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Abstract—We show that successive cancellation list decoding

can be formulated exclusively using log-likelihood ratios In
addition to numerical stability, the log-likelihood ratio based
formulation has useful properties which simplify the sorting step
involved in successive cancellation list decoding. We praoge a
hardware architecture of the successive cancellation listecoder
in the log-likelihood ratio domain which, compared to a log-
likelihood domain implementation, requires less irregula and
smaller memories. This simplification together with the gans in
the metric sorter, lead to 56% to 137% higher throughput per
unit area than other recently proposed architectures. We tlen
evaluate the empirical performance of the CRC-aided succs#ve
cancellation list decoder at different list sizes using dferent
CRCs and conclude that it is important to adapt the CRC
length to the list size in order to achieve the best error-ra¢
performance of concatenated polar codes. Finally, we synésize
conventional successive cancellation decoders at large obk-
lengths with the same block-error probability as our proposed
CRC-aided successive cancellation list decoders to demadrage
that, while our decoders have slightly lower throughput and
larger area, they have a significantly smaller decoding latecy.

Index Terms—Successive Cancellation List Decoder, CRC-
Aided Successive Cancellation List Decoder, Successive rcal-
lation Decoder, Polar Codes, Hardware Implementation

I. INTRODUCTION

Even though the block-error probability of polar codes
under SC decoding decays roughly Iikk{Q—W) as a func-
tion of the block-lengthV [14], they do not perform well
at low-to-moderate block-lengths. This is to a certain eite
due to the sub-optimality of the SC decoding algorithm. To
partially compensate for this sub-optimality, Tal and \Ward
proposed the successive cancellation list (SCL) decodes#h
computational complexity is shown to scale identically lie t
SC decoder with respect to the block-lendthl|[15].

SCL decoding not only improves the block-error probability
of polar codes, but also enables one to usedified polar
codes[16], [17] which are constructed by concatenating a
polar code with a cyclic redundancy check (CRC) code
as an outer code. Adding the CRC increases neither the
computational complexity of the encoder nor that of the
decoder by a notable amount, while reducing the block-error
probability significantly, making the error-rate perfomca of
the modified polar codes under SCL decoding comparable
to the state-of-the-art LDPC codes [16]. [n][18] an adaptive
variant of the CRC-aided SCL decoder is proposed in order to
further improve the block-error probability of modified pol
codes while maintaining the average decoding complexity at
a moderate level.

The SCL decoding algorithm in [15] is described in terms of

N his seminal work([1], Arikan constructed the first clastikelihoods. Unfortunately, computations with likelihde are
of error correcting codes that can achieve the Capacwmerlcall_y unstable as they are prone to underflows. Imtece
of any symmetric binary-input discrete memoryless chanrgirdware implementations of the SCL decoder [19]-[23] the

(B-DMC) with efficient encodingand decodingalgorithms

stability problem was solved by using log-likelihoods (Ls

based orchannel polarizationin particular, Arikan proposed However, the use of LLs creates other important problems,
a low-complexity successive cancellation (SC) decoder afiCh as an irregular memory with varying number of bits

proved that the block-error probability giolar codesunder

per word, as well as large processing elements, making these

SC decoding vanishes as their block-length increases. The @ecoders still inefficient in terms of area and throughput.
decoder is attractive from an implementation perspective d

to its highly s_tructured nature. Several hardware archites Contributions and Paper Outline

for SC decoding of polar codes have recently been presemted i

the literature([2]-[8], the first SC decoder ASIC was presdnt

After a background review of polar codes and SCL decoding

in [9], and simplifications of Arikan’s original SC decoding” Sectiorll), in Sectiof Tl we prove that the SCL decoding

algorithm are studied ir_[10]=[13].
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algorithm can be formulated exclusively in thag-likelihood
ratio (LLR) domain, thus enabling area-efficient and numeri-
cally stable implementation of SCL decoding. We discuss our
SCL decoder hardware architecture in Sedfioh IV and lewerag
some useful properties of the LLR-based formulation in orde
to prune the radix2L sorter (implementing the sorting step
of SCL decoding) used i _[19]. [24] by avoiding unnecessary
comparisons in SectionlV. Next, in Sectibn] VI we see that
the LLR-based implementation leads to a significant reduacti
of the size of our previous hardware architecturel [19], as
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well as to an increase of its maximum operating frequencds,, is the bit-reversal permutatinﬂh.

We also compare our decoder with the recent SCL decodelf X is transmitted viaV independent uses of the B-DMC

architectures o1 [22]/[23] and show that our decoder carehai#’ : X — ), whereX = {0,1} is the input alphabet and

more than100% higher throughput per unit area than thos&/ (y|z) is the probability distribution function of the output

architectures. letterY” € Y whenx is transmitted, the conditional distribution
Besides the implementation gains, it is noteworthy thattmosf the output vectol” € Y is

processing blocks in practical receivers process the duata i N1

the form .of LLRs. Therefore_, the L!_R—based SCL de.coder WN(ylz) 2 Pr]Y = y|X =z = H Wyilz:), (2)

can readily be incorporated into existing systems while the =0

LL-based decoders would require extra processing stages, to . L

convert the channel LLRs into LLs. In fairness, we note thég v E..XN andy € . .Equwalently, the distribution of

one particular advantage of LL-based SCL decoders is t tcondmoned o{U =u} is

the glgorithmic simplifications of []..0]‘.—[1_3] can readily be Wi (ylu) £ PrlY = y|U = u| = WY (y|Gu), (3)

applied to the SCL decoder [25], while in order to apply those . .

simplifications to an LLR-based SCL decoder one has to rd§f 7 € AN andvy € YN with WN(y|z) asin 2B

on approximatioanG]_ ‘SyntheSize,N B-DMCs, Wéz),l c [[N]] by deflnlngW,El)
Finally, we show that a CRC-aided SCL decoder can (& the B-DMC whose input i#/; and whose output is the

implemented by incorporating a CRC unit into our decodefector of physical channel outpus together with all pre-

with almost no additional hardware cost, in order to achie®®ding elements ab/, U;, * as side information, considering

significantly lower block-error probabilities. As we wiles, all following elements ofJ as i.i.d. Bernoulli noise. Thus, the

for a fixed information rate, the choice of CRC length i&ansition probabilities ofVi” - X — Y x X are

critical in the design of the modified polar code to be decoded @ i1 A 1

by a CRC-aided SCL decoder. In Section VI-E we provide "Vn (Y up |ui) = Z WWN(MU)' (4)

simulation results showing that for small list sizes a short ullexN il

CRC will imprc_)ve the performa_nce of SCL decoder while arkan shows that as, —s s, these synthetic channels

larger CRCs will even degrade its performance compared ﬁelarize to ‘easy-to-use’ B-DMCs[[1, Theorem 1]. That is,

a standard polar code. As the list size gets larger, one Gaexcept a vanishing fraction of them will be either almost

increase the length of CRC in order to achieve considerabfyiseless channels (whose output is almost a deterministic

lower block-error probabilities. function of the input) or useless channels (whose output is
An interesting question, which is, to the best of our knowlymost statistically independent of the input). Furtherenthe

edge, still unaddressed in the literature, is whether iteiie  fraction of almost-noiseless channels is equal to the symime

to use SC decoding with long polar codes or SCL decodir@pacity of the underlying channel—the highest rate at whic

with short polar codes. In Sectign VIl we study two examplegjiable communication is possible throuh when the input

of long polar codes that have the same block-error prottgbilietters {0, 1} are used with equal frequendy [27].
under SC decoding as ot024,512) modified polar codes o
under CRC-aided SCL decoding and compare the synthesis _ . .
results of the corresponding decoders. & Polar Codes and Successive Cancellation Decoding
Having transformedV identical copies of a ‘moderate’ B-
DMC W into N ‘extremal’ B-DMCs W,\" i ¢ [N], Arkan

constructs capacity-achievingplar codesby exploiting the

Notation: Throughout this paper, boldface letters deno@lmost—noiseless channels to communicate informatian bit

