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ABSTRACT

Theproblemof� placing� known symbolsoptimally� for OFDM
�

is
considered.Thechannel� is

�
assumed� to bequasi-staticwith a� finite

�
impulseresponse.� Under the

�
assumptionthat neitherthe

�
trans-

mitterandreceiv� erknow� thechannel,� weoptimizethetraining
�

by
maximizinga lower� bound

�
of themutual� information.

�
It
�

is sho� wn�
thatthelower� bound

�
is maximizedby placing� theknown� symbols

periodically.� Optimum
�

energy� trade-off betweenthetrainingand�
thedatais

�
also� obtained� and� illustrated

�
throughsimulation.�

1. INTRODUCTION

OrthogonalFrequency Division� Multiplexing (OFDM)hasemerged�
asan� attractive! modulationscheme� for high dataratecommuni-�
cationsystems.It

�
is
�

beingpresently� used" in standardslike! Digi-
#

tal VideoBroadcast(DVB) andDigital
#

Audio Broadcast
$

(D
%

AB).
&

Proposalsfor fourth generation� systems� include thosethat
�

use
OFDMas� themodulation� scheme.� All

&
of� thesestandardsmandate�

that the
�

data
'

stream� contain� known� symbols.Theseknown� sym-
bolsserve! v� arious� purposes� such� astraining

�
of receivers,! synchro-�

nization. A significantfraction
(

of thea� vailablebandwidthmight
beused" for sending� theseknown symbols� especially! in themobile
communicationsscenario� wherethe

�
channelchanges� rapidly� .�

While the insertion
�

of� known symbolsleads
)

to
�

a� reduction�
in maximum� achie� v� able� data

'
rate,� it is mandatoryto simplify the

�
taskof� thereceiv� er! .� Thedemandfor higherbit

�
ratemotivatesus"

to investigate! into optimal design
'

of training. This inv� olv� es! is-
sueslik

)
eamount� of training,choiceof� training,

�
and� placement� of�

training. Thefocusof this
�

paper� is designingoptimalplacement�
schemesof� training symbolsfor OFDM systems. Hassibiand�
Hochwald [1] ha

*
v� e! consideredthe optimization� of� training

�
and�

energy� anddatatrade-of
�

f for multipleantennasystems� for theflat
fadingscenario.In

�
this
�

casethe performanceis
�

independent
�

on
theplacement� of� known symbols.� Theproblem� of placement� be-
comesimportantfor thecaseof frequency selectiv� e fading� chan-
nels.

Weha
*

v� e! pre� viouslyconsideredtheproblemof� joint
+

optimiza-�
tion of symbol� placementandequalizerfor a symbolby

�
symbol

decisionfeedbackreceiv� er [3]. The performancecriterion used"
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w2 as3 a3 verage4 MSE. Optimal
5

known symbol placementschemes
that
6

maximizethe
6

i.i.d mutualinformationbetweenthe
6

inputand
the
6

output were consideredin [4] for single carrier7 and3 multi-
carrier7 transmission

6
systems.8 Sincethepurposewas3 to

6
determine

the
6

ef4 fect
9

of: kno
;

wn2 symbol8 placementon detection,
<

the
6

channel7
w2 as3 assumed3 to be

=
known. It wasshown that

6
in
>

thesinglecarrier7
case,7 mutual information is maximizedby breaking

=
the
6

known
symbols8 into smallblocks

=
and3 placingthemperiodically.? Optimal

5
kno
;

wn2 symbol8 placementschemesfor
9

single8 carrier7 transmission
case7 when2 the

6
framelengthgoes@ to infinity with2 the percentage

of: known symbols8 is fixed4 w2 asdealt
<

with in [5]. In this
6

scenario,
since8 the

6
numberA of kno

;
wn symbols8 goesto

6
infinity, the

6
assump-

tion
6

that
6

thereceivB er4 knows the
6

channel7 is reasonable.

