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ABSTRACT

In recentyears waveletbasedalgorithmshave beensuccessfuin
differentsignalprocessindasks.The wavelettransformis a pow-
erful tool, becauset managego efficiently represensharpdis-
continuities. Indeed,discontinuitiescarry mostof the signalin-
formationand,so, they representhe mostcritical partto analyse.
We have recentlyintroducedthe notion of footprints,which form
an overcompletebasisbuilt on the wavelettransform. With foot-
prints, onecanexactly modelthe dependencacrossscalesof the
waveletcoeficientsgeneratedby adiscontinuityandthis allowsto
furtherimprove waveletbasedalgorithms.

In this papemwe presentfootprint basedalgorithmfor signal
decomolution. Thealgorithmis fastandworksfor blind decowo-
lutiontoo. With footprintswe manageo decowolve efficiently the
irregularpartof thesignal. Thanksto the propertyof footprintsof
exactly modelingdiscontinuitiesthe decowolved signaldoesnot
presentartifactsarounddiscontinuities. Moreover, we shav that
theresidualthatis, thedifferencebetweerthedecowolvedsignal
with footprintsandtheobseredsignal,is regular Thus,thisresid-
ual canbe furtherdecowolvedwith ary othertraditionalmethod.
We shav that our systemoutperformsotherdecomwolution meth-
ods.

1. INTRODUCTION

Decorwolution is a typical problemthat arisesin mary scientific
settings. In its simplestform, the decowolution problemcanbe
statedasfollows. The obsered signaly is a degradedversionof
x andwe have:

y[n] = h[n] * z[n] + e[n], @)

whereh[n] is a linear time invariantsystemande[n] is ani.i.d.
additve Gaussiamoise. Giveny, oneaimsat estimatingz, that
is, onewantsto invert the effect of thefilter h[n] andremove the
noise. Usually h[n] is knowvn, otherwiseit hasto be estimated
(blind decowolution). In mostcasesh[n] behaesasa low-pass
filter and doesnot have a boundedinverse,for this reasonsuch
deconolution problemsareusuallycalledill-posed.

Thereis alargenumberof methodshatprovide possiblesolu-
tionsto thedecowolution problem[12, 3, 9,4, 8,1, 11, 2]. Some

Pier Luigi Dragotti was supportedby FondsNational Suisseproject
number20-061493.

{drag otti ,vett erli }/

linearapproachesseregularizedinversefilters like Wienerfilters
to invert the effect of h[n]. Thesemethodsperformwell when
the signalsunderconsideratiorare stationary but in practicethis
is rarely the case. In particular mary signalsof interest(piece-
wise smoothsignals)are characterizedby the presencef abrupt
non-stationaryariations(edges)and, in this case,decowolution
with inversefilters resultsin signalswith evident artifact around
the edges.Actually, edgesarethe part of a signalwhich is most
sensitve to thecornvolutionfilter A[n] and,thus,it is themostdiffi-
cult partto decowolve. Accordingto theamountof prior informa-
tion aboutthe signal,onecandevelop moresophisticatednethods
which force the estimatedsignalto meetsomeprior constraints.
Thoseapproachemcludemethodsbasedon projectiononto con-
vex setsandmethoddasedniterativefilters[12, 3, 9]. Themain
drawvbackof thesetechniquess thatthey arecomputationallyin-
tensve. Finally, wavelet baseddecowolution methodshave be-
comepopularrecently[4, 8, 1, 11,2]. Thisis becaus¢hesemeth-
odsareinherentlynon-linearandcandealwell with non-stationary
signals.Moreover, they arecomputationallysimple.

In thispaperwe presenainew methodbasednwavelettrans-
form footprints which further improves wavelet methods. Foot-
printsform anovercompletéasiswhichmodelssharpdiscontinu-
ities in thewaveletdomainwell. Footprintsform anunconditional
basisfor piecavise polynomialsignals[7]. Thus,if theinputsig-
nal is piecavise polynomial, the signalenhancedvith footprints
belongsto the sameclassastheoriginalone. This allows arecon-
structionwithout artifactarounddiscontinuities In themoregen-
eralcaseof piecavise smoothsignals footprintsarewell suitedto
decorolve theirregularpartof thatsignal. Theresidualwhichwe
shav to beregular, canbe efficiently decowolved with ary other
method. It is alsoof interestto highlight that decowolution with
footprintsis assimpleasatraditionalwaveletbaseddenoisingal-
gorithmandthatit doesnotrequireary a-priori knowledgeof the
filter h[n]. Therefore footprintscanbe efficiently usedfor blind
decorwolution.