vectors. The elements of a vecterare denoted by:; and 1) Polar Coding: In order to construct a polar code of rate
2" means the sub-vectdr;, zy 1, ..., 2] if m > | and R and block lengthNv for a channell/, the indices of the

the null vector otherwise. If = {iy,is,...} is an ordered VR least noisy synthetic channdlg”, i € [N] are selected
set of indicesz7 denotes the sub-vectér;,,z;,,...]7. For &S themformauon indices denoted byél_ C [N]. The sub-
a positive integerm, [m] £ {0,1,---,m — 1}. If S is Vectorua will be set to theNR data_l bl_ts to be sent to the
a countable set/S| denotes its cardinalitylog(-) andIn(-) eceiver anduz, whereF = [N]\ A, is fixed to somerozen
denote base-and natural logarithm respectively. We followvector which is known to the receiver. The vecteris then
the standard coding theory notation and denote a code &coded to the codeword through [1) usingO(N log NV)
block-lengthV and rateX as an (N, K) code.” plnary additions (cf.[[1, Section VII]) and transmitted
For N = 2", n > 1, let U be a uniformly distributed independent uses of the chanfiel .
random vector if{0, 1} and suppose the random vecre The receiver observes the chann_el output vegtand esti-
{0,1}~ is computed froniJ through the linear transform mates the elements of the, successivelgs follows: Suppose

Il. BACKGROUND

®n 1Let v andu be two lengthN = 2™ vectors and index their elements using
] B,,, (1) binary sequences of length, (b1,b2,...,bn) € {0,1}". Thenv = Bru
iff U(by,bg,..., br) = U(by by —1,..0,b1) for V(bh ba,..., bn) S {0, 1}".
2Following the convention in probability theory, we dendte realizations
where®n denotes theith Kronecker power of the matrix andof the random vectoré/, X, andY aswu, x, andy respectively.

11

_ N
X =G,U, where G, = {0 1
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the information indices are ordered ds= {i1,i2,...,iyr} decision LLRs[(¥) can be computed via the recursions,
(wherei; < ijﬂ_). Ha_lving the_ channel output, the receiver L@ _ (L(Qi’[i mod 2°71)) | (2°+2i~[i mod 2° 71]))
has all the required information to decode the input of the “s —\Fs—1 sl

synthetic channel{"") as i;,, as, in particularul ~' is a L&D = f+(|_g{i1*[i mod QHD’ Lg{;ﬂ”*[l mod 2°7 1})7ug2i))’

part of the known sub-vectar . Since this synthetic channel 5 5

is assumed to be almost-noiseless by constructign= u;, fors=n,n—1,...,1, wheref_: R® — R and f,. : R®
with high probability. Subsequently, the decoder can pedcel?: 1} — R are defined as

to indexi, as the information required for decoding the input N e84 1

of W,Ei” is now available. Once again, this estimation is with f-(a,B) = m( e 1+ B )’ (8a)
high probability error-free. As detailed in Algorithid 1,ish Fila, Byu) 2 (=1)“a+ B, (8b)

process is continued until all the information bits haverbee
estimated. respectively. The recursions terminatesat 0 where

L) 2 1n(7WEZI(1)§) Vi € [N],

arechannel LLRsThepartial sumsu’” are computed starting

Algorithm 1: SC Decoding([1].

1 fori=0,1,...,N —1do
if i ¢ A then Il frozen bits

2
3 | u; from u$) 2 @;, Vi € [N] and setting
4 eIseA " //A LTf ormation bits (2i—[i mod 2°71)) _ 420 g 42D
5 L l; < argmaxy, e (0,1} Wn' (¥, @y~ |ui); s—1 Us s ’
(2 +2i—[i mod 2°~ 1]) (2i+1)
6 return w4 ; Us_1 Ug )
fors=n,n—1,...,1.

) ) Therefore, the entire set ofNlog N LLRs L(Z €
2) SC Decoding as a Greedy Tree Search Algorithrat {1,...,n},i € [N] can be computed usmg)(NlogN)

updates since from each pair of LLRs atages, a pair of
LLRs at stages + 1 is calculated usingf_ and f, update
denote the set oBNE possible lengthV vectors that the rules (see Figur‘_é] 1). Addi(tli_g)nally the decoder must keegktra
transmitter can send. The elementsl¢fiur) are in one-to- Of NVlog N partial sumsu,”, s € [n],i € [N] and update
one correspondence with'® leaves of a binary tree of heightthem after decoding each bit.

N the leaves are constrained to be reached from the root by

following the directionu; at all levelsi € F. Therefore, any [1© e-oovoisf 1O Jgooiioo[ O ]goiine, m

Uur) 2 {ve XN vy =ur} (5)

decoding procedure is essentially equivalent to pickinmatn

from the root to one of these leaves on the binary tree. < ,¢

In particular, an optimal ML decoder, associates each path AR ,' @
with its likelihood (or any otherpath metric which is a 35 Q s .’ 2

monotone function of the likelihood) and picks the path that
maximizes this metric by exploringll possible paths: 3 / \

Lg4>

UML = arg MaXyey(ur) Wn(Y|v). (6)

0 = 8beis — sy |lauuey)d

Decision LLRs —

Clearly such an optimization problem is computationally |n
feasible as the number of path¥,(u £)|, grows exponentially
with the block-lengthV.

The SC decoder, in contrast, finds a sub-optimal solution by
maximizing the likelihood via greedyone-time-pass through
the tree: starting from the root, at each lewvel A, the decoder

extends the eXIStlng path by pICklng the child that maxmlzq:,g 1. The butterfly computational structure of the SC decddr n = 3;
the partial likelihood Wn (v, '&6 1|Uz) blue and orange arrows shaofi. and £, updates respectively.

3) Decoding Complexity: The computational task of .
thez_)SC decoder is to calculate the pairs of likelihooddemark.it can easily be checked that (cf! [2])
Wi (y, aly M ui), ui € {0,1} needed for the decisions in ~ f_ (o, B) 2 sign() sign(8) min{|a
line B of Algorithm[1. Since the decisions are binary, it is f-{oB) = j—(e, ) gn(a) sign() e 1813,

sufficient to compute thdecision log-likelihood ratios (LLRs) Where f_ is a ‘hardware-friendly’ function as it involves
only the easy-to-implementin{-, -} operation (compared to

W(i)( Ai—1|0) f— which involves exponentiations and logarithms). For a
LG &y (=2 YT T i € [N] @) i i
W 1)( Ai71|1) ‘ hardware implementation of the SC decoder the update rule
oY, o f— is replaced byf_. Given f,, such an approximation is

It can be shown (se€[1, Section VII] andl [2]) that th&alled the “min-sum approximation” of the decoder.
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B. Successive Cancellation List Decoding C. CRC-Aided Successive Cancellation List Decoder

The successive cancellation list (SCgcoding algorithm, !N an extended version of their work [16], Tal and Vardy
introduced in [[15], converts the greedy one-time-passci;\eanserve that when the SCL d.ecoder fa|ls, in most of the cases,
of SC decoding into a breadth-first search under a complexffift correct path (corresponding i) is among thel paths
constraint in the following way: At each levele A, instead 1€ decoder has ended up with. The decoding error happens
of extending the path in only one direction, the decod&"c® there exists gnother more Ilkely path Whl_ch is setbcte
is duplicated in two paralledecoding threadscontinuing " line [19 of Algorithm[2 (note that in such situations the
in either possible direction. However, in order to avoid thil decoder would also fail). They, hence, conclude that the
exponential growth of the number of decoding threads, B§rformance of polar codes would be significantly improved
soon as the number of parallel decoding threads reaches' the decoder were assisted for its final choice.
at each step € A, only L threads corresponding tHemost  Such an assistance can be realized by addingpre non-
likely paths (out of2L tentatives) are retain@dThe decoder fr0Zen bits (i.e., creating a polar code of rdte- r/N instead
eventually finishes with dst of L candidatesu[¢], ¢ € [L], of rate R) to the underlying polar code and then setting the last
corresponding td. (out of 2N') paths on the binary tree and” non-frozen bits to am-bit CRC of the firstV R information

declares the most likely of them as the final estimate. THIS (note that theeffectiveinformation rate of the code is
procedure is formalized in Algorithidl 2. Simulation resutis Unchanged). The SCL decoder, at lind 19, first discards the
[15] show that for 82048, 1024) polar code, a relatively small Paths that do not pass the CRC and then chooses the most

list size of L = 32 is sufficient to have a close-to-ML block-1Kely path among the remaining ones. Since the CRC can be
error probability. computed efficiently[[28, Chapter 7], this does not notably

increase the computational complexity of the decoder. The
empirical results of [16] show that(@048, 1024) concatenated
polar code (with al6-bit CRC) decoded using a list decoder

