinys ix!sidcs rcalistlc dccurJcY.

resul ts: OnrJ” nxx!c I
Iinodr 1,.]oci, TIIIS
nocaLlo!l JS

Sonw of ti}csc-othor”f,lctors ,\rc mathematical tr~c-

tJbil~ty, com~ut,tti~r.al difficulty, dnd sutkjtctlvc
wc will usc is the stJndJrd

9’

where q
.
II
.
~

n

Ill” ● II,
.- .

s !111 11 M 1

s JII 11 x 11

s illl n x 1

s 1111 11 x I

(1)

dikt~ wctnr,

uuil~l Sill”c,ld funclluf’ mdtrlx,

vf!l:t~r tlf th[! origintll Slqndl ,

V(!Ctl)l” I.) f rdlldl)m ISI) f$lt,

tih i il!IIOt {i I W(IV$ t.h(! ml)st d~l:lll’,1 t(! , Lhi > llI)Ih!] il,ls

I)rovl!li (1s(! ful “In In,lnv Jpl)l ictl t Ions , In lh\rticlll,lr

i t ilJS PI ,) V(![I J(hllillJtC tf)f’ 011P O t ttl(J Jl llu I’i tiulls

(il!sc~ I 1)1111Iw!nt
*\/,~rj . . . . .. . .. ..

:;l!i.ic”~”lll.l unt:l!r rll(! ,Iutlli cl!% of t!l,! IJ . s. i)l!pl.
of hcl”(jy, ihlltl’,lCt lb. M740;-EIIG-16,

A modification of the above nwdel is useful
for Poisson noise. This mdel is more accurate
when the sensor is d photon-counting device as dre

many X-rdy detectors. Here we write

g~n(Hf), (2)
. .-

where g(i) is obtained by a Poisson noise process
n(.) with d mean of the ith element of Hf.

once the model is selected, dlthou~h-sonEtimes
before, a restoration criterion can be defined. It
is in this definition thdt the peculfdr ~hdraCter-
istlcs of the signal cm be taken into account.
The signals that dre being considered here dre
Spdrse positive deltd fUnCtlOn trains. A signal
of a few positive spikes can drise in many dreds

including chemical itldlySfS and Seismology. Th:
data we wI1l use comes fmm x-ray fluorescence spec-
tra. In this princess d sdmple material is irradiat-
ed Ly Jn x-ray source; the material then fluoresces
at discretu energies characteristic of the co~o-
ncnt olcments. Tho intcnsityof detected radiation
dt c~ch energy 1s required to detcrmtnc the dmuunt

of the clement present.
This idcdl data IS degraded by blurring dnd

notscm Thu blur is caused by the imperfect re-
sponse or’ the Wcordlnrj Instrument. The energy of
Cvery dctcctcd photon Is not meJsured correctly,
The nd}sc ~riscs from the statistlcdl nature of the
emission of photons from the sample and the limitad
Cff! ‘cncy of the detector,

UC( ‘Isc of tile nature of thfs type uf signdl,
the uSU,’ restordtlon crilaria IJO not produfu ~oud
rcsultsm uc would I iku to rccrcdtc *.hc orl!,. r,dl
penks or : least scpisratc the peaks so that the
int(!qf~tod JN!J undur cdch uric CM bc cdsily mea-
sur{!r.1. our Interest Itl the p[!dk VJIUCS Al the ux-
I)cns,! of th? h~ckground vdlucs pncludcs the usc
of thu minimum mean squan’ error (or Nlcncr) fi 1 tcr.
Lihl!wis~!, cm.traini!(i Iedrt SIIU. IIX!5 riccoflv(!lutictn,

which fi[,ds the snwuthcsL solution sJtisfyiny J
resi(iudl constraint, would not bc di)proprl,lte for

this ,ll)i)l I cation, Lino,\r t I ] t~rs , Ill gi!nl!r,ll , {!rl
IIUL sI!I!m tO P1-oduw JCCIJpt Jbl (? rcsu I t~ fnl” th! S

●pI!I:i d I r..l w!. Let u? now cons Id(!r two nwt+o(is dc -
siyIIi!d with this typl! 01” ddtJ iII mind.

MAXIMUM P1.)WCil

TIM! I(!i?,ll \ iqna I , Whi [:il Wll$ (il!qr,uil!(l to yi vu
OUlm (i,lt,l , COIIS i$tf!ff f)t d Sl!Yil!S (st’ si)ikes ull ,1
ru:,lt ivl!l y cun$tdnt !),}ckylwunti. TIMJ rcstnr, ~tlun
L.1’lt*!l”lOll th,lt IS SL!iIJCtdlllUSt IIISt Of\ly dliOW but



also encourllqc such sIJlkes to exist. Furthermore,
the Criterion %ust rcsu]t in d restored sigcal.
whicn cou!d ;MVC reason.dbly given rise to the ddta.

rrnm :he examination of the constrained ledSt

SQUJI-CS IU3Lnod Jnd later maximum a posterior

methods. ninlm]zinq J uuadracic function of the

estinate, ; results In .3 “%moth” restoration. The

result thdt is d?slred lcre is JuSt the OPPOSit@.

