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CHAPTER 1 INTRODUCTION

1.1 Bearing Estimation using a Phased Array

There are many applications for systems that can determine
the direction from which a signa; is being received,
particularly in t;e fields of radio {11-[7] and sonar (1],
[81, [9]. If the bearing is measured from different
locations, the position of the transmitter can be

estimated using triangulation.

The task of finding the bearing, and possibly power, of a
received signal is known as bearing estimation or
direction finding. The simplest technique is to use a
single highly directional sensor which is rotated

mechanically to explore different bearings.

However, an alternative approach, and the one of interest
here, is to use an array of several sensors, which are
often arranged in a straight line or around the
circumference of a circle ([10]. If the distances between
the sensors are comparable with the wavelength of the
signal being received, the bearing can be computed from
the phase shifts between the signals from different

sensors. The work reported in this thesis concerns the



effects of errors in the sensor positions on this process.

The basic principle of bearing estimation is illustrated
in Figure 1.1, which shows an array of five sensors in a
straight line with a spacing of half a wavelength between
adjacent sensors. The array is receiving a single
sinuséidal plane wave transmission with a bearing of
approkimately i3 degrees and £he diagram shows the

wavefronts (peaks) passing over the sensors.

The wavefronts arrive at sensor 1 first then pass over
each of the other sensors in turn and the output signals
from the sensors are therefore time-—-delayed, or
phase-shifted, versions of each other. Since the phase
angle at the transmitter is unknown, the signal from
sensor 1 is arbitrarily chosen to act as a reference and
the phases at the other sensors are measured with respect

to sensor 1 as illustrated.

It should be clear that the phase shifts debend on the
bearing of the signal. In particular, if the wavefronts
were parallel with the line of the array, the sensor
outputs would all be identical and there would be no phase

differences.

In.the example illustrated, it would be straightforward to

work backwards from the measured phase angles to the
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bearing of the signal using trigonometry. In practice,
however, the following factors tend to complicate the

situation.

In view of the plane wave assumption, individual cycles of
the waveform are indistinguishable and the observed phase
angles are all folded into the range -n to w radians.

For example, 5"/2 would be measured as "/,, any complete
cycles of 27 radians being lost. It follows that the
phase difference observed between a particular pair of
sensors can often be explained by bearings other than the
true one. Bearing estimation algorithms resolve these
ambiguities by combining the information from all of the

pairs of sensors in the array.

Another problem is noise, which maj 5e received with the
signal or generated in the receivers themselves. N&ise
corrupts the measured phase angles, causing errors in the
bearing estimation. It is common practice to record a
large number of samples from each sensor then apply an
averaging process in an attempt to reduce the effects of

noise.

Further complications arise when there is more than one
signal present. In this case, the output from each
sensor is a sum of sinusoids with different phase angles.

Even in situations where only one signal is expected, the



. desired signal may be accompanied by reflections from the
atmosphere or the surrounding terrain, producing an effect
known as multipath [11]-[151. It is very difficult to
separate the direct and reflected signals if there is a
constant phase relationship between them and this is a

severe practical problem in many applications.

Bearing estimation is essentially a form of spectral
analysis which operates in a spatial domain rather than
the more common frequency domain [16]. In time series
analysis, the aim is to produce a spectrum of power
against frequency. Similarly, bearing estimation
algorithms generate a spectrum of power against bearing.
Peaks in the spectrum are assumed to indicate signals

which are being received, as illustrated in Figure 1.2.

Most bearing estimation techniques are closely related to
algorithms used for time series analysis, and methods such
as the Fourier transform [17]-[19], autoregressive
analysis [17]-([20], the minimum energy method [17], [18],
[21], and eigenvector methods [11], (171, [18}, ([22], [23]

have all been adapted for use in bearing estimation [16].
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1.2 Research Topics in Bearing Estimation

In view of the close relationship between bearing
estimation and time series analysis, it is not surprising
that research topics in the two fields tend to be fairly
similar. In both areas, there are a number of algorithms
which perform the same task with different compromises
between performance, computational cost, and robustness.
Researchers have devoted themselves to understanding the
basic properties of the algorithms, comparing the
techniques with each other, and modifiying them so as to
cope better with practical problems such as high noise

levels.

Some material has been published clarifying the link
between bearing estimation and time series analysis and
presenting a common methodology for the various techniques
[16]. The algorithms most commonly discussed are
conventional beamforming [12], [16], [24]-[27], minimum
energy (sometimes referred to as maximum likelihood) ([12],
(161, [24]-([26], [28]1-[34], autoregressive analysis
(linear prediction) [12], [16], (24], [28], [35], [36],
eigenvector methods (particularly MUSIC) {11], [1e6], [22],
[25]1-[27), [291, [37]1-[43], and maximum entropy [16],

[28])-[32].



One of the most important properties of a bearing
estimation algorithm is its resolution, which is the
ability of the technique to distinguish two signals with
similar bearings and produce two distinct peaks in the
bearing spectrum. A number of authors have compared the
resolution properties of different techniques [12],
[(24]-[27], [29], [30], [371, [44]. Some researchers have
produced super-resolution algorithms which are claimed to
have exceptionally good resolution properties (301, [37].,

[45].

Some effort has been devoted to improving the performance
of the algorithms at poor signal to noise ratios [45]-[48]
and a great deal of research has been aimed at developing
algorithms which cope with the highly correlated sign;ls
encountered when multipath is present [11], [13-15],
[49)-[59]. There has also been work on the synthesis of
optimal array geometries [60]-[62] and the development of
bearing estimation algorithms with low computational
requirements [63]-[65]. Some authors have described

completely new algorithms, such as ESPRIT [66], [67].

One area which appears to have feceived little.attention
is the effect of errors in the positions of the sensors.
Since the phase difference between two sensors is
determined by both the bearing of the signal and positions

of the sensors, errors in the positions cause errors in



the phase measurement, which in turn lead to errors in the

bearing spectrum.

The study of sensor positioning errors was selected as the
main area for the research described in this thesis and
the precise aims of this work are discussed in the next
section. While the thesis was being prepared, a number
of references on the same topic as Chapter 4 were
discovered [49], [68]-[81]. Indeed, the subject appears
to be becoming quite popular as evidenced by the number of
papers on array calibration algorithms presented at the
International Conference on Acoustics, Speech, and Signal

Processing in 1988 [49], [68]-[70].

1.3 Scope of Thesis

The work presented in this thesis concerns the sensitivity
of phased array bearing estimation systems to errors in
the positions of the sensors. The reéearch is
specifically aimed at portable radio direction finding
systems operating at narrow aperture in the HF frequency
band (i.e. 3MHz to 30MHz). The main application for such
systems is the interception of radio transmissions in a
battlefield environment. It is assumed that the

transmitters are within approximately 60 miles of the
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direction finding array, meaning that propagation is
entirely by ground wave [82], [83] and an azimuth-only

system is sufficient.

Within the HF band, frequencies of between 6MHz and 10MHz
are particularly common, resulting in wavelengths of
between 30 and 50 metres. At these frequencies, a
direction finding array with a spacing of, say, half a
wavelength between adjacent sensors is clearly too large
for all of the sensors to be mounted on a common
structure. The result is that the sensors must be
positioned individually and small errors in the positions

of the sensors are likely to occur.

The research is divided into two main sections, the first
of which aims to produce theoretical exéressions relating
factors such as the average error in an estimated bearing
to the tolerance on the sensor positions and this is

repeated for various bearing estimation algorithms. The
second objective is to develop a calibration procedure to
improve the performance of the algorithms when sensor

positioning errors are present.

The analysis of the effects of the errors is approached by
considering the X and Y coordinates of the sensor
positions to be normally-distributed random wvariables.

The mean of each variable is the correct value of the
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corresponding coordinate, while the (very small) wvariance
expresses the magnitude of the errors likely to be

produced when setting up the array.

Having made this definition, all of the quantities which
are influenced by the sensor positions become random
variables with means and variances determined by the
variance of the sensor positions. Thus the analysis
proceeds by observing the way in which this variance

propagates through the bearing estimation algorithms.

The algebra required to do this is not straightforward and
a number of approximations are required to make the
problem manageable. However, computer simulations

confirm the theoretical results over a range of variances.

The second piece of work develops a calibration algorithm
to compensate for sensor positioning errors. The
algorithm detects and measures errors in the sensor
positions by analyzing the sensor outputs while signals
with known bearings are beihg received. Clearly, this
limits the application of the method to situations where

it is practical to provide such signals.

The algorithm uses the idea of triangulation in a novel
way. Rather than using two or more direction finding

arrays to locate the position of a single transmitter, two
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or more transmitters are used to estimatg the positions of
the sensors in a single direction finding array. Once
the true sensor positions have been discovered in this
way., they can be taken into account subsequently when
performing bearing estimation on signals with unknown

bearings.

1.4 Layout of Thesis

Chapter 2 presents a detailed mathematical description of
a number of bearing estimation techniques, the aim being
to establish the concepts and notation required for the
original work described in the later chapters. The
discuséion concentrates on the MUSIC algorithm ([22],
although the conventional beamforming and minimum energy

methods are also described. The three techniques are

compared using computer simulations.

The original résearch analyzing the effects of sensor
positioning errors is described in Chapter 3. A
statistical model is defined in which the errors are
characterized by the variance of the sensor positions.
Equations are derived relating high—-level parameters of
the bearing spectrum such as the means and variances of

the peak height and peak position to the variance in the
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error model. This is repeated for different bearing
estimation techniques and the results are confirmed using

computer simulations.

Chapter 4 presents the original work on the array
calibration algorithm. Using concepts from the MUSIC
technique described in Chapter 2, a cost function is
defined which expresses the error between the {(unknown)
true sensor positions and the ones assumed in the bearing
estimation process. The calibration algorithm attempts
to discover the true positions by iteratively updating a
set of estimated positions in a way which minimizes the
coét function. Computer simulations confirm the

effectiveness of the approach.

Chapter 5 presents conclusions on the material which has
been covered. A number of suggestions for further

research are included.
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CHAPTER 2 BEARING ESTIMATION TECHNIQUES

2.1 Introduction

This chapter provides the background material for the
original research presented in Chapters 3 and 4. The
account is based on the definitive papers published by

Johnson [16] and Schmidt [11], [22].

The chapter is broadly divided into three parts, the first
of which develops a data model to describe the samples, or
snapshots, obtained from an array of sensors. The
discussion starts by introducing notation for the
positions of the sensors, the bearings and frequencies of
the signals being received, and the sampling rate and then
an expression is derived for the outputs from the sensors
as functions of time. This is expressed in matrix
notation and a number of algebraic properties are

highlighted.

The second part of the chapter considers the problem of
bearing estimation, which involves recovering the -bearings
of the signals from the sequence of samples implied by the
data model. The covariance matrix of the sensor outputs

is introduced and its algebraic properties are considered
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in some detail. In particular, an analysis of the
eigenvalues and eigenvectors of the covariance matrix
leads to a discussion of signal and noise subspaces and a
derivation of the MUSIC technique for bearing

estimation. The conventional beamforming and minimum

energy methods are also described.

The third part of the chapter presents a number of bearing
spectra produced by a computer simulation system, the aim
being to introduce the simulation scenario used in
Chapters 3 and 4. The results in this chapter merely
confirm well-known basic properties of the MUSIC,

conventional beamforming, and minimum energy methods.

2.2 Sensor Positions

In Figure 2.1, an array of N omni-directional sensors is
receiving signals from different directions. The index n
always lies in the range 1 to N and can thus be used to

refer to any sensor in the array.

The processing of the sensor outputs is assumed to be
narrowband with a nominal operating frequency of wg.
radians per second and the sensor positions are specified

using a Cartesian coordinate scheme in which the units are
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wavelengths at this frequency. The use of this
convention rather than units of distance provides
convenient normalization and accommodates the fact that

the apparent array size depends on frequency.

All of the sensors lie in the same horizontal plane and
the position of sensor n within this plane is described by

the vector én' which expresses the position relative to

the origin. The origin is defined to be the position of
sensor 1.
up =0 (2.1)

The vector én actually describes the intended position of
sensor n, which may be slightly different érom its true
position when fhe array is set up. Sensor positioning
.errors are the subject of the original research described
in Chapters 3 and 4. This chapter, however, follows the
normal convention of assuming that there are no sensor
positioning errors present. Under this assumption, the

true sensor positions are equal to the intended ones and

are therefore known precisely.
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2.3 Received Signals

Returning to Figure 2.1, the array of N sensors is
receiving a total of M signals. Since the array can
resolve at most N - 1 signals [8], it is assumed that the

number of signals is less than the number of sensors.
M <N (2.2)

The signal index m lies in the range 1 to M. All of the
received signals are plane waves (i.e. sinusoids) and it
is assumed that the transmitters are sufficiently distant
for the wavefronts to be considered straight and parallel
over the area covered by the array. The bearing of
signal m is therefore the same from each sensor and is
denoted by eoy. The unit vector z; points towards the

transmitter and the direction of propagation is therefore

-Em-

Although the data model involves the bearing ey, it does
not include the distance from the array to the
transmitter. Instead, the state of the transmitter is
described by a phasor ap(k), which represents the signal
that would be oﬁserved at the origin of the sensor
coordinate system. k is the sample index, which ranges

from 1 to K and ap(k) is defined as follows.
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W
ap(k) = Apexpi{j(2m(k - 1)—-IE + “m)] (2.3)
Wg

Ap, Wy, and «p are the amplitude, frequency and phase
angle of signal m, wg is the sampling frequency, and j is
_the square root of -1. Since the system is narrowband,
all of the signals should ideally have the same frequency
We - However, sinusoids with identical frequencies would
be mutually correlated since the same phase relationships
would persist throughout the sampling period. In
practice, received signals usually drift with respect to
each other over a period of time and this phenomenon can
be modelled by allowing each signal to have a slightly

different frequency.
Wy = Wy = ... = Wy % We (2.4)

The bearing estimation techniques described in this
chapter assume that the signals are uncorrelated. _Sets
of two or more mutually correlated signals are encountered
in practice when problems such as multipath are present
and considerable research effort has been directed towards
modifying the techniques so as to cope with this situation
(113, [13]1-115]1, [50], I[B1}. The problem will not,

however, be addressed here.
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Since the sensor pbsitions are specified in terms of the
ideal operating frequency w., the array size is distorted
slightly for signals at other frequencies. It is
assumed, however, that this effect is too small to be
significant and that the apparent shifts in the sensor
positions are much smaller than those caused by genuine

sensor positioning errors.

2.4 Signal Vectors

So far, the discussion has shown that the signal observed
at the origin due to transmitter m can be represented by
the'phgsor ap(k). Since the wavefronts generally arrive
at a particular sensor some time before or after passing
over thé origin, the signals observed by the sensors are
time-shifted versions of ap(k). In view of the plane
wave assumption, individual cycles of aj(k) cannot be
distinguished and the time delays can therefore be

expressed as phase shifts.

In Figure 2.2, €pp is the distance from the origin to

sensor n along the axis of propagation of signal m and it
is this distance which determines the phase shift between
the origin and the sensor. Stated mathematically, énm is

the length of the component of the sensor position ﬁn
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along the bearing of the transmitter zp and can be

calculated as the scalar product of the two vectors.
énm = én'Em (2.5)

The phase shift from the origin to the position of sensor
n is $py radians. Since the distance €pp is measured in
wavelengths, it can be converted to a phase angle by

multiplying by 2mw.
q’nm = zn&nm (2.6)

The phasor describing the signal observed by sensor n is
denoted by sppm(k) and is equal to ap(k) with a phase shift
of ¢nm applied. An expression for spp(k) is found by

modifying (2.3) to include the new phase term.

“m R
Snm(k) = Amexp[j(zn(k = 1l)— + & + wnm)}
Wg
. Ym
= exp(jwnm)Amexp[j(zﬂ(k - 1)— + «m)]
Vs
= Qnmam (k) (2.7)
where

&nm = exp{j¢nml (2.8)
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The phasor qpnm iS a complex number with unit magnitude and
an argument equal to ¥pn. It should be noted that qpp
contains less information than ¥y, since any complete
cycles of 27 radians in ¢nm are lost in the process of

evaluating (2.8).

Since sensor 1 is always positioned at the origin, the
signal observed by this sensor is ap(k) without any phase
shift and the following rules apply to sensor 1 for any

signal n.

Y1 = O (2.10)
Qim = 1 (2.11)

Equations (2.8), (2.11), and (2.12) can be expressed for

all N sensors using the following matrix notation.

sm(k) = gpap(k) (2.13)
where
sm(k) = Cap(k) sap(k) s3p(k) ... syp(k)IT

(2.14)

-~

dm = [1 Qom 43 --- aypdT (2.15)
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The column vector ém is known as the signal vector for
signal m and this vector completely characterizes the
response of the array to a signal from the direction Em'—
If two different bearings produce identical signal vectors
then transmissions from those directions cannot be
distinguished. This is illustrated in Figure 2.3 using a
linear array, which is a common configuration in which the
sensors are placed in a straight line with equal spacing

between adjacent sensors. An array of this type produces

identical signal vectors for the bearings ey, and 7 - o,.

2.5 The Data Model

The vector §m(k) only accounts for the contribution of
transmission m to the data obtained from the array. Now,
it is generally accepted that the principle of
superposition applies ﬁo all common propagation media,
such as those encountered in radio and sonar ([11]. The
sensor'outputs are therefore obtained 5y summing §m(k)
over the M transmissions. A noise term is included to

model receiver noise.

M
sm(k) + w(k) = ) dnap(k) + w(k)
=1 m=1 (2.16)

[//]

”~~
~
A

|
N1 X



25

Y (wavelengths)
A

X (wavelengths)

Signals with bearings
of e, and 7 - ep o
cannot be distinguished
by linear array

Figure 2.3 Linear array ambiguities



26

where
s(k) = [sy(k) sa(k) ... sy(x)IT T(2.17)
w(k) = [wy(k) wa(k) ... wy(x)IT . (2.18)

The complex number sp(k) is the kth sample from sensor n
and the column vector §(k) contains the set of samples
obtained simultaneously from the N sensors. §(k) is

commonly referred to as a snapshot.

Wwn(k) is a sample of a complex Gaussian noise process with
a mean of zero and a variance of o3. The noise component
from a particular sensor is uncorrelated with the noise
from other sensors and the signals being received. The -
properties of the noise are considered later in more

detail during the discussion on covariance matrices.

Equation (2.16) can be expressed in matrix form as follows.

s(k) = Ha(k) + w(k) (2.19)
where

H = Eél éz .o éM] (2.20)

a(k) = [ag(k) ajz(k) ... ay(k)]T (2.21)
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H is an N by M matrix which has the M signal vectors ém as
its columns and g(k) is a column vector containing the M
phasors ap(k) which describe the signals observed at the
origin. Equation (2.19) is the data model for the

snapshots §(k) collected from the array.

2.6 Properties of the Signal Vectors

The signal vectors which form the columns of H span a
subspace within CN, which denotes the N-dimensional vector
space containing all column vectors with N complex
elements. Since H has M columns, the dimension of the
subspace is at most M and is normally equal to M. The
rank of H, denoted by r(g), is equal to the dimension of

this subspace.

r(H) < M . (2.22)

The rank is less than M if there is any linear dependence
within the set of signal vectors. For example, a linear
array produces identical signal vectors for the bearings
&y and 7 - &, as noted earlier. If transmissions were
present from both of these directions, they would
contribute only one dimension to the subspace instead of

two. In general, it is assumed that H is full rank and
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the effect of lower ranks is discussed later where

appropriate.

2.7 Covariance Matrices

The remainder of the chapter is devoted to a study of a
number of techniques for performing bearing estimation.
Given the snapshots §(k) and the sensor positions én' the
aim of the process is to deduce the bearings of the
signals being received. This may be viewed as an attempt
to récover the coefficients of the underlying data

model. In particular, if the matrix H is discovered then
the signal vectors become available, which in turn imply

the signal bearings.

The first step in the analysis of the snapshots is to form

the covariance matrix R, which is defined as follows.
R = E[s(k)sH(k)] (2.23)

The operator E[] denotes the expected wvalue and the
superscript H indicates the Hermitian transpose. In
practice, it is impossible to obtain the expected wvalue
precisely and R must be approximated by averaging over a

finite number of snapshots as follows.
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s (k)sH(k) (2.24)

A

[H]
o L
(a0 I

Recalling the definition of the snapshot §(k) given in
(5;19), R must depend on H, §(k), and g(k) and the precise
relationship can be discovered by substituting the (2.19)
into (2.23). Since the signals and the noise are
uncorrelated, cross terms involving §(k) and Y(k) are

assumed to vanish.

X
1]

ELC(Ha(k) + w(k))(Ha(k) + w(k))H]

ECHa(k)aH (k)uH + w(k)wH(k)]

HECa(k)aH(k)JHE + ECw(k)wH(k)] (2.25)

The two expected values in (2.25) are the covariance

matrices of a(k) and w(k), which are denoted by Ry and Ry

respectively.

R = HR HH + Ry (2.26)
where

Ry = E[a(k)aH(k)] (2.27)

w
=
i

ECw(k)wH (k)1 (2.28)



30

The matrices R, and Ry are known as the signal covariance

matrix and the noise covariance matrix respectively.

The next three sections make a number of deductions about
the matrices Ry and R4 and the product ggagH. These
observations are then combined to obtain some important

properties of the covariance matrix R.

2.8 Properties of the Noise Covariance Matrix

Ry is the covariance matrix of the vector w(k) and, in
common with all other covariance matrices, it is Hermitian
(i.e. Ry = EE) [84]. ‘Each element (Ry)jj expresses the
degree of correlation between the additive noise signals
produced by sensors i and j. An element (Ry)pp on the
leading diagonal is equal to the power of the noise
component from sensor n, which is o2 for all of the
sensors. Since the noise from different sensors is

uncorrelated, the off-diagonal elements are all equal to

zero and Ry is therefore a scaled identity matrix.
Ry = o2I (2.29)

Substituting (2.29) into (2.26), the data model can be

re-written as follows.
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R = HRoHH + oZI (2.30)

Since an identity matrix is full rank [85], the rank of Ry
is guaranteed to be equal to N provided that there is

noise present (i.e. of > 0).

r(Ry) = N (2.31)

2.9 Properties of the Signal Covariance Matrix

As noted earlier, Ry is the covariance matrix of the
vector a(k) which contains the M phasors ap(k).

- Like Ry, this matrix is Hermitian. The elements on the
leading diagonal of Ry are the powers of the M signals.
Recalling the definition of ap(k) given in (2.3), the

power of signal m is AZ.
(Ba)mm = AX% (2.32)

An off-diagonal element (R,)jj expresses the degree of
correlation between signals i and j. If the M signals
are uncorrelated, the off-diagonal elements are all equal
to zero and the matrix is diagonal. Non-zero
off-diagonal terms indicate that some correlation is

preseht and if I(Rg)ijl = AjAy (with i # j) then signals i
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and j are completely correlated.

This can only happen if there is fixéd phase relationship
throughout the sampling period, in which case the two
signals must have identical frequencies (i.e. Wi = wj).
In this case, the constant phase difference is given by

arg{((Ra)jij), which is equal to oj - «j.