In the next two sectionswe describethe classof signalswe
areinterestedn, namelypiecevise smoothsignalsandpresenthe
footprint expansion. In Section4, we introduceour decorolu-
tion algorithmbasedn footprintsandin Section5 we shaw some
numericalresults.We concludein Section6.



2. SIGNALS MODELS

In this work, we considerpiecavise smoothsignals,thatis, sig-
nalswhich aremadeof smoothpieces.For example,we definea
piecavise smoothfunction f(t), ¢t € [0, T'] with K + 1 piecesas
follows:

K

f(t) = Z fi(t)l[ti,ti+1](t)7 (2)

=0

whereto = 0, tk+1 = T and f;(t) is uniformly Lipschitz o

over [0, T] *. Thosesignalsareinterestingbecausenary signals
encountereih practicecanbewell modeledaspiecavise smooth.
Thereis alsoanothersetof functionswe will considerandwhich

form the morerestrictedclassof piecavise polynomialsignals.A

functionp(t) t € [0, T is piecavisepolynomialwith K +1 pieces
if:

p(t) =D pi(t) 1, 10y (1), 3)

=0

whereto = 0, tx+1 = T andp;(¢t), ¢ =0,1,..K arepolynomi-
alsof maximumdegreeD.

Despitetheir simplicity, piecavise polynomialsignalsrepre-
sentanimportanttool to characterizéhenon-stationarnpehaiour
of piecavise smoothfunctions.lt follows[7]:

Theorem1 Givena piecavise smoothsignal f(t) definedasin
Eg. (2). Thee alwaysexistsa piecavise polynomialsignal p(t)
with piecesof maximumdegreep = || sud that the difference
signalg(t) = f(t) — p(¢) is uniformlyLipsdiitza’ (p < o' < a)
over[0,T].

This theoremshaws that one canseparateary piecavise smooth
signalin a piecavise polynomialpartanda residualwhich is reg-
ular. Now, we will shav in the next section,that footprintsgive
asparseandexactrepresentationf piecavise polynomialsignals.
This is why our decowolution algorithm operatesn two steps.
First, we usefootprintsto estimatethe correctpiecavise polyno-
mial behaiour underlyingthe corruptedpiecavise smoothsignal.
Thenwe useatraditionalapproachik e Wienerfiltering to enhance
theresidualwhich Theoreml hasshavn to beregular. Doing so,
we arevery efficientin enhancinghe sharpdiscontinuitiesof the
signal. While, othertechniquesisuallyfail to enhancaliscontinu-
itieswell.

3. THE FOOTPRINT EXPANSION

We move, now, from continuoudime to discrete-timesignals.In
[6], we have introducedhenotionof footprintsandproposedheir
usefor compressiomanddenoising Whatis interestings thatfoot-
prints canbe seenasan overcompletebasisfor representationf
piecavise polynomialfunctions[7].

Considerfirst, a piecavise constansignalz[n], n € [0, N —
1] with only onediscontinuityat positionk. Considera J level
waveletdecompositiorof this signalwith a Haarwavelet:

J Ny2i-1 Ny27 -1
el =" Y yuwall+ > agalnl (4
j=1 1=0 1=0

For adefinitionof Lipschitzregularity referto [10].

wherey;; = (x,v;1), anda = (z,ds1) 2. Now, sincethe Haar
wavelethasonevanishingmomentandfinite supportthenon-zero
wavelet coeficientsof this decompositiorareonly in the coneof
influenceof k. ThusEq. (4) becomes:

N/27 —1

aln] =y ikl + Y adaln],

j=1 1=0

wherek; = |k/27| — 1. Moreover, all thosecoeficientsdepend
only ontheamplitudeof thediscontinuityatk. Thus,if onedefines
avectorwhich containsall of them,onecanspecifyary otherstep
discontinuityat k£ by multiplying this vectorby the right factor

This consideratioreadsto the following definition:

Definition 1 Givena piecavise constantsignal z with only one
discontinuityat position k, we call footprint f,go) the norm one
scale-spaceectorobtainedby gatheringtogetherall the wavelet

coeficientsin theconeofinfluenceof & andthenimposing|f,£0) || =
1.

