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ABSTRACT

In two dimensionstheexponentialX-ray transformhasbeenwell-

studieddueto its applicationsof correctingattenuatioreffectsin

SinglePhotonEmissionComputedifomography{SPECT) Explicit
inversionformulashave beenknown for over 15 years.Thethree-
dimensional3D) casehasnot beenasthoroughlyexamined,and
inversionformulasareavailablefor only afew of thewide rangeof

possible3D geometries.The RotatingSlant-Hole(RSH) SPECT
geometryis a specialcasefor which no inversionformula has
yet appeared. This paperpresentsa generalinversion formula
for the 3D exponentialX-ray transformusinga Neumannseries.
Themethodappliesto any geometnybut convergenceof theseries
dependson the exponentialscalarand the size of the region-of-

interest. The derivation is presentedn the context of the RSH

SPECTgeometry Resultsfrom computersimulationsaregiven.

1. INTRODUCTION

The reconstructiorproblemof a threedimensional(3-D) image
from exponentialX-ray (parallel-beamprojectionds widely stud-
iedin 3-D SinglePhotorEmissionComputedifomography{SPECT)
imagingsystems.The mainobjective in SPECTimagingis to vi-
sualizethe densitydistribution (alsocalledemission map) of ara-
dioactie tracerin someregion of interest,like the heartor the
brain. The emittedphotongpassthroughdifferenttissuegsuchas
lungs, spine,...) and are attenuateeforethey interactwith the
detector If the attenuatiorcoeficientis constantn the emission
region, the attenuatedneasuregbrojectionscanbe cornvertedinto
exponentialX-ray projections[1]. Thus,solving the reconstruc-
tion problemfrom exponentialparallelprojectionsprovidesa way
to performaccurateattenuatiorcorrectionandquantitatve recon-
structionof theemissionmap.

In conventional SPECT parallel-holecollimatorsare usedto
collectattenuategbrojections. Seefigure 1 for a descriptionof a
parallel-holecollimator The systemcollimatordetectoris rotated
aroundthe z-axisof the region of interest(ROI) in orderto sam-
ple the projectionsfor directionslocatedon a greatcircle. The
measuregrojectionsareconvertedto exponentialprojectionsus-
ing multiplicationfactorsderived from knowledgeof the attenua-
tion in thebody Then,the emissionmapis reconstructedising
2-D slice-by-slicereconstructiortechniquesvhich arenow well-
understoodespeciallythanksto theworksof TretiakandMetz[2],
andPanandMetz[3],[4].

Recentlythe useof rotatingslant-hole(RSH) collimatorshas
beeninvestigated5]. The maininterestof this configurations to
increasgphotonsensitvity andthussignal-to-noiseatio over stan-
dardparallel-holecollimator systems.Seefigure 2 for a descrip-
tion of a bilateral slant-holecollimator Roughly twice asmary
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Emissionmap Parallel-holecollimator
Fig. 1. Parallel-holeCollimator The dottedlinesindicatethe di-
rectionsof photonghatpasshroughthecollimatorto thedetector

photonscanbe detectedduring the sameacquisitionperiodsince
the bilateral slant-holecollimator allows simultaneougollection
of two projections.The system(slant-holecollimator)-detectors

successkely locatedat severalfixed positionsaroundthe z-axisof

the ROI. For eachfixed positionof the detectorthe collimatoris

finely rotatedaboutits axisasshawvn in figure2. Thecombination
of thesetwo rotationsdefinesthe RSH SPECTacquisitiongeom-
etry asdescribedn [5]. TheRSHSPECTgeometnyis afully 3-D

geometrywhich needdrue 3-D reconstructioiechniques.
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Fig. 2. A bilateralSlant-holecollimator Whenthe collimatoris
fixed, two parallel projectionscan be measuredluring the same
acquisitionperiod.

To our knowledge, only a few works concerningexact 3-D
reconstructiorfrom exponentialX-ray projectionshave beenpub-
lished. Furthermoretheseworks only concernspecificgeome-
tries. In [6] and[7], it is assumedhat the projectionsarefinely
sampledon the full unit sphere. The algorithmdescribedn [8]
only dealswith setsof projectionscontaininggreatcirclesof the
unitsphereFor moresophisticategeometrysuchasRSHSPECT



no exactreconstructioralgorithmhasbeenestablishedgofar.

In this paper we presentan exact inversionformula for the
exponentialX-ray transformin the particularcaseof the RSH ge-
ometry Thederiationof ouralgorithmis basedntheknowledge
of afilteredbackprojectior{FBP)algorithmfor thenon-attenuated
case.The exponentialparallelprojectionsarefirst treatedasnon-
attenuategbrojectionshy this FBP algorithmto give afirstimage
ﬁ). Using somepropertiesof the projectionand backprojection
operatorswe have derived an e><actinversionformulafor theat-
tenuateccasein the form of a Neumanrserieswith f, asthefirst
termof theseries.