Thus, J slrple criterion is to maximize the func-
1

tion f f. It 1s noted tlat this function is un-- -.
bounced unless sme consl;aint is placed on the
soluclan.

The solution that Is found must be feasible,
that is. it must be plduSlbl@ that the solution
could have been derJrJded by the chosen rmdel to
have producod Ihc given ddtd. One way to test this
is to examlnc the residual of the linear model

.
r=g-tif. (3)
-%-.

lfi~f , the true solution, then r = n the noise..- --
$ince we can never know what the true noise is, the
best we can do is to impose a condition that ~ is

like nofse. Hhilc the desired statistical proper-
ties of r can be easiiy defined, finding methods or’

cnforcinq these propurtlcs upon tPe reslriual is
more difficult. d less demdnding Stdtl Sti Cdl con-

straint is ti?.cd in prJctice. In this paper, a fe~-
sible soiution is one that satisfies

Ig .i{ifz. \n12 *C, (4)
. --

-where c is drbitr,lry. This cquatton says that the
vdrlhnce of the rcsidu~i is close to the variance
of the noise. It is noted that this constraint
dous not explicitly require f to be nonnegattvc.

A sLJeci Ji step in the Jlqori;hm is ~quired to en-
force this restriction. .

rhu nmxlmum powvr solution is the estim~tc ~,

which s~tisfics E(I. (4) and ilas the largest norm

1;1, Ti}c method for obtaining this solution Is

d doubic itcrJt{on lx!tilo(i dcscriiwri in [1]. First,
d fcJslhiu solution is fou,l(! by ,ln iterative mcchod,
then It IS mnvcd in tile tiirection of maximum power
(norm), Annth, rr fp,lsfbl,~ sol~tion is fnwnd from
this stdrtin’j point JS thi! cycle stJrts ~gain,

F!dximum IMJWUI’ rcstor,ltion IS Fascd on thu lio-
cJr WJIR1 (1). [t h,ls iWJISn n’cnt. icned t.hJt this
modci Is not the mott .lccurJtc !ar crest ctlscs, tic
will now cxllmiw J method hllsed on thu Inofw accu -

rdtg Polsstrn Ilolsc Mfw.h!l (Z).

:4Ax I:!u14 A PUSTi:illOR[/l~ OISSull

An ,Idv,lntllm! of tile mdximum J post(!rint-i ros -

tordtlnn ilrtho(l 1.. Its vcrs,lttiity. Ti\is :Iwtilud
mdximltes the [I:lst[!rior ;)robairil ity duns ity,
p(t l(l). VJhlch ilv Il(Iycs’ i,lw is J fllllct full (If tilr

. .

IJrior dl!nsltics dmJ it written

The maximization then is the rescordticn cri!er: c-.
The solution has been derived for ‘any !waels snc
many a oriorl probability distributions.

The prcbaoil ities that need tobe defined Jr?
p(g~f) and p(f). The fewer is just the Poisson.- —
:Iaise procass-and is defined by

where ~~ is the ith elem?nt in the vector Hf .

Decause of the nature of X-rdy fluarescenc~~L
reasonable to assume that the ideal slgnai is a
Yoisson distributed. hence

where th~ Overbdr denotes the medn.
To derive the solution from ECJS, (5-7! w?

the ndtural logarithm of Eq. (5) arid subst~tute
Eqs. (6) and (7). Stirling’s approximation for
the factorial is used to obtain the function

Subs t

Spnct

we ob

tuting Hf for ~, differentiating with re-. .
to :, Jnd setting the result equal to zero,

din the implicit solutian

HTg
—- iiTlCn!” ~“f+it: ---

.+

or

f*~cxpil
-1 1

Tg
((f-~ ,

. .

(9!

(

where I * (i,] ,.. ,l)T, dnd the lfivi SiUll dnd Il;u}t
.

I)licatioo of Vccters is done ptrinlwisl!, [t fhou
bc noted IICIW ti}llt tttu sulutlcm to iiqm (10) fs
ilnpiicitly nunncq.!tivu.

Tiw suilltion nwtilod fs the modified PitdIxJ
itcrJtiuu [2], which is given try
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.+nere i is J converqcnce .scccleration Lerm. The

J cr: or: Jverdsc ~ cJn ae fixed at the start of lhe

iterJL:CtI or it cJn vary dt each iteratl On. !t has

~eun tel. nd CIld C ]ettinq F = ~k produces the best

1“resl, .s. This is reasonable if the mean is the
sol~:icn IC wnich I.c wish the algorithm to con-
verce. %? estimate of the mean should i~rove
wltn succcssi”:e iterations.

