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ABSTRACT

In recentyears,waveletbasedalgorithmshave beensuccessfulin
differentsignalprocessingtasks.Thewavelettransformis a pow-
erful tool, becauseit managesto efficiently representsharpdis-
continuities. Indeed,discontinuitiescarry mostof the signal in-
formationand,so,they representthemostcritical partto analyse.
We have recentlyintroducedthenotionof footprints,which form
anovercompletebasisbuilt on thewavelet transform.With foot-
prints,onecanexactly modelthedependency acrossscalesof the
waveletcoefficientsgeneratedby adiscontinuityandthisallowsto
furtherimprovewaveletbasedalgorithms.

In thispaperwepresenta footprintbasedalgorithmfor signal
deconvolution. Thealgorithmis fastandworksfor blind deconvo-
lution too. With footprintswemanageto deconvolveefficiently the
irregularpartof thesignal.Thanksto thepropertyof footprintsof
exactly modelingdiscontinuities,thedeconvolvedsignaldoesnot
presentartifactsarounddiscontinuities.Moreover, we show that
theresidual,thatis, thedifferencebetweenthedeconvolvedsignal
with footprintsandtheobservedsignal,is regular. Thus,thisresid-
ual canbefurtherdeconvolvedwith any othertraditionalmethod.
We show thatour systemoutperformsotherdeconvolution meth-
ods.

1. INTRODUCTION

Deconvolution is a typical problemthat arisesin many scientific
settings. In its simplestform, the deconvolution problemcanbe
statedasfollows. Theobserved signal � is a degradedversionof� andwehave: �	� 
��	
���� 
���� � � 
�������� 
���� (1)

where ��� 
�� is a linear time invariantsystemand ��� 
�� is an i.i.d.
additive Gaussiannoise. Given � , oneaimsat estimating� , that
is, onewantsto invert theeffect of thefilter ��� 
�� andremove the
noise. Usually ��� 
�� is known, otherwiseit hasto be estimated
(blind deconvolution). In mostcases,��� 
	� behavesasa low-pass
filter anddoesnot have a boundedinverse,for this reasonsuch
deconvolution problemsareusuallycalledill-posed.

Thereis alargenumberof methodsthatprovidepossiblesolu-
tionsto thedeconvolution problem[12, 3, 9, 4, 8, 1, 11, 2]. Some
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linearapproachesuseregularizedinversefilters likeWienerfilters
to invert the effect of ��� 
	� . Thesemethodsperform well when
thesignalsunderconsiderationarestationary, but in practicethis
is rarely the case. In particular, many signalsof interest(piece-
wise smoothsignals)arecharacterizedby the presenceof abrupt
non-stationaryvariations(edges)and,in this case,deconvolution
with inversefilters resultsin signalswith evident artifact around
the edges.Actually, edgesarethe part of a signalwhich is most
sensitiveto theconvolutionfilter ��� 
	� and,thus,it is themostdiffi-
cult partto deconvolve. Accordingto theamountof prior informa-
tion aboutthesignal,onecandevelopmoresophisticatedmethods
which force the estimatedsignal to meetsomeprior constraints.
Thoseapproachesincludemethodsbasedon projectionontocon-
vex setsandmethodsbasedoniterativefilters [12,3, 9]. Themain
drawbackof thesetechniquesis that they arecomputationallyin-
tensive. Finally, wavelet baseddeconvolution methodshave be-
comepopularrecently[4, 8, 1, 11,2]. This is becausethesemeth-
odsareinherentlynon-linearandcandealwell with non-stationary
signals.Moreover, they arecomputationallysimple.