The rank of Ra is equal to the number of independent
signals, which is normally M. If there are any
completely correlated pairs, the rank is reduced and the

matrix is singular.
r(ga) {M (2.33)

Ry is assumed to be full rank unless otherwise stated.
Completely correlated signals can be caused by multipath
{11]-[15] as illustrated in Figure 2.4. The direct
signal from the transmitter is accompanied by reflections
from the g:ound or other objects. Refraction in the

atmosphere can produce a similar effect.

Multipath creates a situation in which there are two or
more sets of wavefronts arriving at the sensor array from
different directions. There are time delays between the
signals due to the differing path lengths. If the

distances change significantly during the sampling period,
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the signals drift with respect to each other and are
perceived as separate transmissions. If, however, the
path lengths remain constant, the signals arriving at the

array.are completely correlated.

2.10 Properties of the matrix product ggagﬂ

From (2.25), ggagﬂ is the covariance matrix of the vector
formed by the product gg(k) and is therefore Hermitian.
Using the rule that the rank of a product of matrices
cannot exceed the rank of any factor [86], the rank of
ggagﬂ must be limited by the rank of H or Ry, whichever is
lowest. From (2.22) and (2.33), both H and R, have a
rank less than or equal to M and the same limit therefo&e

applies to the rank of HR HH.
r(HRHH) ¢ M (2.34)

The rank is normally equal to M unless the rank of H is
reduced by array geometry anomalies or Ra fails to be full
rank due to correlated signals. Since ggagﬁ is an N by N
matrix and M < N, the matrix cannot be full rank and must
therefore be singular. It follows that the determinant

of HR.HH is equal to zero.
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|HRgHH| = 0 (2.35)
The N eigenvalues of HR HH are denoted by X, ... Ay in
ascending order. Since the matrix is Hermitian, all of

the eigenvalues are greater than or equal to zero [85].
Furthermore, there must be at least one eigenvalue equal
to zero because the matrix is singular and it follows that
ggagH is positive semi-definite. The number of
eigenvalues greater than zero is equal to the rank of the

matrix, M.

A =23 = ... =iy =0 (2.36)

0 < AN-M+1 € AN-M42 € --- € Dy | (2.37)

2.11 Properties of the Covariance Matrix

Like Ry, Ry, and ggagﬂ, the covariance matrix R is
Hermitian. An element Rp, on the leading diagonal is
equal to the power of the output from sensor n, this being
the noise power plus the total power of all of the signals

being received.

An off-diagonal element Rij is the cross-correlation
between the outputs from sensors i and j. These terms

contain the phase information that is used to deduce the
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signal bearings. The phase angle arg(Rij) is equal to
the phase shift between the two sensors, Qim - @jm, summed

over the M signals.

Now, the rank of a sum of matrices cannot exceed the sum
of the ranks of the original matrices [86]', From (2.26),
R is the sum of ggagu and Ry, whose ranks are r(ggagﬂ) { M
and r(Ew) = N according to (2.34) and (2.31). The lowest
limit on the rank of R occurs when r(ggagn) = 1, in which
case r(R) ¢ N + 1. Notice, however, that the maximum
possible rank is N since R is an N by N matrix. Thus the

presence of noise usually ensures that g is full rank.
r(g) = N (2.38)

The rules governing the eigenvalues of ggagﬁ derived in
the last section can be used to achieve some insight into
the eigenvalues of R. *The first step is to rearrange

(2.30) so that HRHH is isolated.
HR HH = R - oFI - (2.39)

From (2.35), the determinant of ggagn is equal to zero.
Substituting (2.39) into (2.35), the determinant of the
matrix formed by the expression R - o%; must also be equal

to zero.
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IR = oFI| =0 (2.40)

Equation (2.40) defines the noise power o& to be one of
the eigenvalues of R, these being X1, ... (AN in ascending
order. From (2.39), the eigenvalues of R differ from

those of HR HH by of (22].
*n = Xp - O3 (2.41)

Since the eigenvalues of ggagﬂ are all greéter than or
equal to zero, (2.41) implies that the eigenvalues of R
are all greater than or equal to o3. Furthermore, (2.40)
states that at least one of the eigenvalues of R is
actually equal to o32. Combining these two observations,

the smallest eigenvalue of R must be equal to oZ.
Xl = 0"2, (2.42)

A set of rules for the eigenvalues of R can be obtained by

substituting (2.41) and (2.42) into (2.36) and (2.37).

Xl = Xz S e = )N_M = 0-921 (2.43)

GVZI < )N_M.,,l £ XN_M.}.Z € e £ )N (2.44)

From (2.43), the multiplicity of the smallest eigenvalue
is N - M and this provides a means of determining M from

the covariance matrix R. When R is computed by averaging
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a finite number of snapshots using (2.24), the N - M
smallest eigenvalues form a cluster as illustrated in
Figure 2.5 rather than being precisely equal. The
diagram shows the eigenvalues of a covariance matrix
formed from 500 snapshots using the computer simulation

system described later in this chapter.

It is not always straightforward to determine the number
of eigenvalues in the cluster, particularly at poor signal
to noise ratios or when partially correlated signals are
present. No reliable method is known at present although
statistical tests are emerging [87]1-{91]. The problem
has a similar flavour to that of model order determination
in autoregressive spectral analysis [17], ([18], [20],

[92]-[94].

In view of the relationship between the rank of §§a§H and
the eigenvalues of R, the estimated value of M is, at
best, equal to the rank of ggagu. Any of the problems
discussed earlier which reduce the rank of ggagH cause M
to be underestimated accordingly. In the following

discussion, it is assumed that M is estimated correctly.
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2.12 Signal and Noise Subspaces

The N eigenvectors of R are denoted by vi, ... ,VN, Where
Vvn is the eigenvector corresponding to the eigenvalue
An- By definition, the eigenvalues and eigenvectors are

related as follows.
RYn = *n¥n (2.45)

The eigenvectors can be related to the data model by

substituting (2.30) into (2.45).

(HRqHH + ofI)vn = Xpvn = Xqlvn

> HRHHv, = (O - o@)vy (2.46)

From (2.43), »; - o2 is equal to zero for the first N - M

eigenvalues since these eigenvalues are all equal to o3.

HRoHHv, = 0, 1 ¢n ¢N-M (2.47)
Equation (2.47) states that the first N - M eigenvectors
of R are orthogonal to the conjugates of the rows of
HRoHH.  since HR HH is Hermitian, the conjugate of the
nth row is equal to the nth column and it follows that the
first N - M eigenvectors of § are also orthogonal to the

columns of HR HH.
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Since the columns of HR,HH are linear combinations of the
columns of g, they must lie in the subspace spanned by the
columns of H. Assuming that the two matrices have the
same rank, the columns of HRyHH must also span that
subspace. Since the first N - M eigenvectors of R are
orthogonal to the columns of ggagﬂ, they must be
orthogonal to any vector in the subspace, including the

columns of g.
Hlv, =0, 1 ¢n ¢N-M (2.48)

As discussed earlier, bearing estimation is essentially an
attempt to recover the signal vectors ém which form the
columns of H. The significance of (2.48) is that it
relates the eigenvectors of the covariance matrix obtained

from the snapshots §(k) to the unknown signal vectors.

Since the N eigenvectors of R are orthogonal to each
other, they mﬁst span the whole of CcN, Now, the
discussion has shown that the signal vectors ém are
orthogonal to the subspace spanned by the first N - M
eigenvectors. The signal vectors must therefore lie in
the M-dimensional subspace spanned by the remaining M
eigenvectors VN-M+1: --- (VN Which is referred to as the
signal subspace. The orthogonal subspace spanned by the
first N - M eigenvectors vy, ... ,VNy-M is the noise

subspace and has dimension N - M.
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2.13 The MUSIC Algorithm

Schmidt's MUSIC (Multiple Signal Classification) algorithm
{11], [16], [22] is a bearing estimation technique which
exploits the concept of signal and noise subspaces. The
algorithm generates signal vectors for a range of bearings
and tests each one to determine whether or not it lies in
the signal subspace. If the signal vector for a
particular bearing lies entirely in the signal subspace,
it is assumed that a transmission is being received from

that direction.

The signal vector for bearing e is é(e), which is
calculated in the same way as the unknown signal wvectors
in the data model, i.e. é(em) = ém- In Figure 2.6, pg(e)
and Eﬁ(e) are the projections of é(e) onto the signal and
noise subspaces respectively. The axes have been omitted

in order to simplify the diagram.

If é(e) lies entirely in the signal subspace then the
length (squared) of the projéction onto the noise
subspace, denoted by ngw(e)uz, is equal to zero.
Meanwhile, the length (squared) of the projection ont§ the
signal subspace, denoted by ugs(e)uz; reaches a maximum,
being equal to Hé(e)nz. If e is swept over a range of
directions, the bearings of the signals being received are

marked by peaks in |Ipg(e)ll? and notches in lipw (©)112.
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Consider the case where é(e) lies almost entirely in the
signal subspace. If o is varied so that é(e) moves even
closer to the subspace, llgw(e)ll2 decreases more rapidly
than |Ipg(@)ll? increases. This happens because |lpy(®)]|2
is determined by the cosine of the angle between é(e) and
the noise subspace whereas IIES(G)H2 depends on the sine.
The gradient of the cosine function reaches its maximum in

this area.

It follows that the notches in |lpy(e)il? are sharper than
the peaks in ngs(e)nz, making ﬂgw(e)ll2 preferable when
forming a bearihg spectrum. Thus a signal vector is
actually tested by measuring its orthogonality to the
noise subspace rather than the extent to which it lies in
the signal subspace; Another reason for this choice is
that the noise subspace generally has a higher dimension,
provided that the number of signals being received is

small compared with the number of sensors.

The projection Ew(e)' which is the component of &(e) in

the noise subspace, is calculated as follows [85].
pw(e) = Vu(vivi)-1vlig(e) (2.49)
where

Vo = L va vy ... vy-m 1] (2.50)
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Vi is an N by N - M matrix which has the N - M noise
subspace eigenvectors as its columns. Since the
eigenvectors are vectors of unit length which are all
orthogonal to each other, the columns of Yw form an

orthonormal set.

Vive = (Vv 1l =1 (2.51)

The expression for the projection Ew(e) can be simplified

by substituting (2.51) into (2.49).

pw(e) = VyVig(e) (2.52)

The length of the projection, ng(e)uz, is the inner

product of Ew(e) and its Hermitian transpose.
llpw(e) 112 = pli(e)py,(e) (2.53)
Substituting (2.52) into (2.53) and.simplifying the result

using (2.51), the final expression for ng(e)ll2 is as

follows.

llipw ()12 = qH(e)V ViV vHg(e)

= qH(e)v,Vlla(e) (2.54)

As explained earlier, |[lpy(©)|l2 reaches a minimum whenever

© is equal to the bearing of one of the signals being
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received. It is conventional, however, for the bearings
of the signals to be indicated by peaks in the spectrum
rather than notches and this is achieved by defining the

MUSIC spectrum to be the reciprocal of HEW(G)HZ-

1
Ppu(®) = - - (2.55)
g (e)VyViig(e)

The bearing spectrum is generated by evaluating Pp,(e)
over a range of closely spaced values of e. Pnu(®) is
always real and is theoretically equal to infinity when e

equals one of the signal bearings ey.

To summarize, the first step in the MUSIC algorithm is to
gather the snapshots §(k) and form the covariance matrix
R. The eigenvalues X, and eigenvectors vp of R are
calculated and the number of signals, M, is determined by
inspecting the eigenvalues. The matrix Vu is then formed
using the first N - M eigenvectors and the bearing
spectrum is plotted by e&aluating Ppu(®) over a range of
bearings. For each bearing, the signal vector é(e) is
calculated from the sensor positions én and the angle eo.

Peaks in Pp,(e) are assumed to indicate the bearings of

the signals being received.

The discussion has demonstrated the natural progression

from the data model to the idea of signal and noise
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subspaces and from there to MUSIC. The next two sections
describe two other techniques for bearing estimation known
as conventional beamforming and the minimum energy
method. __ Both of these operate on the covariance matrix g
although the processing-is somewhat different from that
employed in MUSIC. Following this, the computer
simulation system is introduced and bearing spectra for

all three techniques are presented.

2.14 Conventional Beamforming

This section describes the conventionél beamforming
technique for bearing estimation [16], which is
essentially a spatial Fourier transform similar in form to
the discrete Fourier transform used in time series
analysis [17], [18]. The discrete Fourier transform of

the output from sensor n is defined as follows.

K
§ = k -jam(k - 1) 2.56
(W) }21 sn (k)exp{-32m( o } ( )

In the spatial Fourier transform, the sequence of samples
sp(1l), ... ,sp(K) obtained from one sensor at different

times is replaced by the set of samples s1(k), ... ,sy(k)
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collected from the N sensors at the same time.

The term 2m(k - 1)w/wg in (2.56) is the phase angle of a
sinusoid with frequency w observed at the time of the kth
sample and can be regarded as a phase shift due to the
time which has elapsed since the first sample was taken.
In the spatial Fourier transform, the term is replaced by
@n(e), which is the phase shift from the position of the
reference sensor (sensor 1) to that of sensor n. This is
defined in the same way as the phase shifts used in the
data model, i.e. $p(ep) = $pn. Combining these
observations, the definition of the spatial Fourier

trarisform is as follows.

N
S(e) = ) sp(k)exp(-3dy(e)) (2.57)
=1

%

Noting that &ﬁ(e) = exp(-j@n(e)) where denotes complex

conjugation, (2.57) can be expressed in matrix form.
s(e) = gH(e)s(k) (2.58)

The conventional beamforming bearing spectrum is obtained

by taking the expected value of |S(e)|?2.
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ECIS(9) 2]

Ppe(0)
= E[éﬂ(e)g(k)gu(k)é(e)]

= qH(e)Els (k)sH(k)1gq(e) (2.59)

Notice that (2.59) contains the expected value
Etg(k)§H(k)], which is the definition of the covariance
matrix R given earlier in (2.23). This observation

allows (2.59) to be re-written as follows.
Ppe(e) = gH(e)Rg(e) . (2.60)

The bearing spectrum is generated by evaluating Ppg(e)
over a range of wvalues of eo. It can be shown that the
resulting spectrum has units of power [1l6] and this is

confirmed by the analysis presented in Chapter 3.

Conventional beamforming is computationally less expensive
than MUSIC since the eigenvalues and eigenvectors of the
covariance matrix R do not have'to be computed. This
reduction in cost is, however, accompanied by a reduction
in the quality of the bearing spectrum [16], [25] and the
simulation results at the end of the chapter confirm the

general superiority of the MUSIC technique.
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2.15 The Minimum Energy Method

Like the discrete Fourier transform, conventional
beamforming produces_spectra with large sidelobes [16],
meaning that Ppg(®) can be significantly influenced by
signals with bearings other than e. The choice of é(e)
as the steering vector in (2.66) sets the gain in the
direction e without making any attempt to suppress signals

being received from other directions.

This section describes the minimum energy method [16],

which' attempts to minimize the received power subject to
the constraint that the gain in the direction 6 is equal
to 1. The result is that the influence of signals from

other directions is reduced and the quality of the bearing

spectrum is improved. In the minimum energy method, é(e)
is replaced with a new steering vector é(e). By analogy

with the .expression for Ppge(e) given in (2.60), the

received power is as follows.

Pne(®) = BH(e)Rb(e) (2.61)

The vector é(e), which is chosen so as to minimize Ppgo(®),
can be regarded as a summation of signal vectors for
different bearings using complex weights. Recalling the
definition of the spatial Fourier transform given in

(2.58), the product éH(e)é(e) expresses the magnitude and
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phase of the component of é(e) at the bearing e. If the
weighting of this component is forced to be 1, the system
must have unit gain in the direction & and the constraint

is therefore expressed as follows.
gH(e)b(e) = 1 (2.62)

The minimization of Pjo(©) subject to this constraint is
performed using a Lagrange multiplier {[16]. The aim is
to minimize the following expression, which incorporates
both the definition of Pp.(e) given in (2.61) and the

constraint sepcified in (2.62).
F = bH(e)Rb(e) + B(gH(e)b(e) - 1) (2.63)

B is the Lagrange multiplier. The value of é(e) which
minimizes F is found by differentiating F with respect to
é(e) and setting the derivative to zero. Since the
expression contains a reference to %H(e), the derivative
of F with respect to the conjugate of é(e) must also be
considered. The calculus can, however, be simplified by
treating é(e) and its conjugate é*(e) as independent
variables [16]. The differentiation of F with respect to

é(e) splits naturally into the following two parts.

3 a o 3
- F = — (bH(e)Rb(e)) + —
ab(e) ab(e) ” o ab(e)

(B(gH(e)b(e) - 1))
(2.64)




52

A similar expression is obtained for the derivative with
respect to b*(e). The, first differentiation in the right
hand side of (2.64) involves the quadratic form

gH(e)gé(e), which can be expanded as follows.

bH(e)Rb(e) = bf (e)Rj 5b5(e) (2.65)

N1
N1

i=1 j=1

The next step is to f£ind the partial derivatives of
bH(e)Rb(e) with respect to the elements bp(e) and bj(e).
According to the expansion given in (2.65), this involves
differentiating Sn(e) with respect to Ba(e) and vice
versa. These derivatives are normally considered to be

undefined, there being no analytic function which relates

a complex number to its conjugate [95].

However, since b, (e) and bj(e) are being treated as
independent variables, the derivative of one with respect
to the other can be assumed to be zero. A complex
gradient operator whose properties support this assumption
has been reported in the adaptive array literature

[95]. The partial derivatives of bH(e)Rb(e) with

respect to b,(e) and bji(e) are therefore as follows.

2

3
(BH(e)RB(6)) = ) RppbAle) (2.66)

abp, (©) 1

o 3
]
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3
{bH(e)Rb(e)) = Rpnhbp (@) (2.67)

abj (e) h

N1

Since R is Hermitian, Rphp = Rhn and it follows that the
term Rphbp (@) on the right hand side of (2.67) is equal to
(Rhnﬁﬂ(e))*, which is the complex conjugate of the
corresponding term in (2.66). The derivatives of
éH(e)gé(e) with respect to Bn(e) and Bﬁ(e) are therefore
complex conjugates and if one of them is set to zero then
the other is guaranteed to be 2zero as well. It is thus

sufficient to consider only the derivative with respect to

bn(e).

The derivative of %H(e)gé(e) with respect to é(e) is a
vector containing the derivatives with respect to the
individual elements Bn(e). Noting that the summation in
(2.66) selects the elements Rip, Ropn, ... ,'RNn, which
form the nth column of R, the derivative with respect to

g(e) can be expressed as follows in matrix form.

3

(bH(e)Rb(e)) = (bH(e)R)T = RTH*(e) (2.68)

3b(e)

There is a popular misconception that the right hand side
of (2.68) should be 2§T§*(e) by analogy with the case

where §(e) is real and R is symmetric [95]. Although the
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derivation presented here is more correct, both versions
produce the same final answer since the superfluous factor

of two is accommodated when solving for B. [95]

The differentiation of B(qH(e)b(e) - 1) in (2.64) is more
straightforward and the derivative with respect to é*(e)
is zero since the expression contains %(e) but not

§H(e). The derivative with respect to é(e) is as

follows.
a -~ ~ -~
- (B(qH(e)b(e) - 1)) = Bg*(e) (2.69)
ab(e)

The derivative of F with respect to %(e) is found by
substituting (2.68) and (2.69) into (2.64) and the value
of é(e) which minimizes F and Ppo(@) is sought by setting

the derivative to zero.
RTB*(e) + Ag*(e) = 0 (2.70)

Since R is Hermitian, gT = g* and (2.70) can be solved

for é(e) by conjugating both sides, pre-multiplying by
R~-1

~

. and rearranging.

b(e) = -AR"1g(e) (2.71)
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The Lagrange multiplier B can now be found by substituting

(2.71) into the constraint equation (2.62) and rearranging.

1
B = - = - (2.72)
qH(e)R™1g(e)

The following expressions for é(e) and éH(e) are obtained

by substituting (2.72) into (2.71).

R"1g(e)

b(e) (2.73)

qH(e)R"1g(e)

A gH(e)(R"1)H
bH(e) = — — (2.74)
qH(e)(R"1)Hg(e)

The final step in the derivation is to substitute the
expressions for é(e) and éH(e) obtained from (2.73) and

(2.74) into the definition of Ppg(e) given in (2.61).

1
P (e) - - " : (2.75)
e qi(e)R"1g(e) ,

The bearing spectrum is produced Sy evaluating Ppe(®) over
a range of values of o. Like conventional beamforming,
the minimum energy method generates a spectrum which has
units of power [16] and this is confirmed by the

theoretical expressions derived in Chapter 3.
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Since the inverse of the covariance matrix R has to be
computed, the minimum energy method is more
computationally expensive than conventional beamforming
although it is not as expensive as MUSIC. Not
surprisingly, the minimum energy method tends to perform
better than conventional beamforming but not as well as
MUSIC [16], [25]. The remainder of this chapter compares

the three techniques using computer simulations.

2.16 Computer Simulation of Bearing Estimation Techniques

A suite of computer programs was developed to allow the
bearing estimation techniques described in thié chapter to
be evaluated over a range of operating conditions and to
provide a means of checking the original work presented in
Chapters 3 and 4. This section provides a brief
description of the simulation system and includes a number
of bearing spectra generated using the conventional
beamforming, minimum energy, and MUSIC techniques.
Features of the system which are specific to the work
described in Chapters 3 and 4 are discussed in those

chapters at the appropriate points.

The programs in the simulation suite may be broadly

divided into those which model the sampling process and
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those which apply the bearing estimation techniques. The
simulation of the sampling process takes the sensor
positions and signal parameters as its inputs and produces

the covariance matrix R as its output.

The X and Y coordinates of each sensor are specified in
wavelengths and the array is always positioned so that the
reference sensor (sensor 1) is at the origin. The sensor
positions for linear 'and circular arrays are generated
automatically from parameters such as the number of
sensors in the array and the spaéing between adjacent
sensors. Arbitrary array geometries may be defined by

specifying the sensor positions manually.

Each of the received signals is described by specifying
the bearing e, in degrees, the power AZ in decibels, the
initial phase angle «p in degrees, and the relative
frequency wp/wWe. As noted earlier, the frequencies must
all be slightly different in order to ensure that the
_éignals drift with respect to each other. Finally, the

noise power o3 is specified in decibels.

The covariance matrix R is calculated by applying the data
" model developed earlier in this chapter. The unit
vectors zp are obtained directly from the bearings ey.

The signal vectors ém are then derived by combining the

vectors zp with the sensor positiéns én using (2.5),
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(2.6), (2.8), and (2.15). The matrix H is formed by
placing the signal vectors ém side by side as specified in

(2.20).

The simulation system provides two different techniques
for calculating the covariance matrix R, the first of
which involves averaging over a finite number of
snapshots. In this case, the samping rate wg/w. and the
number of snapshots K must be specified. From (2.19),
the kth snapshot §(k) is given by §(k) = gg(k) + g(k)
where g(k) is calculated using (2.3) and (2.21) from the
signal frequecies wp/Ws, the amplitudes Ap, the phase
angles «p, the sampling rate wg/w., and the sample number

k.