Expressedn the wavelet basis, this footprint can be written as

FOln) = Yo7, dik;in; [n], whered;y, =y, /1 /30—, Y,

Now, ary piecavise constansignalz[n] with a stepdiscontinuity
at k canbe representedh termsof the scalingfunctionsé;[n]

andof f,go). For instancethesignalz[n] in Eq. (4) becomes:

N/29 -1

> agnlnl+afOm,

=0

z[n] =

wherea =< z, f,§°) >= Zj;o Yjk; djk; - Thatis, < x,f,ﬁo) >
representshe inner productbetweenf,go) andthe wavelet coef-
ficientsof = locatedat the samescale-spaceositionsof the co-
efficients of f,go). The abore discussiorcanbe repeatedor ary
otherstepdiscontinuityat differentlocations. For eachlocation!

we have a differentfootprint f,(o). Now, giventhe completedic-

tionary D = {f,go),k = 1,2,..N — 1.} of footprints, we can
expressary piecavise constansignalin termsof the elementof
this dictionaryandof the scalingfunctions.

The notion of footprintscanbe easilygeneralizedo the case
of piecevise polynomial signals(for more detailsrefer to [7]).
In this case,it canbe shavn that the wavelet coeficientsin the
coneof influenceof a polynomialdiscontinuityat locationk have
only D + 1 deggreesof freedom(D is the maximumdegree of
ary polynomialin the signal). Thus, one can characterizethis
discontinuityusing D + 1 footprints f,gd), d =0,1,..D.. To
characterizeary polynomial discontinuity we needa dictionary
D= {f*d=01,.,D;k=0,1,.,N—1}of (D+1)N
footprints. With this dictionaryof footprintsandwith the scaling
functions,we canrepresentry piecavise polynomialsignal. In
particulay a piecevise polynomialsignalz with K discontinuities
atlocationsks, k2, ..kx is givenby:

N/27 -1 K D
z[n] = Z adnln] + Z Z agd)f,gf) [n]. (5)
1=0 i=0 d=1

Footprintsare orthogonalto the scalingfunctions. Footprintsre-
latedto thesamdocationsareorthogonatoo(i.e. < f,gc), ;d) >=

2Note thatwe areassumingV to bea power of 2.



d.q). Butfootprintsrelatedto closediscontinuitiesarebiorthogo-
nal. In particular we have: < f(d) kc) >= 0 for |l — k| >
(L —1) - 27, whereL is thelengthof thewaveletfilter. Thus,the
orthogonalityof footprintsdependnthenumberJ of waveletde-
compositiorlevel. Now, assumehatwe know thediscontinuitylo-
cationsandcall k,,—1, kn thetwo closestdiscontinuitiesn (5). If
JischosersuchthatJ = |log, (km —km—1)—log,(L—1)], than
we aresurethatthefootprintsrelatedo locationsk, k2, .., kx are
orthogonal.In the next section,we presenfaniterative algorithm
wherethenumberJ is choseradaptvely accordingo thedistance
betweendiscontinuities. In this way, thereare no biorthogonal
footprintsto representhatsignal. It is alsoof interestto notethat
footprints manageto give a sparserepresentationf piecevise
polynomialsignalsthanthe wavelet transform. Moreover, when
J = log, N, footprintsform anunconditionabasisfor piecevise
polynomialsignals. Thatis, ary linear combinationof footprints
givesasignalwhich s piecavise polynomial.

4. DECONVOLUTION WITH FOOTPRINTS

Assumethatthe obsered signaly[n] is givenby eq. (1) andthat
theoriginalsignalz[n] is piecavise polynomial. Moreover, call o
the varianceof the Gaussiamoisee[n]. Now, piecavise polyno-
mial signalscanberepresentewith footprints,thusour decowo-
lution algorithmsimply try to estimatethefootprintrepresentation
of z[n] from the obseredversiony|[n].

For simplicity let usfocuson piecavise constansignals.We
first performan estimationof the discontinuitylocationsandthen
we estimatethe valuesof thefootprintscoeficientSaz(.O). Thedis-
continuitylocationsareestimatedn thefollowing way:

1. ChoseadictionaryD = {f{” = Y7_, djx;tjn;3 k =
0,1,..N — 1} of footprintswnh J = log, N. Thisdictio-
naryrepresenta biorthogonabasis.

2. Computethedualbasisof D andcallf,go) k=1,2,.,
1 theelementsf this dualbasis®.

N —

3. Computethe N — 1 inner products< y,f,go) >k =
1,2,..,N —1.

4. Considerasdiscontinuitylocationsthe onesrelatedto the
inner productslarger than the thresholdZ}, = ||f,§°) [|T.

Thatis, if | < y,f,go) > | > Ty, thenassumdhatthere
is adiscontinuityatlocationk. T is theuniversalthreshold

(T = 0,/(2In N)) [5]

~

Now, we have asetof estimateaﬂiscontinuitylocations:l%l, 152, kg

The problemis that,dueto the noise,this estimationcanhave er-
rors. Thus,this problemmustbe consideredn thenext stepwhere
thefootprintscoeficientsareevaluated.