Kno
C

wnsymbolplacementschemesfor
9

OFDMhavB ebeen
=

con-7
sidered8 in [2]. The metric usedfor optimizing: the

6
placementD is

the
6

meansquare8 error4 of: the channel7 estimate.However, chan-7
nelA estimationis just

E
onefacetof the

6
problem.D The

F
placementof

kno
;

wn2 symbolsaf3 fects
9

notonly: thechannelestimate4 but also3 the
6

detection.
<

In this paperD , we take theholistic view and3 try
6

to opti-:
mizeG the

6
placementof known symbolsby maximizingG the

6
mutual

information.
>

We assumethat the receiH ver4 and3 the
6

transmitter
6

do
<

notknow thechannel.It is dif
<

ficult to obtainthe
6

mutualinforma-
tion
6

expressionsI for this
6

scenario.Hence
J

we2 obtain: a3 tight
6

lower
bound
=

as3 in [1] that
6

is analyticallytractable.OptimalplacementD
of: training
6

for singlecarrier7 systemsunderK the
6

sameframework:
has
L

been
=

considered7 in [6].

Under
M

theassumption3 thatall3 the
6

trainingsymbols8 have4 equal
ener4 gy, we show that

6
the
6

mutualinformationis maximizedby
=

a
simple8 placementD scheme.Theknown symbols8 are3 placedD period-D
ically in the

6
OFDMsymbol.Thatis,we2 pickD equally4 spaced8 tones

for
9

training.This is
>

theplacementD scheme8 thatw2 asalso3 obtained
in
>

[2]. It is
>

quiteN remarkablethatthis
6

placementD notonly: givB es4 the
6

best
=

channelestimatebutK also3 maximizesthemutualinformation.
This
F

is notA truein general@ asis e4 videntfrom our: resultsH for single
carrier7 systems8 [4].

ThispaperD is organizedas3 follows. In Section
O

2,we2 introduce
the
6

channelmodel and3 the
6

transmissionsystem.8 In
P

Section3,
Q

we2 state8 thegeneral@ problemD of: optimizing: training
6

to maximizeG
the
6

trainingbasedi.i.d capacity7 of the
6

system.8 In Section
O

4, we
introduce
>

a3 tight lower bound
=

for
9

the i.i.d
>

capacityof the
6

system
and3 thenwe2 state8 the

6
optimization: problemin terms

6
of: this
6

lower
bound.
=

In Section5
R

we statethe
6

theorem
6

about3 optimal training
placementD and3 optimalenergy@ trade-of

6
f. In
P

Section6 we2 illustrate
the
6

ideasthroughsimulations8 andfinally concludein Section7.
S



2. SYSTEM MODEL

+
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Fig._ 1:` System

O
Model

In this
6

sectionwe2 gi@ vethechannelmodelG anddefine
<

thetrans-
missionmodelfor OFDM.

5
Thesystemmodelis shown in Fig 1.

Thechannelacbed fYgihjf[klhnmomomjfqpYrts hasa3 finite impulseresponse
of length
u vxwzyc{}|

.
Weassumethat

6
taps
6

of thechannel~ arei.i.d comple7 x Gaus-
�

sianwith zeromeanandvarianceequalto ������ . The
F

f
9
adingco-

efficients
�

remainH constant7 for � symbol periodsD and change7 to
6

a new independentvB alue.3 W
�

e4 assume3 that
6

the
6

receivB er andthe
6

transmitterdo
<

notknow2 thefading3 coef7 ficients.ThereceivB ed4 sig-8
nal is corruptedby additi3 vB e4 whitenoisethat

6
is
>

complex Gaussian
�

with zeromeanand3 variance���� .? This modeldescribedabove is
an e4 xtensionof: the

6
quasi-staticflat fadingmodel to

6
quasi-static

frequency selecti8 ve4 f
9
ading.3 PSfragreplacementsH

�
S/P
O

IDFT
P

Add CP
�

P/S

Fig._ 2:` T
F

ransmitterside8 processing

Figure2 sho8 ws2 the
6

processingD performedD at3 the transmitter
6

.?
Thesymbolstream8 is parsedinto blocksof: length ��������� by

=
the
6

serial to parallelD con7 vB erters4 (S/P).
�

W
�

e4 call theseblocks
=

OFDM
blocks. This block

=
is
>

passedD througha In
P

vB erse4 Discrete
�

F
�
ourier:

Transform(IDFT)
�

matrix. The cyclic prefix (CP)of length � is
appendedto

6
this block

=
to
6

form a super8 block. We then
6

performD a3
parallelto serial(P/S)

�
con7 vB ersion4 of: thesuper8 blocksand3 transmit

them.Weassume3 that
6

thechannelstays8 constantover4 theduration
of a3 super8 block.