This papercontainsfour sections.Section2 givesa detailed
descriptionof the RSH SPECTgeometryand definesthe projec-
tion and backprojectioroperators.Section3 describesour algo-
rithm andprovidesmathematicatletailsof its deriation. Simula-
tionsandreconstructiomesultsareshavn with a shortdiscussion
in sectiord.

2. THERSH SPECT GEOMETRY

Figure3 givesa descriptionof the RSH SPECTgeometry In this
figure, O is the origin of theimagespaceandz is assumedo be
the main rotationaxis of the geometry ~ , is a unit vectorin the
zy plane,attachedo the detectorandnormalto its surface. The
angle\; specifiesits positionaroundthe z-axis. We will assume
N differentpositions(:i = 1,2, ..., N) of the detector Two unit
orthogonalectorse,, ande,, areparallelto thedetectomplaneand
attachedo theslant-holecollimator Theangley specifieghean-
gularpositionof thecoIIimatoraroundtheaxisld of thedetector
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Fig. 3. Descriptionof theRSHgeometry

Theunit vectorf definesthedirectionof the photonsthrough
the collimatorto the detector It is attachedo the collimatorand
canbeexpressedn theform

Q=c05001d+sin00gu )

wherethe constantf, is the slantangle of the collimator The
RSHgeometnjis mathematicallyefinedby thetrajectory2 thaté
describe®n theunit spherewhen is continuouslyaryingfrom
0 to 2w andfor all valuesof i. This trajectoryis composedf
N distinct circles of angularaperturefy. In the following, the
trajectory( is assumedo be complete,.e. it intersectsall great
circlesof theunit spherd9].

2.1. The projection operator

We will let f(z) denotethe 3-D emissionrmapto beimaged.The
exponentialprojectionoperatorR,, is definedby

+oo
[Ruf](Amo,u,v)=/ dt f (ue, +ve, +16) & (2)

— 00

wherep is the constantattenuationfactor The point (u,v) =

(0,0) correspondgo the projection of the origin of the image
spaceonto the detectorplanein the direction§. When )\; and

o arefixed, g.(\i; ¢, u,v) = [Rufl(Ai, , u,v) is a2-D func-

tion of w andv known asan exponentialX-ray projectionof f.

Fori = 1,..,N andy € [0, 27, gu (i, @, u,v) is asetof ex-

ponentialprojectionsandconstituteghe dataof thereconstruction
problem.

2.2. The backprojection operator
TheoperatorR} is definedby

N 27
1 ~
# - o) et (3
(R gul(@) = g Z /0 dp g (N, 0,4,0) €' (3)
where

a4 = g-gu—tanﬂog-ld, 4)

b = z-e,, (5)

t = secfoz -y, (6)

Geometrically for eachparallel projection, the point (u,v) =

(@, ) correspondso the projectionof z ontothe planeof the de-
tectorin the directiond. It is easilyestablishedhatthe operator
Rff is the adjointof the projectionoperatorR,,. The backprojec-

tion operatoris R, and[R¥ ,g,](z) is the sumof the contritu-

tions of eachprojectionfor the point z. Neitheer“ norR# is
theinverseof the projectionoperatorR,, .

3. INVERSION FORMULA

Our algorithmonly holdsif the set(2 of parallelexponentialpro-
jectionssatisfiegOrlov’'scondition,i.e. it intersectsll greatcircles
of theunit spherg9]. In thatcaseanexact FBP algorithmexists
for the non-attenuatedase{11], [10]. It canbewrittenin afunc-
tional form asfollows

f = R¥ (ho*2 go) 7)

wherex; is a2-D convolutionandho (A, ¢, u, v) is the2-D filter
to applyto thenon-attenuate¢u. = 0) projectionsgo (s, ¢, u, v).
The analyticalexpressiorof ho canbefoundin [10]. For the ex-
ponentialcase(u # 0), noreconstructioralgorithmhasbeenpub-
lishedsofar.

3.1. Algorithm description

The exactinversionformulawe proposefor the attenuateaaseis
in theform of a Neumanrseries

~

f=Q+K+KK+KKK+..)fo (®)



wherethefirst termof the seriesﬁ] is obtainedrom g,, by

fo(z) = x(@) [R*,(ho *2 g,)] (@) 9)

i.e. theexponentialparallelprojectionsarefirst filteredby ko and
thenbackprojectedlsingtheRfu operator fo is obtainedoy mul-
tiplying theresultof thebackprojectiorby the supportfunctiony.
x(z) is a 3-D function equalto oneon the region of interestand
zerooutside.

