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ABSTRACT probability densityfunctions(pdf) plug-in approachesin this pa-

Minimum measuresets(MMSs) summarizethe information of a
(single-classdataset.In mary situations,they canbe preferredto
estimatedprobability densityfunctions(pdfs): they arestronglyre-
latedto pdf level setswhile beingmucheasierto estimatein large
dimensions.

The main contribution of this paperis a theordical connectio
betweenVIMSs andoneclassSupportVectorMachines.This justi-
fiestheuseof one-clas$SVMsin thefollowing applicationsnovelty
detection(we give explicit convergencerate)andchangedetection.

1. INTRODUCTION

Signal/lmageprocessinglecisionalgarithms oftenrely on the esti-
mationof probability densityfunctions(pdfs). Typical examplesare
in speechrecognition signalclassificationpr pattern(image)recog-
nition. This maybeperformedby nonparametritechniquessuchas
Parzenwindows, or by semiparametridechniquessuchasmixtures
of GaussianAll theseapproachedjowever, suffer from the curseof
dimensionalityproblem thatis, theestimatiorbecomesarderwvhen
the dimensionof the spacethe pdf is defiredonincreases.

In most Signal/lmageprocessingapplications,however, sdu-
tions canbe found without estimatinga pdf. A typical exampleis
that of dataclassificationwhererecentalgorithmssuchassupport
vectormachine{SVM) [1] areconstructedvithout estimatingden-
sities. Anotherexampleis thatof kernelchangedetection2], where
abruptchangesredetectedvithout estimatinga pdf asaninterme-
diate step. In this paper we proposean overviev of an alternate
methodwhich canbe usedinsteadof pdf estimationin mary prob-
lems. This approachproposego useinsteadof the pdf a minimum
measuresetof this pdf. Aswill beshavn below, minimummeasure
set(MMS) estimations mucheasietthanpdf estimation(especially
in high dimension) andcapturesenoughinformationaboutthe data
to enableaccuratalecisions.

Briefly, givenatraining setof vectors{z1, ...,z } in aspace
X, MMS estimationconsistsof finding a subsetC' of X’ suchthat
1) C hasminimum*“volume” undersomemeasureand2) assuming
the x;’s are distributed accordingto someprobability measureP,
andgivensome) € [0; 1], the subsetC verifies P(C') = X (see
Section2 for arigorousdefinition).

Thisproblemhasbeenaddresseth mary waysin previousworks.

Themostprominentstratgjiesincludethatof Devroye andWise[3],
oneclasssupportvectormachined4], excessmassapproacheand

*Correspondinguthor acknavledgessupportfrom the Boeingcompary
underthe University of CambridgegrantRG40562.

per, we proposea unified view, wherethe MMS is soughtin a class
of subsetsvhoseboundariedelongto akernelspacege.g., aRepro-
ducingKernelHilbert Space- RKHS).Morepreciselytheboundary
of suchasuksetC' is {z € X|f(z) = 0} wheref(:) : X — R
belongsto somefunction spacewith kernelk(-, -). The main con-
tributions arei) a formal connectionbetweenone-classSVM and
excessmassapproachegSection3); ii) the derivation of a conver-
genceratefor the probability of falsealarmsin one-classSVM nov-
elty detectiont (Section5). Section2 beow recallssomefundamen-
tals aboutMMSs, Section4 pointsout somecorvergencestudy for
the Lebesguemeasureof the symmetricdifference,and Section6
proposesonclusionsandfuturework directions.

2. MINIMUM MEASURE SETS

Let P aprobability measureand @ a measureover the measurable
space(X, B(X)) suchthatQ dominatesP. LetC C B(X) acollec-
tion of Q-measurablsubsetof X'. We assumeéhat(@ is known; P

is supposedlynknovn but alearningsetz, . ..,z % P is avail-
able.Let \ € [0; 1]; we definethe minimum Q-measuresetof P in
C asthesetC'()\) suchthat:

P(C(Y) = A
QIC(Y) = arg jnf {Q(C); P(C) = A} @)

In thefollowing, we assumehat P admitsa densityp with respect
to themeasure)?. Then,thereexistspy € [0; sup,. » |p(z)|] such
thatMMS in Eq. (1) canalsobedefinedas:

CN) ={z e X:p(x) 2 pr} @)

wherep, dependon both A and@. Eq. (1) andEg. (2) areequi-
alentdefinitiors of C'(\), which impliesthatonecanuseeitherthe
parametrizatiorthat useseither A or p,. However, mary reasons
male the definitionin Eq. (1) moresuitable.In particular: 1) asthe
learningsetsizen tendsto infinity, A is asymptotically the ratio of
learningsampleghatactuallyfall in C'(\); 2) Any decisionproblem
involving the comparisorof two or more MMSs requiresthat they
are definedfor somefixed A andnot for fixed p, (the comparison
doesnot have ary senseotherwise);3) A hasa directinterpretation
in termsof distribution quantiles.This is neededvhendealingwith

1A similar rate canbe obtainedfor one-classSVM basedchangedetec-
tion.

2This assumptioris aimedat makingthe presentatiorlearer but it is not
formally neededor mostof the materialpresentedh this paperto betrue.



Fig. 1: Whenconsideringonly onepdf, definingthe MMS with the
densitylevel p, orits P-measure\ is equivalent,and(1 — ) is the
P-measuref thetails of the pdf (left). However, the comparisorof
two pdfsp1 andp2 hasto be madefor constant\ andnot constant

pax (right).

applicationssuchas outliers detectionor changedetection. In the
following, though,we usethedefinitionin Eq. (2) becausé enables
clearanddirect algorithmsderivations. We will shav that, in fine,
the definition actuallyusedin algorithmsis thatof Eq (1). In prac-
tice,theprobabilitymeasureP is unknovn, andanestimatederoted
Ch()), isleanedfrom {z1, ..., z, }. Here,we consideranonpara-
metric estimateandit hasto: 1) be (strongly)consistent?2) achieve
relatively fastratesof corvergence 3) leadto a practicableandcom-
putationally cheapalgorithm Moreover, as mary applicationsof
MMSs involve decision,we also require that similarities between
MMSs estimatescan be calculatedin a computationallytractable
way, thoughX’ may have large dimension. Theserequirementsare
somehav hardto meetjointly. Methodsfoundin the statisticsliter-
atureeitherfail at providing acomputationallytractable practicable
algorithm,at having goodratesof convergenceor at beingsuitedto
high dimensionaldata. In the next Section,we shav thata RKHS
togethemwith excessmassmethodsnake suchgoodsolutionspossi-
ble.

3. A (REPRODUCING) KERNEL-BASED
NONPARAMETRIC ESTIMATION PROCEDURE

Themainresultin [5] is thatafastrateof corvergencefor estimating
MMSs canbe achievedif C is a poor classof sets,suchasVC or
Glivenlo-Cantelli. However, no practicablealgorithmis provided.
On the otherhand,so-called RKHSmethodd6, 7] provide a mean
of exploring efficiently suchclassesf sets,througha representer
theorem Wefirst focusontheexcessmassapproachthenwe embed
it into aRKHS.

3.1. Excessmass

ThesetC'(}\) is the setin C thatmaximizesthe excessmassm(C')
of asetC , definedas:

m(C) = P(C)—prQ(C) = /C (p(z) — pr)dQ(z)  (3)

Indeed,for this set, the part of the integrationsetC in Eq. (3) for
whichp(z) —px is negativeis reducedo its minimum, thusensuring
thatp(z) > pa for z € C()), seeEq. (2). For practicalestimation,
we definean empiricalcounterparin,, (C') to thetruem(C) andlet:

Cu(\) = arg max mn (C) @)

Thesimplestempiricalcounterparfor m(C) surelyis (wherel ;, cc
= 1 wheneer z; € C andl,,cc = 0 otherwiseand the term

L3 | 1a,cc iscalledtheempiricalmeasue):

n

my(C) = %Zl ziec — Pa@Qn(C) ®)

i=1
FindingtheMMS C'()\) comesdown to solvingoneof the following
equivalentproblems:

. 1 n
maxmn(C) < min (PAQn(C) = 3 2201 1 {aec)

: n (6)
& min (PQn(0) + 3 X011 feiecy)

This problemis, however, ill-posedand cannotbe sdved easilyin
practice. The following sectionshovs that RKHS approacheselp
solve theproblem.