Algorithm 2: SC List Decoding[[15]

1 fﬁf {0(}) ;1 % Stla(;t with a single active thread  with list size of L = 32, outperforms the existing state-of-the-

2 fori=0,1,...,N —1do ; q

. it i ¢ A then /1 frozen bits art WiMAX (2304, 1152) LDPC code [29]

4 | @ll] « w; for Ve € L; Remark. According to [30], the empirical results of [16]

5 else /1 information bits on the CRC-aided successive cancellation list decoder (CA-
6 if |€‘|or<e§:ktnh£eg L‘,/d/o duplicate all the threads  gCLD) are obtained using @048, 1040) (outer) polar code

7 . . . .

. | duplicatePath(¢); with the last16 unfrozen bits being the CRC of the first

1024 information bits and the results on the non-CRC aided

° else @) it (standard) SCL decoder are obtained using2e48,1024)

10 gr?(;nvpuzlfé’“; Wa'(y, o [f]u), forve € £ polar code—both having an effective information rate lof

1 ;e tlktue median oRZL numbersP; .; In [17], [20], [23] the CA-SCLD is realized by keeping the
12 foreach ¢ € £ such thatPyo < 7 and Pp,; < 7 do number of non-frozen bits fixed and setting the lastf them

13 | Kill the thread? and setl «+ £\ {¢}; to the CRC of the precediny R — r information bits. This

14 for ¢ € £ do reduces the effective information rate of the code and makes
15 if P, > 7 while Py g1 < 7 then the comparison between the SCLD and the CA-SCLD uBfair.
16 | all] < w;

1; efeduplicaiépzfr:(};);})w and Py, are 27 I1l. LLR-BASED PATH METRIC COMPUTATION

L Algorithms[d andR are both valid high-level descriptions
- of SC and SCL decoding, respectively. However, for imple-
19 L7 arg maxeer WM (y, a0 an(e); menting these algorithms, the stability of the computation
20 retum @4 [f"]; is crucial. Both algorithms summarized in Sectibh Il are

21 subroutine duplicatePath(¢) . . - - .
2 Copy the thread into a new thread’ ¢ L£: described in terms of likelihoods which amet safe quantities

03 LeLuiry to work with; a decoder implemented using the likelihoods is
24 wll] « 0; prone to underflow errors as they are typically tiny num@ers.
25 w[l'] « 1; Considering the binary tree picture that we provided in Sec-

tion =A2] the decision LLRL.(" (@) summarize all the nec-

essary information for choosing the most likely child among
While a naive implementation of SCL decoder would havevo children of the same parent at levielin Section1-A3

a decoding complexity of at leaS(L - N?) (due to©(L-N) we saw that having this type of decisions in the conventional

duplicationsof data structures of siz&(N) in lines[8 and I8 SC decoder allows us to implement the computations in the

of Algorithm [2), a clever choice of data structures togeth&LR domain using numerically stable operations. However, i

with the recursive nature of computations enables the asith¢ghe SCL decoder, the problem is to choose fhenost likely
of [15] to use a copy-on-write mechanism and implement the

decoder inO(L - Nlog N) complexity. 4In [18] this discrepancy is not clarified. However, this wddcuses only
on CA-SCLD without comparison of the performance of a SCLDat€A-
SCLD.

3Although it is not necessary, is normally a power of2 5As noticed in[[16], it is not difficult to see thavéi)(y,ué’l\ui) <277,
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children out of2L children of L different parents (line6_10 Algorithm 3: LLR-based formulation of SCL Decoding
to [18 of Algorithm[2). For these comparisons the decision ; {0} ; /] start with a single active thread
log-likelihood ratios L) alone are not sufficient. 2 PM” «0;

Consequently, the software implementation of the decoderfor i: 0,1,...,N—1do

in [15] implements the decoder in the likelihood domain | ComputeL’[¢] for V¢ e £ ;// parallel SC decoders
by rewriting the recursions of Sectién 1I-A3 for computings | if i ¢ Athen _ 11 frozen bits
() ~i-1 e 6 (a:[€), PMS) < (i, (PMS™ LD [€], i) for
pairs of likelihoodsW, "’ (y, g ~|u;), u; € {0,1} from pairs it} FMy i ¢ o bnllE], U
of channel I|keI|hoodsW(yz|xl) xz; € {0,1},7 € [N]. To | vee L {1 inf /1 cf. g.m)
id underflows, at each intermediate step of the updages th ase i—1) | (i rmtormation bits
avol SetPy, « ¢(PMS™Y LY w) for e € £ and
likelihoods are scaled by a common factor such tRaj, in Vu e {0,1} ; /1 cf (TIB)
line[T0 of Algorithm(2 is proportional t&V (y, @, '[¢]|u) [16]. o if |£| < Lthen // duplicate all the threads

Alternatively, such a normalization step can be avoided foreach £ € £ do
by performing the computations in the log-likelihood (LL}* | duplicatePath(¢);
domain, i.e., by computing the pails (an) (y. @' ), 12 else . '

u € {0,1} for i € [N] as a function of channel log-likelihood™? 7 « the median ORI, numbersr..;

- ) > 14 foreach £ € £ such thatP,, > 7 and P,;; > 7 do
pairsin(W (y;|z;)), z; € {0,1},i € [N] [19]. Log-likelihoods . | Kill the thread and setC + £\ {¢};
provide some numerical stability, but still involve somsues

d to the log-likelihooda hall di for £ € £ do
compared to the log-likelihoodhatios as we shall discuss |n it Pou > 7 while Py 1 < 7 then
Section1V. | (@i[ﬁLPMy))  (u, Pry);

Luckily, we shall see that the decoding paths can still be else Il both Py and P, are <7
ordered according to their likelihoods using all of the past | duplicatePath(¢);
decision LLRsL{, j € {0,1---,4} and the trajectory of L

each path as summarized in the following theorem. , 9%
21 £* < arg minges PM,/;

Theorem 1. For each path/ and each level € [N] let the 22 retum @[¢"];

path-metricbe defined as: 23 subroutine duplicatePath(¢)
24 Copy the thread into a new thread’ ¢ £;

| i ) " 25 L LU{l},
PM{” 23 (14 -2 LII) - (10) 26 | (aslt], PMI) < (0, Pro);
=0 2 | (l¢),PM)) — (1, Pra);

where

L[] = In (Wé” (y,a“[enm)
" Wi (y, ' [e]|1) Before proving Theoreni]l let us provide an intuitive
interpretation of our metric. Since
is the log-likelihood ratio of bitu; given the channel output
y and the past trajectory of the patia;, " [¢]. ) o )0 if <0,
If all the information bits are uniformly distributed if0, 1}, n(l+e”) ~ z if x>0,

for any pair of paths/y, 4o,
the update ruld(11) is well-approximated if we replaceith

WD (y, @' 0] as]01]) < WD (y, @' [0a]]4s]Ls]) ¢:R2 x {0,1} — R, defined as
if and only if ~ if uw= 2[1—sign(\)],
(i) () Sl Au) 23" .2[ su()] (12)
PM,’ > PM,”. p+|A|  otherwise.

In view of TheorentlL, one can implement the SCL decod@¥e also note thak [1 — sign(L};’ [£])] is the direction that the
using L parallel low-complexityand stableLLR-based SC || R (given the past trajectoryi;; [¢]) suggests. This is the
decoders as the underlying building blocks and, in additiogame decision that a SC decoder would have taken if it was to
keep track ofL path-metrics. The metrics can be updategstimate the value af; at stepi given the past set of decisions
successively as the decoder proceeds by setting @, '[¢] (cf. line[8 in Algorithm[d). Equation{12) shows that
|f at stepi the /th path does not follow the direction suggested
by L [4] it will be penalized by an amount |L5§> []).