The elements wp(k) of the noise vector w(k) are created
using the drand48 random number generator [96] which is
supplied with the Unix operating systenmn. This function
produces random. numbers with a flat distribution. Now,
Wn(k) is a complex number whose real and imaginary parts
both have a normal distribution with a mean of zero and a
variance of oZ. It follows that the phase angle
arg{wp(k)) has a flat distribution over the range 0 to 2w
while the magnitude Iwn(k)[ has a Rayleigh distribution

[971].
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The procedure for producing wp(k) using a random number
generator with a flat distribution is therefore as
follows. For each noise term wp(k), the drand48 function
is called twice and the resulting values are scaled so as
to produce two real numbers @3 and o5 such that 0 ¢ o7 < 1
and 0 ¢ ex < 1. Thus 2mp3 has a flat distribution over
the range 0 to 27 while /{(-1n(l - ¢3)) has a Rayleigh
distribution [98]. The noise term wp(k) is therefore

given by wp(k) = (cos2mp; + jsin2mpy)oyu/{(-1n(l - @3)).

Once the sequence of snapshots §(k) has been obtained, the
covariance matrix R is calculated by averaging the product
s(k)sH(k) over the K snapshots using (2.24).

The simulation system also providés an alternative
technique for calculating the covariance matrix in which
the expected value Etg(k)gH(k)] is obtained directly from
the signal parameters and sensor positions. In practical
terms, this corresponds to averaging over an infinite
number of snapshots and thus provides a way of eliminating

the errors caused by using a finite number.

In this case, the covariance matrix is calculated using
(2.30), which states that R = HRH + ogI. From (2.32),
each element (l}a)mm on the leading diagonal of Ra is set
to the power Aﬁ of the corresponding signal. Normally,

all of the signals have different frequencies and the
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off-diagonal element (Ry)pj are all set to zero. If,
however, signals h and i are specified as having the same

frequency then (R3)hj is set to ApAjexp(j(op - «5)).

Bearing spectra are produéed by evaluating the expressions
for Ppe(®), Ppe(e), and Pp,(®) given in (2.60), (2.75),
and (2.55). All of the spectra in this thesis cover the
full range of bearings from 0 to 360 degrees with a

spacing of 0.5 degrees between adjacent points.

The matrix inversion required by the minimum energy method
is provided using a standard Gaussian elimination
érocedure [85] while the eigenvalue decomposition for
MUSIC is performed by an LZ algorithm [99]. The MUSIC
algorithm also requires an estimate of the number of
signals being received and this is obtained by inspecting
the eigenvalues as discussed earlier. The ratio Xp49/2p
is calculated for each value of n in the range 1 to N - 1
and the value of n which maximises this ratio is assumed

to be equal to N - M, thus allowing M to be determined.

As noted earlier, however, the estimation of M from the
eigenvalues is somewhat unreliable, even when more
sophisticated tests are used. The simulation system
therefore allows the user to override the estimated value
by stating the number of signals explicitly. All of the

MUSIC. spectra in this thesis were produced using this
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facility, although the estimated value was actually

correct in most cases.

For the sake of consistency, all of the simulation results
in this chapter and Chapters 3 and 4 are based on the same
array of sensors. This array, which is shown in Figure
2.7, consists of five sensors evenly spaced around the
circumference of a circle of radius 0.5 wavelengths with a

sixth sensor at the centre of the circle.

Figures 2.8(a), 2.9(a), and 2.10(a) show bearing spectra
generated using the conventional beamforming, minimum
energy, and MUSIC techniques when the array was receiving
a signal with a bearing of 18 degrees. The power A% of
the signal was 20dB, its phase angle «; was zero degrees,
and its relative frequency wj/w. was 1. The noise power
o was 0dB (giving a signal to noise ratio of 204B) and
the covariance matrix was formed using 500 snapshots

obtained at a sampling rate wg/ws of 3.4567 snapshots per

cycle.

The quantity plotted vertically in each spectrum is
10logjgP(e) where P(e) is Ppg(®), Ppe(®8) or Ppy(e) as
appropriate. In the case of conventional beamforming and
minimum energy, this results in a vertical axis which is
calibrated in power in decibels. It should be clear from

the discussion earlier that MUSIC does not produce a power
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0.5 wavelengths

Figure 2.7 Array for computer simulations
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Figure 2.8 Conventional beamforming bearing spectra
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Figure 2.9 Minimum energy bearing spectra
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Figure 2.10 MUSIC bearing spectra
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spectrum, the peak height being theoretically equal to

infinity. Thus the vertical axis of the MUSIC spectrum
is merely Ppy(®) plotted on a logarithmic scale. Marple
[17] provides a detailed discussion of the units produced

by various spectral estimators.

Figures 2.8(b), 2.9(b), and 2.10(b) show the bearing
spectra obtained when a second signal with a bearing of 45
degrees was introduced. The second signal had a power A3
of 20d4dB, a phase angle x5 of zero degrees, and a relative
frequency wy/w. of 1.001. The noiée and sampling
parameters were as before. Notice that the MUSIC
spectrum is the only one which contains two distinct peaks
correspbnding to the signals being received. This
confirms the superior resolution properties of the MUSIC
technique compared with conventional beamforming and

minimum energy [16], [25].

As noted earlier, these results are not original and are
included only to illustrate the output from the simulation
system. The application of the software to original work

is considered in Chapters 3 and 4.
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2.+17 Summary

This chapter has described a number of techniques for
performing bearing estimation using an array of sensors.
The discussion started by developing a model for the
snapshots obtained from the array, the main aim being to
show how the bearings of the signals were embedded in the

data.

The procedure for forming a covariance matrix from the
snapshots was outlined and a number of properties of this
matrix were derived, particular attention being given to
its eigenvalues and eigenvectors. This led naturally to
a discussion of signal and noise subspaces and a
derivation of MUSIC! which is a bearing estimation

algorithm based on subspace concepts.

This was followed by a description of the conventional
beamforming approach to bearing estimation, which is
essentially a spatial Fourier transform. The method is
generally inferior to MUSIC, although it has the -advantage

of being less computationally expensive.

The minimum energy method was also described. This is a
bearing estimation technique which attempts to improve the
bearing spectrum by minimizing the received power subject

to the constraint that the gain in the direction of



68

interest is unity. The result is that the influence of
signals from other directions is reduced. The technique
lies somewhere between conventional béamforming and MUSIC

in both performance and computational cost.

Finally, a number of bearing spectra produced by a
computer simulation system were presented. These
compared the three techniques and demonstrated the

superior resolution properties of the MUSIC algorithm.
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CHAPTER 3 THE EFFECTS OF SENSQOR _POSITIONING ERRORS

3.1 Introduction

Setting up a direction finding array involves attempting
to place each sensor at its intended position. In
practice, it is impossible to do this with total accuracy
and there are always small errors between the intended

sensor positions and the true ones.

This chapter presents an original piece of research which
investigates the effects of such errors on the bearing
estimation process. This work is a natural extension to

the background material presented in Chapter 2.

The analysis is based on a statistical model of the sensor
positioning errors. Imagine that an array of sensors is
set up several times and that the errors in the X and Y
coordinates of the sensors are measured on each

occasion. It is assumed that the error in each
coordinate would be found to have a normal distribution
with a mean of zero. Furthermore, all of the errors
would have the same variance, denoted by o2. This
variance expresses the accuracy to which'the sensors can

be positioned.
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The errors are therefore random variables and a particular
attempt at setting up the array is represented by a set of
samples of these variables. Sensor positioning errors
are essentially another noise source associated with each
sensor although they are different from receiver noise in
that they are sampled only when the array is set up

instead of once every snapshot.

Figure 3.1 shows two sets of sensor positions for a linear
array. The intended sensor positions define the ideal
shape of the array while the true sensor positions show
the result of one particular attempt at setting the array
up. The tfue positions incorporate the sensor

positioning errors.

Although the snapshots from the array depend on the true
sensor positions, the bearing estimation algorithm used to
analyze the snapshots is normally provided with signal
vectors based on the intended positions. This presents
no problems under the usual teéit assumption that the two
sets of positions are identical. However, when the
presence of sensor positioning errors is acknowledged, it
becomes evident that the data model.assumed by fhe bearing
estimation algorithm does not match the one which

generated the snapshots.
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O intended sensor positions

@® true sensor positions

Figure 3.1 True and intended sensor positions
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This chapter shows that the bearing spectrum is adversely
affected if there are inconsistencies between the true
sensor positions and the ones used for bearing
estimation. Sensor positioning errors cause errors in
the bearings of the peaks in the spectrum and a reduction

in peak height.

The imaginary experiment introduced at the start of this
section provides a good framework within which to describe
the goals of the work presented in this chapter. In the
experiment, an array of sensors is set up several times,
producing a new set of true sensor positions on each
occasion. For each set of true positions, a sequence of
snapshots is obtained and a bearing spectrum is formed
using using one of the bearing estimation techniques
described in Chapter 2. The signal vectoré é(e) required
by the bearing estimation algorithm are derived from the
intended sensor positions and are the same on each
occasion. The resulting spectrum is examined and values
are noted for certain parameters, such as the height of a
peak or the error between the bearing of the peak and the

true bearing of the corresponding signal.

When several sets of true sensor positions have been
processed in this way, a mean and variance can be
calculated for each of the parameters and these means and

variances can be viewed as functions of the variance of
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the sensor positions, °§- For example, if the experiment
was repeated with a larger value of 05, there would
generally be larger errors in the bearing spectrum. Thus
the results are statistical in nature rather than being
restricted to a particular realization of the sensor

positioning errors.

The layout of the chapter is as follows. The next
section introduces the new notation required to describe
sensor positioning errors. Following this, the relevant
parameters of the bearing spectrum are identified.
Finally, expressions are derived which relate the mean and
variance of each parameter to 05 and the results are

confirmed using computer simulations.

3.2 Modelling of Sensor Positioning Errors

The main purpose of this section is to establish a frame
of reference within which sensér positioning errors can be
described. It is important to realize that the degraded
performance of a bearing estimation algorithm in the -
presence of such errors is caused not by the errors per se
but by the mismatch created when the errors are not taken

into account.
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When performing bearing estimation, the fact that the
intended sensor positions are the ideal values of the true
ones is a philosophical point with no physical
significance. From a practical standpoint, the intended

positions are merely estimates of the true ones.

Indeed, this concept is taken to its natural conclusion in
Chapter 4 by the array calibration algorithm, which
updates the estimated sensor positions iteratively in an
attempt to make them converge to the true ones. The
intended positions are the initial estimates. After
calibration, the estimated positions are used in place of
the intended‘ones when performing bearing estimation, thus
removing (or reducing) the mismatch.

The vector gn introduced in Chapter 2 represents the
intended position of sensor n. The error between the
intended position and the true one is denoted by Aup, as
shown in Figure 3.2. The X and Y components of the N
vectors Aup are assumed to be independent random
variables, each of which has a normal distribution with a

mean of zero and a variance of cg.

Since the X and Y components of Aup have identical normal
distributions, errors in all directions are equally likely
to occur. It also follows that the length llaupll has a

Rayleigh distribution [971.
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Figure 3.2 Vectors for analysis of
sensor positioning errors
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The true position of sensor n relative to the true
position of the reference sensor (sensor 1) is denoted by

the vector up, which is defined as follows.
Un = ‘:-}n - A‘-jn + Agl (3.1)

By setting n to 1 in (3.1), it is straightforward to show

that uj, like gl, is always a null vector.
u; =u; =0 (3.2)

This is important because the displacement of the
reference sensor from the origin in Figure 3.2 implies a
translation of the whole array. However, the phase
information obtained from the array depends only on the
relative positions of the sensors and a translation of the
array is therefore not observable from the snapshots. It
is assumed that the sensor positioning errors ;re small
enough for the plane wave assumption to remain valid over
the entire area covered by both the true and intended

positions.

Figure 3.3 shows an alternative view of the array in which
the true and intended positions of the reference sensor
are both at the origin. The absolute error in the true
position of sensor 1 has been absorbed by the other

sensors. In a sense, cg has been set to zero for the
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reference sensor and doubled for all of the others.

The lengths of the components of Aup and up along the axis

of propagation of signal m are denoted by Ae€pp and e€pp

respectively. They are calculated in the same way as %nm°
A€pm = Aup-zp (3.3)
enm = UYn - "Znp (3.4)

Using the distributive property of the scalar product
[100], the relationship between €pn, A€pp. and €py can be

obtained from (3.1).

€nm = €nm — A€pm t A€1p (3.5)

Setting n to 1 in (3.5) confirms that €15, like élm' is
always zero.

-

Figure 3.4(a) shows €pp, €pm. A€pp. and A€y, with the true
position of the reference sensor displaced from the origin
as in Figure 3.2. Figure 3.4(b) is based on the
alternative construction from Figure 3.3 in which the true
and intended positions of sensor 1 are both shown at the
origin. Notice that €py, €pm: A€pp, and Ae€yp are the

same in both cases although the measurements are shown at
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different positions along the axis of transmission.

Since the components of Aup along the X and Y axes have
the same distribution, the component along any axis must
have that distribution as well. Thus A€py,, the component
of Aup along the axis of transmission of signal m, has a
normal distribution with a mean of zero and a variance of

2
O'p.

The probability that A€, is equal to a particular value,
say o, is obtained from the probability density function
gl(e). Since Ae€p, is normally distributed, g(e) is as

follows [97].

1 p?
gle) = —— exp[———— }, -0 ¢ p ( @™ (3.7)
opY{2m) 203

3.3 Parameters of the Bearing Spectrum

The last section showed that the errors Aepy, in the
distances e€pp could be characterized statistically by the
variance oZ2. The next step is to consider the effects of

these errors on the bearing spectrum itself.
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This section introduces a small set of parameters which
can be used to describe a bearing spectrum generated in
the presence of sensor positioning errors. Later

sections relate the mean and variance of each parameter to

' 2
O'p.

The analysis i1s restricted to the case where only one
signal (plus sensor noise) is being received. Under
these conditions, all of the bearing estimation techniques
introduced in Chapter 2 are asymptotically unbiased [12],
[16], [24]. This means that the bearing spectrum would'
have a peak at the correct bearing if the expected value
of the covariance matrix was used and there were no sensor

positioning errors.

When there are errors in the sensor positions, the peak is
generally at the wrong bearing and the overall shape of
the spectrum is changed slightly. Figure 3.5 shows the
parameters used to describe these effects. The angle A®8q
is the error in radians between the true bearing 63 of the
signal and the bearing 7 + Ae; of the peak in the
spectrum. P(eq + 4Aeq) is the height of the peak and
P(eq1) is the height of the spectrum at the true bearing of

the signal.

Later sections of this chapter derive theoretical

expressions for the means and variances of Aeq and P(el)
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as functions of 05. The results obtained for Aeq apply
to all of the bearing estimation techniques introduced in
Chapter 2, while in the case of P(eq), different
expressions are produced for .the MUSIC, conventional __

beamforming, and minimum energy methods.

Computer simulations confirm these results and also record
the behaviour of the peak height P(eq + Aeq), which is
arguably of more interest than P(eq). Although no
theoretical expressions are obtained for the peak height,
it is evident from the simulation results that the
expressions for P(e;) can be used to construct bounds for

P(el + Ael).

3.4 Computer Simulation

The simulation system includes a program which models the
process of setting up an array of sensors several times.
The inputs to the program are the intended sensor
positions én' the variance of, and a number which
specifies how ﬁany times the array is to be set up. The
output from the program consists of several sets of true

sensor positions up.



84

The program simulates the act of setting up the array by
creating the sensor positioning errors Aup, using the
random number generator. Recall that the X and Y
components of Aup both have a normal distribution with a
mean of zero and a variance of 05. " The program can
therefore create the sensor positioning error Aup by
generating a random complex number using the procedure
described in Chapter 2 then assigning the real and
imaginary parts of the complex number to the X and Y
components of Aup. The true sensor positions u, are then
produced by combining the intended positions gn with the

errors Aup using (3.1).

For each set of true sensor positions up, a covariance
matrix R was formed by processing the sensor positions
together with a set of signal parameters as described in
Chapter 2. Each covariance matrix was then fed to the
bearing estimation software and bearing spectra were
produéed using the conventional beamforming, minimum
energy, and MUSIC techniques. However, the signal
vectors é(e) which appear in the expressions for Pre(®),
Ppe(®), and Pp,(e) were derived from the intended sensor
positions rather than the true ones used in forming the
covariance matrix. As a result, the bearing spectra
showed the effects of the inconsistencies between the

intended sensor positions and the true ones.
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All of the simulation results in this chapter are based on
the circular array introduced in Chapter 2. This array
defines the intended sensor positions. As an example,
Figure 3.6 shows the result of generating 5 sets of true
sensor positions (and hence 5 bearing spectra) wi;h 05 set
to 0.001. The bearing spectra were produced using

MUSIC. In Figure 3.6(a) there is one signal present,
while in Figure 3.6(b) the whole process has been répeated
using two signals. The signal and sampling parameters
were identical to those used in Chapter 2 and Figure 3.6

may therefore be compared directly with Figure 2.10.

To recap, the first signal had a bearing of 18 degrees and
a relative frequency of 1.0 while the second signal had a
bearing of 45 degrees and a relative frequency of 1.001.
Both signals had a powér of 20db and an initial phase
angle of zero degrees. The noise power was 0dB and the
covariance matrix was formed using 500 snapshots obtained

at a sampling rate of 3.4567 samples per cycle.

Comparing Figure 3.6 with Figure 2.10, it is evident that
the sensor positioning errors caused variations in the
bearings of the peaks in the spectfa and a general
reduction in peak height. In Figure 3.6(b), notice how
the errors considerably reduced the ability of the MUSIC

technique to resolve the two signals.
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Figure 3.6 MUSIC bearing spectra with
sensor positioning errors
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Although Figure 3;6 is useful as an illustration of the
effects of sensor positioning errors, a sample of 5 true
arrays is too small to allow reliable statistical results
to be obtained. The main simulation results for this
chapter are based on an experiment in which 1000 sets of

true sensor positions were generated for each value of cg.

As noted earlier, the theoretical analysis is restricted
to the case where only one signal is present. In the
simulation, the bearing of this signal was 18 degrees, its
power was 20dB, its relative frequency was 1.0, and its
initial phase angle was zero degrees. The noise power

was 0dB (resulting in a signal to noise ratio of 20dB).

For each of the 1000 séts of true sensor positiohs, the
expected value of the covariance matrix was obtained using
the procedure described in Chapter 2. The theoretical
work does not take account of the effects of averaging
over a finite number of snapshots and the use of the
expected value of the covariance matrix allowed such

effects to be excluded from the simulation results as well.

For each of the 1000 covariance matrices, bearing spectra
were produced using the conventional beamforming, minimum
energy, and MUSIC techniques. The spacing between
adjacent points was 0.005 degrees. Rather than being

plotted, ‘however, these spectra were fed into a program
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which gathers statistics on the parameters introduced in

the last section.

The program searches through each spectrum to find the
peak then calculates the bearing error Aeq, the peak
height P(e1 + Aeq), and the height P(eq) of the spectrum
at the true bearing of the signal. The program
calculates the mean and variance of each of these

parameters over the 1000 spectra.

Since there were three bearing estimation techniques,
three parameters for each technique, and a mean and
variance for each parameter, the program produced a total
of 18 results. The final step in the simulation was to
élot these 18 results against the variance of the sensor
positioning errors 05. In the graphs shown later in the
chapter, 65 runs from 0 to 0.001 in steps of 0.0001,
producing 11 values in total. For each value of og, 1000
sets of true sensor positions were produced and analyzed

in the manner just described.

A further program was used to plot the theoretical results
over the same range of values of o©32. Each of the 18 4
graphs consists of a continuous theoretical curve and the
11 data points. These graphs are presented in later
sections at the points where the corresponding theoretical

results are derived.
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3.5 A Geometric View of Bearing Estimation

The first step in understanding the behaviour of the
bearing error Ae; is to develop a geometric interpretation
of the bearing estimation process. Although bearing
estimation algorithms are normally expressed in terms of
phasors and matrix algebra, a much simpler analysis
involving only distances and angles can be used to
anticipate the bearing of the peak in the spectrum. This
simplified view makes it possible to relate the mean and
variance of the bearing error Ae; to the sensor

positioning errors and hence to 05.

In Figure 3.7, sensors h and i are receiving one signal
with a bearing of e; radians. The indices h and i both
lie in the range 1 to N and h # 1i. The diagram shows the
general case where neither of the two sensors is the
reference sensor (sensor 1) although all of the
relationships derived in the following discussibn apply
equally well to cases where one of the sensors is the
reference sensor.

The vector difference éh - éi expresses the displacement

from the intended position of sensor i to that of sensor

h. The length of the component of éh - éi along the axis
of propagation is €p; - €31 as illustrated and this

distance provides the link between the sensor positions
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and the bearing of the signal.

(Qh - éi)'El = &hl - éil (3.8)

However, the sampling process produces information about
phase differences rather than direct measurements of
distance. From Chapter 2, the phase shifts from the
reference sensor to sensors h and i are @hl = 2"%h1 and

¢i1 = 2néi1, which are represented by the phasors

any = exp(3Pp1) and qj1 = exp(iPj1). The phase

difference between sensors h and i is therefore as follows.

¢h1 - @il = 2ﬂ(%h1 - %il) (3.9)

The angle ¢h1 - @il is represented by the phasor &hl/&il-

ah1  exp{(3ivp1) . .
- = - = exp{(j(¥Yh1 - ¥i1)) (3.10)
di1 exp{j¥i1)

Notice that information may be destroyed when converting
from a phase difference to a phasor since any complete
cycles of 217 radians are lost. If, for example, the
angle ¥p3 - %31 was equal to 5"/2,.arg(&h1/&il) would be
equal to T/,. It follows that there may be several
values of ¢h1 - ¢i1 which could have produced a particular
&hl/&il and this fact makes it impossible for a bearing

estimation algorithm to recover the distance €p; - €31
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unambiguously. The following relationship exists between

dn1/qi1 and €1 — €51-
- - 1 dh1
€h1 ~ €i1 = 37 argy — + L (3.11)

L is an unknown integer which accommodates the

ambiguity. Since éhl - éil'is the length of the
component of éh - éi in a partiéular direction, the
distance '&hl - %ill cannot be greater than the separation

between the two sensors.

lepn1t - €i1l < Hﬁh - éiﬂ (3.12)
Given particular values of éhl* éilt &hlf and &ilr it is
possible to determine the feasible values of L by

substituting (3.11) into (3.12).

1 dh1 ..
— arg[ S ] + L < Hlup - ujili (3.13)
2m qi1

In particular, if the distance between the sensors is less
than or equal to half a wavelength, L must be equal to

zero and &hl - éil can be recovered unambiguously. Given
€n1 - €i1. the bearing of the signal can, in principle, be

found by solving (3.8) for 23 .
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The equation can be solved using a graphical

construction. Figure 3.8 identifies a set of
right-angled triangles, all of which have the line joining
sensors h and i as their hypotenuse. In other words, all
of the triangles have one corner at the position of sensor
h and another at the position of sensor i. Since the
triangles are right-angled, the third corner must always
lie on the circumference of a circle which has the line
joining the two sensors as its diameter. There is an

infinite number of such triangles.