3.2. The kernel approach and connection with 1-class Support
Vector Machine

The problemin Eq. (6) can be solved using kernels. Suchmeth-
odshave alreadyprovenusefulin mary machindearningproblems,
mostly becausethey yield linear interpretationof nonlinearprob-
lems, and becase they enableeasyevaluation of functionscom-
plexity (via the inducednorm). Let H be a RKHS with reproduc-
ing kernef k(-,-). We now defineC asthe collectionof sets{z ¢

X; f(x) > p}for f € Handp > 0, andwe usethe shorthand
{f > p} to denotetheset{x € X suchthat f(z) > p}. In prac-
tice, we needto estimatef andp from thelearningset{z1, ...,z }

andwe denotesuchestimatesﬁ andp,,. In addtion to propose
a choicefor C, we also modify the criterion in Eq. (6) by chang-
iNg 1iz,¢cy INO (pn — fu(:)) 1, (2:)<pn} (this is the standard
hinge losswhich is usedin, e.g.,, SVMs). Similar smoothingalso
arisesin kernel densityestimation(see,e.g,, [8, Chapter9]). The
modifiedexcessmassproblemwrites:

n () in L - n — Jn\di 1 z;
max mn(C) & min 5500 (Pn = f(@) 1iga<on)

™

Ther.h.s.of Eq. (7) appearso bea classicakegularizationcriterion,
wheretheterm2 3" | (pn, — fn(2:)) 1 (4, (21)<pn} iS@DINGelOSS
andthetermp, Q.. ({f» > pn}) is aregularizer, independenof the
learningset. The regularizationparameteiis the densitylevel p.
We now stateour mainresult.

Proposition 3.1 (Choice of the measure Q). For any RKHSH,
there exists a measue @ sud that minimizingthe inducednorm
|| f= |13, in the RKHSH impliesminimizingtheregularizerin (7), i.e.
1-classSVMsimplementn excessnassapproad.

Proof (sketch): LetT : L2(X) - H =Im(S)C RY, g — f =
Tg and’H bedensdn L?(H). We have (seee.g, [7]): {f, f)r =
(Tg,Tg)rr = (9,9)12(x)- Let 13 denotethefunctionin 7 which
is the closesto the unit constanfunction,in thesensef the L?(X)
norm.Then,

q() = (T~ 1 1)*() ®
is suchthattheoptimumof 1-classSVM criterionis theminimizerof
Eq.(7),as,with C,,(A\) = {z : fn(z) > pn}, wehave: Q,(Cr(N))
%S fCM/\)(T*lfn)Z(x)da:. HenceQn(Cn(A) S [ (T " fn)?(z)da
= (T~ fu, T " fn)r2(x) = |l fn |3, which provesProposition3.1.

3We do notdiscussin herethe conditionson k neededo ensurethe con-
vergenceof fy,.



Alternateproofconsistsn: Let u = 145, - ,,,; andassumeheexis-
tenceof T';(.) € L?(p) suchthatk(t,7) =< Ty(.), T+ (.) >Lz(u).
With P : L2(u) — H (built asa bijection gn = P7'f, and
q(z) = gn(z)*u(x), onehasQ(fn > pn) HgnHLz(m |fll,
which yieldsthe equvalence(with strongerassumptions)Onecan
easilycheckin bothcaseghat@ = lim,,—.» @, iSameasure. O

Werecognizehestandarwne-clasSVMin Eq.(7), asit writes:

i D

Proposition3.1yieldsinterestingnterpretationsi) the control over
the richnessof classesf functionsobtainedoy minimizing || - |13
expressesxplicitly astheminimizationof acertainmeasuref sub-
setsof X'; 2) With H densein L*(X), the f,,’s areapproximations
for theindicaor functionof C'(\) andthe oscillatingeffect andthe
rationalefor choosingp shortly lower thanthe densitylevel in [4]
areexplained.

Fa(@)) 1 g, <o) + Pall fullre )

3.3. Parameter tuning

Proposition3.1 shovs that one-classSVMs are specialinstanceof
excessmassbasedkernel MMS estimation. More importantly it
alsoyields a represater theoremfor excessmassestimation: the
minimummeasuresetC, (\) = {z € X; f,.(z) > p,} is suchthat:

an INR

= Zaik(m, ) with Aty ...,

i=1

(10)

Thehardissuein theabove settingis thetuningof p, (seeSection2),
becausét may not be easily expressedasa practicablefunction of
A, andbecausét is alevel of the densityp, definedwrt the measue
Q. Thev-SVM solution[4] consistsof a re-writing the criterionin

Eq.(9):

. 1 n

i=1

1 2
fn(xl)) ]‘{fn(f”i)</)n} + §||anH —VpPn

(11)
This modificationenablego comebackto the initial MMS estima-
tion settings,Eq. (1). It caneasilybeshovn that#{z; : fn(z:) <
o} <wvn < #{x; : fu(z:) < pn}. Moreover, sincealmostsurely
with {z1,...,2n}, , limp—oo P({fn = pn}) = 0, we have that
v 2 limp—oo P({f < p}). Hence,A = 1 — v which settlesthe
conneion andshavs the practicabilityof theapproach.