Having such an interpretation, one might immediately con-
clude that the path that SC decoder would follow will always

G, A u) & p+1n(1 + e—(1—2u)k)_ (11b) have the lowest penalty hence is always declared as thetc_)u_tpu
of the SCL decoder. So why should the SCL decoder exhibit a
As shown in Algorithni B, the paths can be compared based loetter performance compared to the SC decoder? The answer
their likelihood using the values of the associated patirioget is that such a reasoning is correct onlyaif the elements of
u are information bits. As soon as the decoder encounters a

MY = o(PM; TV L[, aild),  (11a)

where the function : R% x {0,1} — R is defined as
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frozen bit, the path metric is updated based on the likelihoo IV. SCL DECODERHARDWARE ARCHITECTURE

of that frozen bit, given the past trajectory of the path @m&l t | his section, we show how the LLR-based path metric
a-priori known value of that bit (cf. linél6 in Algorithiial 3). \which we derived in the previous section can be exploited
This can penalize the SC path by a considerable amount, if {i€order to derive a very efficient LLR-based SCL decoder
value of that frozen bit does not agree with the LLR given thgs dqware architecture. More specifically, we give a dedaile
past trajectory (which is an indication of a preceding ee@rs gescription of each unit of our LLR-based SCL decoder ar-
decision), while keeping some other paths unpenalized.  chjtecture, which essentially consistsioparallel SC decoders

We devote the rest of this section to the proof of Thedrem dlong with a path management unit which coordinates the
tree search. Moreover, we highlight the advantages over our
previous LL-based architecture described [inl[19]. Our SCL
W (y, i) decoder (_:onsis'Fs of five units: thaemqries unjtthe metric

P 0 Y —92PrY =y computation unifMCU), the metric sorting unit the address
PriUf = up|Y = y] translation unit and thecontrol unit An overview of the SCL
decoder is shown in Figufg 2.

Lemma 1. If U; is uniformly distributed in{0, 1}, then,

Proof: SincePr[U; = u;] = 3 for Vu,; € {0,1},
A. LLR and Path Metric Quantization

All LLRs are quantized using @-bit signed uniform quan-
tizer with step size\ = 1. The path metrics are unsigned num-
bers which are quantized usid bits. Since the path metrics
are initialized to0 and, in the worst case, they are incremented
by 2@-1 —1 for each bit index, the maximum possible value

Wiy oy Mus)  PrY =y, Up = ui)
PrlUy =uplY =y] Pr[U; = w|PrlUy = ui|Y = y]
_ Pr[Y = y] Pr[Ua =ul|Y = y]
Pr[U; = u;| Pr[Uy = u}|Y = y]

=2Pr[Y =y]. &

Proof of Theorenh]1:It is sufficient to show of a path metric igV(2¢~! — 1) = 2n+Q-1 97 < on+@—1,
‘ Hence, at mosfi/ = n + @ — 1 bits are sufficient to ensure
P|\/|§l) =—In (Pr[Ué =[]y = y]) _ (13) that there will be no overflows in the path metric. In practice

any path that gets continuously harshly penalized will most

Having shown [(18), Theorefd 1 will follow as an immediatdikely be discarded. Therefore, as we will see in Seclioh VI,
corollary to Lemmdll (since the channel outguis fixed for much fewer bits are sufficient in practice for the quantaati
all decoding paths). Since the path indéss fixed on both ©f the path metrics.

sides of [[ID) we will drop it in the sequel. Let

) _ _ _ B. Metric Computation Unit
JXORES W"Z. (.45 '10) _ PrlY =y, UZ_) = “6 Ui =0] The computation of the LLRs (lingl 4 of Algorithid 3) can
" D(y,ui 1) PrlY =y, Ui =a5 ',U;=1] be fully parallelized. Consequently, the MCU consistsIof
parallel SC decoder cores which implement the SC decoding
(the last equality follows sincBr[U; = 0] = Pr[U; = 1]), and update rules and compute the decision LLRs using the
observe that showing (IL3) is equivalent to proving semi-parallel SC decoder architecture[6f [5] wittprocessing
elements (PEs). These decision LLRs are required to update

the path metric?l\/léi). Whenever the. decision LLRs have

4
1

i N \—(1—24;)) ~
PrU" = Y = y] = H(l +AP)TO) T g been computed, the MCUs wait for one clock cycle. During
I=0 this single clock cycle, the path metriéﬁ\/lgl) are updated
Since and sorted. Moreover, based on the result of metric sorting,
the partial sum, path, and pointer memories are also updated
PrlY =y, Ui ' =ai ! = Z PrlY =y, U} = @] in the same clock cycle, as (_Jles_cribed in the sequel.
4:€10,1} Each decoder core reads its input LLRs from one of the

physical LLR memory banks based on an address translation
performed by the pointer memory (described in more detail in
SectionIV-D).

=PrlY =y, Uj) = af)(1 + (A)~ (-2,

PrY =y, Uj = i)

, AN , . C. Memory Unit
= (14 AD) ) TPy =y UG = ag '] (15)

1) LLR Memory: The channel LLRs are fixed during the
decoding process of a given codeword, meaning that an SCL

Repeated application df.(15) (for—1,i —2,...,0) yields decoder requires only one copy of the channel LLRs. These

i are stored in a memory which % words deep and) P bits
PrlY =y, U} = @] = H(1+(Ag))_(1—2ﬁi))_l Pr[Y = y]. Wide. On the other hand, the internal LLRs of the intermexliat
=0 stages of the SC decoding (metric computation) process are

different for each patif € [L]. Hence we requird., physical
Dividing both sides byPr[Y = y] proves [(14). B LLR memory banks withV — 1 memory positions per bank.
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Metric Computation

|
Memory Cell
Internal LLR
Memory L
} func & stage L I
H Data In N Data Out
Channel LLR = . T
LLR In L - 7 wis Cell i
Memory MemAddr E‘ 4
w | |&TTTTRERVTTTTTTT ) Q
£ S
=
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g Partial Sum A¢ 8 —
35} Memory Lo i : | = 3
H =
2 | l i B : Codeword mO
) | ”—I—ﬁ \I\I‘[(n‘"‘)'r‘y |> 1 -l Selection o
u | ITT : I =
. || Pointer Metric |-+ ho) II
Bits Out <—=_ Path Memory 1 Memory Sorter I — . CRC Unit =
....................................................................... NRRERRRN i
Address Metric 2L Indices 2L Metrics
Translation Sorting

Fig. 2. Overview of the SCL decoder architecture. Detailgt®, s, ps, as well as the func & stage and Fig. 3. Bit-cell copying mechanism con-
MemAddr components inside the control unit, which are natcdbed in this paper, can be found in[19]. trolled by the metric sorter.
The dashed green and the dotted red line show the critichsgat L = 2 and L = 4, 8 respectively.