Now, %hl - %il is the length of one of two orthogonal
components of éh - éi' There must exist a right-angled
triangle which has the line joining the two sensors as its
hypotenuse and the other two sides equal to'the two
orthogonal components. This triangle must be a member of

the set of triangles which has just been discussed.

The relevant triangle is found by drawing an arc of radius
€p1 - €41 With its centre at the intended poéition of
sensor i as illustrated in Figure 3.9. The point where
the arc intersects the circle defines the third corner of

the triangle.

Consider the direction of the line joining sensor i to the
third corner of the triangle. The length of the

component of éh - éi in that direction is e€p; - €31 and
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this is a necessary condition for the line to point in the
same direction as the unknown vector z; which defines the

bearing of the signal.

Although it is a necessary condition, it is not a
sufficient one since the arc actually intersects the
circle in two places as illustrated in Figure 3.10. The
construction generates two right-angled triangles and
there is no way of telling which one of them defines the

bearing of the signal.

To summarize, if sensors h and i are separated by half a
waveiength or less, the phasor &hl/&il reveals the
distance éhl - éil unambiguously. A circle which has the
line joining sensors h and i as its diameter is plotted
and an arc of radius &hl - %il is drawn with its centre at
the intended position of sensor 1i. The points of
intersection between the circle and the arc suggest two
possible bearings for the signal being received and one of
these bearings is corréct, although there is no way of

telling which one.

When sensors h and i are more than half a wavelength
apart, &hl/&il suggests more than one possible length for
the component of gh - éi along the axis of propagation.
These lengths are of the form éhl - éil - L and only one

of them has L equal to zero. Each possible length



A

97

Y (wavelengths) _
False bearing due
to ambiguity

Sensor

True
‘bearing

z1

\

Y

X
(wavelengths)

Figure 3.10 Ambiguity in recovery of bearing



98

suggests two possible bearings. For example, in Figure
3.11 there is an arc of radius éhl - éil and another of
radius €1 - €41 - 1. Since both of the arcs cut the

circle in two places, there are four possible bearings,

one of which is correct.

Notice that €pq - €31 (and €p; - €31 - L) may be
negative. If this happens, the graphical constructions
look the same but 7 radians must be added to (or

subtracted from) all of the bearings produced.

So far, the discussion has shown that the information
obtained from a single pair of sensors is not sufficient
to identify the bearing of the signal unambiguously. The
true bearing does not become apparent until the
information from all of the sensor pairs in the array is
combined. In an array of N sensors, there are a total of

N(N - 1)/2 unique pairs of sensors.

Each sensor pair contributes the true bearing plus one or
more other possibilities. The key point is that the
spurious bearings are generally different for each pair of
sensors. When the information from all of the sensor
pairs is combined, the correct bearing is reinforced while

the spurious ones are not.
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Figure 3.12 shows the bearings produced by the individual
sensor pairs in the array used for the simulations.

There is one signal present at a bearing of 18 degrees.
Each row shows the bearings produced by one of the 15
unique pairs of sensors within the array and there are
either two or four possible bearings in each case.

Notice how a solid column is produced at 18 degrees

whereas no other bearing is reinforced in this way.

3.6 The Mean of the Bearing Error

. When sensor positioning errors are present, the process

described in the 1last sectioh can be repeated using the

true sensor positions instead of the intended ones. éh'
éi' and éhl - &il are replaced with up, uj, and €y - €41
respectively. Recalling the definition of €p, given in

(3.5), the difference €pq1 - €41 is as follows.

€h1 - €31 = (Ep1 - Aepy + A€yy) - (€43 - A€y + Ae€q)
= €n1 - €41 - (Aepy - A€4y)
(3.14)
Figure 3.13 summarizes the relationship between €pnq - €41,
€n1 - €31 and the true and intended sensor positions.

In reality, only the true sensor positions exist and the
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sampling process therefore reveals €p1 - €31 instead of

€h1 ~ €il-

If the true sensor positions were known, the bearing of
the signal could be sought using the method introduced in
the last section. Figure 3.14 shows an arc with a radius
of €n1 - €41 - (A€py - A€j1), or €py - €31, with its
centre at the true position of sensor i and a circle which
has the line joining the true positions of the two sensors
as its diameter. The point of intersection between the
arc and the circle reveals the bearing of the signal as

before.

The diagram also shows the corresponding construction for
the intended sensor positions, which is copied directly
frdm Figure 3.9. Notice that both construcgions reveal
the true bearing of the signal correctly. They both
produce spurious bearings as well, although these have

been omitted in order to simplify the diagram.

In practice, the sensor positioning errors are unknown and
the true sensor positions are assumed to be identical to
the intended ones. The result is that epq - €471 is
assumed to be the length of the component of éh - éi in
the direction of propagation although it is really the

length of the component of Uh -~ 4.



104

A Y (wavelengths)

Sensor
h

A‘jl

(wavelengths)

Arc of radius

€h1 ~ €i1l

O intended sensor positions

® true sensor positions

Figure 3.14 Graphical construction to recover bearing from
true positions of sensors h and i



105

/

Figure 3.15 shows how this misinterpretation of ep; ‘Aeil
leads to an error in the bearing of the signal. Having

drawn the circle which passes through the intended sensor

positions, an arc of radius ep; - €471 is required to
identify the signal bearing correctly. However, an arc
of radius e€pq - €41 - (A€p; - A€j1) is used instead and

this intersects the circle at the wrong point, causing an

error in the bearing of the signal.

The bearing error produced by sensors h and i is denoted
by (A®1)nji- There are also errors in the spurious
bearings produced by the sensor pair, although these do
not generally have the same sign and magnitude as (A®€3)p;-
The s;gn of (Aey1)pi depends on the sign of Aepy - A€j1, as
shown in Figure 3.16. The true signal bearing and the
positions of the sensors relative to each other determine
whether the sign of (Ae1)pi is the same as or opposite to
that of Ae€py - A€ji, although it is always true that
changing the sign of Ae€npy - A€jq1 changes the sign of
(A81)hi - For the situation illustrated, the sign of

(Ae1)pi is opposite to that of Aepy - 4A€i71.

The exaggerated errors used in the diagram reveal that
changing the sign of A€pj - A€j; changes the magnitude of
(Ae81)pi as well as its sign. Comparing Figures 3.16(a)

and 3.16(b), the size of the bearing error (Aeq)hi is
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Figure 3.16 Asymmetry in bearing error
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slightly different even though the magnitude of the
distance Ae€epq - A€j1 is the same in both cases. This
asymmetry is a natural consequence of the construction

used to find (Aeq)pi-

Notice, however, that the difference between the two
magnitudes of (Aeq)p4 is much smaller than the magnitudes
themselves. For small sensor positioning errors, and
hence small values of (A€q)hi. the difference becomes
insignificant and the relationship between Aepq - A€j; and
(A89)pi is symmetric. Thus negating A€py - A€j1 negates

(A61)pi without changing its magnitude.

Since A€pq and A€jj1 both have a normal distribution with a
mean of zero and a variance of o3, it follows that the
combined error Ae€epq - A€j; has a normal distribution with
a mean of zero and a variance of 20Z2. Thus a particular
value, say o, of Aep1 - A€j1 has the same probability of
occurring as -g. Since the values of (Aeq)pj
corresponding to ¢ and -p have opposite signs but the same

magnitude, (A®q)pi must also have a mean of zero.
EL(Ae1)pil = O (3.15)
Due to the non-linear relationship between Aep; - A€j; and

(A€71)phi. the precise distribution of (Aeq)ji is unknown.

In the next section, this relationship is explored in
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detail and an approximation for the distribution is
developed. However, the fact that the mean of (Aeq)pi is
equal to zero is sufficient for the present discussion.
Figure 3.17 shows the effect of small sensor positioning
errors on the bearings produced by the individual sensor
pairs in the array used for the simulations. There is
one signal present at a bearing of 18 degrees as before
and the variance of the sensor positions, 05, is equal to
0.001. Comparing this diagram with Figure 3.12, there is
still a well-defined cluster of points in the region of
the true bearing. There are, however, small errors in
the bearings and each pair of sensors, h and i, produces a

point at e + (Aeq)pj rather than eg.

The next step is to relate this diagram to the bearing
spectrum, which has a peak at e1 + Aej. Two assumptions

are required in order to make the problem manageable.

The first assumption is that the cluster over the true
bearing in Figure 3.17 contains the same set of N(N - 1)/2
points as the column in Figure 3.12, although the bearing
of each point has changed slightly. In other words, no
point which identifies the true bearing may have such a
large bearing error that it is mistaken for a spurious
point. Similarly, no spurious point may move so close to

the true bearing that it is mistaken for a member of the
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Figure 3.17 Bearing errors produced by individual
pairs of sensors



111

main cluster.

The second, and most important, assumption is that the
bearing of the peak in the spectrum is the average of the
bearings indicated by the individual pairs of sensors.
The error Aej in the bearing of the peak is therefore the
average of the N(N - 1)/2 errors (Aeq)pj produced by the

individual sensor pairs.

N-1 N
2
ae; = ——— Y (88p)ps (3.16)
NN = 1) p=1 i=h+1

From (3.15), the mean of (Ae;)hi 1is zero and it is

straightforward to show that the mean of Ae; is also zero.

5 N-1 N
E[a0,] = E| ——— ) > (aep)ng
NN = 1) po1 i=h+1
, N-1 N
=———— ) ) El(ae)pil
NN = 1) ypo1 i=h+1

In conclusion, bearing estimation algorithms remain

unbiased in the presence of sensor positioning errors with
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the assumed statistics. It must be stressed that the
array would have to be set up several times to observe
this effect. For any particular realization of the

sensor positioning errors, there will generally be an

error in the bearing of the peak.

These deductions are confirmed by the results from the
computer simulation experiment described earlier in the
chapter. When the bearing error Ae; was averaged over
several sets of true sensor positions, the resulting
estimate of E[Ae;] was close to zero. As the number of
true arrays was increased, the average of 461 moved even
closer to zero, suggesting that the true wvalue of EEAélj

was indeed zero as predicted.

Figure 3.18 shows the results obtained using 1000 sets of
true sensor positions over a range of wvalues of o32. As
anticipated, the results produced by the three bearing

estimation techniques were identical.

3.7 The Variance of the Bearing Error

This section develops an expression for the variance of
the bearing error Ae; in terms of the variance of the

sensor positions o32. The expression is found to depend
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on the intended sensor positions gn and the bearing of the

signal e; as well as cﬁ.

Although a geometric view of the relationship between the
distance A€pq - A€j1 and the angle (Ae7)npi was sufficient
in the last section to discover that the mean of (464 )hi

was zero, a mathematical expression for the relationship

is required to allow the variance of (Aeq)pi to be

calculated.

The first step is to derive a precise expression for
(A81)phi in terms of ghl - &ilr A€pq - A€jj1., and the
separation th - éi" between the two sensors. This
expression is found to be intractable due to the presence
of non-linear functions of Aep1 - A€jq, which is itself a
random variable and the next step is therefore to find an
approximation with a form which allows the analysis to
proceed. The precise expression is used to check the
approximation. Finally, the variance of Aep; - Ae€yq is
related to the variance of (Aeq)pj, and hence to that of

Ael .

The precise expression for (Aeq)p4i is based on the
construction shown in Figure 3.i9, which is identical to.
the diagrams used in the last section except that some
further angles and distances have been identified. In

particular, the angle between the true bearing of the
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signal and the line joining sensors h and i is denoted by

(81 )hj -

In the illustration, Aep; - A€j; is negative. As
explained in the last section, the relationship between
Aepq - A€jq and (A81)pj is assumed to be symmetric for
small sensor positioning errors and it follows that cases

where Aepy - A€;1 is positive are alsc accommodated. For

il
the sensor positions and the signal bearing shown, the
sign of (Ae43)hi is opposite to that of Aepp - A€yj. It
is not, however, necessary to generalize this relationship

since (A®1)pi is squared when calculating the variance,

thus losing the sign.

The diagram shows two right-angled triangles, both of
which have a hypotenuse 5f length “éh - @i”- The
triangle which generates the true bearing has one side
with a length of epq - €41 and it follows from -
Pythagoras' theorem that the remaining side of this
triangle has a length of /(”gh'éiuz - (ep1-€i1)3).
Similarly, the lengths of the shorter sides of the other
triangle are found to be %hl‘éil - (A€pq-4€31) and -

J(lap-uill2 - (Ep1-€j1 - (Aepi-Aej3))?).

Having obtained the lengths of the sides of the triangles,
it is possible to write expressions for the sines and

cosines of the angles (gl)hi and (gl)hi + (A€9)ni-
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/(lap - 93l - (ep1 - €41)2)

sin{(61)pid = ~ ~ (3.18)
lup - ujll
. €h1 ~ €i1
cos[(®1)pil = ——— (3.19)
llup — uill
sinC(gl)hi + (Ael)hi]
/(”gh - éi“z - (%hl - éii - (Aepq - Aeil))z)
llup - 9l
(3.20)

€h1 — €i1 - (Ae€py - A€jq)

Cosf(gl)hi + (A81)npil = - "
lup = ujill
(3.21)

The sine and cosine of (81)pi + (Ae1)npj can be related to
the sines and cosines of (gl)hi and (Ae7)p4i using

double-angle formulae.

sin[(gl)hi + (A@81)pil = sin[(gl)hijcosE(Ael)hi]

+ cos[(81)pilsinl (a6 )pi] (3.22)

cos[(89)phi + (A81)hil = cos[(81)p4lcosl(a67)p;]

- sin[(81)piJsinl(Ae1)p;] (3.23)

Substitute (3.18), (3.19), (3.20), and (3.21) into (3.22)

and (3.23).
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J{llap - ujll2 = (€py - €41 - (Aepy - A€j1))2?)

lap = 5l

/(llep - uillz - (€p1 - €41)2)

= - - cos{(a€1)pi]
lup - uill
€h1 -~ €i1
+ ——— sin[(Aeq)pi1] (3.24)
fhup - uill
€h1 - €1 - (Aepy - Aejj)
llup - ull
€n1 - €41
= ——— cos[(481)p3]
Hup - uill
/(llup - uill? = (epy - €41)2)
- - " sin[(Aae71)nil
llup — will
(3.25)

Now multiply (3.24) by Ilup - ujli(€n; - €41) and (3.25) by

lap - will/Cllup - 9312 = (€py - €41)2).
(€h1 = €41)7/(Ilup - UjlIZ - (€py - €41 - (Aepy - A€i1))2)
= (€p1 - €41)7(llup - U2 - (€p1 - €51)2)cosl(A67)p;]

+ (Ep1 - €41)2sinC(A61)pi] (3.26)
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(€p1 - €41 - (Aepy - A€31))/(llp - U3N2 - (&py - €51)2)
= (€p1 - €11)Y/(llUp - wili? = (€pg - €31)2)cosl(Aeq)p;]
- (llup - ujliZ - (€py - €41)2)sinlf(ae1)dpi]  (3.27)
Subtract (3.27) from (3.26), thus eliminating cos[(Aeq)hil].
(€n1 - €i1)7{llup-u;ll2 - (€py - €51 - (Aepy - A€j1))32)
- (€ny - €51 - (Aepy - A€31))Y(IlUp-ujiliZ - (€py - €41)2)
= llup - ujli?sinf(ae3)p4] (3.28)
Now rearrange (3.28) to find sin((A61)p4i3].

1
sin[(ae1)pj] = —m [(€h1 = €il)"{”‘:}h":}i”2
llup - ujli?

= (€n1 - &1 - (Aepy - 4€41))2}

- (En1 - &1 - (Aepy - Aei1))/{IGn-8;112

- (ep1 - é11)2}} (3.29)
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For particular values of A€n; and A€j1, sin[(Ae1)pi] can
be calculated precisely using (3.29). Results of this
type, however, are not sufficiently general in the context
of the statistical analysis being attempted. Aepq and
A€jj1 are random variables with a known distribution and it
should, in principle, be possible to express the variance
of sin[(Ae49)hi], denoted by V[sin[(Ae89)xi1]], in terms of
"éh - éi”i €n1 - €31. and the variance of of the sensor
positions. Since (A®1)hpi is a small angle, it is
approximately equal to its own sine and the variance of

the sine is a good approximation to the variance of the

angle.
(A€1)hi = sin((aeq)pil (3.30)
VL(a81)phil = VIsin[(Aeq)nil] (3.31)

However, the form of the expression for sin({(Aej)npj] given
in (3.29) makes iﬁ difficult, if not impossible, to obtain
Visin{(Aeq)Kp11]. The problem is caused by the presence
of a non-linear function of Aep; - A€jq (i.e. the square
within the square root), which distorts the digtribution
of Aepq - A€j1, creating a complicated relationship
between the variance of Ae€py —- Ae€j; and that of the whole

expression.

Although the precise expression for (Aej3)hi. or rather

sinf(A®3)pi], is intractable, it is possible to form an
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approximation which leads to a much simpler expression.
The precise expression in (3.29) is still useful, however,

as it can be used to check the approximation numerically.

Figure 3.20 highlights the shape formed by the two arcs
and the two straight lines enclosing the angle (A@€q)pi-
This shape is a segment of an annulus, although when the
distance A€p; - A€j; and the angle (484 )pj are small, the
shape closely resembles a rectangle. Figure 3.21(a)
shows a construction in which tangents to the arcs have
been used in place of the arcs themselves, resulting in a
rectangle which has a tangent to the circle as its

diagonal.

An isosceles triangle is formed by drawing a radius of the
circle which is perpendicular to the diagonal of the
rectangle. By inspection, the angles at the corners of
this triangle are (81)pir (81)hi. and 7 — 2(89)pi and it
follows that the angles between the diagonal of the

rectangle and its sides are (sl)hi and /5 - (51)hi°

The sides of the rectangle which lie along the axis of
propagation of the signal are equal to -(Aep; - Aeil)_in
length. The length of the other two sides is initially
unknown and is denoted by Thj- The diagram also
introduces a new angle ($€1)hj. Which is the estimate of

(A89)hpi produced by the approximation.
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Figure 3.21 Graphical construction for
approximate bearing error
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Figure 3.21(b) shows the elements of the construction
required to solve for (%67)pi- The first step is to find
Thi by applying the sine rule in the small triangle.
Notice that the sine of /5 - (89)p; is equal to the

cosine of <81)hi.

Ae€py — A€§3 Thi
sin[(sl)hi] sin(T/5 - (§1>hi3
Thi
= — (3.32)
cosC(e1)pil

It is straightforward to obtain an expression for Thi by

rearranging (3.32).

(Aep1 - A€y )cos[(gl dnil

Thi —
sinf(e1)pi]

= . (3.33)
tan[ (81 )pi ] '

An expression for tan[(gl)hi] can be obtained from Figure

3.19.

. /(llup - ujllZ - (€py - €41)2)
tan((eq1)pil = - " (3.34)
€hl1 ~ €41
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Now substitute (3.34) into (3.33).

(Aepy - a€jp)(epy - €41)
Thi = n ” ~ = (3.35)
/{llup - uill® - (ep1 - €11)3)

Returning to Figure 3.21(b), an expression for
tan[(%e1)pi] can be obtained from the large triangle.
Since (%€1)pi is a small angle, it is approximately equal

to its own tangent.

Thi
($61)pi = tanf(Se1)pil = — (3.36)
€hl ~ €i1

Substitute (3.35) into (3.36).

Aehl - Aeil
(869 )pi = - — - -~ " (3.37)
Y{lluh - ujll® - (ep1 - €31)%)

Equation (3.37) is the approximation for (Aeq)pj-. The
main advantage of this expression over (3.29) is that it

is linearly proportional to Ae€p1 - A€ji1.

Figure 3.22 compares the precise expression with the
approximation when th - éiﬂz = 1 and éhl - éil = 0.5.

The angles (Aeq)hpi and (8eq)p4i are plotted as functions of
A€py - A€j1, which ranges from -0.5 to 0.5. The solid

curve, which shows the true bearing error (Aeq)hji. Was
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produced by finding sin[(Ae3)p4i] using (3.29) then taking
the inverse sine. The dashed line shows the
approximation (%67)hj produced using (3.37). The diagram
confirms that (%e1)pj is a good approximation to (4€q)pi

when Ae€pq - A€j1 is small. -

It is now possible to estimate the variance of (A89)pji-

From (3.37), the variance of (®8))pi is as follows.

: A€epq - A€41q
VLE(®e1)phil = V

/(llup - ujliz - (epy - €41)2)

VEAShl - A€i13
= — - - - (3.38)
lup - ujll® - (epy - €41)2

Since A€pi and A€jq both have a normal distribution with a

variance of oF, the variance of Aep; - A€jy is 203.

205
VL(®81)phild = — - - - (3.39)
llup - ujll?2 - (epy - €41)2

Aeq is calculated according to (3.16) except that (ae71)pi
is replaced with (889)ph4- The variance of Aej is

therefore as follows.
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N-1 N
2
vLae ] = V[——— 5 ) (Sep)ni
NN = 1) po1 i=her
. N-1 N
-— - Y ) VL(Se1)pil (3.40)
NEN = 1)% po1 i=he1

The final expression for the variance of Aej is obtained

by substituting (3.39) into (3.40).

o3 N1 W
V[ae ] = ——— 2 } - — n -
N2(N-1)2 , . ., WUn - uill? - (&py - €41)2

‘ (3.41)

1

(3.41) shows that for small sensor positioning errors, the
variance of the bearing error Aeq is direétly proportional
to the variance cﬁ of the sensor positions. The variance
of A6 also depends on the number of sensors in the array,
N. It is somewhat disappointing that (3.41) also makes
reference to the array geometry (through éh and éi) and

the true bearing of the signal (through €p; and €i1).

Figure 3.23 compares the simulation results with the curve
predicted using (3.41) and there is evidently a close
correspondence. As in the last section, the results
produced by the three bearing estimation techniques are

identical.
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(a) V[aeq] (degrees squared)

& - Conventional beamforming

4_ +

. T 1
0 0.000% 0.001
Position variance cg (wavelengths squared)
(b) V[ae1] (degrees squared)
= -1 Minimum energf
. +
4 _
c .
O- T 1
0 0.0005% 0.001

Position wvariance 05 {wavelengths squared)

(c) V[ae,] (degrees squared) -

6 - MUSIC

Ll : |
0 0.0005 0.001

Position wvariance cﬁ (wavelengths squared)

Figure 3.23 Results for variance of bearing error
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3.8 A General Quadratic Form for the Spectrum Value at the

True Bearing

In Chapter 2, the following expressions were derived for
the bearing spectra produced by the conventional

beamforming, minimum energy, and MUSIC bearing estimation

techniques.
Ppe(e) = gH(e)Rq(e) (3.42)
1

Pne(®) = - " (3.43)
qH(e)R"1g(e)
‘ 1

Ppu(®) = - ~ (3.44)
g (e)VyViig(e)

The remaining sections of this chapter are devoted to an
algebraic analysis of the behaviour of Ppge(8), Ppe(e), and
Pmu(e)Ain the presence of sensor positioning errors.

This leads to a set of theoretical expressions for the
means and variances of-be(el), Pne(©1), and Ppyu(e9),
which are the spectrum values obtained at the true bearing

of the signal.

