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ABSTRACT 2. MODELS AND PROBLEM FORMULATION

) ) L . The state space model under consideration is
We derive a Kalman filter based on data from a sliding win-

dow. This is used for a new approach to fault detection and Ty = Ay + v, Qp = Cov(vy) (1a)
diagnosis, where the state estimate from past data is com- —C _

; = +e, R=C . 1b
pared to the state estimate of some of the future data. We o e e ¢ ov(er) (1b)

suggest a method to judge the quality of diagnosis in a sim-The covaraince matri®; is positive definite and), posi-

ple way. For fault estimation in the diagnosis, the general tive semi-definite. No known input is included in the model,

concept ofstochastic observabilitin linear systems is in-  since it would not affect the results or complicate the deriva-

troduced. Its role on the design step is illustrated on a prob-tjgns.

lem of estimating the true velocity of a car. Additive state changes can be used for modelling actu-
ator faults and sensor faults, as offsets and drifts, as well as
disturbances. The first fault model is

1. INTRODUCTION Ti41 = Atfllt + v + O—tkatfa Qt = COV(’Ut) (Za)
yr = Coxy + e+ ok D f, Ry = Cov(ey). (2b)
A standard approach to change detection in parametric mod- ) )
els is based on model validation. Assume the measuremeng'oer:e\{v giiﬂoitsez ézegsgltt%a@gr;;udd(;;?& ;greeSt,eA\%f:ITg;
is produced by a linear system = G(q, 0)u; + H(q, 0)ey, " o DEIPlE )
whpereut is a r¥1easured %pﬁi? is no(iqsezg i; the (sqhift)ofp- native state space model for fault estimation is based on the

o o
erator and) a parameter vector. Many algorithms are based 2Ugmented state vectoy = (z;, f)* which becomes
on the assumption that we have estimated nominal model

At Bt (% 0
parameterd, based on a large amount of measurements,  z,,; = o 1)% (o)t 1s f (3a)
and would like to know if a current estimated valubased =kl
on data for a sliding window is consistent with the nominal ye=(Cr Dy)ay+e (3b)
model. See [1] or [2] for detalils.

. . ) . Both (2) and (3) are identical, but the latter will be analysed
However, many signal processing problems, in particu-

lar i S lated di with respect to observabilityi the fault observable from
ar :jn Pavllgat_lonl rfe alte ; arle?js, are expre?jse In stateﬁspa e measurementsand the former is used in the proposed
models. Typical faults include sensor and actuator ofisets 5 4 rithm. For a discussion and more information about the

and drifts, which may all be modeled as additive changes. Is (2 21 (A ix A h
Change detection, or fault detection as we call it from now models (2) and (3), see [2] (Appendix A and Chapters 8,9).

on, on state space models are either based on an innovation
whiteness test or filter banks, see [2] (Chapters 8,9). The 3. KALMAN FILTER OVER SLIDING WINDOW

former approach is numerically simple, but not very pow- i i i
erful and not useful for diagnosis. The latter approach is Standard references in the field describe how the Kalman

numerically complex. filter estimates:; based on past measurementsy; 1, .. .,

ve th | il lidi . see [3, 4, 2]. Assuming Gaussian noise distributions, we get
Here we derive the Kalman filter over a sliding window .+ onditional distribution

(Section 3) and suggest a detection and diagnosis algorithm

(Section 4_) based on this. .Section 5 describes a frqmevyork Z41-1 = N(z¢, Pye), (4)
for analysing fault diagnosis problems, whose practical im-
plementation is illustrated in Section 6. from the Kalman filter as one-step predictor.



Now we derive an algebraic expression for the state es-

timate over a sliding window. That is, estimatg from

Yty Yt+1,5 - - -
in time. The standard model (1) gives

Yt Cy €t
Yt+1 Ct+1At €t+1
Ytt+2 | = CrroAit1 A x + | Gt+2
Yt+L Ct+2At+L71 A €t+L
N—— ——
v of Ef
0
Ct+1Ut
+ Crra(vi1 + Arp1vr) . (5)

Cryr(Vigr—1+ Aspr—1v—p—2+...)

‘/tL
or shorter
Yt =Opa + EF + VE. 6)

The noise terms have covariance matrices [fet 2 here)

. R, 0 0
Cov Et = Rt = 0 Rt+1 0
0 0 Ry

CovV, £ Q, =
0 0 0
0 Ci1Q:CH 4 Con1QAL Cria |
0 Ciy2A111QiCry1 P

QP = Cr2Q14101 5 + CrioAry1 QAL 1 Cria.