All LLR memories have two reads ports, so thatBIPEs can computations enables a more hardware-friendly soluti®, [1
read their twa@-bit input LLRs simultaneously. Here, registetwhere each path has its own virtual internal LLR memory,
based storage cells are used to implement all the memorighe contents of which are physically spread across all of the
2) Path Memory: The path memory consists di N-bit L LLR memory banks. The translation from virtual memory
registers, denoted bwi[¢], ¢ € [L]. When a path? needs to physical memory is done using a smpbinter memory
to be duplicated, the contents @f[¢] are copied tou[¢'], When a path/ needs to be duplicated, as with the partial
where ¢/ corresponds to an inactive path (cf. lile]l 25 oum memory, the contents of rafof the pointer memory are
Algorithm [3). The decoder is stalled for one clock cycle iropied to some row corresponding to a discarded path through
order to perform the required copy operations by mean¥ of the use ofL. x L crossbars.
L x L crossbars which connect eaét], ¢ € [L] with all
otherw[¢'], ¢ € [L]. The copy mechanism is presented i

detail in Figure 3, where we show how each memory bit-ce . ] . ) .
is controlled based on the results of the metric sorter. rAfte The metric sorting unit containspath metric memorgnd a

path¢ has been duplicated, one copy is extended with the Bith metric sorterThe path metric memory stores tiiepath
valuei,;[¢] = 0, while the other is updated with;[¢'] = 1 (cf. Metrics Pl\/Iél) using M bits of quantization for each metric.
lines[26 and 27 of Algorithril3). In order to find the median at each bit index (line

3) Partial Sum Memory:The partial sum memory consistsof Algorithm[3), the path metric sorter sorts taé candidate
of L PSNs, where each PSN is implemented asin [5]. Wh@dth metrics?, u, £ € [L], u € {0,1} (line[8 of Algorithml[3).
a path/ € [L] needs to be duplicated, the contents of thEhe path metric sorter takes thé, path metrics as an input
PSN ¢ are copied to another PSK, where ¢’ corresponds and produces the sorted path metrics, as well as the path
to an inactive path (cf. linE 25 of Algorithi] 3). Copying isindices? and bit values: which correspond to the sorted path
performed in parallel with the copy of the path memory in E1etrics as an output. Since decoding can not continue before
single clock cycle by usingV L x L crossbars which connectthe surviving paths have been selected, the metric sorter is
each PSN e [L] with all other PSNg”’ € [L]. If PSN/ was crucial component of the SCL decoder. Hence, we will discuss
duplicated, one copy is updated with the bit vatué/] = 0, the sorter architecture in more detail in Secfign V.
while the other copy is updated with;[¢'] = 1. If a single
copy of PSNZ was kept, then this copy is updated with the control Unit
value of@;[¢] that corresponds to the surviving path.

. Metric Sorting Unit

The control unit generates all memory read and write
. ) addresses as inl[5]. Moreover, the control unit contains the
D. Address Translation Unit codeword selection unit and the optional CRC unit.

The copy-on-write mechanism used In[15] (which is fully The CRC unit containd, r-bit CRC memories, where
applicable to LLRs) is sufficient to ensure that the decoding the number of CRC bits. A bit-serial implementation of a
complexity isO(LN log N), but it is not ideal for a hardware CRC computation unit is very efficient in terms of area and
implementation as, due to the recursive implementation péth delay, but it requires a large number of clock cycles to
the computations, it still requires copying the internalRd. produce the checksum. However, this computation delay is
which is costly in terms of power, decoding latency, anasiti masked by the bit-serial nature of the SCL decoder itself and
area. On the other hand, a sequential implementation of tiheis, has no impact on the number of clock cycles required
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to decode each codeword. Before decoding each codeword, 1
all CRC memories are initialized te-bit all-zero vectors. For 4-to-2 MUX |
each;[¢], i € A, the CRC unit is activated to update the
CRC values. When decoding finishes, the CRC unit declarg¢s
which paths € [L] pass the CRC. When a path is duplicated
the corresponding CRC memory is copied by means &fL
crossbars (like the partial sums and the path memory).

If the CRC unit is present, the codeword selection unit
selects the most likely path (i.e., the path with the lowest
metric) out of the paths that pass the CRC. Otherwise, the
codeword selection unit simply chooses the most likely path

(a) Full Radix2L Sorter (b) Pruned Radix2L Sorter

G. Clock Cycles Per Codeword Fig. 4. Radix2L sorters forL = 2

Let the total number of cycles required for metric sorting
at all information indices € 4 be denoted byDys(A). As To this end, we note that theL real numbers that have
we will see in Sectiof V-IC, the sorting latency depends on the be sorted in liné_13 of Algorithrill 3 are not arbitrary; half
number of information bits and may depend on the pattern of them are the previously existing path-metrics (which can
frozen and information bits as well (both of these paransetdre assumed to be already sorted as a result of decoding the
can be deduced gived). Then, our SCL decoder requires preceding information bit) and the rest are obtained by rsgidi
N N positive real values (the absolute value of the correspandi
Dscrn (N, P, A) = 2N + = log — + Dys(A) (16) LLRs) to the existing path metrics. Moreover, we do not need
P ap to sortall these2L potential path metrics; a sorted list of the
cycles to decode each codeword. L smallest path metrics is sufficient.
Hence, the sorting task of the SCL decoder can be formal-

H. Advantages Over LL-based SCL Decoder Implementati#¢d as follows: Given a sorted list df numbers

The LLs in the SCL decoders of _[19]-[23] are all posi- o <py <---<ppoa
tive numbers and the corresponding LL-domain update rules

involve only additions and comparisons. This means that, gs,lt'?t of size2L, m = [mo,m1,--- ,mar—1] is created by
decoding progresses through the decoding stages, the dyna?’ﬁ Ing
range of the LLs is increased. Thus, in order to avoid catas- my, ==y, and mopyq := pe + ay, ¢e[L],

trophic overflows, all LLs in stage are quantized usin@ + s ) ]
bits. In the LLR-based implementation of this paper, the sLRVherea, > 0, for v/ € [L]. The problem is to find a sorted
of all stages can be quantized using the same number of gt Of L smallest elements ofn when the elements ofn
since the update rules involve both addition and subtracti§@ve the following two properties: fatt € {0, 1,--- , L — 2},
and the dynamic range of the LLRs in different stages is
smaller than that of the LLs. This leads to a regular memory
where all elements have the same bit-width. Hence, as we will
see in Sectiof VI, using LLRs significantly reduces the total
size of the decoder. In addition, the PEs in the LL-based S@. Full Radix2L Sorter
decoder architectures of [19]. [20] must support compaitesti  The most straightforward way to solve our problem is to
with a much larger bit-width than the ones in our LLR-basesbrt the listrn up to theL-th element. This can be done using
SCL decoder architecture. Moreover, it turns out that tht paa simple extension of the radixE sorter described in [31],
metric in the LLR-based decoder can be quantized using mughich blindly compares every pair of elemerits,, m, ) and
fewer bits than in the LL-based decoder, hence decreasthgn combines the results to find the fifssmallest elements.
the delay and the size of the comparators in the metfitis is the solution we used ifi [19], which requiré%b) =
sorting unit. Finally, the LLR-based formulation enables ur (2L — 1) comparators together with 2L-to-1 multiplexers
to significantly simplify the metric sorter, as explainedtie (see Figur¢ 4a). Theorting logiccombines the results of all
following section. comparators in order to generate the control signal for the
multiplexers (cf. [31] for details). The maximum path delay
V. SIMPLIFIED SORTER of the radix2L sorter is mainly determined by the complexity
of the sorting logic, which in turn depends on the number of
(t:omparator results that need to be processed.

mae < Mo(ry1), (17a)
maog < Mopy1. (17b)

For large list sizes If > 4), the maximum (critical)
delay path passes through the metric sorter, thus redulceng
maximum operating frequency of the decoder!inl[18],] [24]. _

It turns out that the LLR-based path metric we introduceg: Pruned RadigL Sorter
in Theoren{L has some properties (which the LL-based pathThepruned radix2L sorter presented in this section reduces
metric lacks) that can be used to simplify the sorting task. the complexity of the sorting logic of the rad& sorter



BALATSOUKAS-STIMMING et al.. LLR-BASED SUCCESSIVE CANCELLATION LIST DECODING OF POLARODES 9

and, thus, also the maximum path delay, by eliminating sorfie Latency of Metric Sorting
pai_rwise comparisons whose results are either already Know \\,e assume that the sorting procedure is carried out in a
or irrelevant. single clock cycle. A decoder based on the full raglixsorter,

Proposition 1. It is sufficient to use a pruned radidt sorter ©Only needs to sort the path metrics for the information iegic
that involves only L — 1)2 comparators to find thé smallest Nence, the total sorting latency of such an implementasgon i
elements oin. This sorter is obtained by Dus(A) = |A| = NR cycles (18)

(a) removing the comparisons between every even-indexed . , . .
element ofm and all following elements, and Using the pruned radi2d sorter, additional sorting steps

b) removina the comparisons betw: . and all other &€ required at the end of each contiguous set of froz_enéﬂdic
(b) elementg ofn P CenL—1 Let Fiz(A) denote the number aflustersof frozen bits for