In thispaper, wepresentanew methodbasedonwavelettrans-
form footprintswhich further improves wavelet methods. Foot-
printsformanovercompletebasis,whichmodelssharpdiscontinu-
ities in thewaveletdomainwell. Footprintsform anunconditional
basisfor piecewisepolynomialsignals[7]. Thus,if theinput sig-
nal is piecewise polynomial,the signalenhancedwith footprints
belongsto thesameclassastheoriginalone.Thisallowsa recon-
structionwithout artifactarounddiscontinuities.In themoregen-
eralcaseof piecewisesmoothsignals,footprintsarewell suitedto
deconvolvetheirregularpartof thatsignal.Theresidual,whichwe
show to beregular, canbeefficiently deconvolvedwith any other
method.It is alsoof interestto highlight thatdeconvolution with
footprintsis assimpleasa traditionalwaveletbaseddenoisingal-
gorithmandthatit doesnot requireany a-priori knowledgeof the
filter ��� 
�� . Therefore,footprintscanbe efficiently usedfor blind
deconvolution.

In the next two sections,we describethe classof signalswe
areinterestedin, namelypiecewisesmoothsignalsandpresentthe
footprint expansion. In Section4, we introduceour deconvolu-
tion algorithmbasedon footprintsandin Section5 weshow some
numericalresults.Weconcludein Section6.



2. SIGNALS MODELS

In this work, we considerpiecewise smoothsignals,that is, sig-
nalswhich aremadeof smoothpieces.For example,we definea
piecewisesmoothfunction ����� � , �"!#� $%�'&(� with )*��+ pieces,as
follows:

�����'�,
 -. / 021 � / ��� �4365 7�8:9 7�8<;>=@?A��� �4� (2)

where � 1 
B$ , � -DCFE 
G& and � / ��� � is uniformly Lipschitz H
over � $��:&(� 1. Thosesignalsareinteresting,becausemany signals
encounteredin practicecanbewell modeledaspiecewisesmooth.
Thereis alsoanothersetof functionswe will considerandwhich
form themorerestrictedclassof piecewisepolynomialsignals.A
functionIF���'���D!J� $%�'&(� is piecewisepolynomialwith )K�L+ pieces
if:

IF��� �M
 -. / 021 I
/ ���'�43>5 7N8@9 7�8<;>=:?A���'�4� (3)

where� 1 
�$ , � -DCFE 
O& andI / ��� � , PF
Q$%�R+S��TUT ) arepolynomi-
alsof maximumdegree V .

Despitetheir simplicity, piecewise polynomialsignalsrepre-
sentanimportanttool to characterizethenon-stationarybehaviour
of piecewisesmoothfunctions.It follows [7]:

Theorem1 Givena piecewisesmoothsignal ����� � definedas in
Eq. (2). There alwaysexistsa piecewisepolynomialsignal IF���'�
with piecesof maximumdegree I#
XW�HFY such that thedifference
signal Z	��� �M
[�����'�2\]IF��� � is uniformlyLipschitz H�^��_Ia`bH�^�c�H,�
over � $��'&(� .
This theoremshows that onecanseparateany piecewise smooth
signalin a piecewisepolynomialpartanda residualwhich is reg-
ular. Now, we will show in the next section,that footprintsgive
asparseandexactrepresentationof piecewisepolynomialsignals.
This is why our deconvolution algorithm operatesin two steps.
First, we usefootprintsto estimatethe correctpiecewise polyno-
mial behaviour underlyingthecorruptedpiecewisesmoothsignal.
ThenweuseatraditionalapproachlikeWienerfiltering to enhance
theresidual,whichTheorem1 hasshown to beregular. Doingso,
we arevery efficient in enhancingthesharpdiscontinuitiesof the
signal.While, othertechniquesusuallyfail to enhancediscontinu-
itieswell.

3. THE FOOTPRINT EXPANSION

We move, now, from continuoustime to discrete-timesignals.In
[6], wehaveintroducedthenotionof footprintsandproposedtheir
usefor compressionanddenoising.Whatis interestingis thatfoot-
prints canbe seenasan overcompletebasisfor representationof
piecewisepolynomialfunctions[7].

