ON THE ASYMPTOTIC NORMALITY OF AUTOREGRESSIVE
SPECTRAL DENSITY ESTIMATES FOR THE NOISE CORRUPTED CASE

D. F. Gingras

Naval Ocean Systems Center

San Diego, California

ABSTRACT

Asymptotic statistics for spectral density
estimates of noise corrupted autoregressive (AR)
series are evaluated. The "high-order'" Yule-Walker
equation estimates of the autoregressive parameters
are used to form a spectral density estimate. The
estimate is shown to be a consistent asymptotically
normal (CAN) estimate. An expression for the
variance of the limiting distribution in terms of
the AR process parameters and the noise variance is
provided.

INTRODUCTION

We consider the evaluation of asymptotic
statistics associated with the estimation of the
spectral density for an autoregressive process
observed in additive white noise. The asymptotic
statistics for the spectral density estimate with-
out the presence of additive noise have been con-
sidered by Akaike [1], Kromer [2], and Berk [3]}.
For the noise corrupted case asymptotic statistics
for the AR parameter estimates have been evaluated
by Walker [4]), Pagano [5], Gingras [6] and Lee [7].
The combined problem of evaluating the asymptotic
statistics for the spectral density estimate in the
presence of additive noise has not previously been
considered.

In this paper we assume that the parameters

of the AR process {02, a ey, ap} are estimated

1’
from observations of the noise corrupted series
using the high-order Yule-Walker (Y-W) equations.
The spectral estimate is formed by substitution of
the parameter estimates into the AR spectral
density function. We show that the resulting
spectral density estimate is a consistent
asymptotically normal (CAN) estimate. We calculate
an exact expression for the variance of the
limiting distribution. In its general form the
variance expression is formidable, but its evalua-
tion for specific cases should be straight forward.
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AR PLUS NOISE MODEL

Assume that the observed process Y is a
real process consisting of the sum of a stationary
autoregressive (AR) process X and a noise process
w, that is

Y= X + w. (1)

The AR process X, assumed to be of known order p,
is generated or adequately modeled by

Xrl - alxn_l - eee - aan_p = e (2)

where the sequence {en} is assumed to be Gaussian
i.i.d. with zero mean and variance Gi. The noise
sequence {wn} is assumed to be wide sense
stationary, Gaussian i.i.d. with zero mean and

. 2 .
variance O . The noise w and the AR process X are

assumed to be uncorrelated.

Define the polynomial in =z, z complex, by

AP(z) =1 -
i

h M

J
a.z” . (3
1 J

The AR parameters {aj}§=1 are chosen such that the

zeros of Ap(z) lie outside of the unit circle on
the z-plane. This guarantees that the AR process
is stationary. The spectral density function for
the stationary noise corrupted process Y is given
by :

2

o
£

52
oAy = 50 (4

an APty aP(e™h
Walker [4] and Pagano [5] showed that the AR
plus noise process of (1) can be written as a

special case of an autoregressive-moving average
(ARMA) process. We can write (1) as

Yn - alYn—l - e = apYn-p

= En +w - a.w - ++e - aw . (5)
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Define the covariance sequence for the Y process to
be {rk}, where r, = E[YnYn—k]' Multiplying (5)

through by Yn and taking expectations term by

-k
term we obtain the following "Yule-Walker" (Y-W)
equations:

O Y aprp = 02 + 05 (6)
r, - a.r - - ar = -a 02
k 1 k-1 p k-p k w
(1 < k <p) (7
£ oAy cee - aprk-p =
(p+1 < k < 2p) . (®)

The set of p equations (8) are referred to
as the high-order Y-W equations and can be used in

conjunction with estimates of the covariances . to

provide unbiased estimates of the AR parameters of

an ARMA process. Let Ep be a (pxp) covariance

matrix with elements rk,j = rp+k—j’ then
“p “p-1 1
A rp+1 rp r,
r =
~p
er—l r2p—2 - rp
L -
Define the (1xp) vectors
T A
a = [311 az’ T, ap]

T A .
EP'*’]. - [rp+11 rp+21 ’ rzp]

then the p equations of (8) can be written as

Ep a = Bp+1 . (9)

Gersch [8] proved that the nonsymmetric Toeplitz
matrix Ep’ p finite, is nonsingular, thus a solu-

tion for (9) always exists.

Given a finite set of observations of the
noise corrupted process Y, that is {Yn}ﬁzl N > 2p
we estimate the covariance sequence ﬁrk} by

MR

(N-1k[) =, "n otk
¥, = (10)

Jkl < N-1

0 Ikl > N-1

When the covariances £ in the matrix Ep and the

vector BP are replaced by their corresponding

+1
estimates using (10) the estimated matrix and

~

vector will be denoted by Ep and Bp+1’

respectively. The high-order Y-W equations (9) can
be expressed in terms of the estimated covariances
as

~

[p = gp+1. (1)
To estimate the spectral density we require
estimates of the AR parameters from observations of

the noise corrupted process Y, such as by (11) and

18>

2
an estimate of O Because of the presence of the

noise w the usual estimate of the variance of the
AR process from (6) is not adequate. For the noise
corrupted case (6) will provide an estimate of

2 2 .
O + o thus one of the equations of (7) must be

. 2 . . .
used to estimate g, - Using this approach, with

the covariance estimates of (10), and the estimates
of the AR parameters of (11) we have

p p
6= Z a.r. + (1/a I oa.r . 12
0 43 1/ P) j=0 1 P7J (1)

where ag = -1 and ap £ 0.