=
EachOFDM block

=
is of length �x���¡ £¢ where2¤

is numberof: numberA of unknoK wn symbols8 and3 ¥ is thenumberA
of known2 symbols8 in the

6
OFDM block.

=
This implies that total

6¦x§©¨«ª£¬
tonesare3 usedfor transmission.Known2 symbolsare3

introducedin
>

frequency as3 is
>

the
6

normfor
9

mostOFDM
5

standards.
Thevector4 ¯®±° ²i³n´j²¶µ}´o·o·n·o´¸²º¹¼»�½[¾À¿xÁtÂ is formedby

=
collectingthe

6
symbolsin eachOFDM block.

PSfragreplacementsH
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O
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Ã

Fig._ 3:` ReceivB erSide
O

Processing

Figure3
Q

illustratestheprocessingD performedat3 thereceiver4 .

At the
6

receiver4 ,Ä theoutput: that
6

is due
<

to
6

symbolsfrom tw
6

o dif
<

fer-
ent4 OFDM blocks

=
is
>

remoH ved. The
F

remainingdata
<

is
>

parsedD into
>

blocks
=

of: length Å�ÆÈÇÊÉ�Ë by
=

theserial8 to
6

parallel(S/P)con7 verters4
and3 passedthrough

6
a3 DiscreteFourier: Transform(DFT) matrix.

The
F

vB ector4 Ì is
>

formed
9

by collectingthe
6

outputdue
<

to theblock
=Í .?

Thechannel7 is completelyspecifiedby
=

the relationbetween
the
6

input
> Î

andthe
6

output: Ï . Thechannellaw is
>

given4 by
=ÐÑÑÑ

Ò
ÓÕÔÓ×Ö
.?.?.?ØiÙÛÚÀÜ

Ý ÞÞÞ
ß¡à

áâââ
ã
äYå æ çoçlç ææ ä^è æ

. ..é ê�ëÛìÀí
î ïïï
ðñ òôó õö

÷øøø
ù

úºûú}ü
.?.?.?ý}þÛÿ��

� ��������
(1)
�

where2 	�
 is the
6� th Fouriercoef7 ficient

�
of the ��������� pointDFT

�
of: thechannel� . That

F
is,
>�����

������
.?.?.? �!#"�$

% &&&'�(*) +�,.-�/10325476 (2)
�

where2 859 is
>

the truncated
6

unit normDFT matrixG of: size8 :�;=<>�?A@ :�BC<=D ? . The
F E�FHGJILK th entry4 of: this

6
matrixG is

>
given4 by

=MN OQPSRUTWV�XZY\[W]_^�`bacYed3fg`ihjYSd3fk#l�m . Intuitively4 speaking,8 the
6

OFDM
5

trans-
6

missionscheme8 con7 vB erts4 frequencyn selecti8 vB e4 fading3 in time
6

to
6

flat
f
9
ading3 on each4 tone. The

F
vector o is

>
additi3 ve,4 white2 Gaussian

noiseA of vB ariance3 prqs .

3.
t

PROBLEM STATEMENT

In this section8 we formulatethe problemof designingoptimal
training.
6

TrainingH symbols8 are3 introduced
>

in u to
6

estimate4 the
6

channel7 v .? We defineasset w , the
6

indicesof the
6

tones
6

usedK for
9

training
6

and3 asset8yx{z ,Ä the
6

indicesof thetonesusedK for transmit-
6

ting
6

data.
<

The placementschemeis
>

completelyspecifiedby the
6

set8}| .? W
�

e4 denoteas3�~������g���g���W���W�������7�_� � the
6

vectorof: symbols
usedK for training. We useK the

6
subscript�W� to

6
representthesmall-8

est4 elementof theset8�� and3 so8 on.: Let
�����

be
=

the
6

vector4 of: data
symbols8 namely�������g�������� � � ��¡�c¢£�¥¤_¦ .