' a given information sett§ The metric sorting latency using
Proof: Properties[(17a) and (1I7b) imphyo, < me for  the pruned radigL sorter is then

V¢’ > 2¢. Hence, the outputs of these comparators are known.
Furthermore, as we only need the fifstelements of the list Dus(A) = [Al + Fo(A) = NR + Fo(A) cycles  (19)

sorted andmsy,_; is never among thd. smallest elements

of m, we can always replaces;,_1 by +oo (pretending the V1. IMPLEMENTATION RESULTS
result of the comparisons involvings, 1 is known) without In this section, we present synthesis results for our SCL
affecting the output of the sorter. decoder architecture. For fair comparison withl[23], we ase

In step (a) we have removeEf;01(2L —1-2¢) = L?* TSMC 90 nm technology with a typical timing libraryl(V
comparators and in step (b). — 1) comparators (note that in supply voltage25°C operating temperature) and our decoder
the full sorterms;,_; is compared to al(2L — 1) preceding of [19] is re-synthesized using this technology. All syrsise
elements bufl of them correspond to even-indexed elementsins are performed with timing constraints that are notechi
whose corresponding comparators have already been remosklg, in order to assess the maximum achievable operating
in step (a)). Hence we havg2L—1)—L?—(L—1) = (L—1)? frequency of each design, as reported by the synthesis tool.
comparators. m For our synthesis results, we have usBd= 64 PEs per

Besides thé L —1)? comparators, the pruned rad{; sorter SC decoder core, as inl[5]. [19]. The hardwaféiciencyis
requiresL — 1 (2L — 2)-to-1 multiplexers (see Figurie #b). defined as the throughput per unit area and it is measured in

The pruned radi2L sorter is derived based on the asMbps/mn¥. The decoding throughput of all decoders is:
sumption that the existing path metrics are already sorted. f-N
This assumption is violated when the decoder reaches the TscL(N, P A, f) = Do (N P.A)’ (20)
first frozen bit after the first cluster of information bitst a , _ SCLAT T
each frozen index, some of the path-metrics are unchang¥e€ref is the operating frequency of the decoder. _
and some are increased by an amount equal to the absolutd/e first compare the LLR-based decoder of this work with
value of the LLR. In order for the assumption to hold wheRU Previous LL-based _decoder |_19]_, in order to demonstrate
the decoder reaches the next cluster of information bies/th the improvements obtained by moving to an LLR-based for-
existing path metrics have to be sorted before the decodinggulation of SCL decoding. Then, we examine the effect of

this cluster starts. The existing pruned radix-sorter can be USing the pruned radi/, sorter on our LLR-based SCL
used for sortingl. arbitrary positive numbers as follows. decoder. Finally, we compare our LLR-based decoder with the

LL-based decoder of [23] (sincé [23] is an improved version
Proposition 2. Let ag, a1, ...,ar—1 be L non-negative num- of [20], we do not compare directly with [20]) and [22]. A
bers. Create a list of siz2L as direct comparison with the SCL decoders bf1[21],1[26] is
unfortunately not possible, as the authors do not repoit the
synthesis results in terms of mMmFinally, we provide some
Feeding this list to the pruned radiXZ sorter will result in discussion on the effectiveness of a CA-SCLD.
an output list of the form

b = [07a0107a17 .o '107aL—21aL—la +OO]

A. Quantization Parameters

In Figure[®, we present the FER of floating-point and fixed-
point implementations of an LL-based and an LLR-based SCL
whereayy < agy < -+ < a(z_1 is the ordered permutation decoder for &1024,512) polar code as a function of SNR.
of ap,as,...,ar—1. For the floating-point simulations we have used the exact

Proof: It is clear that the assumptions (17a) am1765nplementatlon of the decoder, i.e., for computing the LLRs
hold for_b. _The pr_o_of of Propositionl1 shows if the last element ¢ More precisely we assume — (J7¢() 7, such that () NFy =0
of the list is additionally known to be the largest elemeh& t it ; » ;7 je. {7, :j=1,..., Fo(A)} is a partition ofF; (ii) for every ,
pruned radix2L sorter sorts the entire list. W 7 is acontiguous subset §V]; and (iii) for every pairj # j', F; UF; is
Note that while the same comparator network of a prungfl :ygogfig?so:ijlij:iﬁiaﬁgﬂ' It can be easily checked that such a partition
radix-2L sorter is used for sortingg numbers,, separatel.- '

) ] i “The code is optimized foi,/Ng = 2dB and constructed using the
to-1 multiplexers are required to output the sorted list. Monte-Carlo method of [1, Section 1X].

[070,...,0,(1(0),(1(1),...,a(L,l),—i—oo]
e —

L — 1 zeros
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; ; ‘ TABLE |
Lo-1 E:g Bzgggg,QFE)afiing-Point COMPARISONWITHLL-BASED IMPLEMENTATION
E==1L =2, LLR-based,Q = 6 LL-Based [19] LLR-Based
EZEm L = 2, LL-based,Q = 4 [19] L=2 L=4 L=8|L=2 L=4 L=328
E&=1 L = 2, Floating-Point Freq. (MHZ) 794 730 408 847 758 415
10-2 1 i Lat. (Cyc./bit) | 2.53 2.53 2.53 2.53 2.53 2.53
F i T/P (Mbps) 314 288 161 335 299 164
u . Area (mn?) 1.38 2.62 5.38 0.88 1.75 3.87
i ] Efficiency 227 110 30 380 171 42
x
W07 E
F 1 TABLE Il
[ ] CELL AREA BREAKDOWN FOR THELL-BASED AND THE RADIX-2L
I y LLR-BASEDSCL DECODERS(R = 3, N = 1024)
—4 |
10 |EE=] L = 4, LLR-based,Q = 6 LL-Based [19] LLR-Based Reduction
HEED L = 4, LL-based,Q = 4 [19] List Size L=2
{EEE2 L = 4, Floating-Point Total Area (mn?) 1.38 0.88 36%
10-5 1 L =8, LLR-based,Q = 6 Memory (mn¥) 1.07 0.80 25%
H L =8, LL-based,Q = 4 [19] MCU (mm?) 0.28 0.06 79%
[| === L = 8, Floating-Point 0 Metric Sorter (mm) | 1.34 x 10—3 0.75 x 10—3 44%
1’5 5 s 3 s \ Other (mrr?) 0.03 0.02 50%
' ) ’ List Size L=4
Ey,/Nq (dB) Total Area (mn?) 2.62 1.75 33%
Memory (mn?) 1.92 1.57 18%
2
Fig. 5. The performance of floating-point vs. fixed-point S@codersM = MCU (mm-) 0.54 _3 0-11 _3 80%
8 quantization bits are used for the path metric in fixed-p&@L decoders Metric Sorter (mrd) | 13.92 x 10 9.23 x 10 33%
' Other (mn¥) 0.15 0.06 60%
List Size L=8
Total Area (mn¥ . . 2
the update rulef_ of (8d) is used and the path metric iS  pemory (rfm;)) ZSS 322 1§Z§
iteratively updated according to (11). In contrast, for filxed- MCU (mm?) 082 018 78%
point simulations we have used the min-sum approximatiorMetric Sorter (mm) | 70.65 x 1072 54.05 x 107 24%
Other (mn?) 0.41 0.18 56%

of the decoder (i.e., replacefl. with f_ as in [9)) and the
approximated path metric update rule [of](12).

We observe that the LL-based and the LLR-based SCL hayghitectures we can specifically identify the improversent
practically indistinguishable FER performance when qzant i, yerms of area and decoding throughput that arise directly
ing the channel LLs and the channel LLRs with= 4 bits 5 the reformulation of SCL decoding in the LLR domain.
and @ = 6 bits respectively. Moreover, in our simulations | cycle count for our SCL decoder using the radix-
we observe that the performance of the LL and the LLRy; orter when decoding &1024,512) polar code is
based SCL decoder is degraded significantly wiex 6 and Dscr(N, P, A) = 2592 cycles (see[{16) and{1L8)).

