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ABSTRACT 

Wavelet analysis for elastic response characterization 
is applied to the acoustic backscattering from submerged 
elastic shells. Wavelet decomposition on the "fer 
function of a target has been applied to generalized target 
description in radar, which is founded on a geometrical 
description of the target. In this work, the application of 
wavelets is to study the resonance charactenstics of an 
elastic target and more specifically the leaky Lamb waves 
in the acoustic scattering response from a thin shell. The 
paper also addresses the application of wavelets to the 
acoustic backscattering from submerged thin shells sur- 
rounded by dispersive scatterers, e.g. biologics. The 
subsonic branch of the lowest order antisymmetric leaky 
Lamb wave contributes strongly to the backscatter from thin 
spherical shells in a frequency range designated as the 
midfrequency enhancement. This prominent contribution 
in the free-field backscattering from the shell is easily 
isolated by wavelet decomposition. Likewise, a wavelet 
decomposition can extract the midfrequency enhancement 
in the scattered field when the shell is surrounded by a 
diffuse collection of non-elastic scatterers. 

I. INTRODUCTION 

Much work has been repod on the temporal and 
spectral description of acoustic resonance scattering from 
thin shells submerged in fluid[l and references therein]. 
The acoustic backscatter caused by the disturbance on the 
surface of a submerged elastic shell is known to maintain 
relevant resonance characteristics which constitute a shell 
signature. Wavelet decomposition on the transfer function 
of a target has been applied to generalized target description 
in radar, which is founded on a geometrical description of 
the target[2,3]. In this paper, the application of wavelets 
differs in that its emphasis is to study the resonance 
characteristics of an elastic target and more specifically the 
leaky Lamb waves in the acoustic scattering response from 
a thin shell. 

The continuous wavelet transform (CWT) forms a 
time-scale representation of the signal through correlation 
of the signal with increasingly dilated (for a > 0) versions 
of a given function. The CWT is expressed as, 

v&, a) = x(-t)*,h,,(t), (1) 

ha(?) A a-lnh(t/a), 

where *, denotes convolution in t. By definition larger 

values of the scale factor, a, emphasize global trends in the 
signal time history whereas smaller values emphasize 
temporal details. 

If the ha(?) are defined to satisfy the following properties 

where !ET{.} denotes Fourier transformation, and 

j h ( t ) d r  =0, 
4 

(3) 

then the CWT maintains the inversion formula 

for x(r). ha(?) real or analytic. 
A Wigner-Ville time-frequency analysis has been stu- 

died for characterization of the surface waves on an elastic 
target[4,5]. The relation between time-scale and 
time-frequency analysis is well documented[6]. The WVD 
is defined as follows 

where x(t) is real. The relation between WVD analysis and 
that of the CWT is easily obtained as below, 

= J W D  (x(-t) *) h,( t ) )do (7) - 

-4  

In Section I1 wavelet analysis of the impulse response 

IV-492 
U.S. Government work not protected by U.S. Copyright 



of submerged spherical shells of differing shell thickness 
are compared in light of the application potential to elastic 
resonance based characterization. System properties of the 
continuous wavelet transform are discussed in Section I11 
in light of their relevance to analysis of acoustic backscatter 
from elastic targets. The CWT is used to identify the 
contribution of the subsonic branch of the lowest order 
antisymmetric Lamb mode to the backscattering from a thin 
shell submerged in water where the shell is surrounded by 
diffuse scatterers whose target strengths emulate tuna. The 
problem is important to the characterization of elastic 
targets surrounded by biologics. 

TION 
II. ACOUSTIC RESONANCE CHARACTERIZA- 

The steady-state backscattered pressure in the far field 
of an evacuated elastic spherical shell is 

(9) 

where kr0=2lcr& h is the wavelength of the incident 
sound; r, is the outer radius of the shell; po is the incident 
pressure amplitude; R is the radial distance from the shell; 
andf(kr,) is the backscattering form function of the shell 
given by 

B,(kro) and DR(kro) are 5 x 5 determinants whose elements 
arecomplicatedlinearcombinations of sphericalBesseland 
Hankel functions of the first kind. The interested reader is 
referred to rea71 for these expressions. 

The acoustic backscatter from a submerged thin shell 
satisfies linear acoustics. A form function calculation is 
then possible through superposition of CW solutions to 
(10). from which the dimensionless impulse response is 
generated through Fourier transformation. 

Figure 1 gives the impulse response for a steel spherical 
shell submerged in water where the shell's thickness to 
outer radius ratio is 2%. The initial time is indicated by to, 
where the impulse at to corresponds to the specular reflec- 
tion. The return immediately following the specular is 
partially attributed to the s1 symmetric leaky Lamb wave 
and partially due to transmitted bulk waves undergoing 
multiple reflections between shell surfaces. The s1 con- 
tribution is often referred to as the "quasi-thickness reso- 
nance." The echoes designated by so are due to the lowest 
symmetric Lamb wave. The echo labeled a, is tentatively 
associated with the a1 supersonic anti-symmetric Lamb 
wave. The midfrequency enhancement due to the subsonic 
branch of the lowest order antisymmetric leaky Lamb mode 
is labeled h-. The midfrequency enhancement corresponds 
to a frequency region where ao. imparts a prominent wave 
packet in the far field impulse response of the shell[8]. The 
midfrequency enhancement is characterized in the transfer 
function by narrowband tones atop a broad nearly Gaussian 
spectrum. The center frequency of the Gaussian is inversely 
related to the shell diameter and thickness. 

The impulse response for a 5% shell of equal diameter 
is given in Figure 2. The transient behavior of the lowest 
order symmetric Lamb wave becomes more pronounced 
and the midfrequency enhancement region moves to lower 
frequencies as shell thickness increases. 

