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ABSTRACT

In this paper, the effect of spatial smoothing (Forward
smoothing and Forward-Backward smoothing) on the
performance of subspace methods in the presence of Ar-
ray Model errors for Direction-Of-Arrival (DOA) esti-
mation is studied. Theoretical expressions for the Mean
Squared Error (MSE) in DOA are obtained, based on
a common framework of analysis. Simulations are car-
ried out to substantiate the theory developed. For the
cases considered, smoothing improves the performance
of ESPRIT and Minimum-Norm method while it is not
so for MUSIC.

1. INTRODUCTION

Estimation of the Direction Of Arrival (DOA) of highly
correlated/coherent sources impinging upon a Uniform
Linear Array(ULA) of sensors by the subspace meth-
ods (MUSIC,Min-Norm method,ESPRIT), is done by
using a spatially smoothed covariance matrix (Forward

Smoothed(FS) and Forward-Backward smoothed(FBS)).

In practice, the sensor characteristics (gain and phase
responses, positions etc.) are not ideal leading to Ar-
ray Model Errors. These errors contribute to a pertur-
bation in the covariance matrix resulting in a pertur-
bation of the subspaces and therefore an error in the
estimated DOA. The performance study in the case of
a Forward covariance matrix (Ry) (no spatial smooth-
ing) due to Array Model Errors has been carried out
in [1, 2, 3, 4, 5]. In this paper, we study the effect
of spatial smoothing on the asymptotic performance of
the subspace methods in the presence of Array Model
Errors. The performance measure chosen is the Mean
Squared Error (MSE) in the DOA. Theoretical expres-
sions for the MSE in DOA are obtained for each of the
subspace methods, which can be used to analyze any
type of array model error given the statistics of the
model error substantiated by numerical experiments.
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2. BACKGROUND

Consider the scenario of M possibly coherent narrow-
band plane waves (with a wavelength A,) incident on
a ULA of L, sensors (with an interelement spacing
of d) from various directions 6;. The subspace meth-
ods determine the DOA from the covariance matrix of
the array output vector which can be represented as!
Ry = ASAH 4 021 with A =+/I1[a1, a3 ---, an)],
where a; = (1/vL;) (1, efvs, ..o, ej(L"l)“‘]T , is the
normalised array steering vector, w; = 27 (d/)o) siné;,
S is the source covariance matrix, o2 is the variance of
the additive noise at the output of the sensor array
and I the identity matrix. In the FS approach, the
array is divided into K subarrays of L sensors each
(K=Li-L+1)and Ry, = £ YK, W,R; WH =
ALSpAY +oiT where Wy = [0(,_1)xLl11]0(k —p)x L],
A [ denotes the subarray array steering matrix and Sy,
the smoothed source covariance matrix [6, 7]. Given
a perturbed covariance matrix the performance of the
subspace methods has been characterized using a com-
mon framework of analysis which relates the MSE in
DOA directly to the statistics of the perturbed co-
variance matrix [6, 7]. The expressions for MSE de-
pend upon the terms? T'u q.8.5:, Taifiaip; Where B; =
Rta(w;),R, = ALSf,Af and «; is a noise subspace
vector corresponding to the subspace method (= p; for
MUSIC, = v; for Min-Norm method, = ¢; for ESPRIT)
[6, 7.

For example, the MSE expressions for MUSIC are
given as [6, 7] with p; = P,d;,P, =I— AA™,

1In this paper, the overbar "~ will be used to denote the
expectation operator. The superscripts used are T for transpose,
+ to for the pseudoinverse, * for complex conjugate and H for
complex conjugate transpose. j denotes /—1 and §x; = 1, for
k = I and gero otherwise. & denote an estimate of x, Ax indicates
an error in the parameter z, Cov(X,Y) = (X - XY - Y)H.

2Fyvue = Cov(uTARW,vHFARX) , u,v,w, X are vectors
of appropriate dimensions.
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d; = (9a(w)/0w)|w=w; »
(Aw;)dy = Re(Tpupipip: + rmﬁa#iﬂi)/(z(“?l‘i)z)’( )
1
The above expressions are general and are applicable
to any type of perturbation in the covariance matrix.

3. PERFORMANCE ANALYSIS

The perturbed asymptotic covariance matrix consid-
ered in this paper is given by [2]

=(A+AA)S(A+AA 1+ 52T (2)

The effect of finite data is not considered in this paper.
The steps involved in the analysis can be outlined as
follows

1. Perturb the array model and obtain the expres-
sion for AR and subsequently for aff ARS;, for
the type of R (FS,FBS) chosen for analysis.

2. Obtain the general expressions for I'a;a;8,8;,
Ta.piaip; in terms of the statistics of AA; to
study the performance of a method, use the ap-
propriate «; in the MSE expressions.

The general MSE expressions for each of the smoothed
covariance matrices are given below.

Theorem 1 [8] For the FS case, (Ta;a:8:8:)1s =
offBigoi (Faep;a;p;)h = af'Bay,0f, with

Biss =43 Z Z W, Z Eﬁ,p r)ﬂ‘q(t)Aa,AaHWH

p=14g= r=1t=1
®3)

K K M M
By, = Z ZWP Z zﬂw(r)ﬁtq(t)Aa’A WT
p=1g=1 r=1i=1
(4)
with B, = (Bi,)1s = 2 SHP IS s,
¥ = diag(exp(jw;)),i = 1,2,---, M and o represent-
ing p;, Vi, €.