The two ~thOds just Cescri bed am? based on
aifferent ?odels dnd nave very different appear!ng
soluclcn c~ua:lgns. The tm iterative alqnri!hms
have one fJctor in conmmn: the solution at the

(k + I):h ste~ is the solution at the kth step Plus
J mu!liple of that solutlon. This characteristic
means that hlgn values will be en’phasized and low
vai~es deewohasized. This is the kind of behdvior
that is aesircd tfir Cne type of functions discussed
in tnls pdper.

The restoration mecnods were compared on ‘our
c~mnuter sinwlJtions and on one set of actual x-ray
fl~orescence data. The parameters thdt were varied
in the slmulacirms .ere the noise !evel and the
backqrourd intensity, The rrdgnitudes of the spihes
in the slmulJtcd data were chosen to be rt?aliSti -
call] similar to the :ctudl data. The results of
the aoP!lcations of these methods are seen !n the
figures. !lecJuse the range of the data is large
comcrared to tne magnitude of some of the effects
tht are l~portant, the results are plotted on two
Scdles.

In the case of a low noise level dnd zero
background (Fig. 1) the maximum power gives the

correct IIedk Values within !: accuracy. The ,MAP/
Poisson method gives an Integrated vaiua about the
peaks of the same accuracy, however, the restored
pe~ks arc not iIs wel~ defined. There arc nmrc ob-
viou.$ noise JrtifJcts Jlonq the baseline of the
maxinwm power restoration. These spike artifacts
are caused by the algorithm generating t maXimUM
power soIution in a rcqlon of the data where it is
tndJuropridtC.

The intcyr,~tcd value of the highcs: peak o]
the MAP/Poisson method for the CJSC of IUW bdck-
qrolil}d .lnd hlqh IIOISC (rig. 2) is agaia within 1:
of the correct vdluc. The intcgrJtcd v~luu of the
same I]r!dk for the maximum power rcstolwtton Is over
2“. high. This aqdln reflects the nature of ~ximum
powur; tzddlntj loisc is Jdding power to the total
siqn,tl , TIM! [lrice of thu qood s~pdratlon JPpeJr$
to tzc nunv!rlc Jl dccur,tcy.

Th~ ,Jthcr t.WO CJSCS cludrly show the problurn
th,lt J h~u~l Lmckqround qivcs thu mdximum power
n!tllo’! (~1’!%, J anrJ 4), TIM! cJse of hlqh noist! dnd
h{qh bdCkgrOUlld (1”[9. 4) Call SCS drtif,l CtS Of such

mdqllltudc in thu m,lximum power solution thdt the
sm~llwst l;cJk [S dlffi cull. to dutuct. TIM! NAP/
Pniszcn muthud produces J dlstlnct mlorfhoot Jbo(lt
u)!! lWJh S thdt is UIKICSII’LII)IIJ for th(! CJsi’s rJf hlqh

bdckqround,
rh(! ~vstordtlon or Jctudl rccorr!cd (I:lq. 5)

thnus r.rrv $dnw nrn:)crt 1(!s J,; t.lw Simlililt inof, This
C,ISU fll IT rouwhl!rl! hutw!n thf! hlqh ,lnd lr)w no~sc
CJSUS dnr.1 comblncs high bdckqround un UIMJ side of

the peaks and low on the other. The separation of
the peaks is better in the maximum po-r restora-
tion. The integrated peak values can still be re-
liably estirrdted from the NAP/Poisson solution.
Both rrethods yield integrated values that are with-
in 52 of the known values for this experiment.

CONCLUSIONS

Lotl’i methods produce results thdt are superiOr
to the usudl linear restoration methods for the
sparse delta function series signal. The maxi~m
power method appears to be of mwe liilited value
than the MAP/Poisson method. This is a result of
its global definition: that is. it w!iuces a
maximum power restoration in area$ cf llttle signal
pcnn?rwherc this criterion IS inappropriate. This
characteristic could be altered by local processing
of the signal,

The 144P/Poisson nt?thod is less aqgressiie than
maximum power and is less sensitive to noise. Al-
though the separation of peaks is less definite,
the numerical accuracy is greater in the case of
higher noise levels. Because of th~s the HAP
method is probdbly the nmre useful rcethad in the
general case.

Future work on the maximum power method might
concentrate on an automatic method of deteCtin9
when to Jpply thdt dlgorithm. Methods of elimi-
nating the effects ~f high backgrounds also need
Study , The undershoot beside peaks In the MAp/
Poisson schenw needs to be corrected. It would be
interesting to see if th-’ methods could be com-
b!ned to give the gnod separation of one dnd the
stability of the other.
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