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ABSTRACT

Partial updating of LMS filter coefficients is an effective method
for reducing the computational load and the power consumption
in adaptive filter implementations. The Sequential Partial Update
LMS algorithm is one popular algorithm in this category. In [5]
a first order stability analysis of this algorithm was performed on
wide sense stationary signals under the restrictive assumption of
small step size parameter 4. The necessary and sufficient condi-
tion derived on p for convergence in the mean was identical to the
one for guaranteeing stability in the mean of LMS. In [7] first order
sufficient conditions were derived for stability without the afore-
mentioned small x assumption. The sufficient region of conver-
gence derived was smaller than that of regular LMS. In this paper,
we establish that for stationary signals the sequential algorithm
converges in mean for the same values of the step size parameter g
for which the regular LMS does. In other words, we show that the
conclusion drawn in [5] holds without the restrictive assumption
of small . We also derive sufficient conditions for stability on p
for cyclo-stationary signals.

1. INTRODUCTION

Partial updating of the LMS adaptive filter has been proposed to re-
duce computational costs and power consumption [2, 3, 4] which is
quite attractive in the area of of mobile computing and communi-
cations. Partial update algorithms have application in many fields
including adaptive beamforming, channel equalization in commu-
nications and space-time modulation/coding. Sequential Partial
Update LMS algorithm is one such algorithm. However, for this
algorithm theoretical performance predictions on convergence rate
and steady state tracking error are more difficult to derive than for
standard full update LMS. Accurate theoretical predictions are im-
portant as it has been observed that for the non-stationary signal
scenario the standard LMS conditions on the step size parameter
fail to ensure convergence of S-LMS.

In [5], conditions were derived under the assumnption of small
step-size parameter (u) which turned out to be the same as those
for the standard LMS algorithm. We were interested in investi-
gating the Sequential Partial Update LMS Algorithm (S-LMS) un-
der large p conditions for which faster convergence rates could be
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achieved. In [7], we derived a less restrictive sufficient condition
on u for stationary signals. However, we were unable to find an ex-
ample of a stationary signal for which regular LMS was stable but
S-LMS unstable. We also point out that the motivating example in
Section 2 of [7] is incorrect.

This has led us to look for more accurate bounds on g which
hold for stationary signals and arbitrary fixed sequence of partial
updates. Here, we prove conclusively that for stationary signals
first order stability of LMS implies first order stability of S-LMS
without any assumptions on g (Theorem 2). We also extend the
analysis in [7] to cyclo-stationary signals. We show that for the
cyclo-stationary case there exists some g such that use of it in S-
LMS could lead to divergence even if full update LMS converges
for this p.

The organization of the paper is as follows. Firstin Section 2, a
brief description of the sequential partial update algorithm is given.
The algorithm with arbitrary sequence of updates is analyzed for
the case of stationary signals in Section 3. This is followed by the
analysis of algorithm with the special case of alternate even and
odd coefficient updates for cyclo-stationary signals in Section 4.
In Section 5 an example is given to illustrate the usefulness of the
bounds on step-size derived in Section 4. Finally, conclusions and
directions for future work are indicated in Section 6.

2. ALGORITHM DESCRIPTION

The block diagram of S-LMS for a /V-tap LMS filter with alternat-
ing even and odd coefficient updates is shown in Figure 1

It is assumed that the LMS filter is a standard FIR filter of even
length, V. For convenience, we start with some definitions. Let
{z+} be the input sequence and let {w; x } denote the coefficients
of the adaptive filter. Define

Wk = [wl,k W2,k --- wN,k]T

Xy = [tk Tho1Tho2 ... Thonp1]”

where the terms defined above are for the instant k. In addition,
Let d. denote the desired response. In typical applications dj, is
a known training signal which is transmitted over a noisy channel
with unknown FIR transfer function.

In this paper we assume that dj, itself obeys an FIR model
given by di, = WJ:,LX;c + ny where W, are the coefficients of
an FIR model given by Wope = [wi,0pt - .. wn,opt]” - Here {ni}
is assumed to be a zero mean i.i.d sequence that is independent of
the input sequence {zx}.