It follows immediately from the property of Gaussian vec-
tors and least squares theory that the minimum variance

state estimate (or Kalman filter over sliding window) is

Y; eN(OFay, RE + QF) = (7a)
dpn = (OHT(RE+QF) - o)™ (7b)
(O (RE+ Q) 'Y (7c)

eN |z, (OF)T(RE+QH PO ™| (7d)

Py
&g =(0h)TYF (7e)
€ N(zs, (OF)(RE + QF)(OF))T). (79

, Yt+1, @assuming that the window looks forward

4. ATWO-FILTER APPROACH TO FAULT
DETECTION

The following algorithm is suggested to estimate the fault
fin (1). In the sequel, we make the simplifying assump-
tion thatB; = I andD; = 0 so the fault affects all of the
state vector but not the sensors signals. The generalization
includes more projections that might blur the picture.

4.1. Filter computations

Compute the following estimates:

1. Run a standard Kalman filter for (1) up to timenot
including the measuremepi. It provides
Bye—1 € N(xg, Pyje—1)-

2. Run the sliding window Kalman filter on the mea-
surements from time to time ¢ + L This provides,
according to (7),

Tyqr € N(w¢ + f, Popgr)-

If a fault occured at time, then f # 0. That is,
this is a generalization of the well-known approach
of two parallel filters, used for parametric models (see
Chapter 6 in [2]), to state space models.

3. Compute an estimate of the fault as

;AL .
Jt = Zyjqr — Tp—1 € N(f, Pyjy—1 + Pyjeyr)- (8)

Here we have used the fact that the two state estimates
are independent, since they are based on independent
data sets.

4.2. Fault detection

Given (8), the obvious test is to monitor

gt = ftT(Pt|t—1 + Pt|t+L)_1ft € x*(dim(f)) (9)

which is x? distributed under the no-fault hypothesis gjf
exceeds a thresholgg > h, then the next diagnosis step
is applied. The expected value of the test statistic after a
change isi(g:) = fT(Pt|t71 + Pt\t+L)_1f + dim(f). We
can define théault to noise ratigFNR) as

(E(g1))?
PR Var(ge) ’

which yields here

(fT(Pt\tfl + Pt\t+L)_1f + dim(f))?
Gdm()

It should be clear that the weighting matrix in this expres-

FNR =

Here we have for comparison also included the observer essjon contains much information about which changes are

timate (not involving any stochastic consideratioﬁg@l L

However, it isiy|,4.;, Which is the minimum variance es-

detectable.
In many cases, detection is an easier task than diagnosis,

timate and thus the Kalman filter estimate over the sliding so it might be worthwhile to collect more data, by increasing

window.

L, before applying diagnosis.



4.3. Fault diagnosis Assume that some fault detection algorithm, for instance
the one in Section 4.2, has shown that a fault has occured. A
Kalman filter is then applied on the augmented state space
model (3). The question now is if the faults are observable.
For notational simplicity, led, B, C, @, R denote the state

Suppose there are different fault directiond, fo, . .. fi.
After detection, we want to isolate the fault, that is, decide
which f; occurred. Normalize the faults as

(P + P —1/2¢. 10 space matriges o.f (3). o .
fi =(Puje—1 + Prjeyr) = 7F (10) For time invariant systemshbservabilityis equivalent to
The scaling of the nominal fault vectors is immaterial,  full rank of the observability matrix (assunie> dim(z) —
but preferably scaled appropriately. The size of the fault 1)
(the norms of the vectors) is unknown, so the actual fault C
is f = of; for someo andi. Define the fault correlation CA
matrix T with 9
02| CA
) = 7T 7. (11)

. L
The off-diagonal elements show the correlation between dif- ca

ferent faults after the spatial decorrelation (10). Siffite  The straightforward generalization of observability to time-

changes in time, it might be a diagonal matrix at one time varying systems follows from (5) as the condition of full
instant and a fault entering the system at that time is easy torgnk of

diagnose, but in another situation this might be impossible.