K is alinearoperatodefinedoy

[Kfl(z) = x(z) (f *3 w)(z) (10)

wherew(z) is definedby

N 2w
1 S
iy, 0) (1— —“t) 11
— §'_1/0 dioho (N ,3,9) (1—¢77) (D)

with 4, © andf givenby equationg4), (5) and(6) respectiely. The
inversionformula holdsif the seriesis convergent. A suficient
conditionfor corvergenceis

w(z) =

| K|l = sup Il <1 (12)
A1l
where||K f|| is the norm of the function K f. It canbe shavn
thatthis conditionis metfor smallvaluesof u D whereD is the
diameterof the region-of-interest.Given a p value, exactrecon-
structionis thuspossiblewhentheradioactve traceris confinedto
a suficiently smallregion-of-interest.

3.2. Algorithm derivation

To derive ourinversionformula,notethatthe projectionandback-
projectionoperatorsatisfythe property

(R* ) %3 f = R*, (hx2 g,) (13)

for ary filter h(A;, ¢, u, v) andary valueof u [6]. Fromequation
(7),weobtain[R¥ ho](z) = d3(x) whered; is the3-D deltaDirac
function.

In equation(13), we replaceh by the filter usedin the non-
attenuatectase,i.e. ho. We definethe left handsideas fo, and
obtain

fo = R¥,(ho*gu) (14)
= (R¥,ho—83) %3 f+f (15)
= —wxz3f+f (16)

wherewe have replacedis by Rg’hho andw is a 3-D functionde-
finedby (11). We introducethe supportfunctiony to be surethat
x fo andy (wxs f) areequalto zerooutsidethereconstructiomgrid
whentheinversionformulawill bediscretisedWe write

f=fo+Kf 7

wherewe have usedy f = f andthedefinitions(9), (10) of fg and
K. Usingthis lastrelation,we canalsowrite

f o= %+K(%+Kf)=ﬁ)+K<ﬁ)+K(ﬁ)+Kf))
= fo+Kfo+KKfo+ KKKfo+.. (18)

whichis exactly equalto (8).

4. RESULTSAND DISCUSSION

Figure 4 shavs oneslice of the simulatedattenuatiorand emis-
sion mapswe usedto malke simulations.On the attenuatiormap
(upperleft figure),oneseeghetwo lungsandthespinewhichhave
differentattenuatiorcoeficients. Theuppetright figureshavs the
phantommodelingthe heart. This phantomis the simulatedemis-
sionmapandconsistof threeellipsoids,two of which modelthe
ventriculeswith 20% of actiity. Attenuationandemissionmaps
areboth representean the lower-left figure. On the lower-right
figure,theheartphantomis discretisedn agrid of 60° cubicvox-
elsof side2.5mm. It hasbeenusedasareferencdor our simula-

tions.
Vo= 48
Vo= 28

Fig. 4. Descriptionof the simulatedohantoms.

¥ o= 48

Attenuatedparallel projectionswere simulatedfor the RSH
SPECTgeometry We used6 positionsof thedetector(\; = ¢ 60°,
i = 1,...,6). For eachdetectorposition, 32 positionsof the col-
limator were simulatedover 360 degreeswith a uniform stepof
11.25dgyrees. The 192 projectionswere sampledon grids of
1282 pixels of side 1.5 mm. The knowledge of the attenuation
distribution allowed us to convert the attenuategrojectionsinto
exponentialprojectionswith a constantttenuatiorfactoru equal
t0 0.0075 mm~*. In practice, mostSPECTscannersanprovide
anaccuratettenuatiormap.

The calculationof w(z) with equation(11) wasimplemented
by samplinghefilter ho in thesameway astheparallelprojections
were,i.e. we discretisedhg in 1922 D spatialfilters. The back-
projectionroutinesusedto calculatefo wasalsousedto calculate
w thanksto w(z) = [R¥ hol(z) — [R¥, ho](2).

Figure5 shavs reconstructlonachle/ed ongridsof 60° vox-
elsof side2.5mm. The upperleft flguresh(ws the original heart
phantom. The upperright figure shavs fo Onecanseethat fo
is not an exact reconstruction.The two lower figuresshaws re-
constructionausing the Neumannserieswith 2 and 3 terms, re-
spectvely. Onecanseeimprovements:the imagesupporttends



to be betterdefinedandthe gray levels tendsto be more uniform
in regionsof constantactivity. Thesepreliminaryresultsare en-
couraging.Furtherwork concerningconvergenceconditions dis-
cretizationeffectsandstabilityin thepresencef datanoiseis nov
required.

£ =28

Fig. 5. Reconstructiorof the heartphantom. Upperleft : ideal
phantom.Upperright : fo. Lowerleft: fo + K fo. Lowerright :
fo+ Kfo+ KK fo.
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