For description purposes we will assume that the filter coeffi-
cients can be divided into P mutually exclusive subsets of equal
size, 1.e. the filter length NV is a multiple of P. For convenience,
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define the index set $ = {1,2,..., N}. Partition S into P mu-
tually exclusive subsets of equal size, S1, S2,...,Sp. Define I;
by zeroing out the j** row of the identity matrix I if j ¢ S;. In
that case, I; X will have precisely % non-zero entries. Let the
sentence “choosing S; at iteration k™ stand to mean “choosing the
weights with their indices in S; for update at iteration k”.

The S-LMS algorithm is described as follows. At a given it-
eration, k, one of the sets S;, ¢ = 1,..., P, is chosen in a pre-
determined fashion and the update is performed.

wk,; + perrr,; ifj €S
Wht1,j = { wk,; HOkEd ot}{erwise M

where ex = dp — W Xi. The above update equation can be
written in a more compact form in the following manner

Wit = Wi + perIi Xy @)

In the special case of even and odd updates, P = 2 and S
consists of all even indices and S of all odd indices as shown in
Figure 1.

We also define the coefficient error vector as

Vk = Wk - Wopc

which leads to the following coefficient error vector update for S-
LMS when k is odd

(I —[_LI2Xk+1XJf{+1)(I - HIleXI?)Vk + 3
sl — pl2 Xiga X1 )ne 1y X + pnes T2 Xp 1

Vita =

and the following when k is even

(I = ph X1 X ) — po Xk X Ve + (4)
p( — ph X1 X&) do Xy, + pngyp1 1y Xp 1

Viga =

3. ANALYSIS: STATIONARY SIGNALS

Assuming that {z} is 2 WSS random sequence, we analyze the
convergence of the mean coefficient error vector E [Vi]. We make
the standard assumptions that V; and X} are mutually uncorre-
lated and that X, is independent of X _; [1]. These assumptions
are somewhat restrictive but greatly simplify the analysis. For reg-
ular full update LMS algorithm the recursion for E [V4] is given
by .

B Vil = (I — pR)E[Vi] ®)

where I is the N-dimensional identity matrixand R = E [X X ,f ]
is the input signal correlation matrix. The necessary and sufficient
condition for stability of the recursion is given by

0 < p <2/ Amaz ©)

where Amaz is the maximum eigen-value of the input signal cor-
relation matrix R.

Taking expectations under the same assumptions as above, us-
ing the independence assumption on the sequences X, ng, the
mutual independence assumption on X and V%, and simplifying
we obtain for odd k& when S-LMS is operating under the special
case of alternate even and odd updates

EViss] = (I - phaR)(I - uls R)B[A] @

and for even k
E Vsl = (I — phR)(I — L2 R)E[V] ®

It can be shown that under the above assumptions on X, V and
dy, the convergence conditions for even and odd update equations
are identical. We therefore focus on (7). Now to ensure stability of
(8), the eigenvalues of (I — pl2 R)(I — pI1 R) should lie inside the
unit circle. We will show that if the eigenvalues of I — p R lie inside
the unit circle then so do the eigenvalues of (I — uls R)(I —pl1 R).

Now, if instead of just two partitions of even and odd coeffi-
cients (P = 2) we have any number of arbitrary partitions (P > 2)
then the update equations can be similarly written as above with
P > 2. Namely,

EVayr) = [[( - pLR)EWVA] ©)

i=1

We will show that for any arbitrary partition of any size (P >
2); S-LMS converges in the mean if LMS converges in the mean(Theorem
2). The case P = 2 follows as a special case.

We will show that if R is a positive definite matrix of dimen-
sion N x N with eigenvalues lying in the open interval (0, 2)
then Hf;l(I — I;R) has eigenvalues inside the unit circle. I,
i = 1,..., P is obtained from I, the identity matrix of dimen-
sion N X N, by zeroing out some rows in J such that Zfi1 I;is
positive definite. )

The following theorem is used in proving the main result in
Theorem 2.