For diagnosis, the following test statistics can be com- Ci
puted: Cir1 A
0,2 Ciy2Ai1 4y

i A F —1/2 ¢
9 = fq;T(Pt\tfl + Pyjesr) 1/2ft (12)

_ , . CeiroAisr—1... A
Now if the true faultisf = o f;, then we can expres =
ofj +w, wherew € N(0, Py;—1 + Pyji41) from (8). The from which the squarebservability Gramiarns defined in

distributions of the test statistics are the control literature (see for example [5]):
g eN(flafy, f1 Fi) (13) G, & (01T OL, (15)
eN (U 7, Tt(M)) (14)  For stochastic systems, the definition is
under hypothesi#/; of a fault f = o f;. Here the role of G, 2 (0N (RF)OF. (16)

the diagnosibility matrixl; is clear. Any large off-diagonal ) ) ) .

element can cause an incorrect diagnosis decision by thdlowever, in practice these measures are a bit dull, since they

randomness of the estimatgd More specifically, we can 0 notsay anything about the FNR; they just answer yes or
n

define the FNR as 0. : .
To answer the question which (fault) states are observ-
(T(i,j))Q ableand distinguishable from nois¢he followingstochas-
FNR = o2 ¢ tic observability Gramians suggested:
(i,4)
Tt — A _ _
G = (O (RY + Q1) T'Of = P, (A7)

A good practical procedure would be as follows: After
a fault is detected, compute the normalized fault directions It follows from (7) that it coincides with the inverse covari-
fi,» and the correlation matri¥;. Then, compute the test ance matrix of the state estimate from a sliding window
statisticsgi and maximize for diagnosis. Check the risk of which includesL. measurements. The eigenvalueshf

incorrect decision. This can be done sifigecontains all gives important information about the FNR, and in particu-
information about the risk of incorrect decisions. If the risk lar which fault vectorg are not distinguishable from noise
is too large, try to increasg. for a given excitation. In the Kalman filter design, we may
turn off adaptation of the fault states at certain time inter-
5 THE STOCHASTIC OBSERVABILITY vals, if the condition number af, is poor!
GRAMIAN

6. EXAMPLE: VELOCITY ESTIMATION
This section describes an alternative procedure for diagnosis
based on estimation of the faults. The method is primarily The following example illustrates a case where the Gramian
aimed at analysis and design purposes. (15) is well conditioned but the stochastic Gramian (17) is



ill-conditioned. As expected, the Kalman filter will not pro-
vide useful estimates unless some conditions on excitation
are satisfied. The stochastic Gramian can thus be used as
a design tool to examine which combinations of design pa-
rametersy), R and excitation (heré€’;) are permissible.

The following model describes a very simplified model
for estimating absolute velocity in a car [6]. Two sensors
are used, one that measures angular velogity: v; /7o of
a wheel with nominal radius, (true value isr¢ = r,, —9,.)

and one accelerometer that measures acceleratioith an 10 ‘ ‘ ‘ ‘ dondP_)

unknown offsety,,. It is in this study assumed that the ac-

celerometer is mounted on the wheel such that their velocity 0 [ |

vectors are identical. That s, the fault staté is (6,,6,)7,

and the state space model (3) becomes: 10° /\_/\ 1

s 10 0 E;O 160 ] 11%0 260 ZtL:O 300
Ty = g{: (18a) Time [samples]
oy Fig. 1. Velocity profile and condition numbers.
1 0 00 T, 0 O
Tip1 = % (1) (1) 8 xp + T%/2 ? 8 vt e An algorithm based on a predictive Kalman filter and
the sliding window Kalman filter. Additive faults are
0 001 0 01 here detected and diagnosed more or less in a stan-
(18b) dard way. For diagnosis, we suggested to analyse a
B ( Gy > B ( D + 0a + €} > (180) certain correlation matrixI(), which contains suffi-
Yo = wirn )\ + wé, + 7 cient information for calculating the risk of false di-
101 0 agnosis. Fron?’, the fault to noise ratio (FNR) can
= (0 10 Wt) + ey (18d) be computed.
. - e The generalization of observability using the sliding
The observability matrix is window Kalman filter. This approach also provides a
1 01 0 measure of FNR, useful for filter design.
0 1 0 w e An example highlighting the need for feedforward ex-
O, = j{ 0 1 0 citation measures of fault states to the Kalman gain.
s 1 0 W1
1 0 1 0
O, 1 0 wiss 8. REFERENCES

It is easily seen that the observability matrix has full rank [1]
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ity GramianG}° and Kalman covarianck,,, respectively.

As expected, the excitation is better the higher acceleration.
This has been confirmed experimentally as well in a test carl
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7. CONCLUSIONS
5]
The contributions are:
¢ A method to compute the Kalman filter over a sliding [g
window, here derived in an algebraic way without the
need to specify initial conditions.
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