1. Giventhesetof estimatedliscontinuitylocationstake J; =
|logs(km — km—1) — log,(L — 1) |, whereky,—1, k., are
thetwo closestestimatedliscontinuitylocations.

2. Foreachpossibldocationk € [k, 1,A ] computethein-

7O
nerproduct< y, m >, Wheref is the sub-footprint

obtainedby con3|der|ngonly the first J1 wavelet coefi-
cientsof £1”. Thatis: f{” = Y271, djk, 1, [n]

3|t is of interestto emphasizéhatthis dualbasisturnsout to be a first
orderderiative.

#(0)

3. Choosehelocationk; suchthat| < y, f(o)“ > | is max-

IIf
imum.
4. If
£(0)
fry
| <y, >| 2 (6)
nﬁmn
thencomputetheresidue:
£(0)
1 iy (0)
R,=y— > £
IIf(O)II IIf(O)II '

5. lteratestep3-4 ontheresidueuntil condition(6) is notver
ified arymore.

6. Oncecondition(6) is notverifiedarymore,remove thetwo
discontinuitylocationsk; 1, k;. If thesetof remainingdis-
continuitylocationsis notempty find anewv decomposition
level J, andgo to step2. Otherwise|f all discontinuities
have beenconsideredstop.

Finally, theestimatedsignalz is:
" i

¢ (0 ? ¢ (0
o IEN TSl

& =<y, s> dsln] + > fO[n),

(@)

whereM is thetotal numberof iterationsanng =y.

First, noticethat, sincethe footprints f ©) jn Eq. (7) areob-
tainedtakingawavelettransformwith J = log2 N decomposition
level, thenwe aresurethattheestimatedsignalz is piecevisecon-
stantasz. Thisis animportantproperty becausén this way we
aresurethatthe estimatedsignaldoesnot presentartifactaround
discontinuities. This algorithm can be easily generalizedo the
caseof piecavise polynomialsignalsand, thus,we do not detail
this generalizatiorhere.

Now, assumehattheoriginalsignalz[n] is piecevisesmooth.
In this casewe usea two stepdecorolution algorithm. First, we
estimatethe piecavise polynomialbehaiour of = usingthis foot-
printsbasedalgorithm. Thenwe usea Wienerfilter to decowolve
theresidualr[n] = y[n] — Z[n].

5. SIMULATION RESULTS

To analyseheperformancef our systemwe considertwo differ-
entsignals.Oneis theclassicatBlocks’ signalwhichis anexam-
ple of piecavise constansignal,the otheris oneline of theimage
‘Cameraman’ which represents possibleexampleof piecavise
smoothsignal. In Figure5, we shav the performancef our sys-
temfor the ‘Blocks’ signaland compareit with WaRD [11]. In
this simulation,the original signalis first corvolved with a Gaus-
sianfilter andthenwhite noiseis added. The noisevarianceis
setto o2 = 0.2. We canseethatour systemoutperformsiVaRD
systemin both visual quality and SNR. In particular the signal
reconstructeaith footprintsdoesnot presentrtifactsarounddis-
continuities.

In Figure5, we considethe casewherethesignalis piecavise
smooth. Again, the original signalis cornvolved with a Gaussian
filter andthenwhite noiseis added. In this casewe usethe two
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Fig. 1. (a) Testsignal (N=512). (b) Signal corvolved with
a Gaussianfilter. (c) Obsenred signal. (d) Decormolution
with Ward (SNR=15.2dB).(e) Decorolution with Footprints
(SNR=16.4dB).

stepsalgorithm proposedn the previous section. We, first, es-
timatethe piecavise polynomialbehaiour underlyingthe signal
(c) andthenwe deconolve the residualwith a Wienerfilter (d).
Thereconstructegignalis shavn in Fig. 5 (e).

6. CONCLUSIONS

In this paperwe have proposeda new decowrolution algorithm
basedon footprints. The two main featureof this methodare
its simplicity and its effectivenessn dealingwith sharpdiscon-
tinuities. The generalizatiorof this algorithmto the caseof 2-
dimensionakignalis atopic underinvestigation.
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