ThepoD werconstraint7 on the
6

system8 is formulatedas3§¨�©�ª¬«� ¨ E ®¡¯�°�±²°�³±�´ ®¡¯H°�µg°�³µ�¶£·¹¸�º (3)
�

W
�

e4 do not constrainthedataandtraining
6

poD wersto
6

be
=

same.8 If»�¼�½¿¾À E
ÁÃÂ¡ÄHÅ�ÆcÅ�ÇÆ

and È�É£ÊÌËÍÏÎ¡Ð�Ñ�Ò3Ñ�ÓÒ , thentheabo3 vB e4 equation4
can7 be

=
writtenas ÔÖÕ�×�Ø¬ÙÚÕ�ÛÜ*Ý�Þ ß¹à�á (4)

�
In
P

mostG OFDM
5

systems,8 all thetrainingsymbolsare3 constrained
to
6

beof: the
6

same8 energy. Henceweassumethat â ã�äæåçâ èêéìë�å�íêîeéï í�ð�ð�ð�í�ñ .?
W
�

e4 restrictH ourselv: esto receiH versof thestructure8 gi@ vB enin Fig-
�

ureK 4. W
�

e4 assumethat the
6

receivB er formstheMMSE estimate4 of:
the
6

channelusingK only training. The receivB er then
6

usesK ò�ó and
the
6

MMSE
ô

estimate4 õö to
6

performthe
6

decoding.
<

SuchreceiH vers
are3 computationallysimple, analytically tractable

6
and3 are usedK
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O

in practicalD systems.8 The
F

i.i.d
>

capacity7 of thesystem8 [7] is then
6

equalto
6�ýÿþ��

���������	�
��������� ���������� ��� ��� ���!"
þ
# �$�&%')( �*��� (5)

�
wherethe probability distribution +-,�. ,�. /�0�1*/�2 and the training

6 34
aresuchthat

6
the
6

input
>

power2 constraint7 is satisfied.
Ourobjecti: vB e4 then

6
is to
6

obtainoptimalplacementscheme8 576 ,Ä
optimalenergy@ trade-of

6
f 8:9<;=$> 9<;?�@ and3 optimaltraining

6
symbolsA�BC

as D�E7F G�H FI G�H FJ GLK FJ�MON arg@ P�Q-RSUT VXW�T V�YLT Z�Y	[]\�^`_�a�b$_�a	cL_Ldc�eXf (6)
�

4. LOWER
g

BOUND ON TRAINING-BASED CAP
h

ACITY

In this
6

sectionweobtaina tight
6

lowerboundfor
9ji]k�l`mon�p�m�n	q�mLrq�s

andoptimize: training
6

with2 respectto this
6

bound.
=

W
�

e4 havB e4t]u�v`w
xy�w�z�{�w�z	yo|~} ���-������ ��� ��� ����� u���{$�Lx*{��-�� |�� � u��� �Lx*{�|� �X� ����� ���-� �¡�¢ ¡�¢ £�¤ ¥�£¦§�¨�©�ª$«L¬*ª�-®¯±°X²
(7)
�

becausethe
6

MMSE
ô

estimate4 ³´ is
>

independentof µ*¶ . The
F

rela-
tionshipbetween·�¸ and ¹*º is gi@ venby

»�¼¾½ ¿À
Á

ÂÄÃ ¼
.? ..?ÆÅ	Ç&È

É Ê
ËÌ Í�Î ÏÐÒÑ

ÓÔ
Õ×Ö$Ø�Ù...Ú-ÛOÜ

Ý Þ
ßáà

âã
äæåèç...éëêOì

í î
ïð ñXò óôOõ

ö (8)
�

Thiscan7 berewrittenas÷�øèùûúü ø-ý*øÿþ��ü ø�ý*ø þ��`ø� ��� �	�
 (9)
�

where
���

is the estimate4 of:���� and3 ���� is the
6

error in the es-4
timate. It is dif

<
ficult to e4 valuatethe

6
i.i.d capacitybecause

=
the
6

distributionof:���� is dif
<

ficult
�

to characterize.Therefore
F

weobtain
a lower2 bound

=
on: the
6

i.i.d channel7 capacitythen
6

reformulatethe
6

problemof optimization: in terms
6

of: this lower2 bound.We obtain
the lo

u
wer boundby

=
letting
u

the
6

probability distrib
<

utionK of:���� be
that of the

6
worst: possibleD noise[1] among3 the

6
classof: the dis-

<
tributionsthat

6
havB e4 the

6
samefirst andsecondorder: statisticsas3��� .?