In the case of MUSIC, it is helpful to express Pp,(e) in a
slightly different form. Recall from Chapter 2 that the

denominator in (3.44) is equal to ugw(e)nz, which is the
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length (squared) of the component of é(e) in the noise
subsﬁace. The component of é(e) in the signal subspace
is denoted by gs(e) and, by Pythagoras' theorem, the sum
of lipy(e)il? and |lpg(e)|l2 must be equal to Hé(e)Hz. Since
the N elements of é(e) all have unit magnitude, IIC:I(G)H2
must be equal to N and the denominator in (3.44) can

therefore be expressed as follows.

qH(e)v,Vlla(e) = Ilpy (el
= lig(e)IZ - lipg(e)ii?
= N - |llps(e)li?
= N - gH(e)vgvHi(e) (3.45)

Vg is a matrix which has the M signal subspace

eigenvectors as its columns.

Setting e equal to 61 in the expressions for the bearing
spectra given in (3.42), (3.43), and (3.45), é(e) becomes
equal to the signal wvector él corresponding to the true
bearing of the signal. The expressions used to
investigate the performance of the three techniques at the

bearing eq are as follows.

Ppe(e1) = giRrq, (3.46)
Ppd(e1) = gir™1q, (3.47)
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Pni(e1) = N - givgvig, (3.48)

Notice that (3.47) and (3.48) describe the reciprocals of
Ppe(©1) and Ppy(ey), denoted by Ppi(eq) and Pgpi(e1)._ .The
main reason for choosing to work with the reciprocal of
the bearing spectrum rather than the spectrum itself is
that the results obtained for the means and variances of
Ppd(e1) and Ppi(e1) do not couple through the reciprocal
function. These results cannot be extended to Pne(©€1)

and Ppy(@1) without resorting to inequalities.

Furthermore, Pp,(©e1) is theoretically equal to infinity
when there are no sensor positioning errors present as
demonstrated in Chapter 2. The function  is very unstable
since a small increase in the value of the denominator in
(3.44) causes a large decrease in the value of Pp,(eq).
Pmi(e1). however, is much more well-behaved, being
theoretically equal to zero when there are no sensor

positioning errors.

Notice that (3.46), (3.47), and (3.48) all contain
quadratic forms in él- In other words, all three
equations contain an expression of the'form é¥9§1' which

is denoted by Pg(e;).

Po(e1) = gHaq, (3.49)
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The matrix @ is equal to R, R™1, or V VH depending on

which bearing estimation technique is being used.

Ppe(e1) = affpeq, (3.50)

Ppé(ey) = é??meéi | (3.51)

Prd(e1) = N - g¥enuq, (3.52)
where

%t = R (3.53)

Qe = R71 (3.54)

Qmu = VsVE | (3.55)

The next three sections of this chapter discuss the
effects of sensor positioning errors on the matrices Qpf,
Qme. and Qp,. Following this, the mean and variance of
Pqa(®1) are derived and the means and variances of Ppe(e1).
Ppd(e1) and Ppji(e;) are then obtained by substituting Qpf.

Qmer Or Qpy for & as appropriate.
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3.9 The Quadratic Form for Conventional Beamforming

From the discussion earlier in this chapter, the lengths
of the components of Aup and up in the direction of zp are
A€pnm and €py. The phase shifts corresponding to Aep, and
€nm are denoted by Av,n, and ¥, respectively and are

calculated in the same way as ¥pp.
AYpm = 27mA€qq (3.56)
$Ynm = 2M€png | (3.57)
Recalling the relationship between e€pn, €pn. and Aepp

given in (3.5), ¥pn. @nm, and AY¥pn, must be related to each

other as follows.

Like ¢1m' Y1m is always zero and this can be confirmed by

setting n equal to 1 in (3.58).
Yim = ¥Y1m = O (3.59)
A similar set of equations can be derived for the phasors

corresponding to AVYnm and Ypn. These are denoted by Adpnp

and qpp and are calculated as follows.
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AQpy = exp{jA¥npp) (3.60)

dnm = exp{3i¥nn’ (3.61)

The relationship between qpp. Qpp. and AQpnm can be
obtained by substituting (3.58) into (3.61). Since the
phasors are all of unit magnitude, addition of phase
shifts can be achieved by multiplying the corresponding

phasors.

dnm = exp{(j(¥pm - A¥pn + A¥ip))
= exp{j¥pp)exp{-3a¥nn)exp(iAvyy)

= dnmAdamAdin (3.62)
Like Qip. dim is always equal to 1.

dim = 91mAdInAdip
= qiplAqiyl2
= dim
=1 (3.63)

As explained in Chapter 2, the covariance matrix R is
related to the bearings of the signals through the matrix

H, which has the M signal vectors ém as its columns.

R = HRHH + o1 (3.64)
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When sensor positioning errors are present, ém is replaced
with the {(unknown) signal vector corresponding to the true
sensor positions. This vector is denoted by dm and is

defined as follows.

dm = [1 4q2m 493m --- QNmIT (3.65)

~

o -

When there is only one signal present, only has one

column, this being the signal vector qi- The signal
correlation matrix Ra is reduced to a one by one matrix
whose only element is (R3)17- Recall from Chapter 2 that
an element (Ry)pym on the leading diagonal of R, is equal
to the power of signal m, denoted by Aﬁ. It follows that
(Rz)11 is equal to A%. These observations allow (3.64)

to be simplified as follows when there is only one signal

present.
R = A%q,qf + o031 (3.66)
When R is evaluated according to (3.66), an element Rpn on

the leading diagonal can be expressed in terms of A% and

og as follows.

*
Ran = Afdnidn1 *+ °§

Aflan1l? + of
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An off-diagonal element Rpi is as follows.

Rhi = Afapigf1, h # i (3.68)

Combining (3.67) and (3.68), the definition of the matrix

Qpt which is equal to R, can be written in the following

form.
Apf, h =i
(8pgdhi = Rpi = (3.69)
Cpgdniaii. b # i
where
Abf = Af + 0"2, . (3.70)
Che = A% (3.71)

3.10 The Quadratic Form for Minimum Energy

There is a matrix identity [16] which states that if a

matrix is of the form R = sTuH + I then its inverse is

. e~

given by R™1 = I - swuH where W=[I+ T9H§J_1T‘ This

o~ o~

can be used to gain some insight into the inverse of the

covariance matrix R, which is required for the minimumn
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energy method. The first step is to divide both sides of

(3.66) by oF.

1 a2
—g = —— gig'q + ; (3.72)
oF oF ‘

Now apply the matrix identity, setting S and U equal to

g1A1/0; and T equal to I.

1 -1 Aq Aq Aq -1 Aq
—R = I-—qI+I—gf—q I—df
oF CSw Ow Ow Ow

A2 A2 -1
1 1 H
= I- = [1+"91"2—2£ 9%
% %
Az NAZ) 171
= I-—gquffl+—1| ¥
oF oF
A2 1
= 1= % I 194
o 1 + NAf/of
Af
= I- q,q% (3.73)
o2 + NAZ

The matrix 3'1 is therefore as follows.
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1 A2
Rl = —|I - ———— q,q% (3.74)
ogl”  of + mag

Thus an element (R™1),, on the leading diagonal of R~1 can

be expressed as follows.

-1 1 A *
(R )nn = —i1 - dn19n1
oa !l cd + NAZ J
1 A2
= —i1 - lqn]_'z
o2 o3 + NA%
1 A2
= —|1 - (3.75)
od o3 + NAZ2

Similarly, an off-diagonal element (R™1)p; has the

following form.

At
(R71)pg = - api1af1, h # i (3.76)
cZ(cZ + NA%)

The definition of the matrix Qpe, which is equal to 5‘1,

is obtained by combining (3.75) and (3.76).

Ame, h =1
(pedni = (R71)pi = (3.77)
Gmedn19iir h # i
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where
1 A2
Ape = ——[1 - (3.78)
ogl . oZ + NAZ
A%
Cme = - (3.79)

c2(oZ + NA%)

3.11 The Quadratic Form for MUSIC

As noted earlier, the matrix Vs has the M signal subspace
eigenvectors as its columns. The M signal vectors dm
also ‘span the signal subspace, although they are not
normally collinear with the corresponding eigenvectors.
However, the signal subspace is one-dimensional when there
is only one signal present. In this case, Vs only
contains the eigenvector vy, which must be collinear with

the signal vector qj.
Vs = VN = 7%}'%1 ‘ (3.80)

The division by /N is necessary because eigenvectors have
unit length whereas signal vectors are of length vN. The

the matrix product Ysyg, which is required for MUSIC, is



141

therefore as follows.

1af (3.81)

4
uQ
uQ

qf =

H = 1 1
VsVs N 9+ 7N

An element (VgVH)p, on the leading diagonal of Vg VH has

the following form.

1 1 1
(YsYg)nn = N dn19n1 = N lap1 12 = N (3.82)
An off-diagonal element (ysyg)hi is as follows.

‘ 1
(VsVni = § aniala (3.83)

Combining (3.82) and (3.83), the definition of the matrix

Qqu: Which is equal to ysyg, can be written as follows.

Amu, h =i
(Qpudhi = (VsVE)ni = (3.84)
Cmuthqilf h # i

where

Amu = Gpu = (3.85)

Z|=
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3.12 The Mean of the Cosine of the Phase Error

The expressions for E[Pg(e1)] and V[Pqp(eq)] derived later
in this chapter are found to contain references to
E[cosAYpn] and Efcos2Avp,]. This section relates the
expected values of cosA¥ppn and cos2Ay,, to the variance of

the sensor positions cg.

Since the cosine is a non-linear function, it is difficult
to derive a precise relationship between the distribution
of A¥pny and that of cosAYyqy (or cos 2Aw,n) . A good
approximation can, however, be obtained by using the
series expansion of the cosine function up to the sixth

order term [101].

(A¥nm) 2  (Avpm) 4 (A¥pp) €
cosA¥pny = 1 - + - (3.86)
2! 4! 6!

(28¥pm) 2 (2A8%pp) % (2A%qp)®
cos2A%pqy = 1 - + - (3.87)
2! 4! 6!

For example, if A¥pp is 7T/5, cosAynn should be zero.
When cosA¥n, is approximated using (3.86), the result is

-0.001.

Expressions for E[cosay ] and E[fcos2A¥,n] are obtained by

taking the expected value of both sides of (3.86) and
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(3.87).

E[(A¥vnn)2]  EC(A¥qp)*] EC(A¥pqp) &0
EfcosA¥pp] = 1 - + -
2! 4! 6!
(3.88)
4E[ (A¥pp) 2] 16EL (Avpp) 4]
Efcos2aypn] = 1 - +
21 4!
64E[ (A¥pp) €]
- (3.89)
6!

Recall that the error Aepp, has a
a mean of zero and a variance of
to 2mAe€pn,, A¥Ypm has a normal dis

zero and a variance of 4n2c2.

function [97] of AY¥ ., denoted b

follows.

G(e) = exp(2m208e?)

The moment generating function a
of powers of AYp, to be obtained

relationship.

E[(A¥pp)i] = c(i)(0)

normal distribution with
oj. Since A¥pp, is equal
tribution with a mean of

The moment generating

y G(p), is therefore as

(3.90)

llows the expected values

using the following

(3.91)



144

G(1i) (0) denotes the ith derivative of G(p) with respect to
e evalutated at o = 0. The following expressions for
EC(A¥pn) 2], EL(A¥pp)*], and E[(A¥y )] are obtained

through repeated differentiation of (3.90).

EL(A¥np)2] = 6(2)(0) = 4n20} (3.92)
EL(A¥pp)*] = 6{4)(0) = 48méo] (3.93)
EL(A¥npn)®] = 6(6)(0) = 960mos (3.94)

The approximations for E[cosA¥,n,] and E[cos2Ay,,] are
obtained by substituting (3.92), (3.93), and (3.94) into

(3.88) and (3.89).
E{cosAvpyl = 1 - 2m20§ + 2n%cf - % néog (3.95)

E[cos2avpp] = 1 - 8120 + 32n4of - E%Q mécf  (3.96)

(3.95) and (3.96) can be checked (partially) by setting cg
to‘zero, in which case E[cosA¥pp] and E[cos2Av,,] both
evaluate to 1. This is to be expected since Ae¢pp, and
AYnm are always equal to zero when there are no sensor

positioning errors present.
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3.13 The Mean of the General Quadratic Form

It has been shown that the matrices Qpf, Qpe. and Qp, all

have the following general form.

A, h =1
th = (3.97)

thlq{l' h # i

A and G are set to Apfg and Cpf, Ape and Lpe., Or Ap, and
Cmu depending on which bearing estimation technique being
used. This section derives an expression for the mean of
Pqa(e1) in terms of A and ¢ and it is then straightforward
to obtain the means of Ppg(ey1), Ppd(eq), and Ppli(e;) by
setting A and € to the appropriate values. The first
step in finding the mean of Pg(e1) is to expand the matrix

multiplications in (3.49).

Pa(ey) = gfaq,
N N
= ) ) af10midi1 (3.98)
h=1 i=1
Notice that whenever h = i in (3.98), a reference an
element on the leading diagonal of & is produced. These

elements can be isolated from the off-diagonal elements by

re-writing (3.98) as follows.
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N N
PaCe1) = ) {dA1%nndn1 + ) af19nidi1}
h=1 i=1
i#h
. 5
= 2 {13n11200n + ) Gh10nidin]
h=1 i=1
i#h
N N
= ) {onn + ) dh1onidis} (3.99)
h=1 i=1

i#h

The qualifier i#h indicates that i takes all wvalues in the
range 1 to N except the current value of h and it follows
that Qp4 in (3.99) always refers to an off-diagonal
element. The next step is to substitute the definition

of @ given in (3.97) into (3.99).

N

{p+ ) caniai1dfidia] (3.100)
1 i1
i#h

Pa(eq1) =
h

N1

Recalling the definition of the phasor quy given in
(3.62), gn1 = An14ah14q11 and qj; = di14qi14q1; and

(3.100) can therefore be expanded as follows.
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N

N
Pa(e1) = ) {A + & ) dniAafiaa11dt18ai18ai1dt1d:1 )
h=1 i=1
i#h

N
{A + G 2 l&hll2|&11I2IAQ11|2Aqﬂ1Aqi1}

1 i=1
i#h

]
I N12Z

N

{A + G } AqﬁlAqil}
1 i=1
i#h

I
HINA 2

N N

NA + C } } AqﬁlAqil (3.101)
h=1 i=1 b
i#h

Consider the sequence of terms of the form AqﬁlAqil
produced by the nested summations in (3.101). If, for
example, there is a term in which h = 3 and i = 7 there
must also be a term in which h = 7 and i = 3. Thus each
term AqﬁlAqil is accompanied by its conjugate Aq{lAth,

allowing (3.101) to be re-written as follows.

N-1 N
Po(e1) = NA + & ) ) [aqfjaaiy + aqf1aap1} (3.102)
h=1 i=h+1



148

Now, a complex number plus its own conjugate is equal to

twice the real part of the number.
Aqfi1Aqi1 + AqliAqpp = 2RelAqfii4qiq] (3.103)

Recall that Aqpq and Aqj1 both represent phasors of unit
length. The phase angles of Aqﬁl and Aqjq are -A¥pi and
AYjq respectively, so the product AqﬁlAqil represents a
phasor with unit length and phase angle A¥j; — Aypq. It
follows that the real part of AqﬁlAqil is equal to the

cosine of AY¥j;1 - Av¥p,.
Re[AqRi1Aqi1] = cos(AWiq = A¥py) (3.104)

The expression for Pg(e1) can now be simplified by

substituting (3.103) and (3.104) into (3.102).

N-1 N
Pa(e1) = NA + 26 ) ) cos(A¥jy - A¥pp) (3.105)
h=1 i=h+1

The.expected value of Pg(e1) is therefore as follows.

N-1 N
ECPo(e1)] = NA + 26 ) ) E[cos(A¥j1 - a¥p1)]
h=1 i=h+1 (3.106)
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The expected value of cos(A¥j3 - AYp1) can be expanded
using a double—angle formula.
E[cos(A¥j1 - A¥p1)] = E[cosAyjjcosAvyy;

+ sinAvjisinaypq] (3.107)

Since h and i are always different, A¥Lq and Ay;q are
independent random variables and (3.107) can therefore be

re-written as follows.

Efcos(A¥j1 = A¥p1)] = E[cosAw;q]E[cosayyg]

+ E[lsinAv;9JE(sinAypq] (3.108)

Now, A¥hq has a normal distribution with a mean of zero,
so a particular value of AYyy,3, say ¢, has the same
probability of occurring as -p. Since sin(-p) = -sin(p),
E[lsinAYphq] must be equal to zero. The same argument

. applies to E[sinaAwjq1]. Thus the sine terms in (3.108)

vanish.
Efcos(AVj1 - A¥p1)] = Elcosavjq]E[(cosavypq] (3.109)

The expression for Pg(®1) can be simplified by

substituting (3.109) into (3.106).
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N-1 N
E[Pg(e1)] = NA + 2¢ } }'EtcosAwile[cosA¢h1]
h=1 i=h+1 (3.110)

Since the angles AY¥p1 and A¥;49 have the same statistics as
the general angle A%y, E[cosAwh1] and E[cosAw;j1] are both

equal to E[cosAy,,].

N-1 N
NA + 2¢ } } (ECcosaypn])?2
h=1 i=h+1l

E[Pgu(eq1)]

NA + N(N - 1)G&(E[cosayp])? (3.111)

3.14 The Mean of the Spectrum Value at the True Bearing

From (3.49), Pg(ey) is the quadratic form é¥9é1' which
appears in the definitions of Ppg(ey), Ppd(e1), and
Ppdi(e1) given in (3.50), (3.51), and (3.52). The matrix
Q is set to Qpf. Qpe: Or 8y as appropriate. From
(3.97), Q is characterized by by A and G. For example, &
is set to Qpf by setting A equal to Apf and € equal to
Cpf- The expected values of Ppg(©1), Ppd(e1), and
Ppi(e1) can therefore be expressed in terms of the

expected value of Pg(eq).
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E[Pphe(e1)] = E[Pg(eq)], A= Apf, & = Cpf (3.112)
ECPnd(e1)] = E[Pq(e1)], A = Ape, & = Gpe  (3.113)
E(Ppi(e1)] = N - E[Pg(e1)], A = Ay, & = ¢ --

mu
(3.114)

Now, an expression for E[Pq(e1)] in terms of A and ¢ is
given in (3.111) and Apf, Cpf:. Aner Smer Amur and &p, are
defined by (3.70), (3.71), (3.78), (3.79), and (3.85).
The expected values of Ppg(e1), Ppi(ey), and Ppl(eq) are

therefore as follows.

E[Pps(81)] = N(Af + o) + N(N - 1)A§(ECC°SA‘anJ)2
: (3.115)
N A2
E[Ppi(e1)] = — |1 -
metT o2 o% + NA%
N(N - 1)A2
- (ECcosAv,])2 (3.116)
o2(od + NAZ)
E[Ppi(e1)] = (N - 1)(1 - (E[Ccosa¥ppl)?) (3.117)

The expected values of Ppg(eq), Pﬁé(el), and Pﬁﬁ(el) are
related to the variance of the sensor positions cg through

(3.95), which defines E[lcosA¥,n] in terms of o3.
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Figure 3.24 shows the close agreement between the
simulation results and the curves predicted using (3.115),
(3.116), and (3.117). Recalling that the results for
minimum energy and MUSIC correspond to the reciprocals of
Pne(®) and Pp,(e), it is evident that E[Ppe(e)],

E(Ppe(©)], and E[Ppy(e)] all decrease as o increases.

The effect is most pronounced when the minimum energy and
MUSIC techniques are used. When of = 0, E[Ppd(e1)] and
E[(Ppd(e1)] are both close to zero and E[Ppe(©)] and
E[Ppy(e)] must therefore have large values. As 65 is
increased, E[Ppd(e1)] and E[Ppi(e1)] both increase and
E(Ppe(e)] and E[Pp,(e)] decrease rapidly since the
gradiént of the reciprocal function has its largest

(negative) wvalue in this area.

It should be stressed, however, that there is no simple
quantitative relationship between E[Ppo(©1)] and

E[Ppd (e1)1]. In particular, E[Ppe(e7)] # 1/E[PRd(e1)]
since the reciprocal function distorts the distribution of
Pne(e1) [97]. The same applies to E[Pp,(6)] and

ECPpi(e1)].

When there are no sensor positioning errors, there are no
errors in the bearings of the peaks in the spectra. In
this case, Ppg(e1), Ppd(ey), and Pgi(e1) describe the peak

heights (or their reciprocals). These wvalues are
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Figure 3.24 Results for mean of spectrum height at
true bearing
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calculated by evaluating (3.115), (3.116), and (3.117)

with of set to zero. From (3.95), E[cosAvpp] = 1 when of
is zero. B

Ppg(e1) = NZAf + NO’%, O‘é =0 (3.118)

N
P;‘é(el) = —— 0‘5 = 0 (3.119)
oF + NAF

Pni(e1) = 0, cﬁ =0 (3.120)
The expressions given in (3.118), (3.119), (3.120) are in
agreement with results published elsewhere [16]. Notice

that Ppf(e1) and the reciprocal of Ppd(eq) are both
linearly proportional to the signal power A% and the noise
power o2, thus confirming the statement made in Chapter 2
that conventional beamforming and minimum energy both

produce bearing spectra which have units of power.

3.15 The Variance of the General Quadratic Form

This section derives an expression for the variance of
Pa(e1), which is then used in the next section to obtain
the variances of Ppge(eq), Ppd(e1), and Pgi(e;). The

first step is to produce expressions for (Pg(el))2 and
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hence the mean square value E[(PQ(GI))ZJ. From the
expression for Pg(eq) given in (3.101), (Pgp(e1))2 is as

follows.

N
> AQElAQil}z
1 i=1
i#h

(Pa(e1))2 = {NA + ¢
h

N1

N N
N2A2 + 2NAG } } Aqp14AQ41

h=1 i=1
i#h

N N N
* *x
} [AthAqil } } qulAqu]
1 i=1 p=1l r=1
i#h r#p (3.121)

+
)
N

I INAT2

h

The nested summations in the square brackets must be
treated with care. Although there are some terms in
which h, i, p, and r are all different, there are several

terms in which p and/or r duplicates h and/or i.

As in (3.99), the approach is to re-write the summations

so that the special terms are isolated.
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N N

(PQ(Bl))z = N2A2 + 2NAC } } AqﬁlAqil
h=1 i=1
i#h

N N N

2 *x R 2 * 2 .
+ G } } [(AthAqll) + 1 + } {(Ath) AQj14dp1

h=1 i=1 p=1

i#h p#h

p#i

+ Aqf1(Aqi1)2aapy + AdfiAdpy + AdijAdp |

N N

+ } } AQE1AQi1Aq51Aqr1] (3.122)

p=1 r=1
p#h r#h
p#i r#i

r#p

It is straightforward to show that (3.122) evaluates to a
real number, the argument being the same as the one which
was applied to (3.101). Consider the two summations in
which h and i run from 1 to N. If there is a step at
which, say, h = 3 and 1 = 7, there must also be a step at

which h = 7 and i = 3. The terms produced when h = 7 and

i 3 are the complex conjugates of the ones produced when
h =3 and i = 7. Inside the curly brackets, the
conjugate of each term is actually produced by a different

term. For example, when h and i are reversed,

(AQEl)zAQilqul becomes-(qul)quhlqul, which is the
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conjugate of Aqﬁl(Aqil)qu51~ Similar rules apply to the

other terms.