In this Sedion, the interpretationof one-classSVMs asan ex-
cessnassapproachn RKHS for estimatingVMS is establishedor-
mally. This connectiorenableghedirectuseof, e.g., the pioneering
work by Polonik [5] in orderto derive theoreticalstudiesof one-
classSVMs corvergenceproperties. Moreover, it justifiesthe use
of one-classSVMs in mary applicationssuchasfor novelty detec-
tion and changedetectionin Sedion 5. Underthe assumptiorof a
Gaussiarkernel, a rate of corvergenceof 1-classSVM is obtained
in forthcoming[9], whichyieldssimilar conclusionsn theproposed
framework.

4, CONVERGENCE ISSUES

For the sale of clarity, we statethe rate of corvergenceobtained
in [9] for the specialcaseof a Gaussiarkernel (Seealsowork by
Steinvartandcoauthors)Let k(-, -) beaGaussiarkernelwith width

parameter,, (which decayrateis choserspecifically, let d denote
thedimensionof X', andsupposéhatfor some0d < 3 < 1,c1 >0

andfor § > 0, the pdf p satisfies:

sup  |p(z) — p(a’)| < e16”

le—a"||<6

(12)

Then,forary e > 0:

~ 1 %_‘
If = fallL2cxy = Op > (13)

In thefollowing, we needto expresshisrateof corvergencen terms

of thesetsC,, (\) andC(\) ratherthanthe functions , andf. We
measurehis ratewith the symmetricdifference:

da(Ca(NAC() = Leb (Cu(A\C() ) + Leb(CINCn (V)

(14)
Thefirsttermin theright handsidewrites (a similar reasonindholds
for theseconderm):

Leb(Cn(M\C(N) = Leb({fu > pu\{f > p})
2

< Leb ({\f(ac) —p| < 02n745+(26+5>d ) with ca > 0 (15)
Then,underPolonik’s smoothnesassumption

3y suchthat sup Leb({z € X;|f(z) —p| <n}) <n” (16)

A
whichyields:
Leb(C..(M\C (X)) £ n”~ T Cma %)

In particular if the Lebesguealensityof P is regular(y = 1), then:

da(Cn(AAC(N))) = Op (nfm) (18)

In the following, we usethe rate obtainedin Eq. (18) to justify the
useof 1-classSVM for novelty detection.Similar developmentcan

be derived for changedetectionbut will be omittedheredueto the
lack of space.

5. APPLICATIONSAND EXPERIMENTS
5.1. Novelty detection

Novelty detectionconsistsof decidingwhethernev samplez is
novel or not, basedon the learningset{z1, ..., z, }, which yields
thefollowing hypothesigest,for agiven \:

Samplez is notnovel,i.e. 2 € C,,(A);

HypothesisH :
Samplez is novel,i.e. x ¢ Cr ().

HypothesisH; :

(19)

with H, the null hypothesis.This testhasprovedto yield solid per
formancein applications (industrial[10], audio[11]). A key quan-
tity in theanalysisof nonparametricdetectiortestsis the probability
of falsealarms denotedp’, andits empirical courterpartdenoted

fa.

Pn-

pﬂ“:IP’{:E¢én()\)|:cGC()\),xl,‘..,mn} (20)

We studythe asymptoticbehaior of the probability of falsealarm,
andareinterestedn deriving a central limit theoemlike resultfor
thecorvergenceof p;,* to 0.