@ < 4, respectively. As discussed in Section IV-A, metric £rom Taplelll, we see that our LLR-based SCL decoder
quantization requires at most = n + @ — 1 bits. However, .0\ nies36%, 33%, and 28% smaller area than our LL-

in practice, much fewer bits turn out to be sufficient. FO§,seq SCL decoder of 9] fot = 2, L — 4, and [ = 8,
example, in our simulations foiV. = 1024 and @ = 6, yegpectively. We present the area breakdown of the LL-based
setting M/ = 8 leads to the same performance as the WOrSlyq the || R-based decoders in TaBle Il in order to identify
caseM = 15, while setting ) = 7 results in a significant \ynare the area reduction mainly comes from and why the
performance degradation due to metric saturation. This, @ljative reduction in area decreases with increasing st s
synthesis results of this section are obtained@r 4 for ; 1pe memoryarea corresponds to the combined area of
the LL-based decoder of [19], ar@d = 6 and M =8 for the e | | R (or LL) memory, the partial sum memory, and the
LLR-based decoder for a fair (i.e., is0-FER) comparison. a1, memory. We observe that, in absolute terms, the most

The authors ofl[22] do not provide the FER curves fogjgnificant savings in terms of area come from the memory,
their fixed-point implementation of SCLD and the authors %here the area is reduced by up a2 mm2 for L — 8.

[23] only provide the FERs for a CA-SCLD [23, Figure 2].5, the other hand, in relative terms, the biggest savings in
Nevertheless, we assume their quantization schemes will R ms of area come from the MCU with an average area
result in a better FER performar)ce for standard SCLD reduction of79%. The relative reduction in the memory area
than that of [[19] since they both implement exactly the samg.-reases with increasing list siZe This happens because
algorithm as in[[19] (using a differertrchitecturethan [19]), gach pit-cell of the partial sum memory and the path memory
) ) ~contains L-to-L crossbars, whose size grows gquadratically
B. Gains due to LLR-based Formulation of SCL Decoding \yith L, while the LL (and LLR) memory grows only linearly

Our previous LL-based architecture 6f [19] and the LLRin size with L. Thus, the the size of the partial sum memory
based architecture with a radd: sorter presented in thisand the path memory, which are not affected by the LLR-
paper are identical except that the former uses LLs whibased reformulation, becomes more significant as the fist si
the latter uses LLRs. Therefore, by comparing these tvi®increased, and the relative reduction due to the LLRbase
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TABLE Il TABLE IV

RADIX -2L VS. PRUNED RADIX -2 SORTER METRIC SORTERDELAY AND CRITICAL PATH START- AND ENDPOINTS

FOR OURLLR-BASEDSCL DECODERUSING THERADIX-2L AND THE

Radix2L Sorter Pruned Radix2L Sorter PRUNED RADIX -2, SORTERS
L=2 L=4 L[=8|L=2 L=4 L=328 _ _

Freq. (MH2) 47 758 15 348 704 637 Radix2L Sorter Pruned Radix@L Sorter
Lat. (Cyc./bity | 2.53 253 253 | 259 259 259 L=2 L=4 L=8|L=2 L=4 L=8
T/P (Mbps) 335 299 164 328 307 246 Delay (ns) 0.50* 080 1.8 | 0.50° 054 1.09
Area (mnt) 0.88 1.75  3.87 0.9 1.78  3.85 CP Startpoint|  Rim Dy Dy Rim R Dy
Efficiency 380 171 2 364 172 64 CP Endpoint | Dy Dy Dy, Dy D Dy,

@ Note that the true delay of the pruned radik- sorter is always smaller
than the delay of the radiZ, sorter. However, forl, = 2, both sorters

formulation is decreased. Similarly, the relative redumtin meet the synthesis timing constraint, which was sel.t ns.

the metric sorter area decreases with increadindecause

the LLR-based formulation only decreases the bit-width of N ) ) .

the L(2L — 1) comparators of the radigZ sorter but it does ON the critical pgth of the decoder, whlch explains why using

not affect the size of the sorting logic, which dominates tH§€ Pruned rad2. sorter does not improve the operating

sorter area as the list size is increased. frequency of the decoder. Fdr > 4 the metric sorter does
From Tabldll, we observe that the operating frequency (arli§, N the critical path of the decoder and using the pruned

hence, the throughput) of our LLR-based decodet’is 3%, radix-2L sorter results in a significant increase in the operating

and2% higher than that of our LL-based SCL decoder of [1g]"equency of up td3%. It is interesting to note that using the

for L =2, L =4, and L = 8, respectively. pruned radix2L sorter eliminates the metric sorter completely
Due to the aforementioned improvements in area and decH@m the critical path of the decoder fdr = 4. For L = 8,

ing throughput, the LLR-based reformulation of SCL decgdirfVen the pruned radi£. sorter lies on the c_rltlcal path of the

leads to hardware decoders withi%, 55%, and40% better decoder, but the delay through the sorter is reduced(y.

hardware efficiency than the corresponding LL-based desode

of [19], for L =2, L = 4, and L = 8, respectively.

D. Comparison with LL-based SCL Decoders
C. Radix2L Sorter versus Pruned Rad& Sorter

One may expect the pruned radiX- sorter to always out-
perform the radiX2L sorter. However, the decoder equippe
with the pruned radiXL sorter needs to stall slightly more
often to perform the additional sorting steps after groups - : ,
frozen bits. In particular, 81024, 512) polar code contains e, for L = 2 we pick the SCL decoder with the radé

. orter, while forL. = 4,8, we pick the SCL decoder with
Fc(A) = 57 groups of frozen bits. Therefore, the total ' . $ .
sorting latency for the pruned radd sorter is Dys(A) — the pruned radi2L sorter. Moreover, we pick the decoders

Al + Fo(A) = 569 cycles (see[(19)). Thus, we haveWith the best hardware efficiency from [22], i.e., thierSCL

Dgcrn(N, P, A) = 2649 cycles, which is an increase Ofdecoders.
approximately2% compared to the decoder equipped with a 1) Comparison with[[23]: From Table ¥ we observe that
full radix-2L sorter. Therefore, if using the pruned radik- Our LLR-based SCL decoder has an approximatejs
does not lead to a more tha% h|gher clock frequency, the smaller area than the LL-based SCL decoder| of [23] for all
decoding throughput will actually be reduced. list sizes. Moreover, the throughput of our LLR-based SCL
As can be observed in Tadlellll, this is exactly the case fgiecoder is up ta0% higher than the throughput achieved by
L = 2, where the LLR-based SCL decoder with the prundfe LL-based SCL decoder of [23], leading td &%, 118%,
radix-2L sorter has @% lower throughput than the LLR- @nd120% better hardware efficiency fob = 2, L = 4 and
based SCL decoder with the full radd sorter. However, L = 8, respectively.
for L. > 4 the metric sorter starts to lie on the critical path 2) Comparison with[[22]: The synthesis results of [22] are
of the decoder and therefore using the pruned radixsorter given for a65nm technology, which makes a fair comparison
results in a significant increase in throughput of up&; for  difficult. Nevertheless, in order to enable as fair a conyuari
L =28. as possible, we scale the area and the frequency%ona
To provide more insight into the effect of the metric sortetechnology in Tabld_V (we have also included the original
on our SCL decoder, in TablelV we present the metric sortesults for completeness). Moreover, the authors of [22) on
delay and the critical path start- and endpoints of eachakrcoprovide synthesis results fok = 2 and L = 4. In terms
of TableIl. The critical paths fof. = 2 andL = 4,8, are also of area, we observe that our decoder is approximaighy
annotated in Figurgl2 with green dashed lines and red dotsdaller than the decoder df [22] for all list sizes. We also
lines, respectively. We denote the register of the comrollobserve that fol. = 2 our decoder has &% lower throughput
which stores the internal LLR memory read addressily. than the decoder of [22], but fdr = 4 the throughput of our
Moreover, letD;; andD), denote a register of the partial sunmdecoder i$5% higher than that of [22]. Overall, the hardware
memory and the metric memory, respectively. From Table I\éfficiency of our LLR-based SCL decoderli$5% and142%
we observe that, fol. = 2, the radix2L sorter does not lie better than that of [22] fol. = 2 and L = 4 respectively.