As in (3.101), the sum of a term and its conjugate is
equal to twice the real part of the term. In (3.122),
the real part of each term can be expressed using the
sines and cosines of the angles A¥n;, A¥j), A¥p;, and

AW..q . When the expected value is taken, the sines wvanish
as before. The following expressions are needed to

obtain the expected value of (Pq(eq))2.

E[Agp148qi1 + aqfiaqp1] = 2E[Re(AqQR14q41)]

2E[cos(A¥31 - Avpq)]

2E[cosAw; 1 JE[cosavpq]

2(E[cosaypn]) 2 (3.123)

The terms Aqﬁlqul and AqilAq51 have the same form as

AdR14q41 -

ECAQf14dp1 + AQp1Adp1] = 2(E[cosAwnn])? (3.124)

E[AQj1Aqp) + Aqp124qi1] = 2(E[cosAwp,])?2 (3.125)
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E[(Aqp184ai1)2 + (aqfiaqn)?2] .

= 2E[Re((Aqfi18q41)2)]

2E(fcos (2451 - 2Aa¥px1)]

2E[fcos2av449 JE[cos2avy, ]

2(Efcos2a¥ )2 (3.126)

EC(Aqp1)24qi18qp1 + 4qi;(Aqpg)2aqp; ]

aX a . . -
= 2E[Re{{Aqp;)32Aaq314qp1)]

2E[cos(Aa¥j1 + A¥p1— 2A%ph3)]

2EEcosAwi1JEEcosA¢p1]E[coszAWh1]

2(Elcosavyn])2E[cos2ay ] (3.127)

The term Aqﬁl(Aqil)qusl plus its conjugate has the same

form as (3.127).

EEAQﬁl(Aqil)qusl + (Aq;l)quhlAquj

= 2(E[cosAvpn])2E[cos2avpy] (3.128)

E[AQR14A9314dp14Ady1 + AQh14Aqf14qp18q7s]

= 2E[Re(Aqp1Aq;14dp14dy1)]

2E[cos(A¥j1 — A¥py + A%y - A¥p1)]

2E[cosAv; 1 JE[cosAvy ) JECcosAYy) JE[cosAYy ]

2(EfcosAvpn1)* (3.129)

Applying these'expressions to (3.122), the mean square

-value of Pq(eq) is as follows.
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E[(Pq(e1))2] = N2A2 + 2N2(N - 1)AG(E[cosavypp])?2

+ N(N - 1)G82(E[cosA¥np])2 + N(N - 1)62

+ 2N(N - 1)(N - 2)62{(ECcosA¥py])2ECcos2a¥nn]
+ (ECcosa¥nn])?}

+ N(N - 1)(N - 2)(N - 3)C2(E[cosA¥pnI)* (3.130)

The calculation of the variance of Pg(e5) also requires

the square of the mean. From (3.111),

(E[Pn(®1)])2 is as
follows.

(E[Pg(ey)])2 =

2
{NA + NV - 1)e(ECcosavypy]) 2}

N2A2 + 2N2(N - 1)AG(E[cosAvppl)?2

+ N2(N - 1)2¢2(E[cosAy,y,])* (3.131)

The variance of Pg(e1) is the mean square value minus the
square of the mean [97].

VLPq(e1)] = EL(Pq(e1))2] - (E[Pg(e1)])?2 (3.132)

Substituting (3.130) and (3.131) into (3.132), the
variance of Pp(eq) is as follows.
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VLPq(e1)] = N(N - 1)62[2(3 - 2N)(E[cosa¥nyl)*

+ 2(N - 2){EEcosZA¢nmj + 1}(EEcosA¢nm])2
+ (ELcosAvnp1)2 + 1] (3.133)

{3.133) can be checked (partially) by setting cg to zero,
in which case E[cosAYpp] = E[cos2A%ppn] = 1 and V[Pgp(e1)]
evaluates to zero. This confirms that the variance of
the peak height (or its inverse) due to sensor pagitioning

is zero when there are no errors present.

3.16 The Variance of the Spectrum Value at the True Bearing

The variances of Ppg(e1), Ppi(e1), and Pgl(eq) can be can
be expressed in terms of V[Pg(€e1)] in much the same way

that the means were related to E[Pq(ey)].

V[Ppe(©1)] = V[Pq(e1) 1], ¢ = Cpf (3.134)
VIPRpdi(e1)] = VLCPu(eq1)], € = Gpe (3.135)
VEPpi(e1)] = VCPa(e1)1], & = Gpy (3.136)
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An expression for V[Pp(e1)] in terms of § is given in
(3.133) and Gpf, CBpe. and &p, are defined by (3.71),
(3.79), and (3.85). The variances of Ppg(e1), Ppd(eq),

and Ppl(e1) are therefore as follows.
VEPpe(©1)] = N(N - 1)A;[2<3 - 2N)(E[cosa¥yy])*
+ 2(N - 2){ECcos2avpn] + 1]}(ELcosavny1)?
+ (ECcosavnn1)? + 1] (3.137)

N(N - 1)A%
VLPgd(e1)] = [2¢3 - 21 (ELcosavyy D) *
o (o + NAZ)?2

+ 2(N - 2){EEcosZAan] + 1}(E[cosA¢nm])2

+ (ECcosA¥pn])2 + 1] (3.138)

VLPpd(e1)] = % (N - 1)[2(3 - 2N)(E[cosAypn])*
+ 2(N - 2){ECcos2avpp] + 1}(ECcosavny1) 2

+ (ECcosavpn1)? + 1] (3.139)
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Figure 3.25 compares the simulation results for the
variances of Ppg(®1), Ppd(e1), and Ppi(eq) with the curves
predicted using (3.137), (3.138), and (3.139). In all

three cases, the variance increases with o2.

3.17 The Mean and Variance of the Peak Height

- Although the theoretical work discussed in this chapter
does not predict the means and variances of Ppg(67 + A6q),
Pnd(eq + Aey1), and Ppl(e; + Aey), it is possible to
produce bounds for these means and variances using the
expressions for the means and variances of Ppg(8q),

Ppd(e1), and Ppi(eq) derived earlier.

Since the peak is, by definition, the highest point in the
spectrum, the peak height P(eq + Aey) must be greater than
P(eq) whenever Aeq # 0. When A€y = 0, ©7 + Ae; = 1 and
P(e; + Aej) must be equal to P(ej). It follows that in
the general case P(e9 + Aeq) > P(e1), which in turn
impplies that P~(e; + Ae3) ¢ P™1(eq). These
observations lead to the following inequalities for the

peak heights (or their inverses).
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Ppe(eq + A61) > Ppe(e7) (3.140)
Ppi(eq + Aeqp) « Ppi(ey) (3.141)
Ppd(e1 + ae1) < Ppi(er) o (3.142)

Taking the expected value of both sides in (3.140),
{3.141), and (3.142), the following expressions for the

mean of the peak height are obtained.

E[Ppg(e1 + A€1)] > E[Ppe(eq)] (3.143)
E[PRrdé(eq1 + 4Ae1)] < E[Ppd(e1)] (3.144)
E[Ppi(eq + 4e7)] < E[Ppi(eq)] (3.145)

As of increases, V[Ae;] increases (as shown earlier) and
large values of Ae; become more common. As a result, the
spectrum point represented by P(e1) tends to be further
from the péak. Thus the gap between E[P(eq + Ae;)] and

E[P(e1)] widens as of increases.

These predictions are confirmed by Figure 3.26, which
compares the simulation results for E[Ppf(eq + Aeq)1],
E(Ppd(eq1 + Aeq)], and E[Ppi(e; + Ae6q)] with the
theoretical curves for E[Ppg(e1)], E[Ppi(e1)], and

EEPE\&(G]_ )1.
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A similar set of inequalities is obtained for the
variances of Ppg(eq + 4A€7), Ppd(eq1 + Aeq), and

Ppi(eq + aejg). Figure 3.27 compares the simulation
results for V[Ppg(eq + Aeq)], V[Ppi(eq1 + Ae;)], and
V[Ppi(e1 + Ae81)] with the theoretical curves for
VLPpe(e1)l1, V[PRi(e1)], and V[Ppi(eq)]. By inspection,
the bounds on the variance of the peak height are as

follows.

VIPpe(e1 + A€1)] < VI[Ppe(eq)] (3.146)
V[Ppdi(eqy + A69)] < VLPRpi(e1)] (3.147)
VLPpi(e1 + aeq)] ¢ VLPgpi(e1)] ' (3.148)

Comparing the results for the mean of the peak height with
the results for the variance, notice that (3.146),

(3.147), and (3:148) all define upper bounds whereas
(3.143), (3.144), and (3.145) specify a lower bound for
conventional beamforming and upper bounds for the other
two techniques. The reason for this is that as cg
increases, E[Ppf(©1)] decreases and V[Pphs(©1)]

increases. Thus an increase in E[Ppf(81)] is accompanied
by a decrease in E[Ppgs(e1)]. | Since E[Ppf(ey + 4A€41)] is
greater than E[Ppf(e1)], the corresponding value of

V[Ppg(e) + Aeq)] is less than V[Ppg(eq)].
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In the case of minimum energy, however, EEPﬁé(el)J and
VIPpé(e1)] both increase as of is increased. Since
E(Ppé(e1 + Ae1)] is less than E(Ppi(e1)], it follows that
VLPRpd(eq1 + 4e1)] is less than V[Ppi(eq)]. The same

argument applies to MUSIC.

3.18 Summary

This chapter has considered the effects of sensor
positioning errors on the bearing estimation process.

The first step was to define notation for the errors in
the sensor positions and the resulting errors in the bhase

measurements obtained from the array.

The bulk of the chapter was devoted to two pieces of
theoretical work, the first of which derived expressions
for the mean and variance of the'error in the estimated
bearing of a signal in terms of the variance of the sensor
positions. This material was based on a geometric view
of bearing estimation which was explained through a series

of graphical constructions.

The second piece of work addressed the behaviour of the
bearing spectrum at the true bearing of the signal. This

material was mainly algebraic in nature and showed how the
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sensor positioning errors coupled through the conventional
beamforming, minimum energy, and MUSIC spectral estimators
introduced in Chapter 2.

Computer simulations were used to confirm the theoretical
results and also to achieve some insight into effects
which were not covered by the theoretical work. In
particular, it was shown that the theoretical expressions
describing the spectrum at the true bearing of the signal
could be used to construct bounds on the mean and variance

of the peak height.
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CHAPTER 4 AN ARRAY CALIBRATION ALGORITHM

4.1 Introduction

This chapter develops an array calibration algorithm to
compensate for sensor positioning errors in direction
finding arrays, the aim being to provide a solution to the
problems identified in the last chapter. Like the
material presented in Chapter 3, the calibration algorithm

is an original piece of research.

As explained earlier, there are two distinct sets of
sensor positions, referred to as the intended positions
and the'true ones. The intended positions model the
ideal array geometry, while the (unknown) true positions
incorporate the sensor bositioning errors and are the

result of one particular attempt at setting the array up.

Although the snapshots obtained from the array are
influenced by the true sensor positions, the'bearing
estimation algorithm used to analyze the snapshots
normally operates on signal vectors derived from the
intended positions. This inconsistency lowers the
quality of the bearing spectrum as demonstrated in

Chapter 3.
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If the true sensor positions could be discovered, the
bearing estimation algorithm could be given signal vectors
corresponding to these positions rather than the intended

ones and the inconsistency would be removed.

The calibration algorithm described in this chapter
attempts to deduce the true sensor positions by analyzing
snapshots obtained while signals with known bearings are
being received. If the errors in the sensor positions
are small, the intended positions provide good initial
estimates of the true ones and the accuracy to which the
true positions can be estimated is limited only by the
quality of the covariance matrix, which depends on factors
such as the signal to noise ratio and the number of

snapshots processed.

Once the estimated sensor positions have been obtained,
they are used in place of the intended ones when d
performing bearing estimation on unknown signals.

Provided that the estimated positions are closer to the
true positions than the intended ones were, some
improvement can be expected in the performance of the

bearing estimation algorithm.

The general layout of this chapter is similar to that of
Chapter 3. The problem is approached initially from an

intuitive standpoint using a series of graphical
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constructions which in turn suggest a more mathematical
treatment. Computer simulations are used to investigate

the performance of the calibration algorithm.

4.2 Array Calibration and Bearing Estimation

Since array calibration and bearing estimation are
essentially inverse problems, it is instructive to
consider the similarities and differences between them.
In both cases, the presence of signal m reveals the
component €pp of the true position up of each sensor in

the direction of the wvector Zm.

In bearing estimatién, Zm is initially unknown and it is
necessary to explore a range of bearings as shown in
Figure 4.1 (a). In general, it is only pbssible to
reconcile all of the distances €, with the assumed sensor
positions when the axis of transmission of signal m has

been identified correctly as illustrated in Figure 4.1(b).

The exception to this rule arises when ambiguities are
present as in the linear array example described in
Chapter 2. In this case, the observed distances €nm can

be accounted for by bearings other than the true one.
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In array calibration, the signal bearings are assumed to
be known already. Figure 4.2(a) shows an array receiving
a single transmission from the direction zj. The vector
z) and the distance €p; provide information about the
position of sensor n since the sensor must lie on the line
perpendicular to z; passing through the point €n121 as

shown by the dashed line in the diagram.

In principle, there is an ambiguity in the wvalue of €nm
since the measurement is made indirectly through the
phasor qpp. which contains an unknown number of 27
cycles. However, the distance énm derived
(unambiguously) from the intended sensor positions is
likely to be very close to €, and the matter can
therefore bé resolved by identifying the possible wvalues

for epy based on qpp then choosing the one closest to énm-

The construction shown in Figure 4.2(a) only reveals the
components of the sensor positions in one direction. To
determine thé positions completely, a signal from a second
direction Z3 must be processed as shown in Figure

4.2(b). This provides the additional information that
sensor n lies on the line perpendicular to Zp passing

through the point €n222-

Combining the two constraints, it follows that the true

position of sensor n is at the intersection of the two
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dashed lines as illustrated. The process is essentially
a novel application of triangulation. In common with
other forms of triangulation, processing of more than two
directions provides increased confidence’about the point
of intersection. The next section describes a particular
advantage of u;ing three or more signals for array

calibration.

4.3 Sources of Error in Array Calibration

Although the calibration procedure is based on the
assumption that the signal bearings are known accurately,
it is important to understand how the performance of the
method degrades when this assumption is falsé. Any
errors in the directions of the vectors zpy cause the

sensor positions to be estimated incorrectly.

By analogy with ﬁhe approach used in Chapter 3 for bearing
estimation, it is possible to identify true and intended

bearihgs for the calibration signals. Snapshots from the
array are determined by the true bearings but are analyzed

using the intended ones.

Figure 4.3(a) shows the effect of bearing errors if there

are only two calibration signals present. When
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triangulation is performed to locate sensor n, the dashed
lines intersect at the wrong point. There is no way to

detect this error.

Figure 4.3 (b) demonstrates the advantage of using more
than two signals. When bearing errors are present, the
dashed lines generally enclose an area rather than
intersecting at a point and this provides a warning that

the triangulation has failed.

Even if the vectors z; are known accurately, errors can
arise in the measurement of the distances €p,, which are
obtained from the off-diagonal elements of the covariance
matrix R. As explained in Chapter 2, the effect of
received noise is confined to the leading diagonal of R
when thé expected value is calculated. However, for
practical measurements based on a finite number of
snapshots, some corruption of the off-diagonal elements is
inevitable. These errors are most pronounced when the
signal to noise ratio is low and/or a small number of

sngpshots are used.

Errors in the distances e€p, are similar in effect to
errors in the vectors Zp. causing the triangulation to be
performed using inappropriate lines. As before, the
problem can usually be detected if more than two

calibration signals are present. Indeed, if the
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triangulation does produce an area rather than a point,
the errors could be in the vectors zp, the distances e¢py,

or both.

Throughout this discussion, it is acknowledged that the
lines used for triangulation are unlikely to intersect
perfectly at one point even under favourable conditions.
Thus references to the lines crossing at a point also

include the case of the lines enclosing a very small area.

To summarize, the performance of the calibration procedure
depends on factors such as the accuracy to which the
bearings of the signals are known, the signal to noise
ratio, and the number of snapshots used to form the
covariance matrix. Problems in any of these areas
produce errors which affect the triangulation process in
similar ways and this is demonstrated using computer

simulations at the end of the chapter.

4.4 An Iterative Approach to Array Calibration

Having established the basic idea of using triangulation
to discover the true sensor positions, the next step is to
develop a precise mathematical interpretation of the

process. The observations made in the previous section
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regarding the effects of errors have some influence on the
choice of algorithm.

Since triangulation involves calculating the point of
intersection of a number of lines, the problem could be
expressed in terms of solving simultaneous equations.
However, the fact that the lines might fail to cross at a
gingle pcint creates'seriGUS difficulties for this
approach. When more than two calibration signals are
present, the problem is over-determined and the system of

equations becomes inconsistent if the lines enclose an

area rather than intersecting at a point.

As noted in the previous section, the lines would normally
be expected to enclose at least a small area. Although a
stable solution might be possible using pseudo-inverse
techniques [85], the following iterative scheme is

preferred.

The technique to be described is based on a gradient
search algorithm [102]. Extending the notation used in
Chapter 3, én is considered to be an estimate §f the true
sensor position up. The value of én at the ith-step in
the iteration is denoted by gn(i) and the initial wvalue

én(O) is set to the intended position of sensor n.
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The algorithm adjusts the estimated sensor positions én in
an attempt to make them converge to the unknown true
positions up. Figure 4.4 shows the true and estimated

positions of sensor n at steps i and i + 1 in the

iteration. The aim is to update the estimate so that
én(i + 1) is closer to up than én(i) was. It follows

that if a circle is drawn with up(i) on its circumference

n then up{(i + 1) should iie inside the

and its centre at 1

R

circle as illustrated.

The optimal direction in which to move the estimate is
given by the vector difference un - én(i), which is the
error between the true value and the estimate, but this
vector is unavailable since up is unknown. However, the
components €pp of up along the axes of transmission are
available and these can be used to guide the estimate

towards up in a non-optimal manner.

The component of gn(i) in the direction of zp is €nm(i).
Recalling the definition of Ae€p, given in Chapter 3, the
component of the error én(i) = Up is Aepp(i) - A€ (i) as
shown in the diagram. If the algorithm manageé to reduce
Aepn(i) - A€qp(i) to zero for all of the M signals
simultaneously then én(i) must have become equal to up.
More precisely, Qn(i) will have become equal to the
estimate of un implied by the assumed signal-bearings Zm

and the measured distances epp.
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At each step, the algorithm updates the estimated position
ﬁn(i) of each sensor by adding or subtracting a small

amount of each vector zy.

M
Un(i + 1) = p(i) - 4 ) npp(idzy (4.1)

m=1

4 is a small constant which determihes the step size in
the iteration. The weight npp(i) depends on the error
Aepnm(i) - A€yp(i) in the estimated position of sensor n
along the axis of transmission of signal m. If the error
is zero then the weight is zero as well. Otherwise, the
weight is a small number whose sign is the same as that of
the error. For example, if the error in gn(i) in the
direction of zp, was positive, npp(i) would also be
positive, causing a small amount of Zy to be subtracted

from én(i) in an attempt to reduce the error.

For non-zero errors, the precise magnitude of np,(i) is
related to Aepp(i) - A€1p(i) in some non-linear way
through the gradient of the cost function, which is
introduced in the next section. However, an
understanding of the sign of npp(i) is sufficient for the

present discussion.
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Although the subtraction of unpp(i)zy from én(i) is
performed specifically to reduce the error along the axis
of signal m, it also changes the error in every other
direction except for the one perpendicular to Zm- In the
straightforward case where two signals are being received
from perpendicular directions, it is clear that the
iteration can minimize the errors along the two axes
independently. However, in the general case where the
directions are not perpendicular, all M of the unnm(i)gm
terms subtracted from én(i) affect all M of the errors
Aepm(i + 1) - A€eqp(i + 1) at the next step in the
iteration. The aim of the following analysis is to
demonstrate that the algorithm converges despite this

interaction.

Figure 4.5 shows an enlarged view of the true position of
sensor n and the estimated positions at steps i and i + 1
of the iteration. The large circle,® shown only partly in
the diagram, is the one discussed earlier. If it can be
shown that én(i + 1) is consistently placed inside this

circle then the estimate must improve at each step.

The argument is as follows. Although Zm can point in any
direction, the vector (Aepp(i) - A€jp(i))zpy is limited to
a range of bearings covering m radians. The reason for
this is that if Zy was replaced with -Zn. the sign of

Aepn(i) - A€jp(i) would change and (Aepp(i) - Aeip(i)dzy
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The vectors of the form

—Hunpp(i)zy must lie in

this range of bearings

{Aen3(i)- Estimated
ae13(i))z3 position
~ o sensor n

/ = ;
\ ~Hnp3(idzg '. at step 1
—unpa(idz a\

—unp3(idzs

Estimated

position of
sensor n
at step
i+1

True \"

position \\
of sensor n

. (A€n1(i)-A€11(i)')§1
The vectors of the form

(Aepp(i)-aeyp(i)dzy
must lie in this range

of bearings

Figure 4.5 Graphical construction for convergence analysis
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would be unaltered.

If the vectors (Aepp(i) - A€jp(i))zy are drawn starting at
the true position of sensor n, they form chords of a
circle as illustrated. The limits of the range of
bearings which the vectors can cover are obtained from the
tangent to the'circle at the true sensor position. At

both ends of the range, gent, causing

o

m lies along the ta

L

A€pm(i) - Ae€eqp(i), and hence npp(i), to vanish to zero.

When Aepnp(i) - A€qp(i) is not equal to zero, the vector
‘““nm(i)Em always points in the opposite direction to
(Aeqp(i) - Aegp(i)dzy and it follows that the direction of
-Unpp(i)zy always lies in the range of bearings from which

(bepp(i) - Ae€p(i))zy is excluded.

From (4.1), the vector én(i + 1) - én(i) giving the
displacement from én(i) to én(i + 1) is the resultant
formed by summing -Unpp(i)2zy, over the M signals as
illustrated in Figure 4.6 (a). Although the precise
direction of the resultant depends on the magnitudes of
the vectors in the summation, the direction always lies
within limits determined only by the set of vectors zp and
the signs of the weights npp(i). In Figure 4.6(b), the
vectors -unpp(i)zpy have been re-drawn so that they all
start at the same point. These vectors define a range of

bearings, which is from -unp3(i)z; to -unp3(idz3 in the
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(a) Estimated
position
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at step i
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at step 1
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position

of sensor n
at step i+1

Direction of resultant
must lie in this range
of bearings

Figure 4.6 Limits on bearing of resultant
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example, and the direction of the resultant formed by

summing the vectors must lie within this range.

Returning to Figure 4.5, for gn(i + 1) to lie outside the
large circle, there would have to be at least one vector
"“nnm(i)Em pointing out of the circle. However, this
could only happen if Zy was a tangent (to both circles),
in which case npp(i) would be zero, thus excluding zy from

the summation in (4.1).