Consider, first, a piecewiseconstantsignal � � 
�� , 
J!K� $�� de\+4� with only onediscontinuityat position f . Considera g level
waveletdecompositionof thissignalwith aHaarwavelet:

� � 
	��
ih.j 0 E
kFlnm@oqp�E. r 021 � j rNs j r � 
���� kFlnm t�p�E. r 021vu

rxw
h
r � 
���T (4)

1For a definitionof Lipschitzregularity referto [10].

where � j r 
zy � � s j r�{ , and u
r 
|y � � w h

rx{
2. Now, sincetheHaar

wavelethasonevanishingmomentandfinite support,thenon-zero
waveletcoefficientsof this decompositionareonly in theconeof
influenceof f . ThusEq. (4) becomes:

� � 
��	
 h.j 0 E � j4} o
s j4} o � 
	�%� k�l4m t�p�E. r 0	1~u

r�w
h
r � 
����

where f j 
zWxf6��� j Y"\�+ . Moreover, all thosecoefficientsdepend
onlyontheamplitudeof thediscontinuityat f . Thus,if onedefines
avectorwhichcontainsall of them,onecanspecifyany otherstep
discontinuityat f by multiplying this vectorby the right factor.
Thisconsiderationleadsto thefollowing definition:

Definition 1 Givena piecewiseconstantsignal � with only one
discontinuityat position f , we call footprint ��� 1 �} the norm one
scale-spacevectorobtainedby gatheringtogetherall thewavelet
coefficientsin theconeof influenceof f andthenimposing�R��� 1 �} �(
+ .
Expressedin the wavelet basis,this footprint can be written as� � 1 �} � 
��2
[� hj 0 E6� j4} o s j4} o � 
	� , where� j4} o 
�� j�} o ��� � hj 0 E � mj4} o .
Now, any piecewiseconstantsignal � � 
�� with a stepdiscontinuity
at f canbe representedin termsof the scalingfunctions

w
h
r � 
��

andof ��� 1 �} . For instance,thesignal � � 
�� in Eq. (4) becomes:

� � 
��	
 kFlnm t p�E. r 021 u
r w

h
r � 
�����H,� � 1 �} � 
����

where H�
�` � �n� � 1 �}�� 
�� hj 021 � j4} o � j�} o . That is, ` � � � � 1 �}��
representsthe inner productbetween� � 1 �} andthe wavelet coef-
ficientsof � locatedat the samescale-spacepositionsof the co-
efficientsof ��� 1 �} . The above discussioncanbe repeatedfor any
otherstepdiscontinuityat differentlocations.For eachlocation �
we have a differentfootprint � � 1 �r

. Now, given thecompletedic-

tionary ��
���� � 1 �} � f�
�+��n�%��TUT d�\�+�T_� of footprints, we can
expressany piecewiseconstantsignalin termsof theelementsof
thisdictionaryandof thescalingfunctions.

Thenotionof footprintscanbeeasilygeneralizedto thecase
of piecewise polynomial signals(for more details refer to [7]).
In this case,it canbe shown that the wavelet coefficients in the
coneof influenceof a polynomialdiscontinuityat location f have
only Ve��+ degreesof freedom( V is the maximumdegreeof
any polynomial in the signal). Thus, one can characterizethis
discontinuityusing V���+ footprints ���_� �} , � 
�$���+��RTUT V�T . To
characterizeany polynomial discontinuity, we needa dictionary��
|��� � � �} � � 
�$%��+S�RTUTU�nV� nf�
�$��R+���TUT¡�ndz\[+�T_� of ��V¢��+q�:d
footprints. With this dictionaryof footprintsandwith thescaling
functions,we canrepresentany piecewise polynomialsignal. In
particular, apiecewisepolynomialsignal � with ) discontinuities
at locationsf E � f m �RTUT f - is givenby:

� � 
���
 k�l4m t p�E. r 0	1 u
r w

h
r � 
	��� -. / 021

£.
� 0 E H¤�_� �/ ���_� �} 8 � 
��AT (5)

Footprintsareorthogonalto the scalingfunctions. Footprintsre-
latedto thesamelocationsareorthogonaltoo(i.e. `O� �_¥ �} �n� �_� �} � 


2Notethatweareassuming¦ to bea powerof 2.