Figures 3 and 4 give the respective wavelet transforms 
of the impulse response functions for 2% and 5% spherical 
shells for 5 cycle cosine modulated Gaussian wavelets of 
the form, 

a = 4 ;  n=0,1,2, ... 
where a, = 1.2, a = 20, and o, was chosen to correspond to 
a kr, of 552. 

The ridge along all dilations in each figure corresponds 
to the unit impulse to which the specular reflection in 
acoustic backscatted data is attributed. The returns of the 
lowest symmetric Lamb wave for the 2% shell occur in 
regular time intervals in the CWT and can be seen to form 
a ridge along a indicating the so resonance to be relatively 
transient in nature whereas the %- contribution is localized 
in the wavelet plane. The transient behavior of the so Lamb 
waves is more pronounced with increasing shell thickness 
which can be seen by comparison of Figures 3 and 4. The 
elastic return associated with the midfrequency enhance- 
ment appears in the CWT for scale factors corresponding 
to n = 11 through n = 13 for the 2% shell. When properly 
excited over the midfrequency enhancement region the 
shell imparts a characteristic elastic response in the back- 
scattered return corresponding to the subsonic branch of the 
lowest order antisymmetric Lamb wave. The midfrequency 
enhancement region can be seen from Figures 3 and 4 to 
scale to lower frequencies with increasing shell thickness. 

III. WAVELET ANALYSIS FOR ACOUSTIC 
BACKSCA'ITER 

To interpret the wavelet transform of a backscattered 
acoustic return, letfit) denote the backscattered return from 
a thin shell with impulse response g(t). Given an acoustic 
signal incident on the shell to be x(t) such that 

(11) Y (0 = x ( t )  * I  8 ( t ) ,  

then 

and the commutativity of convolution yields 

forR,(r) and R,(t) the respective autocorrelation functions 
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of the incident pulse and backscattered retum. From (13) 
then 

Equation (15) indicates that the CWT of the backscattered 
return satisfies the system relationship used in spectral 
analysis. That is, transformation of the CWT in (16) yields, 

(16) yk,(WY a )  =I G(W) 12 yk,(W, a). 

Figure 5 gives the acoustic return from a submerged 2% 
steel shell (2r0 = 8 in.) when excited by a 2 millisecond 
linear chirp pulse with acosine rolloff envelope set to sweep 
over the lowest order modes of the symmetric and anti- 
symmetric Lamb waves. The shell was surrounded by 
diffuse scatters that have target strengths approximately 
equivalent to that of tuna. The midfrequency enhancement 
region for this shell was estimated to be centered near 
11Wz. Experimental verification was accomplished by 
testing the shell in the absence of any scatterers via a 
ping-by-ping sweep of pulsed CW transmissions with a 
6wIz  passband at incremental frequencies and indicated the 
midfrequency enhancement to be centered near 108Wz. 

Figure 6 gives the corresponding CWT of the LFM 
output for O.lms, 5 cycle cosine modulated Gaussian 
wavelets defined in (1 1) for& = 15Wz. a, = 1.2, and a = 
6. The specular contribution can be seen in the CWT to 
form a ridge over dilations at an angle commensurate with 
the 4.5 x 10' sweep rate of the incident LFM. This agrees 
with (13) for the incident LFM convolved with the ridge 
along dilation in the CWT of the 2% shell impulse response 
for the highly transient component that produces the 
specular reflection in acoustic backscatter. The midfre- 
quency enhancement is relatively narrowband and arises in 
the CWT in Figure 6 at the dilation parameter n = 2 which 
corresponds to a cosine modulated wavelet centered at 
104kJfz. 

IV. CONCLUDING REMARKS 

Theoretically derived form functions were used to 
generate the impulse response of submerged spherical 
shells. The form functions were used to study the 
application of wavelets to characterize the elastic response 
of the acoustic backscattering from submerged thin 
spherical shells. When the wavelet transform, using the 
modulated Gaussian, was applied to the acoustic scattering 
response from a thin shell the leaky Lamb mode associated 
with the midfrequency enhancement elastic response could 
be identified even when the object was surrounded by 
diffuse scatterers. The approach appears promising and this 
work will continue with attention to the design of a wavelet 
basis to efficiently characterize the target transfer function 
over the region of the excitation signal. The objective is 
target discrimination directly from the backscattered data. 
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Figurc 1. Thcorctically dcrivcd unit impulsc rcsponsc for 
a stccl spherical 2% shcll. 
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Figwc2. Thcorctically dcrivcd unit impulsc rcsponsc for 
a stccl sphcrical5% shcll. 
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Figurc 5. Rcturn from an 8 inch stccl shcll surroundcd by 
diffusc xattcrcrs. Incidcnt pulsc 2mr LFM xt to swccp 
from 6Okllr Io 1SOkffz. Shcll thickness 2%. 

Figurc 3. Continuous wavclct transform of 2% shcll 
impulsc rcsponsc for modulatcd Gaussian wavclcts wilh 
dilation factor 1.2". n = 0.1 ,... and o, corrcsponding to a kr, 
or 552. 

Figurc 4. Continuous wavclct transform of 5% shcll 
impulsc rcspnsc for modulatcd Gaussian wavclcts wilh 
dilation factor 1.2", n = 0,l. ... and o, corrcspnding to a kr, 
or 552. 
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Figurc 6. Continuous wavclct mnsform of diffuscscattcrcr 
data for O.lm, 5 cyclc cosincmodulatcd Gaussian wavclcts 
with dilation factor 1.2", n = 0,l. ... and a mothcr wavclct 
carricr frcqucncy of 15Oklfz. 
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