Proof : The perturbed Ry, is given by

K
. 1
Ry, = E ZW,((A + AA)S(A + AA)T + AW

where AA corresponds to the full array. Neglectm sec-
ond order terms, ARy, & & Y ohe (W, AASYP-HAK 4+

Apyp~*"USAAFWH). Then

af ARy, B; Z aFW,AASyP NS N,

p—l

prZa.,(r)Aaf

r=1

\/_
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using the followmg relat1onsh1ps(we denote a; for a(w;)),

aFAp =0, AFAF =1,8;, = 7%-AL S7Mi. with
Aa, representing the error in the rth column of A and
i; denoting the ith column of I. Using the above rela-
tionships in the definition of I'(,), we have the required
result. |

Corollary 1 [8] For the Forward case, Ua;aip:8: =
tafl Aa; Aaf o, , Tapiais: = tof Aa; AaTal.

Theorem 2 [8] For the FBS ca.se, (Tasaspipi)fpos =
oy Blflai ’ (Pa,ﬁ.a.ﬂ.)ﬂu = oy BZjbna; ’ where Blfbs
and Bg2ys, represent mairices by replacing (,B,p) 1o with
(Bip)res = 7—51,[:("1)5;51,1,, in the ezpressions of Byy,,
Bas,. o represenis p, €. For the Minimum-Norm
method, (Tuivipips)sss = § VE( (Bipns + IBip, I+

5 IBs, +27 " 1)Bma-'f)'/a and (Typivip:) 00 =
L 25 DE (Re(Bagss + 27 UBap))vr.

2

These expressions stated in Theorems 1, 2 are used
to obtain the general expressions for the MSE in DOA
for the FS and FBS cases.

4. TYPICAL ARRAY MODEL ERRORS

Various Array Model Errors are presented in (2]. In this
paper, we shall consider only two typical array model
errors for studying the performance of the subspace
methods to serve as an illustration of the theoretical
framework presented above. These are (i) Random er-
rors and (ii) Gain and phase errors.

Random errors: Assume that the columns of AA
are independent, zero-mean, circularly Gaussian ran-
dom vectors with a known covariance matrix o21. Al-
ternately, for i, = 1,2,.--, L,

Aa,(wi)Aaf (w;) = 0216;5 6,4, Aa,(w;) Aa] (wj) = 0.
(5

Gain and Phase Errors: The gain and phase re-
sponses of the sensors are assumed to deviate from the
nominal response and can be expressed as (2, 3]

= [AGIa(wl)IAGga(wz)l <+ |AGpa(w;)] (6)

where AG; is assumed to be a diagonal matrix. If
the effect of mutual coupling is considered, AG; has
off-diagonal elements too. Consider the perturbations
in the gain and phase response to be small enough,
independent of the DOA, and modelled as zero-mean,
uncorrelated random variables with variances o3, o2 re-
spectively [2, 3], then the statistics of the Angle Inde-

pendent Errors are given as

Aa, 8af = (I a.aff), Aa, Aa] = o3I () ara])
(7




where () denotes the Hadamard (or Schur) product of -

matrices and 07 = 03 + 07 , 03 = 03 — o2, In the
case of Angle dependent errors (as in the case of sensor
position errors), the variances are assumed to be DOA
dependent.

Using the statistics of the errors given above and
the expressions given in Theorems 1 and 2, the perfor-
mance of the methods is studied in this paper. Due to
lack of space, the simplified expressions are given only
for MUSIC when Gain and Phase errors are considered.
(Awi), = sriagre (05 B + o Repf Copps?),
where

K K
By =3, ) Wr(I(D(AB,)(AB,) )W (8)

p=1g=

[

K K
Cop =D D Wo(I(D(AB,)(AB,)IW]  (9)
p=14¢=1
Similar expressions can be easily obtained for ESPRIT
and Minimum-Norm methods [8].

5. RESULTS AND CONCLUSIONS

MSE in DOA obtained through simulations (averaged
over 200 independent trials and represented by sym-
bols) and numerical evaluation of the theoretical ex-
pressions for the MSE in DOA (represented by line-
types), are shown to be close, validating the theory.
The figures present the MSE in DOA (—10log(M SE))
in dB as a function of the number of subarrays K for
a two source scenario. Fig. 1 presents the MSE when
there are only Gain errors in the array. and Fig. 2 for
the case when there are only Phase errors in the array.
It can be seen that the simulations match the theory
closely. Figs. 3 and 4 compare the performance of FS
and FBS for MUSIC for various values of correlation
in the case of Gain errors. Similar trends are observed
for all methods.

1. Theoretical expressions for the MSE in DOA as a
function of the statistics of the array model errors
for all subspace methods when spatial smoothing
is used (FS and FBS) are obtained and verified
using simulations. These are general expressions
and are valid for various types of error models.

2. Two typical cases of error models, random errors
and angle independent gain and phase errors have
been studied in detail. For these error models, it
is shown [8] that for the Forward case, (K = 1),
the MSE for all methods is independent of the
correlation between sources (p) for p < 1 (also
seen in Figs. 3 ,4).

3. FBS improves the performance of the methods
compared to FS (for K > 1) for correlated sources,
and is most significant for p = 1 (also seen in Figs.
3, 4).

4. In a one source example, all methods are insen-
sitive to gain errors with smoothing. A similar
result was shown for no smoothing case in [3].

5. For the cases considered, smoothing improves the
performance of Min-Norm and ESPRIT. There
exists an optimum value of K for which the MSE
is the lowest. Smoothing does not seem to im-
prove the performance of MUSIC.
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Fig 1. Theoritical and experimental MSE vs K for source! for different methods with
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Fig 3. Theoretical MSE vs K for sourcel for MUSIC with Gain errors
for different correlations using FS
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