It is easy4 to
6

seethat  �! is zero" mean.The
F

auto-correlation3 of:#�$ is givenby%'& (
E
)*�+-,.+-,0/+ )*1/+32

E
Á547604�86

(10)9 :<;-=�>@?�A�BC�D (11)

(12)

Thematrix E�F is diagonalsince8 thesymbols8 G0HJI and3 KML N are3 inde-
pendentD for O5PQSR .? Wealsonotethat

6
thenoise TVU is

>
uncorrelated

to
6

thesignal8 WX�Y-Z.Y . This
F

is
>

becausetheerror4 [\^] is
>

uncorrelated
with2 _`�a (propertyof: the

6
MMSE
ô

estimate).
It
P

can7 be
=

sho8 wn,2 asin [1], thatthew2 orstcasenoiseA then
6

has
L

a
Gaussian
�

probabilityD distributionthatis independentof: thesignal.8
Therefore
F

we2 ha
L

vB e4
bdcfe7gih<jkgihmlngpoMlrqts bvuxwMcfe7gih<jkgihmlngpoMlrq

(13)yvzx{M|f}7~i�<�k~i�m�n~p�M�r���� E ����� det
< �.���5�<�0���^����� � �������

where2 the
6

e4 xpectationI is with2 respectto
6

therandomvB ariable3 ���  .
At low SNR,theprobabilityD distributionof ¡�¢ is in fact3 Gaussian.
This
F

e4 xpectsI usK to
6

believe that
6

theboundis tight
6

at lo
u

w SNR.
O

We
conjecture7 that

6
usingK the

6
samear3 gumentsasin [1] we2 can7 sho8 w2

that
6

theboundis tight
6

at highSNR.
O

5.
£

OPTIMAL
¤

TRAINING

In
P

this
6

sectionwe2 optimize: the
6

placementby maximizingG the
6

lower bound
=

on: capacity7 . W
�

e4 find that ¥v¦x§.¨f©7ªi«<¬kªi«mnªp®Mi¯ is in-
dependent
<

of °M± aslong
u

as3 we2 useK equalenergy@ trainingschemes.8
W
�

e4 can thereforee4 xclude ²M³ as3 an argument@ of:�´vµx¶ and3 obtain:
optimal: training

6 ·f¸º¹-»r¼½¹¾ »r¼½¹¿�À as

ÁfÂºÃ�ÄiÅ½ÃÆ ÄiÅ½ÃÇ0È�É arg@ËÊ'Ì0ÍÎ�Ï Ð�Ñ�Ï Ð�Ò<ÓÕÔxÖM×fØ7ÙiÚ<ÛkÙiÚmÜÞÝ (14)

W
�

e4 thenha
L

vB e4 thefollowing2 theorem.
6

Theor
ß

emà 1
á

Under the assumptionâ thatã äæåèç�é ,ê andâ ëíìîðïòñôó0õ
,ê all theã following

ö
placements÷ areø optimal

ùºúüûSý0þnÿpþ���������ÿpþ��	��
��������ÿ������.ÿnþ���
��������
���������
(15)

wher� e � can� takã eø values fr
ö

om� 1 toã����! #"�$ .% For� anyâ of� these
placements÷ theã lower

&
bound
'

is
(

given by
'

)+*-,�.�/103254�67254985:<;>=
E ?A@CB DFE+GIH7JKMLN OQP9RTS7SVUWQX9Y[Z]\�^_Za`�b�\cX�d+ZfeMgh bCi

(16)
wher� e j is

(
aâ complexk Gaussian random variable with zero� meanl

andâ unit variance.% The optimal� energym distrib
n

utiono is
(

givenm by
'

p[qrts uwv xzy|{ }z~������ ���[���� �w� �z�|� �z����� �� �V��� (17)