§ ¥¨� ). But footprintsrelatedto closediscontinuitiesarebiorthogo-
nal. In particular, we have: `©���_� �r �n���_¥ �} � 
ª$ for « �¬\�f2« ���­®\�+q�M¯q� h , where­ is thelengthof thewaveletfilter. Thus,the
orthogonalityof footprintsdependonthenumberg of waveletde-
compositionlevel. Now, assumethatweknow thediscontinuitylo-
cationsandcall f�° p�E � f�° thetwo closestdiscontinuitiesin (5). Ifg is chosensuchthat g±
�WN²¡³�´ m ��f ° \µf ° p�E ��\¶²¡³�´ m ��­¶\·+q�@Y , than
wearesurethatthefootprintsrelatedto locationsf E � f m �RTUTU�nf - are
orthogonal.In thenext section,we presentan iterative algorithm
wherethenumberg is chosenadaptively accordingto thedistance
betweendiscontinuities. In this way, thereare no biorthogonal
footprintsto representthatsignal.It is alsoof interestto notethat
footprints manageto give a sparserrepresentationof piecewise
polynomialsignalsthanthe wavelet transform. Moreover, wheng¸
Q²U³S´ m d , footprintsform anunconditionalbasisfor piecewise
polynomialsignals.That is, any linearcombinationof footprints
givesasignalwhich is piecewisepolynomial.

4. DECONVOLUTION WITH FOOTPRINTS

Assumethat theobservedsignal �	� 
�� is givenby eq. (1) andthat
theoriginalsignal� � 
�� ispiecewisepolynomial.Moreover, call ¹ m
thevarianceof theGaussiannoise ��� 
�� . Now, piecewise polyno-
mial signalscanberepresentedwith footprints,thusour deconvo-
lution algorithmsimply try to estimatethefootprint representation
of � � 
�� from theobservedversion�	� 
	� .

For simplicity let us focuson piecewiseconstantsignals.We
first performanestimationof thediscontinuitylocationsandthen
weestimatethevaluesof thefootprintscoefficients H � 1 �/

. Thedis-
continuitylocationsareestimatedin thefollowing way:

1. Chosea dictionary ��
B��� � 1 �} 
G� hj 0 E>� j�} o s j�} o  nf[
$��R+���T¡T de\O+�� of footprintswith g®
º²U³S´ m d . This dictio-
naryrepresentsabiorthogonalbasis.

2. Computethedualbasisof � andcall »� � 1 �} f·
�+S�4���RTUT¡�ndQ\+ theelementsof thisdualbasis3.

3. Computethe d�\¢+ inner products `����M»� � 1 �} � f�
+S�n����T¡TU� d�\�+ .
4. Considerasdiscontinuitylocationsthe onesrelatedto the

inner productslarger than the threshold & } 
¼�¬»��� 1 �} � & .

That is, if «¤`��	�M»��� 1 �} � «¾½�& } , thenassumethat there
is adiscontinuityat location f . & is theuniversalthreshold
( &�
�¹¾¿ �A�F²UÀÁd±� ) [5]

Now, wehaveasetof estimateddiscontinuitylocations: Âf E �SÂf m �RTUTU�ÃÂfµÄ- .
Theproblemis that,dueto thenoise,this estimationcanhave er-
rors.Thus,thisproblemmustbeconsideredin thenext stepwhere
thefootprintscoefficientsareevaluated.

1. Giventhesetof estimateddiscontinuitylocations,take g E 
W�²U³S´ m �4Âf ° \[Âf ° p�E �F\J²U³S´ m ��­Å\b+��@Y , where Âf ° p�E ��Âf ° are
thetwo closestestimateddiscontinuitylocations.

2. For eachpossiblelocation fL!®� Âf ° p�E � Âf ° � computethein-

nerproduct `���� ÄÆ�ÇUÈ@ÉÊË ÄÆ ÇUÈ@ÉÊ Ë � , where Â� � 1 �} is thesub-footprint

obtainedby consideringonly the first g E wavelet coeffi-
cientsof ��� 1 �} . Thatis: Â��� 1 �} 
 � h =j 0 E � j4} o s j�} o � 
	�

3It is of interestto emphasizethat this dualbasisturnsout to bea first
orderderivative.