Theorem 1 [6, Prob. 16, page 410] Let B be an arbitrary N x N
matrix. Then p(B) < 1 if and only if there exists some pos-
itive definite N x N matrix A such that A — B¥ AB is pos-
itive definite. p(B) denotes the spectral radius of B (p(B) =
maxy,... ~ |A(B)).

Theorem 2 Let R be a positive definite matrix of dimension N x
N with p(R) = Amaz(R) < 2 then p([]},(I — LR)) < 1
where I, i = 1, ..., P are obtained by zeroing out some rows in
the identity matrix I such that z;l I; is positive definite. Thus
S-LMS converges in the mean if LMS converges in the mean.

Proof: Let xo € @ be an arbitrary non-zero vector of length V.
Letx; = (I — LR)xi_1. Also, let P = [[_ (I - LR).

First we will show thatx¥ Rx; < x| Rx;—1—ax! ,RI;Rx; 1,
where o = (2 ~ Amaz(R)) > 0.

xPRx; = xP,(I-RL)R(I-LR)xi-1
= xiiRxi-1 — ox{ |RLRx; 1 —
Bxi_ i RI:Rx; 1 + x{_ RLRL, Rx;
where 3 = 2 — a. If we can show SRI;R — RI; RI; R is positive
semi-definite then we are done. Now
1
8

Since 8 = (1 + Amaz(R)/2) > Amqec(R) it is easy to see that
I — LR is positive definite. Therefore, BRIL1R — RI1RI1 R is
positive semi-definite and

BRI;R — RI;RI;R = BRI;(I — =R);R

H H H
x; Rx; < x;_1RXi-1 — ax;_  RIRx 1
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Fig. 1. Block diagram of S-LMS for the special case of alternating
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6. CONCLUSION

We have analyzed the alternating odd/even partial update LMS al-
gorithm and we have derived stability bounds on step-size param-
eter 4 for wide sense stationary and cyclo-stationary signals based
on extremal properties of the matrix 2-norm. For the case of wide
sense stationary signals we have shown that if the regular LMS
algorithm converges in mean then so does the sequential LMS al-
gorithm for the general case of arbitrary but fixed ordering of the
sequence of partial coefficient updates. For cyclo-stationary sig-
nals the bounds derived may not be the weakest possible bounds
but they do provide the user with a useful sufficient condition on
which ensures convergence in the mean. We believe the analysis
undertaken in this paper is the first step towards deriving concrete
bounds on step-size without making small p assumptions. The
analysis also leads directly to an estimate of mean convergence
rate.

In the future, it would be useful to analyze partial update algo-
rithm, without the assumption of independent snapshots and also,
if possible, perform a second order analysis (mean square con-
vergence). Furthermore, asS-LMS exhibits poor convergence in
non-stationary signal scenarios [8] it is of interest to develop new
partial update algorithms with better convergence properties. One
such algorithm based on randomized partial updating of filter co-
efficients is described in [8].
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Combining the above inequality for i = 1,..., P, we note
that x% Rxp < x& Rxo if X%, RI;Rx;_, > 0 for at least one
i,i=1,...,P. We will show by contradiction that is indeed the
case.

Suppose not, then x| RI; Rx;_, = Oforalli,i =1,..., P.
Since, x5 RI1 Rxo = 0 this implies I; Rxo = 0. Therefore, x1 =
(I = IR)xo = xo. Similarly, x; = xo foralli,i =1,...,P.
This in turn implies that x§ RI;Rxo = O forall4,i{ = 1,..., P
which is a contradiction since R(E:; I;)R is a positive-definite
matrix and 0 = Z;l x& RI;Rxo = xé’R(Ef:l I;)Rxo # 0.

Finally, we conclude that

xIP¥RPxy = xERxp
< ngxo

Since xo is arbitrary we have R — P¥ RP to be positive defi-
nite so that applying Theorem 1 we conclude that p(P) < 1.