Proposition 5.1 Undertheassumptionsf Sectiord:

a fa 2 S . M
P{lpp" — En[pn]l = €} S exp(—€'n FFEEHT) - (21)



Proof (sketch): pf® verifiesthe boundedlifferenceproperty as:

bn = Supucx Ipi(z1,. .., ®n)
—pyfla(.’,ljl,...,$i71,1‘27$i+17~-'7x")‘ 258
< 2sup,cy [p(2)|da(Ca(NAC(N)) S ™ TF0FR

(22)

McDiarmid inequalitythenyieldsthe deviation boundof Eq. (21)
Theprooftechniquegmplo/edaresimilarto thosein [12] where
similar corvergenceratesarederivedfor én(A = 1) anonparamet-

ric estimatefor the supportof P madeof unionof ballscenterecbn

thez;'s(i = 1,...,n). In ourcasehowever, ratesarefasterandob-
tainedfor ary level \. Up to our knowledge theabove corvergence
rateis thefirst resultof this typefor kernel-basd novelty detection.

5.2. Changedetection

Theapplicationwe addressn this Sectionis changedetectionwhich
framawork is similar to thatof Section5.1. Here,however, we test
T samplednsteadof one.More formally, letx+, ..., z, i) Py and
Tntly -y TntT & Py. We do not considerthe classicdetection
problemof decidingwhetherP, = P; or not; instead,we concen-
trateon the relateddetectionproblembasedon the comparisonfor
agiven ), of Co(A\) andC1(X), asin [3, Section4]. We therefore
implementthefollowing hypothesigest,for threshold::

{ HypothesisHo :  da(Con (), Crr(V) < t; (23)

HypothesisH: :  da(Con(N),Ci,r (X)) > t.

with Ho thenull hypothesisandwhereCy . (A) (resp. Cy.r(\)) is
the estimateof the Q-MMS with Py-measurgresp. Pi-measure\
basednthelearningset{z1,...,zn} (resp.{zn+1,...,Tn+1}).

Theabore procedureenableshangeadetectionvia the tuning of
A. Thetestreplaceshe comparisorof the unknown measures?,
and P; with acomparisa of MMSs. A slightly modifiedversionof
this testwassuccessfullyappliedto musicsegmentatiorof complex
audiosignals se€[2].

In theremaindeof this Section we comparehe performancef
kernel-basedMS (1-classSVM) changedetectiorto a particlefil-
ter basedGeneralized.ikelihoodRatio (GLR) approach.Thetime-
serieswe consideris definedby the populartoy nonlinearmodel:

T; = %xi_l + alli;ﬁ +8cos(1.2(i — 1)) + wi—1 (24)

2
Yi = A2x; + Vi1

with w; ~ A(0,0.1) andv; ~ N(0,1). Both approachesreused
to detectchangesin the time-seriesfor 500 realizationsof w; and
v;; in thefirst 250 signals thereis a changeattime instantT in the
model parameterswith a; jumping from 25 to 12.5, andas from
0.05 to 0.1035. The other 250 signalsare keptwith a; = 25 and
a2 = 0.05.

The two approachesre tunedasfollows. The MMS methal
usessettingsdescribedn see[2] where the spaceX’ derivesfrom
the Gaussiarwindow (length 51 points) Spectrogranof {y;}, for
i = 1,2,.... 51. Eachz; is sub-imagemadeof 25 consecutie
spectrograntolumns;the learningsetssizesaren = T' = 10. The
v 1-classSVM parameterarev = 0.5 ando = 25 for kernel
width. The particlefilter GLR is giventhe correctmodelandtuned
asin [13]. Figure 2 plots the ROC curves (true alarmsvs. false
alarms).Both methodshave goodperformanceasconfirmedby the
estimatedchangdime instantshistograms.

o
©

o
@

True alarm rate

0.4
03 II 1
0 0.1 v
False alarm rate

Fig. 2. ROC curves(left) andhistogramsof estimatecchangetime

instantsfor MMS-basedapproach(solid, andtop right) andparticle

filtering basedGLR (dashandbottomright). MMS-basedapproach
andthe particlefilter GLR bothperformvery accurately

6. CONCLUSION AND PERSPECTIVES

In this paper we recallfundamentalgoncerningIMSs andpresent
resultsincluding estimation connectionwith 1-classSVMs, the-

oretical justification for MMS novelty detection. The application
to chang detection thoughimplementinga suboptimalhypothesis
test,yieldsbetterperformanceon a highly nonlineartime serieghan

a particlefilter GLR usingthe correctmodel. Short-termperspec-
tivesincludethe applicationof MMSs to the problemof defininga

kernelbetweenfinite setsof vectorsaswell asthe improvementof

first goodresultsobtainedfor changedetectionin musicsignals.
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