3. Choosethelocation f E suchthat «�`O�	� ÄÆ�Ç_È:ÉÊ =Ë ÄÆ Ç_È:ÉÊ = Ë � « is max-

imum.

4. If

«%`��	� Â��� 1 �} =�ÌÂ� � 1 �} = � � «�½K&Á� (6)

thencomputetheresidue:

Í EÎ 
��Ï\ +� Â� � 1 �} = � `���� Â��� 1 �} =� Â� � 1 �} = � � ��� 1 �} = T
5. Iteratestep3-4on theresidueuntil condition(6) is notver-

ified anymore.

6. Oncecondition(6) is notverifiedanymore,remove thetwo
discontinuitylocationsÂf j�p�E , Âf j . If thesetof remainingdis-
continuitylocationsis notempty, find anew decomposition
level g m andgo to step2. Otherwise,if all discontinuities
havebeenconsidered,stop.

Finally, theestimatedsignal Â� is:

Â� 
�`b��� w h � w
h � 
�����Ð p�E.° 0	1 +� Â� � 1 �}4Ñ � ` Í °Î � Â��� 1 �} Ñ� Â� � 1 �}4Ñ � � ��� 1 �} Ñ � 
����

(7)

where Ò is thetotalnumberof iterationsand
ÍÓ1Î 
�� .

First, noticethat,sincethe footprints ��� 1 �} Ñ in Eq. (7) areob-
tainedtakingawavelettransformwith g±
�²U³S´ m d decomposition
level, thenwearesurethattheestimatedsignal Â� is piecewisecon-
stantas � . This is an importantproperty, becausein this way we
aresurethat theestimatedsignaldoesnot presentartifactaround
discontinuities. This algorithm can be easily generalizedto the
caseof piecewise polynomialsignalsand,thus,we do not detail
thisgeneralizationhere.

Now, assumethattheoriginalsignal � � 
	� is piecewisesmooth.
In this case,we usea two stepdeconvolution algorithm.First,we
estimatethepiecewisepolynomialbehaviour of � usingthis foot-
printsbasedalgorithm.ThenweuseaWienerfilter to deconvolve
theresidualÔ�� 
��	
��	� 
��6\ Â� � 
	� .

5. SIMULA TION RESULTS

To analysetheperformanceof oursystem,weconsidertwo differ-
entsignals.Oneis theclassical‘Blocks’ signalwhich is anexam-
ple of piecewiseconstantsignal,theotheris oneline of theimage
‘Cameraman’,which representsa possibleexampleof piecewise
smoothsignal. In Figure5, we show theperformanceof our sys-
tem for the ‘Blocks’ signalandcompareit with WaRD [11]. In
this simulation,theoriginal signalis first convolvedwith a Gaus-
sian filter and then white noiseis added. The noisevarianceis
setto ¹ m 
�$%T � . We canseethatour systemoutperformsWaRD
systemin both visual quality and SNR. In particular, the signal
reconstructedwith footprintsdoesnotpresentartifactsarounddis-
continuities.

In Figure5, weconsiderthecasewherethesignalis piecewise
smooth. Again, the original signalis convolved with a Gaussian
filter andthenwhite noiseis added. In this casewe usethe two
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Fig. 1. (a) Test signal (N=512). (b) Signal convolved with
a Gaussianfilter. (c) Observed signal. (d) Deconvolution
with Ward (SNR=15.2dB).(e) Deconvolution with Footprints
(SNR=16.4dB).

stepsalgorithm proposedin the previous section. We, first, es-
timatethe piecewise polynomialbehaviour underlyingthe signal
(c) andthenwe deconvolve the residualwith a Wienerfilter (d).
Thereconstructedsignalis shown in Fig. 5 (e).

6. CONCLUSIONS

In this paperwe have proposeda new deconvolution algorithm
basedon footprints. The two main featureof this methodare
its simplicity and its effectivenessin dealingwith sharpdiscon-
tinuities. The generalizationof this algorithm to the caseof 2-
dimensionalsignalis a topicunderinvestigation.
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