Finally, if LMS converges in the mean we have p(] —uR) < 1
of Amaz(pR) < 2. Which from the above proof is sufficient for
concluding that p(ni__l(I — pliR)) < 1. Therefore, S-LMS also
converges in the mean. O

4. ANALYSIS: CYCLO-STATIONARY SIGNALS

Next, we consider the case when {zs} is cyclo-stationary. We
limit our attention to S-LMS with alternate even and odd updates
as shown in Figure 1. Let {z} be a cyclo-stationary signal with
period L. ie, Riy1 = R;. For simplicity, we will assume L is
even. For the regular LMS algorithm we have the following L
update equations

L-1
EViii] = [[( - pRisa) B[] (10)

1=0
ford =1, 2, ..., L, in which case we would obtain the following

sufficient condition for convergence
0< B < m'in{z/)\i,maz} (1)
2

. where Ai mae is the largest eigenvalue of the matrix R;.
Define Ay = (I — ul1Ri) and By, = (I — plRy) then for
the partial update algorithm the 2L valid update equations are

L-1
e

E[ViyL) = H Basiy1+dAzsiva | E Vi) (12)
i=0

ford=1, 2,...,Land

L~-1
2

E[Viyr] = H Asvitr+aBraiva | E[Vi] (13)

=0

ford=1, 2,...,L.

Let || A} denote the spectral norm Amqz (AAX) of the matrix
A. Then for ensuring the convergence of the iteration (12) and (13)
a sufficient condition is

1Bis1Aill <1 and |Aix1Bill <1 fori=1,2,...,L (14)

Since we can write B;+1A; as

Biy1A; = (I — pR:) + pI2(R; — Riy1) + p LRy LR: (15)
and A; 1 B; as

Aip1Bi = (I = pRi) + pIi(Ri — Riy1) + p*Ii Rip1 I Rs (16)

we have the the following expression which upper bounds both
1Bi+1Adll and || Aiv 1 Bill

I — uRll + pllRir — Rill + P Rea 1 R an

This tells us that the sufficient condition to ensure convergence of
both (12) and (13) is

[if = pRill + pllRisr — Rill + g Risa iRl < 1 (18)

fori =1,..., L.
If we make the assumption that
p< min{—*—2——
i Aiymaz + Aimin
and
8; = ||Ri+1 — Ri|| < max{ i min, Ait1,min} =m0
fori = 1, 2, ..., L then (18) translates to »
1~ pmi + pds + p° Nimaz Xit1,mas < 1 (19)

which gives
(20)

(20) is the sufficient condition for the convergence of S-LMS.

5. EXAMPLE

The usefuiness of the bound on step-size for the cyclo-stationary
case can be gauged from the following example. Consider a 2-tap
filter and a cyclo-stationary {z } with period 2 having the follow-
ing auto-correlation matrices

R 5.1354 —0.5733 — 0.6381:
! —~0.5733 + 0.6381i 3.8022

R ' 3.8022 1.3533 + 0.3280;
2 1.3533 — 0.3280: 5.1354

For this choice of RB1 and Rz, m and 7 turn out to be 3.38 and
we have ||[R1 — Ra|| = 2.5343 < 3.38. Therefore, R1 and R;
satisfy the assumption made for analysis. Now, u = 0.33 satis-
fies the condition for the regular LMS algorithm but, the eigen-
values of B2A; for this value of p2 have magnitudes 1.0481 and
0.4605. Since one of the eigenvalues lies outside the unit circle
(12) is unstable for this choice of p. On the other hand (20) gives
p = 0.0254. For this choice of p the eigenvalues of B A; turn
out to have magnitudes 0.8620 and 0.8773. Hence (12) is stable.

We have plotted the evolution trajectory of the 2-tap filter with
input signal satisfying the above properties. We chose Wy =
[0.4 0.5] in Figures 2 and 3. For Figure 2 p1 was chosen according
to be 0.33 and for Figure 3 » was chosen to be 0.0254. For simula-
tion purposes we set dy, = WJ;,S;E + ny, where Sy = [sk sk-ﬂT
is a vector composed of the cyclo-stationary process {s;} with
correlation matrices given as above, and {n; } is a white sequence,
with variance equal to 0.01, independent of {s; }. We set {zx} =
{sk} + {vr} where {v} is a white sequence, with variance equal
to 0.01, independent of {sx}.
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