SPECTRAL ESTIMATE STATISTICS

Define the parameter vector QT by

T2

8 0>

ceesall.

al, P

By (11) and (12) we form estimates for QT and use
these to form the spectral density estimate, i.e.,
~2
a

& : 13
on AP (M) AP (et @)

0y (1,8) =

where ;p(eik) is formed by substituting the AR
parameter estimates inte (3) and evaluating at z =
eik. In order to evaluate asymptotic statistics
for $X(A’é) we first establish asymptotic

statistics for 6.

Define the vectors and matrix:

02 10,0, -+, 0] (1xp)

~T A [ap’ ap-l’ cee, 31]
B2 ey, o, 1y )

R0 2 (g, £y, ooy x)

Bg : (epr por2 + Tap-1]
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_ap °ap—1 e —al 1 0 ces é}
0 ~a -a 1 0 ++- 0
p 1
D&
0 e —ap . -ay 1
L —

From the development in [6] we have

'p ® - R (14)

1 1
N%(& - a) ~ NI
- - -p
where ~ indicates that the limit distribution, as
N»®, is identical for both random vectors. By (12)
and the fact that the high-order Y-W equation
estimates of the AR parameters converge in prob-
ability to the true parameters we have

1 1 -~
N%E2 - of) ~ N {[-1, a' IR

- (1/a)1E", -11IRy - Ryl} (15)

Under our assumption that the Y process is a
linear Gaussian process, by Hanpan [9] and Walker

1
[10}, we have that the vector Né(g - R) is
asymptotically jointly normal and
L L
lin E[N*R - R), N*(R - R)"]
N
I

=21 [ Ue (Mar (16)
-7

where the matrix U is defined by

A iGkRDA L iGk-3A

=

By (14) and (15) and the above result it is
straight forward to conclude that

WEE - ) FZ N, (0, D) a7

that is, the parameter error vector converges in
distribution to a =zero mean p+l variate normal
random vector with limiting covariance 2. We now
evaluate the form of the covariance matrix 2.

Define { and Z by
¢ 81, gT][éO - Ry]

~T "
(1/ap)[§ » ~1[Ry - R,]

1N
18

A -1 -
r " D((R-R
L2 (R - R)

1~
e
1o

Now, using (15) and (16} we can write

v = lim N E[C2]

N->

u
Q
N

+ o2 2.2 _ 4 _ 2
o + 20W08 ch (2/ap)0€rp

P
2116262 + o2 4 2
+ [1 + (l/ap) J[oZ0Z + o%r, + of 3 a%]. (18)

lim N E[C 2}

N->o

(e
1]

1.T

T -1
) (1/ap)E ([p

T

) (19)

02RT(F_
£7p P
where

T, A o asr ) p p-lit
{7}, = [(a )%026(j) + oZr. + 0% 3
J P J k=0

(15 j=0
and 8(j) =
10; J#0
Using (14) and (16)

¢ = lin N E[Z 2°]

N>
- 2 -1 -1.T 2 -1 2 2 -1 T
= 020 () + o2 N I62L + o2l (20)
where
l——P 5 1
2 a a_a
m=0 m=0 m m+(P'1)
A
g =
1 p
2 a a e > a2
=0 ™ m+(p-1) m=o ™
L -

We can now proceed to show that our
estimate of the spectral density ¢X(A,g) is a con~

sistent asymptotically normal estimate and evaluate
the variance of the limiting distribution. Since
the function ¢X(A,§) is totally differentiable then

using (17) and a convergence theorem in Rao [11] we
have that
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Mo (08 - 0,081 o N (0, o7 2 p)

N+

where p is a gradient vector given by

pT ~ 3¢X(A,9> 3¢X(A,Q) o 3¢X(A,Q)
L 2 ’ da ’ i Ja
308 1 P
Let
5 20 (,0) .
b= 2 T T o iAL,p, -iAy
808 an aP(e™MaP ™
o o 20400 3R, 0)
= - da ’ ’ Ja
1 P
RS S1PA
= 2¢,(A,0)|Re {———~t , +++, Re {———=%
X a(e™™ ate'™

Thus;/ﬁhervarianééngwgﬁe limiting distribution for
the spectral density estimate 1is given by

T 2.2

p' 2 p=1b>" + b8 (e + be'BOV

+ 8T @ BV

CONCLUSIONS

We have shown that given observations of a
noise corrupted AR process the high-order Y-W
equation estimates of the AR parameters produce an
estimate of the spectral density that is a con-
sistent asymptotically normal (CAN) estimate. We
have also developed an exact expression for the
variance of the limiting normal distribution. This
general variance expression is formidable, but
specific low order cases can be evaluated
relatively easily.

For the noise corrupted case we now have a
method for comparing the estimator stability for
finite sample size experiments with a theoretical
limiting value specified in terms of the AR process
parameters and the noise variance.
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