It follows that the resultant can never lie along the
tangent to the large circle at the estimated sensor
position and must therefore point into the circle. This
guarantees that the estimated sensor position moves

towards the true one at each step in the iteration.

In this discussion, it has been assumed that the length of
the resultant is small compared with the radius of the
large circle. Otherwise, the estimated sensor position
could overshoot the true one and land outside the circle
as shown in Figure 4.7. This problem is most likely to
occur close to convergence when the radius, which is the

remaining error in the estimate, becomes small.

It follows that the calibration algorithm, in common with
many other iterative processes, is sensitive to the choice

of the step size wu. A smaller step size causes slower
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Figure 4.7 Failure due to large step size
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convergence but may reduce the error remaining between the

true and estimated sensor positions after calibration.

4.5 The Array Calibration Algorithm

This section shows how the signal subspace concepts
developed in Chapter 2 can be used to produce the
coefficients npp(i) required by the calibration algorithm.
The approach described here produces a calibration
algorithm that is closely related to the MUSIC technique

for bearing estimation.

While the calibration signals are present, ;napshots are
obtained from the array and the covariance matrix R is
calculated in the usual manner. The eigenvalues and
eigenvectors of R are calculated and the eigenvectors
corresponding to the M largest eigenvalues form the

columns of the matrix Vy as before.

The X and Y components of én(i) and Zp are denoted by
X(up(i)), Y(up(i)), X(zp), and Y(zp). For each of the M
calibration signals, ém(i) is the signal vector calculated
from the bearing of the signal and the estimated sensor
positions én(i). | Since the sensor positioning errors are

assumed to be small, ém(i) is very close to the (unknown)
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signal vector dm which would be obtained using the true

sensor positions.

At each step in the iteration, the calibration algorithm
must assess the current estimated sensor positions én(i)
and adjust them so that they improve at the next step.

The key is to use the signal subspace approach adopted in

MUSIC. The length of the projection of ém(i) on to the
noise subspace is denoted by llpn(i)ll2. From Chapter 2,

lpp(i)12 is calculated as follows.
lpm (P) 112 = qp i)V VHan (i) - (4.2)

Since dm is a true signal vector, it must lie entirely in
the signal subspace. Thus dm has no component in the
noise subspace. If there were no sensor positioning
errors along the axis of transmission of signal m, ém(i)
would be equal to dnm and would therefore lie entirely in
the signal subspace. In this case, ém(i) would have no
component in the noise subspace and |llpp(i)|I? would be

equal to zero.
lpm ()12 = 0,  gp(i) = gp (4.3)
If, however, there are errors along the axis of signal m,

ém(i) generally fails to lie completely in the signal

subspace and must therefore have some component in the
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noise subspace. It follows that ugm(i)ll2 is greater than

zero.
lpm(idl2 > 0,  gp(i) # gp (4.4)

Thus Hgm(i)ll2 is a measure of the sensor positioning

errors along the axis of transmission of signal m, being
({theoretically) equal to zero when there are no errors in
that direction. The cost function J(i) is defined to be

the sum of |lpy(i)Il? over all M signals.

M

J() = ) lipp (i) (4.5)
m=1

The algorithm manipulates the estimated sensor positions
gn(i) in way which minimizes J(i), thus reducing the -
lpm(1)i12 terms together. In terms of the gréphical
constructions used earlier, varying én(i) so as to
minimize Hgm(i)n2 tends to steer the sensor on to the
dashed line perpendicular to Zn passing through the point
€nmZm- Similarly, minimizing J(i) guides the sensor
towards the point of intersection of the M dashed lines,

thus achieving the triangulation.

If the lines enclose an area rather than crossing at a

point then the sensor cannot lie on all of the dashed
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lines at the same time and the Ilgm(i)ll2 terms cannot all
be zero simultaneously. In this case, it is impossible

to reduce J(i) to zero.

The iteration used to minimize J(i) is a gradient search
algorithm. The N estimated sensor positions én(i) are

updated in parallel as follows.

a .
Up(i + 1) = up(i) - 4 ——— J(1) (4.6)

-

3 (1)

To implement (4.6), it is necessary to differentiate the
cost function J(i) with respect to each of the estimated
sensor positions én(i). This differentiation is possible
since J(i) is a function of the |lpp(i)ll? terms, which are
themselves related to the positions én(i) through the

signal vectors ém(i).

The first step is to differentiate Hpm(i)1ll? with respect
to X(én(i)) and Y(én(i)). The matrix multiplications in

(4.2) can be expanded as follows.

N-M N N
et =3 ({3 g} { 3 vinion))
1

h=1 p= p=1
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In the interests of compactness, the iteration count i has
been omitted. &pm is the pth element of the signal
vector gp(i) and vpp is an element of V,. Since qpn and
dnm are the only terms affected by X(gn(i)) and Y(@n(i)),
it is sufficient to consider only the influence of these
terms when forming the partial derivgtives. By
inspection, the coefficients of &nm and &ﬁm in Hgmnz are

as follows.

N-M N

Coefficient of qppy: } {Vﬁh } &;mvph} (4.8)
h=1 p=1
N-M N

Coefficient of qpp: } {Vﬁh } VSh&pm} (4.9)
h=1 p=1

Notice that when p is equal to n in (4.8), the coefficient
of &nm contains a reference to &;m- However, multiplying

the coefficient by &nm produces a constant.

(VAh9namVnh)dnm = !9nm!21vpnl2 = lvpn 2 (4.10)

The same result is obtained when p is equal to n in

(4.9). Since the derivative of a constant is zero, the
differentiation can be simplified by excluding the
constants altogether. The partial derivative of |lpn(i)iji2

with respect to X(én(i)) is then as follows.
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N-M N

3 . d .
- llpmll? = [ } {Vﬁh } q;mvph}] — - . 9nm
3X(En) h=1 p=1 ax(‘:}n)
p#n
N-M N g
* [ } {vnh } Vthpm}] R dnm
h=1 p=1 3X(up)
p#n (4.11)

dpm is related to X(én) and Y(én) as follows.

dnm = explidnp]
= explj2menny]
= exp[j2mMup -2y ]

= exp[32m(X(up)X(zp) + Y(up)¥(zp))] (4.12)

Having expressed &nm in this form, it is straightforward
to find the partial derivatives of &nm and &ﬁm with

respect to X(gn).

3
T 9qm * jznx(gm)Qnm (4.13)
X (up)

3
——— dpm = —327X(2p)dnn (4.14)
3X(up) :

The partial derivative of Hgmuz with respect to X(én) is

obtained by substituting (4.13) and (4.14) into (4.11).
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2 = 4 - * ~ %

——— lipnll? = 327X(zp) [dnm ) {VAn ) dpmVpn)
3% (4n) h=1  p=1
‘ p#n
N-M N

-~ dpm } {Vnh } VShqpm}]

h=1 p=1 ‘
p#n (4.15)

Noting that the two expressions in the square brackets are

complex conjugates of each other, (4.15) can be re-written

as follows.

3 ‘N-M N
2 _ _ ~ * ~ %
—— llppll? = -47X(2p)Im|apny Vnh 9pmVph
3X(up) h=1 p=1 .
: p#n (4.16)

Im[{] denotes the imaginary part (which is itself a real
number) . The partial derivative with respect to Y(gn(i))
is identical to the right hand side of (4.16) except that
X(Em) is replaced with Y(Em)- Re-introducing the

iteration count i, npu(i) is defined as follows.

N-M N

Mom(i) = =47In[ann(1) ) {vAn ) dpm()vpn}]
h=1  p=1
p#n (4.17)
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The partial derivatives of |lpp(i)||2 with respect to
X(ﬁn(i)) and Y(én(i)) can now be expressed in terms of

X(zp), Y(2Zp), and npp(i).

3
———————" lIpp (i) 112 = npp(1)X(zp) (4.18)
K (U (1))
lipm (1)112 = npp (3)¥(zp) (4.19)

3Y(up (i)

Combining (4.18) and (4.19), the derivative with respect

to the vector én(i) is as follows.

a .
P ()12 = npp(i)zy (4.20)

-

Recalling the definition of the cost function J(i) given
in (4.5), the derdvative of J(i) is the sum of the

derivatives of the individual |ilpy(i)ll2 terms.

3 M 3 M.
- J(A) = ) ———— g% = § npp(idzy
AUn (1) m=1 %n(1) m=1 (4.21)

The final step in the derivation is to substitute (4.21)

into the gradient search algorithm defined in (4.6).
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M
Gn(i + 1) = n(i) - & ) npp(i)zg (4.22)
m=1

When combined with the definition of npp(i) given in
(4.17), equation (4.22) specifies how the estimated sensor
positions should be updated during the array calibration
procedure. Notice that (4.22) is identical to the scheme
originally proposed in (4.1), although the form of the
weights npp (i) was unknown at that point. Figure 4.8

provides a summary of the algorithm.
The remainder of this chapter demonstrates the performance

of the array calibration algorithm using computer

simulations.

4.6 Computer Simulatioﬂ of the Array Calibration Algorithm

The simulation system includes a proéram which models the
calibration algorithm described in this chapter. The
main inputs to the program are the intended sensor
positions én, the vectors Zn describing the bearings of
the calibrétion signals, and the eigenvectors vp of a
covariance matrix formed while the calibration signals are

present. The main output from the program is a set of
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Initialize
for n =1, ... ,N
un(0) = up
i=0
Y
Update sensor positions
for n=1, ... ,N
form =1, ... M .
dnm(i) = expljz2mup(i)-2n] (4.12)
N-M N
Rpp(i) = -4n1m[&nm(i) > {vin D &gm(i)vph}]
h=1 p=1
p#n (4.17)
M
dn(i + 1) = 3p(4) - 4 ) ngp(idzg (4.22)
m=1
Y
Evaluate cost function
form=1, ... /M R
lpm (P)U2 = qp(1)VVHan (1) (4.2)
M
J(1) = ) lpp(i)N? (4.5)
m=1
i=1+1

\

No

<:fConverged. J/>

Yes

Figure 4.8 The array calibration algorithm
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estimated sensor positions un(i), which are approximations

of the unknown true sensor positions Up.

Although the true sensor positions would be unknown in a
real application, they are available in the simulation
systen. The calibration program takes the true positions
un as additional inputs and measures the errors between
these positions and the estimates up(i). The overall
error between the two sets of positions after the ith step
in the iteration is denoted by D(i), which is defined to

be the magnitude |lu, - én(i)H summed over the N sensors.

N
D(i) = ) lug - Gp(idN (4.23)
n=1

The program outputs the error D(i) and the cost function
J(i) after each step, thus allowing D(i) and J(i) to be
plotted against the step number, 1i. This provides a
means of investigating the convergence properties of the

calibration algorithm.

The covergence test shown in Figure 4.8 is implemented by
stopping the iteration whenever the counter i reaches a
specified limit, the cost function J(i) falls below a
given value, or the improvement [J(i-1) - J(i)| in the

cost function falls below a certain threshold.
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All of the simulation results presented in this chapter
are based on the circular array used in Chapters 2 and
3. This array defines the intended sensor positions
én' A set of true sensor positions un was formed by
modelling the process of setting up the array with the
variance of the sensor positions cé set to 0.001. This
was performed using the program described in Chapter 3,
resulting in an initial overall error of D(0) = 0.218

wavelengths.

The first set of results consists of a series of bearing
spectra which demonstrate the improvements obtained using
the calibration algorithnm. The array was calibrated
using three signals with bearings of -108, 18, and 90
degrees and relative frequencies of 0.999, 1.0, and 1.001
respectively. All three signals had a power of 20dB and
an initial phase angle of zero degrees. The noise power.

o2 was set to 10dB.

Figures 4.9 and 4.10 show MUSIC bearing spectra for the
calibration signals themselves. The spectra were
generated using the same covariance matrix but different
sets of sensor positions. The covariance matrix was
formed using 1600 snapshots obtained at a sampling rate of
3.4567 samples per cycle. In the bearing spectrum
obtained from the true sensor positions, which is shown in

Figure 4.9(a), there are no errors in the bearings of the
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Figure 4.9 MUSIC bearing spectra for calibration signals
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Figure 4.10 MUSIC bearing spectra for calibration signals
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signals. It should be stressed, however, that this
spectrum would only be available if the true sensor

positions were known.

Figure 4.9(b) shows the spectrum obtained using the
intended sensor positions. The bearings of the peaks are
=102, 22.5, and 88.5 degrees, giving an overall bearing
hree signals. This
is the bearing spectrum which would be produced by a

conventional (i.e. uncalibrated) bearing estimation system.

The bearing spectrum shown in Figure 4.10(a) was generated
using a set of estimated sensor positions produced by the
calibration algorithm with the step size u set to 0.005.
The iteration stopped after 627 steps when |J(i-1) - J(i)|
fell below the specified limit of 10-12, The final wvalue
of the cost function J(i) was 4.90 x 10™4 and the
algorithm reduced the overall error from 0.218 to 0.0299
wavelengths. The bearings of the peaks in the resulting
spectrum are all correct (within the 0.5 degree

granularity of the plot).

The calibration process was repeated with a covariance
matrix formed using 6400 snapshots. All of the other
parameters remained unchanged. The algorithm terminated
after 455 steps, |J(i-1) - J(i)| having fallen below

10-12, The improved quality of the covariance matrix



205

allowed the algorithm to form a better approximation of
the true sensor positions. The final value of the cost
function J(i) was 7.52 x 10”5 and the overall error D(i)
was reduced from 0.218 to 0.00896 wavelengths. Figure
4.10(b) shows the bearing spectrum obtained by combining
the estimated sensor positions with the original
covarianée matrix. The bearings of the peaks in the

spectrum are all correct.

As anticipated, the use of the estimated sensor positions
in place of the intended ones yielded improved bearing
spectra for signals with unknown bearings. In Figures
4.11 and 4.12, the three calibration signals have been
replaced with two new signals with bearings of -45 and -18
degrees and relative frequencies of 1.001 and 1.0
respectively. Both signals had a power of 20d4B and an
initial phase angle of zero degrees. The noise power was
0dB and the covariance matrix was formed using 500
snapshots obtained at a sampling rate of 3.4567 samples
per cycle. Figure 4.11(a) shows the bearing spectrum
which would Se produced if the true sensor positions were

available.

The spectrum obtained using the intended sensor positions
is shown in Figure 4.11(b). The peaks are at -48 and
-13.5 degrees, giving an overall bearing error of 7.5

degrees. Figure 4.12 demonstrates the improvement



(a)

206

10logioPpu(®)
S0 - True sensor positions
30 i
10 .
-10 T T T ]
-180 -380 0 S0 180
Bearing (degrees)
(B) 101097 0Ppy(e)
50 . Intended sensor positions
30 .
10 i
-10 T T T ]
-180 -90 0 S0 180

Bearing (degrees)

Figure 4.11 MUSIC bearing spectra for signals with

unknown bearings
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" Figure 4.12 MUSIC bearing spectra for signals with

unknown bearings
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achieved by replacing the intended sensor positions with
the estimated positions derived from the three calibration
signals. Using the estimates obtained from 1600
snapshots, the bearings of the peaks are -46 and -17.5
degrees, meanihgmthat the overall bearing error has been
reduced from 7.5 to 1.5 degrees. When the estimated
sensor positions based on 6460 snapshots are uéed, the

bearings of the peaks are correct (to within 0.5 degrees).

The next set of results investigates the behaviour of the
cost function J(i) and the error D(i) while the iteration
is converging. It should be stressed that D(i) would not
be available in a real application since the calculation

involves the true sensor positions.

As noted at the start of the chapter, the use of three or
more calibration signals has the advantage that errors in
the bearings of the signals can be detected. If there
are only two signals present, such errors cannot be
discovered. This effect is demonstrated by the

simulation results.

In Figure 4.13, the cost function J(i) and the overall
error D(i) are plotted on a logarithmic scale against the
step number 1i. The error D(i) is normalized so that the
original error D(0) is at zero on the vertical axis.

There were two calibration signals with bearings of 18 and
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Figure 4.13 Convergence plots obtained using
two calibration signals
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90 degrees and relative frequencies of 1.0 and 1.001.

Both of the signals had a power of 20dB and an initial
phase angle of zero degrees and the noise power was 0dB.
The covariance matrix was calculated by finding the
expected value using the procedure described in Chapter 2,
thus allowing the errors caused by averaging over a finite

number of snapshots to be eliminated.

The step size u in the iteration was set to 0.005. As

anticipated, the cost function decreased at each step in
the iteration. In this example, the convergence of J(i)
to a small value accurately reflects the behaviour of the

unknown error D(i).

Figure 4.14 shows the effects of errors in the bearings of
the signals. The calibration algorithm was supplied with
the same covariance matrix again but the bearings of the
signals were specified incorrectly as being 20 and 87
degrees. Under these conditions, the improvement in the
error D(i) was extremely small. Notice, however, that
the cost function J(i) converged to a small value as

. before. Since D(i) would not be available in a real

application, the problem would remain undetected.

To demonstrate the advantage of using more than two
signals, the process was repeated using three calibration

signals with bearings of -108, 18 and 90 degrees and



211

(a) 10logqoJ (i)
0 . Cost function J(i)
-5
-50
_75 i \
-100 T T T T ]
0 100 200 300 | 400 500
Iteration step
(P) " 1010g14D (i)
10 7 Error D(i)
0 1
-10
-20
-30
-40 T T T T )
0 100 200 300 400 500

Iteration step

Figure 4.14 Convergence plots obtained using two
calibration signals with inaccurate bearings
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relative frequencies of 0.999, 1.0, and 1.001
respectively. All of the signals had a power of 20dB and
an initial phase angle of zero degrees. The noise power
was 0dB and the covariance matrix was calculated by taking

the expected value as before.

Figures 4.15(a) and 4.15(b) show the behaviour of the cost‘
n J{(i) and the error D{(i). Notice the shape of
the D(i) curve close to convergence. Having attained a
minimum value, the estimate then gets slightly worse again
before finally settling down. This effect is caused by
inaccuracies in the computation of the eigenvectors of the
covariance matrix. In principle, a MUSIC spectrum
derived from the expected value of the covariance matrix
would have peaks of infinite height for the reasons
discussed in_Chaptef 2. In practice, however, the peaks
are large but finite due to imperfections in the

eigenvectors.

Since the calibration algorithm relies on the eigenvectors
of the covariance matrix, it is also affected by such
errors. In practice, the weight npn(i) is not precisely
equal to zero even when the estimated position of sensor n
is correct with respect to signal m. The effect on the
estimated sensor positions is small, although it is
exaggerated somewhat by the logarithmic scale used in the

diagranm. It is worth pointing out that the problem is
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Figure 4.15 Convergence plots obtained using
three calibration signals
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not related to the step size used in the iteration. If a
smaller step size is adopted, the error D(i) traces out

the same curve over a larger number of steps.

Figure 4.16 shows the effects of errors in the bearings of
the signals. The calibration algorithm was supplied with
the same covariance matrix again but the bearings of the
signals were specified incorrectly as being -107, 87, and
20 degrees. As in the example where two signals were

present, the improvement in the error D(i) was very small.

However, with three calibration signals the cost function
J(i) also showed a small reduction, thus providing a
warning that the calibration had not been successful.

This happened because the iteration was unable to optimize
.the estimated sensor positions with respect to all three
signals simultaneously. These results confirm that the
cost function J(i) provides a more faithful indication of
the error D(i) when the number of calibration signals is

greater than two.

The next set of results explores the relationship between
the quality of the covariance matrix R and the final
values of J(i) and D(i) achieved by the iteration. As
discussed earlier in the chapter, the effect of received
noise is to add random errors to the off-diagonal elements

of the covariance matrix. These errors are most
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pronounced when the signal to noise ratio is low and/or a
small number of snapshots are used. The only way to
eliminate such errors completely is to obtain the expected
value of the covariance matrix, although this is clearly

impossible in practice.

To investigate the effects of noise,‘the calibration
algorithm was applied tc a large number of covariance
matrices formed using different numbers of snapshots over
a range of signal to noise ratios. There were three
calibration signals with bearings of -108, 18, and 90
degrees and relative frequencies of 0.999, 1.0, and 1.001
respectively. All of the signals had a power of 20dB and

an initial phase angle of zero degrees.

The signal to noise ratio was defined to be the ratio of
the power of one of the signals to the noise power,
meaning that a noise power of 20dB corresponded to a
signal to noise rétio of 0dB. The signal to noise ratio
covered a range from 0OdB to 60db in steps of 10d4B. At
eéch signal to noise ratio, 20 coﬁariance matrices were
formed usingv400 snapshots, another 20 using 1600

snapshots, and a further 26 using 6400 snapshots.

For each block of 20 covariance matrices, the calibration
algorithm was applied to each matrix in turn and the

averages of the final values of the cost function J(i) and
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the error D(i) were calculated. The calibration
algorithm was aiso applied to the expected wvalue of the
covariance matrix at each signal to noise ratio. The
step size u was set to 0.005 and each calibration was
terminated when the improvement in the cost function
|J(i+1) - J(i)| fell below 10~9.
Figt 4.17

igure

The results are shown i

3

. As anticipated,
the error D(i) after calibration decreased when the signal
to noise ratio or the number of snapshots was increased.
When the expected value of the covariance matrix was used,
there were no errors in the off-diagonal elements of the
covariance matrix and the results were therefore

independent of the signal to noise ratio.

The final set of results relates the finishing wvalues of
J(i) and D(i) to the accuracy to which the bearings of the
calibration signals are stated. This was investigated by
generating a single covariance matrix then applying the
calibration algorithm several times with random errors

added to the bearings of the signals.

There were three calibration signals with bearings of
~108, 18, and 90 degrees and relative frequencies of
0.999, 1.0, and 1.001 respectively. All of the signals
had a power of 20d4dB and an initial phase angle of zero

degrees. So as to ensure that the results were not
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Figure 4.17 Influence of signal to noise ratio and
number of snapshots
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influenced by errors in the off-diagonal elements, the
covariance matrix was formed by taking the expected

value. The noise power was O0dB.

Sets of incorrect signal bearings were generated by adding
random numbers to the true bearings of the calibration
signals. The random numbers had a normal distribution

with a mean of zero. The variance assumed a number of
values in the range from 0 to 0.5 degrees (squared). For
each variance, 20 sets of incorrect signal bearings were
generated and the calibration algorithm was applied to
each one in turn. The final values of the cost function
J(i) and the error D(i) were averaged over the 20 sets of

bearings. The step si;e 1 was set to 0.005 and each

calibration was terminated when |J(i-1) - J(i)| fell below
10-9,
The results are shown in Figure 4.18. Although the

calibration algorithm only achieved dramatic reductions in
D(1i) Qhen the signal bearings were specified accurately,
the error was reduced by approximately one order of
magnitude across the entire range of wvariances. As the
bearing spectra at the start of this section demonstrated,
an improvement of this size is big enough to make a

significant difference to the bearing spectrum.
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4.7 Summary

This chapter has developed a calibration algorithm to
compensate for sensor positioning errors in direction
finding arrays. The key point is that the degraded
performance of an uncalibrated array is caused by the
mismatch between the true sensor positions and the ones
assumed by the bearing estimation algorithm. If the true
sensor positions can be discovered, the performance of the

system can be improved considerably.

The array calibration algorithm attempts to identify the
true sensor positions by analyzing snapshots obtained
while two or more signals with known bearings are being
received. ‘The positions are deduced through a process of

triangulation.