(18)

wher� e ��� ���� �¢¡¤£ ,ê�¥z¦ §¨�©«ª¤¬¢ , ®�¯ °²±�³µ´F¶·´M¸w¹º�»9¼²½w¾�ºcº�¿ ¼¢À¢¾c¼¤¿<ÁÃÂÄ ¾ andâÅ�ÆÈÇÉ1ÊaË .%
Pr
Ì

oof : Refer
Í

to
6

[6].
It
P

was3 shown2 in [2] thatthe
6

samesetof: placementsminimizesG
the
6

meansquareerror4 in the estimate4 of:IÎ . It shouldbe noted
that
6

this
6

does
<

not imply that theseplacementsshouldminimizeÏ+Ð-Ñ�Ò�Ó	ÔÖÕ�×7Ô5Õ9ØÖÙ
.? Indeed
P

thereexistI placementssuch8 that
6

somedata
tones
6

havea3 lowerMSEthan
6

thatwith Ú1Û .?



6.
Ü

SIMULA
Ý

TION

Figure5
R

sho8 wsthevariationof Þ+ß-à with thepercentageD of known2
symbolsat3 SNR=20dB.Figure 6 show the

6
same8 at an SNR of:

0dB. In either4 case7 we2 plot thecurv7 es4 for both á�â�ã]á9ä ãæå and3
also ç�è7é5ç9ê optimizedcase. W

�
e4 assumethat the

6
optimal known2

symbol placementD scheme8 is usedK when ë is
>

a multiple of:íì .
It should8 be notedfor somevB alues3 of:ïî , it might not be possi-D
ble to placetheknown2 symbols8 periodically. We find thatwhen2
we optimize: ð�ñ , ò9ó thelower2 bound

=
is maximizedby makingthe

6
numberof: known symbolsas3 small8 as3 possibleD which in thiscase7
is equal4 to ô�õ÷ö>ø�ù . For the

6
equaltraining

6
anddataenergy@ case,7

thelowerbound
=

first risesH f
9
ast, reachesamaximumandthen

6
f
9
alls3

at a slower2 rate.We find that ,asÄ expected,theoptimumpercent-
ageof kno

;
wn2 symbolsdecreaseswith increasingSNR.

O
At
ú

high
L

SNR,the
6

gain@ in optimizing: û�ü7ý5û9þ is minimal.G
Figure7

S
sho8 ws the

6
variationof: the

6
lower2 bound

=
as3 the
6

coher-
enceinterv

>
al of the

6
channel7 increasesfor both ÿ����5ÿ�� optimized:

and ���	�
������ cases.We find that
6

as3�� increasesthe
6

lower2
boundcon7 vB er4 gesto

6
the
6

valueof theknown channelcapacity7 . This
F

impliesthatat lar
u

ge � , capacity7 canbe
=

achieved4 by
=

training.

7.
�

CONCLUSIONS

Underthe
6

assumption3 thatthe
6

receiH ver forms
9

training-onlybased
MMSE estimate4 of thechannel,we obtainedtheoptimal: known2
symbolplacementD schemes8 that

6
maximizeG atight lower2 boundon

mutualinformationfor OFDM
5

systems.We find that
6

themutual
information is maximizedby selecting8 equally4 spacedsymbols
astraining. It is

>
surprisingthat

6
such8 a simpleplacementD has

L
the
6

optimalityproperty.? W
�

e4 also3 obtainoptimumenergy@ trade-off be-
tweendataandtraining. We find from simulations8 that

6
whenwe2

optimizedataand3 trainingener4 gy@���� ,Ä���� thelower2 bound
=

is
>

max-G
imized by

=
makingG � as3 small aspossible. When

�
we2 constrain7

ourselvesto equal4 training
6

and3 data
<

energy@ case,7 the
6

lower2 bound
reachesmaximumG at a3 particularpercentageof kno

;
wn symbols.8

Thisoptimumpercentagedecreaseswith SNR.Fromsimulations,8
wefind that

6
as3 the
6

coherenceinterval of: the
6

channelgoesto
6

infin-
ity trainingis optimal.That

F
is we2 canachie3 vB e the

6
capacityof: the

6
channelwith2 training.

6
8.
�
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