The algorithm takes the form of an iteration in which a
set of estimated sensor positions is steered towards the
(unknown) true positions, the intended sensor positions
being the initial estimates. This goal is échieved by
minimizing a cost function which is based on the signal

subspace concepts presented in Chapter 2.

The improvements obtained using the calibration algorithm

were demonstrated using computer simulations.
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CHAPTER 5 CONCLUSIONS

5.1 Material Covered

This thesis has examined some of the signal processing
algorithms used for bearing estimation with particular
attention to the MUSIC technique. A derivation of MUSIC
from first principles produced an understanding of the
signal subspace approach to bearing estimation and
introduced many of the concepts required for the original
research.

This was followed‘by an analysis of the effects of sensor
positioning errors on the bearing spectrum. A
statistical approach produced theoretical results, most of
which were independent of the particular array geometry
being used. These results were confirmed using computer

simulations.

Having identified the effects of sensor positioning
errors, an array calibration algorithm was developed to
reduce the sensitivity of the bearing estimation process
to such errors. The algorithm estimated the true sensor
positions by exploiting two or more signals with known

bearings. Computer simulations demonstrated the
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improvements obtained after calibration.

5.2 Specific Achievements

Recalling the aims of this work stated in Chapter 1, the

two main objectives were to characterize the sensitivity
of bearing estimation algorithms to sensor positioning
errors and to reduce this sensitivity through array

calibration. These two areas were addressed in Chapters

3 and 4 respectively.

In Chapter 3, the conventional beamforming, minimum
energy, and MUSIC bearing estimation techniques were
compared in the presence of small sensor positioning
errors. With only one signal present, all of these
methods are normally unbiased estimators of signal bearing
and the analysis demonstraped that they remain unbiased in
the presence of sensor positioning efrors with the assumed

statistics.

However, the variability of the bearing indicated by the
spectrum increased with the size of the sensor positioning
errors and it was shown that the variance of the bearing
was directly proportional to the variance of the sensor

positions. If the array geometry was taken into account,
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the constant of proportionality could be calculated for a
particular bearing. It would be straightforward to
average this over a range of bearings in order to produce
a figure of merit for a particular array. The constant
was independent of the bearing estimation technique being

used.

mean and variance of the peak height. As the wvariance of
the sensor positions increased, the mean peak height
decreased while the variance of the peak height

increased. Although the theoretical results described
the height of the spectrum at the correct bearing rather
than the true peak height, they provided theoretical‘
limits for the peak height. Results for all three

bearing estimation techniques were produced.

éomputer simulations verified the theoretical curves which
had been predicted. The simulations were also used in
areas not covered by theoretical work, such as
demonstrating the decreased resolution of the MUSIC method

in the presence of sensor positioning errors.

In Chapter 4, an array calibration algorithm to compensate
for sensor positioning errors was developed. It was
shown that when two or more signals with known bearings

are present, the true sensor positions are observable from
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the array snapshots provided that each sensor is within

half a wavelength of its intended position.

An iterative scheme was used to guide a set of estimated
sensor positions towards the true ones, taking the
theoretical sensor positions as initial values. Computer
simulations demonstrated the effectiveness of the

technique in reducing the errors in the estimates.

The errors remaining after calibration were summed over
all of the sensors and expressed on a logarithmic scale.
It was found that the overall error decreased as the
signal to noise ratio or the number of snapshots was

increased.

Although the algorithm relied on accurate signal bearings,
the effects of incorrect bearings were considered.

Errors in the bearings caused the sensor positions to be
estimated incorrectly and in extreme cases the estimated

positions were worse than the intended ones.

However, the behaviour of the cost function provided a
warning of this problem if more than two signals were
present. Computer simulations showed the tolerance

required for the signal bearings in a particular scenario.

The author has presented two conference papers on the
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calibration algorithm ([103], [104].

5.3 Limitations .

The results obtained in Chapter 3 for the spectrum height
in the minimum energy and MUSIC methods are somewhat
awkward in that they apply to the reciprocal of the
function usediin forming the spectrum. It would,
however, have been extremely difficult to take the
analysis any further without resorting to an inequality as
EC1/X] # 1/E[(X]. Since the results are precise as far as
they go, the mental adjustment required to think in terms

of the reciprocal seems worthwhile.

An obvious limitation of the work described in Chapter 4
is the reliance on signals with known bearings. Indeed,

this will render the method impractical in some situations.

It is worth noting, however, that one of the radio
direction finding systems marketed by the company
sponsoring this work incorporates a very rudimentary
célibration mechanism which was requested by the
customer. A portable transmitter is moved around to
provide calibration signals from different directions.

It appears that users are willing to accept such
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procedures if they offer an improvement in performance.

5.4 Suggestions for Further Research

In Chapter 4, the possibility of implementing the
calibration algorithm using matrix inversion was mentioned
briefly. It might be worthwhile to investigate this

approach and compare it with the iterative scheme adopted.

As noted in Chapter 1, a number of papers describing other
calibration algorithms were discovered while this thesis
was being prepared and these techniques should be compared
with.the method described in Chapter 4. Some authors
have described algorithms which are claimed to operate on
calibration signals with unknown bearings, thus making the

process more practical.

It would be interesting to extend the analysis presented
in Chapter 3 to include theoretical results for the peak
height as well as the height of the spectrum at the
correct bearing. This would require a more sophisticated
approach than the one adopted in Chapter 3 since the peak
height depends on the incorrect bearing, which is itself a

random wvariable.
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A NEW CALIBRATION ALGORITHM TO DETECT SENSOR POSITIONING ERRORS
IN DIRECTION FINDING ARRAYS

L.P.H.K.Seymour, C.F.N.Cowan, and P.M.Grant

Introduction

In bearing estimation, the outputs from a set of sensors are analysed to determine the bearings
of signals arriving at the array [1,2,3]. The positions of the sensors are normally assumed to be
known precisely. However, if there are errors in the positions then these assumptions are false and
the bearing estimation is less accurate.. Brandwood [4] presents examples of bearing spectra
obtained using incorrect positions. -

This paper compares the effects of sensor positioning errors on the conventional beamforming,
Minimum Energy, and MUSIC bearing estimation techniques. High resolution methods, such as
MUSIC, are shown to be the most sensitive. A new calibration algorithm to compensate for such
errors is outlined. The new method is an extension of MUSIC in which transmissions with known
bearings are analysed to determine the true sensor positions. These are subsequently used by a
conventional bearing estimation algorithm to determine the angles of arrival of unknown
transmissions. Simulation results illustrate the effects of sensor positioning errors and the
improvements obtained using the new algorithm

Comparison of Bearing Estimation Techniques

The simulation results described below were obtained using an array consisting of five sensors
evenly spaced around a circle of radius 0.5\ with a sixth sensor at the centre. These "theoretical”
sensor positions describe the intended array geometry. A second set of positions was produced by
adding small errors to the theoretical coordinates. The total sensor positioning error, expressed as
the sum of the X and ¥ displacements over all of the sensors, was 0.05\. These "true" sensor
positions represent the actual array geometry in the presence of sensor positioning errors.

The covariance matrix was formed using 1500 snapshots based on the true sensor positions.
The sampling rate was approximately 8.3 samples per cycle. Two transmissions, with bearings of 0°
and 123°, were present throughout the sampling period. Each had a power of 0dB. The SNR was
10dB. This is defined to be the ratio of the power in one of the transmissions to the power of the
additive noise component in the output from one of the sensors. The noise level is the same for all
of the sensors and is uncorrelated between sensors.

The conventional beamforming [2], Minimum Energy [2], and MUSIC [3] techniques were
compared in the presence of sensor positioning errors. Bearing spectra were generated using the
following expressions.

Ppp(8) = 5”(9)55(9)

1
PyE(8) = -
T Fer e
Py (8) = !
M Feyvw v e®

where e(8) is the signal vector for bearing ¢, R is the covariance matrix, and Vw is a matrix having
the noise subspace eigenvectors as its columns.

The authors are with the Department of Electrical Engineering, University of Edinburgh,
The King’s Buildings, Edinburgh, EH9 3JL, Scotland.
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Normally, the true sensor positions are unknown and the theoretical ones must be used
instead. The effect of this substitution was investigated by generating bearing spectra using signal
vectors corresponding to the theoretical sensor positions. The results are plotted in Figures 1(a),
1(b), and 1(c). These should be compared with Figures 1(d), 1(e), and 1(f), which show the
corresponding spectra obtained using the true sensor positions.

The conventional beamforming and Minimum Energy techniques are seen to be relatively
insensitive to sensor positioning errors. The use of the theoretical positions in place of the true
ones has very little effect on the bearing spectra. When the true sensor positions are used, MUSIC
performs significantly better than the other two methods. However, the use of the theoretical
sensor positions has a dramatic effect’ on the MUSIC spectrum. The peak heights are reduced
considerably and there are small errors in the measured bearings.

The poor performance in the presence of sensor positioning errors is not caused by the
incorrect positions per se but by the inconsistency between these positions and the theoretical ones
assumed in the bearing estimation process. If the true positions could be discovered and used in
place of the theoretical ones then the performance of the system would be improved.

In the proposed calibration method, the array is illuminated with transmissions from known
directions and the sensor outputs are analysed to determine the true sensor positions. This "position
estimation” problem is closely related to the normal bearing estimation one.

The system thus has two modes of operation. In the calibration mode, transmissions with
known bearings are provided and the new calibration algorithm is used to estimate the true
positions of the sensors. In the normal operational mode, the estimated sensor positions are used by
a bearing estimation algorithm to measure the bearings of unknown transmissions. Since the
calibration algorithm is based on MUSIC, it is recommended that MUSIC should be used to perform
the bearing estimation.

Calibration Algorithm

The calibration algorithm uses triangulation to determine the true positions of the sensors. A
detailed mathematical description of the technique has been published elsewhere [S]. The following
discussion presents a brief outline of the method.

In Figure 2, two transmissions with bearings 81 and 83 are being received simultaneously.
The unit vectors z9 and zp point towards the transmitters. Thus the directions of propagation are
—z1 and -2z3. Each sensor position is described by a vector giving the displacement from the
origin. The position of sensor a is u,. To simplify the diagram, only one sensor is shown.

During calibration, the bearings of the transmissions, 61 and 02, are known precisely. Thus
the vectors z1 and z; are available. The aim of the calibration process is to determine the true
position, u,, of each sensor. A transmission with a bearing of 61 can only reveal the component of
u, in the direction of the vector z1. In order to measure the position completely we require
components in at least two different directions. The process is thus one of triangulation. Clearly,
the technique is more reliable if several directions are processed rather than only two. The

maximum permissible number of calibration transmissions is limited by the number of sensors in
the array.

The calibration algorithm exploits the fact that the signal vectors e(81) and e(82) should lie
entirely in the signal subspace [3]. However, this will only be the case if the signal vectors are
calculated using the true semsor positions. Signal vectors corresponding to incorrect sensor
positions will generally have some component in the noise subspace.

We define a cost function for a set of semsor positions by summing the lengths of the
projections of the signal vectors onto the noise subspace. The cost function can be differentiated
with respect to the X and ¥ coordinate of each sensor. The calibration algorithm manipulates the
sensor positions in an attempt to minimise the cost function. The process is performed iteratively
using a gradient search algorithm. The iteration is initialised using the theoretical sensor positions.
In practice, these are likely to be very good estimates of the true positions.
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Figure 1. The Effect of Sensor Positioning Errors
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Figure 3 shows the MUSIC spectrum obtained after calibration using the new algorithm. The
array was calibrated using the signals at 0° and 123°. The spectrum was generated using signal
vectors corresponding to the estimated sensor positions produced by the calibration algorithm. The
total sensor positioning error has been reduced from 0.05\ to 0.002\. The resulting spectrum is
very similar to the one that would be produced using the true positions as shown in Figure 1(f).
The improved performance is maintained for transmissions from other bearings.

Conclusions

The use of a calibration algorithm to compensate for sensor positioning errors in direction
finding arrays has been considered. The method relies on calibration transmissions with known
bearings and is related to MUSIC. Simulation results have been presented to demonstrate the
improved performance of the bearing estimation process when the new algorithm is used.
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BEARING ESTIMATION IN THE PRESENCE OF SENSOR POSITIONING ERRORS

L.P.H.K.Seymour, C.F.N.Cowu_p, and P.M.Grant

Department of Electrical Engineering, University of Edinburgh
The King’s Buildings, Edinburgh, EH9 3JL, Scotland

ABSTRACT

A new calibration algorithm to compensate for sensor
positioning errors in direction finding (DF) arrays is
introduced. Transmissions with known bearings are analysed
to determine the true sensor positions, which are subsequently
used by a cooventional bearing estimation algorithm to
determine the angles of arrival of unknown transmissions. The
proposed calibration algorithm is based on Schmidt’'s MUSIC
method for bearing estimation. Simulation results illustrate the
cffects of sensor positioning errors, the improvements
obtained using the new algorithm, and its robustness in the
presence of other sources of error, such as uncorrelated noise
and finite averaging.

INTRODUCTION

In bearing estimation, the outputs from a set of sensors
arc analysed to determine the bearings of signals arriving at
the array (1,2,3]. The positions of the sensors are normally
assumed to be known precisely. However, if there are errors
in the positions then these assumptions are false and the
bearing cstimation is less accurate. Brandwood [4] presents
examples of bearing spectra obtained using incorrect
positions. However, no solution to the problem has been
reported. This paper introduces a new algorithm to
compensate for sensor positioning errors.

A comparison of the conventional beamforming [2],
Minimum Energy [2], and MUSIC {3] bearing estimation
techniques showed that the errors in the bearing spectrum
depend on the choice of bearing estimation algorithm as well

" as factors such as the size of the positional errors and the
bearings of the transmissions. Small errors tend to cause a
reduction in peak heights while larger ones can produce bias
in the bearings as well. The algorithms have inferior
resolution and detection properties in the presence of sensor
positioning errors. Unfortunately, methods such as MUSIC,
which can offer excellent performance under favourable
conditions, tend to be the least robust.

This effect is illustrated in Figures 1 and 2. Figure 1
shows the MUSIC spectrum obtained under normal
conditions. In Figure 2, small errors have been introduced
into the positions of some of the sensors. These results are
described in detail below.

The poor performance in the presence of sensor
positioning errors is not caused by the incorrect positions per
se but by the inconsistency between these positions and the
“theoretical” ones assumed in the bearing estimation process.
If the true positions could be discovered and used in place of
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Figure 1. Bearing Spectrum using True Sensor Positions

the theoretical ones then the performance of the system would
be improved.

In the proposed calibration method, the array is
illuminated with transmissions from known directions and the
sensor outputs are analysed to determine the true sensor
positions. This "position estimation” problem is closely related
to the normal bearing estimation one.

The system thus has two modes of operation. In the
calibration mode, transmissions with known bearings are
provided and the new calibration algorithm is used to estimate
the true positions of the sensors. In the normal operational
mode, the estimated sensor positions are used by a bearing
estimation algorithm to measure the bearings of unknown
transmissions. Since the calibration algorithm is based on
MUSIC, it is recommended that MUSIC should be used to
perform the bearing estimation.
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CALIBRATION ALGORITHM

Figure 3 shows an array of N sensors receiving M
calibration transmissions simultaneously. Each sensor position
is described by a vector giving the displacement from the
origin. The theoretical position of sensor » is ry while u, is
its true position. Additionally, we shall use l_?,, to denote an
estimate of. the true position. The array is always positioned
so that sensor 1 lies at the origin.

= =u; =90 _ (6))

The bearing of transmission m is @,. The unit vector Zm
points towards the transmitter. Thus the direction of
propagation is -z,,. During calibration, the number of
transmissions, M, and the bearing of each transmitter, z Zpy, are
known precisely.

The following symbols are used to indicate the X and ¥
componeats of 7,, u,, :,., and z,,

Xy Xy E =,
n n R n m
}'r" yun yl‘" Yxm
The column vectors x, and j, contain the X and ¥
components of the estimated sensor positions, 1_2,,

a

§‘=[°i"2”""‘n"'i"N] 3)

Zu=[0§u2 "'iun i"N]

There are three possible signal vectors for transmission
m. These correspond to the theoretical sensor positions Ths
the true ones s and the estimates n_?,,, and are denoted by

s Im>» and g, gm respectively. They are defined as follows.
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em = [1‘2m Tt enm ""Nm] 4)
m = [1qzm T dnm qnm]
ém“[lé‘Zm"'inm"'iNm]

where
ehm = exp(ﬂﬂ_z_m Tl (5)

9nm = exp{f2nwzp, -up}

dnm = exp{i2mz,y iy}

The matrix V,, has the N-M noise subspace
eigenvectors as its columns.

Zw::[!l!z...!h ..!N_M] (6)

where

T
v = [Vu. Y2h " Vap - Vm.]

The length of the projection of an estimated ngnal
vector, :_],,,, onto the noise subspace is given by

2 ~H H-
Hpp 17 = gmzw‘:wgm 7

where H denotes the Hermitian transpose.



The true signal vectors, ¢, produce projections with a
length of zero since they lie entirely in the signal subspace (31.

Hpm!12 = 0 with Gm = gm ®

However, an estimated signal vector corresponding to
incorrect sensor positions will not lie entirely in the signal
subspace. Therefore it must have some component in the noise
subspace.

||g,,,|12>o with gpy # g . ®

In particular, conventional MUSIC processing assumes that
the theoretical seasor positions are correct by setting
im = em-

We can define a cost function for a set pf estimated
sensor positions, %, and §,, by summing |1p,, ||~ over the M
calibration transmissions.

’ M

IG3) = 3 Hpmll? (10)

m=1

The notation emphasizes that J(X,,,) is 8 function of the
estimated sensor positions only. The transmitter bearings, zp,
are known constants. The eigenvectors, vy, can also be
regarded as constants once they have been computed.

If J(%,,5;) = O then all of the estimated signal vectors,
ém, lie entirely in the signal subspace. In this case, the
estimated sensor positions, x, and y,, producing those signal
vectors are assumed to be correct provided that a number of
conditions regarding the number of calibration transmissions,
M, and their bearings, 2y, are satisfied.

From (4), if there is an error in the position of sensor a
then transmission m can only reveal the component of that
error in the direction of the vector z,,. In order to measure
the error completely we require components in at least two
different directions. The process is thus one of triangulation.

Clearly, the technique is more reliable if several
directions are processed rather than only two. In the case of
the calibration algorithm, the maximum permissible number of
calibration transmissions is limited by the number of sensors

_ in the array.

The algorithm manipulates the estimated sensor
positions, I, and y,, in an attempt to minimise the cost
function, 1(5,,2,,). The process is performed iteratively using
a gradient search algorithm. The estimates at step { are
denoted by g,(l) and 2,‘(1). The process is initialised using the
theoretical sensor positions. In practice, these are likely to be
very good estimates of the true positions.

iu"(o) = x,", iun(o) = any n=1...,N (11)
At cach step, the estimates are updated as follows.

3.
BG+1) = 5,() + u[- =G .z,.)]gu = 3,0) 12
Ty By = 3, (D)

- - 9 . .
B(i+1) = y3,0) + u[—;;rl(a..z,.)];‘ = 1,()
W fu = 3 (D
p is the step size in the iteration. The partial dcrivative:.ot'

J(%,,y,) with respect to i, and y, are obtained analytically
and are as follows.
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s M N-M o
A & % .
I &)= T T TR YardnmimYh

%, m=lh=1

- H.
+ ﬂﬂx:m V;hqnm Yh 9m ] (13)

3 M N-M
- a . .H
—I/@Ep)= z = [-ﬂﬂvx,,wqmzmy-
% m=1h=1

. . H.
+ fz‘ﬂhm Ynhd9nmVh 9m ]

where * denotes the complex conjugate.

RESULTS

Scenario

The simnlation results described below were obtained
using an array consisting of five sensors evenly spaced around
a circle of radius 0.5 wavelengths with a sixth sensor at the
centre. These were the theoretical sensor positions.

SNRs of between 15dB and 60dB were investigated. The
covariance matrix was formed using either 1600 snapshots,
6400 snapshots, or analytically through mathematical
cxpectations. When snapshots were used, the sampling rate
was approximately 8.21 samples per cycle.

. The total sensor positioning error for a particular array
was expressed as the sum of the X and Y displacements over
all of the sensors. This measure is plotted on a logarithmic
scale in the graphs.

Three calibration transmissions were present throughout
the sampling period. The bearings of the transmissions were
-127, .°' and 123 degrees. Each had a power of 0dB.

MUSIC with Calibration.

Figures 1, 2, and 4 illustrate the improved bearing
estimation achieved by the new algorithm. The plots are all
produced using MUSIC, bowever a different set of seasor
positions has been used for each spectrum as discussed below.
The totai sensor positioning error is 0.02 wavelengths. The
SNR is 40dB and the covariance matrix was formed using
6400 snapshots.

Figure 1 shows the spectrum obtained using the true
sensor positions. This is a typical MUSIC spectrum with large,
sharp peaks at the correct bearings. Clearly, this spectrum
could not be obtained in practice since the true sensor
positions are unknown!

The spectrum produced using the theoretical semsor
positions is presented in Figure 2. This illustrates the
performance that would be obtained using conventional
MUSIC processing. The peak heights have been significantly
reduced and there are small errors in the measured bearings.

Figure 4 shows the spectrum obtained after calibration
using the new algorithm. The total seasor positioning error
has been reduced from 0.02 to 0.0002 wavelengths. Since the
error is so small, the resulting spectrum is very similar to the
one that would be produced using the true positions as shown
in Figure 1.
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Performance with Noise

Figure 5 shows the relationship between the SNR and
the performance of the calibration algorithm. The SNR is
defined to be the ratio of the power in one of the
transmissions to the power of the additive noise component in
the output from one of the sensors. The noise level is the
same for all of the sensors and is uncorrclated between
sensors. The vertical axis shows the total sensor positioning
error after calibration. This is normalised so that zero
corresponds to the original error of 0.02 wavelengths.

The three lines in Figure 5 were produced by computing
the covariance matrix in different ways. When the
mathematical expectation is used, the noise only affects the
clements on the leading diagonal since the noise signals from
different sensors are uncorrelated. A change in the SNR has
the effect of adding a constant to cach of the ecigenvalues.
However, the eigenvectors are unaffected. Thus the
performance of the calibration algorithm is independent of the
SNR. Note that this level of performance cannot be achieved
in practice since an infinite number of snapshots would be
required to approach the expectation whereas the signal
environment is likely to be stationary only for a finite period
of time.

The Figure also shows the performance obtained when
the covariance matrix is formed using a relatively smail
number of snapshots. Results are plotted for 1600 and 6400
snapsbots. The performance of the calibration algorithm
improves with incrcasing SNR. The logarithmic scale reveals
an approximately linear relationship.
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Figure 5. Performance with Noise

CONCLUSIONS

The use of a calibration algorithm to compensate for
sensor positioning errors in direction finding arrays has been
considered. The mecthod relics on calibration transmissions
with known bearings and is related to Schmidt’s MUSIC
technique.

Simulation results have been presented to demonstrate
the improved performance of the bearing estimation process
when the new algorithm is used. The robustness of the
method in the presence of uncorrclated noise has also been
illustrated.
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