In Table[M, we compare our LLR-based decoder with the
L-based decoders of [23] and [22] along with our LL-
ased decoder of [19]. For the comparisons, we pick our SCL

gecoder with the best hardware efficiency for each list size,



12 SUBMITTED TO IEEE TRANSACTIONS ON SIGNAL PROCESSING IN SEEMBER 2014 — REVISED IN MARCH 2015

TABLE V
SCL DECODERSYNTHESISRESULTS(R = % N = 1024)
LLR-Based LL-Based [19] LL-Based [23f LL-Based [22P

L=2 L=4 L=8|L=2 L=4 L=8|L=2 L=4 L=8|L=2 L=4|L=2 L=4
Technology TSMC 90nm TSMC 90nm TSMC 90nm Scaled to 90nfm ST 65nm
Freq. (MHz) 847 794 637 794 730 408 507 492 462 361 289 500 400
Lat. (Cycles/bit) | 2.53 2.59 2.59 2.53 2.53 2.53 2.53 2.53 3.03 1.00 1.00 1.00 1.00
T/P (Mbps) 335 307 246 314 288 161 200 194 153 362 290 501 401
Area (mrr?) 0.88 1.78 3.58 1.38 2.62 5.38 1.23 2.46 5.28 2.03 4.10 1.06 2.14
Efficiency 380 172 69 227 110 30 163 79 29 178 71 473 187

@ The synthesis results in_[23] are provided with upl® PEs per path. The reported numbers in this table are thespameing synthesis results
using 64 PEs per path and are courtesy of the authors of [23].

b The authors of[[22] us8 quantization bits for the channel LLs and a tree SC architectwhile [19], [23] uset quantization bits for the channel
LLs and a semi-parallel architecture with = 64 PEs per path.

© We use the standard assumption that area scalg$ asd frequency scales dg's, wheres is the feature size.

E. CRC-Aided SCL Decoder TABLE VI
. . . THROUGHPUTREDUCTION IN CRC-AIDED SCL DECODERS
As discussed in Sectidn II}C, the performance of the SCL

decoder can be significantly improved if it is assisted fer it L=2 L=4 L=38
. . . . . Freq. (MHz) 847 794 637
final choice by means of a CRC which rejects some incorrect A | 512 512 519
codewords from the final set éf candidates. However, there is Sl Fo(A) 57 57 57
a trade-off between the length of the CRC and the performance Lat. (Cycles) | 2592 2649 2649
gain. A longer CRC, rejects more incorrect codewords but, P (Mb'tﬂa) ;"32 ggg ggg
at the same time, it degrades the performance of the inner CA-SCLD Fo(A) 55 54 52
polar code by increasing its rate. Hence, the CRC improves Lat. (Cycles) | 2596 2654 2660
the overall performance if the performance degradatiomef t Rzgug:f;’r']ts({% ?(’f’;l ?6(_)26 %ﬁ’
inner polar code is compensated by rejecting the incorrect

codewords in the final list.

1) Choice of CRC:We picked three different CRCs ofdecoders have almost the same FER at lower SNRs (and they
lengthsr = 4, r = 8 andr = 16 from [32] with generator al| perform better than a standard SCL decoder).
polynomials: In Figure[®, we compare the FER of the SCL decoder with
4 that of the CA-SCLD for list sizes of. = 2, L = 4 and
g(z) =2"+z+1, (la) _g using the above-mentioned CRCs. We observe that the
g(z) =28+ 2" + 25 +2* + 22 +1, and (21b) CRC-aided SCL decoders perform significantly better than th
g(x) =210 + 21 + 22 +1, (21c) standard SCL decoders.

2) Throughput ReductionAdding r bits of CRC increases
respectively and evaluated the empirical performance ef tthe number of information bits by, while reducing the
SCL decoders of list sizes df =2, L =4, L = 8, aided by number of groups of frozen channels lay mostr. As a
each of these three CRCs in the regimeMf/ Ny = 1.5 dB  result, the sorting latency is generally increased, ragyin
to Ey/No = 4 dB. a decrease in the throughput of the decoder. In Table VI we

For L = 2 it turns out that the smallest CRC, representdshve computed this decrease in the throughput for different
by the generator polynomial ii(21a), is the best choicentysidecoders and we see that the CRC-aided SCL decoders have
longer CRCs att, /Ny < 3 dB, the performance degradatiorslightly (at most0.4%) reduced throughput. For this table,
of the polar code is dominant, causing the CRC-aided S@e have picked the best decoder at each list size in terms of
decoder to perfornworse than the standard SCL decoderhardware efficiency from Tab[e]Il.

Furthermore, at higher SNRs, longer CRCs do not lead to3) Effectiveness of CRCThe area of the CRC unit for all

a significantly better performance than the CRC- synthesized decoders is in less thapm? for the employed
For L = 4, allocatingr = 8 bits for the CRC of[(21lb) turns TSMC 90 nm technology. Moreover, the CRC unit does not
out to be the most beneficial option. CRCGand CRCS8 will  lie on the critical path of the decoder. Therefore, it does no

lead to almost identical FER &, /Ny < 2.25 dB while CRC- affect the maximum achievable operating frequency. Thas th
8 improves the FER significantly more than CRGx higher incorporation of a CRC unit is a highly effective method of
SNRs. Furthermore, CR@5 leads to the same performancémproving the performance of an SCL decoder. For example,
as CRC8 at high SNRs and worse performance than CRCit is interesting to note that the CA-SCLD with = 2 has
in low-SNR regime. a somewhat lower FER than the standard SCL decoder with
Finally, for L = 8 we observe that CRT6 of (21d) is the L = 8 (in both floating-point and fixed-point versions) in the
best candidate among the three different CRCs in the semsgime ofE;, /Ny > 2.5 dB. Therefore, if a FER in the range
that the performance of the CRC-aided SCL decoder whici 10~3 to 10~ is required by the application, using a CA-
uses this CRC is significantly better than that of the decode8CLD with list size L = 2 is preferable to a standard SCL
using CRC4 or CRCS for E, /Ny > 2.5 dB, while all three decoder with list sizd. = 8 as the former has more than five
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Fig. 6. The performance of LLR-based SCL decoders compardtat of
CRC-Aided SCL decoders fat = 2,4,8. M = 8 quantization bits are used

for the path metric in fixed-point simulations.

times higher hardware efficiency.

VII. DISCUSSION
A. SC Decoding or SCL Decoding?

EE=IN = 2048, SC,Q =6
== N = 2048, SC, Floating Poinf|

FER

E=1N =1024, CA-SCLD,Q =6, M =8
EC5=] N = 1024, CA-SCLD, Floating-Point

1.5 2 2.5 3 3.5 4
Ey/No (dB)

(a) (2048, 1024) polar code under SC decoding vergi624, 512) modified
polar code under CA-SCLD with. = 2 and CRC4 with generator

polynomial [214)

10-1 E==1 N = 4096, SC,Q =6 I
NG N E%= N = 4096, SC, Floating Poinf
10—2 E -
1073 | é
x B .
E 10—4 E =
10—5 % é
1076 | |
HET=1N = 1024, CA-SCLD,Q =6, M =8 &
10-7 HETEI N = 1024, CA-SCLD, Floating-Point N

= i
1.5 2 2.5 3 3.5 4

Ey/No (dB)

(b) (4096, 2048) polar code under SC decoding vergu$24, 512) mod-
ified polar code under CA-SCLD witl. = 4 and CRC8 with generator
polynomial [21b)

Fig. 7. CA-SCLD withL = 2,4, results in the same performance at block-
length N = 1024 as the conventional SC decoding wifti = 2048 and
N = 4096, respectively.

improved if the block-length is increased. However, a long
block-length implies long decoding latency and large decsd
Thus, an interesting question is whether it is better to use
a long polar code with SC decoding or a shorter one with
SCL decoding, for a given target block-error probability. |
order to answer this question, we first need to find some pairs
of short and long polar codes which have approximately the
same block-error probability under SCL and SC decoding,
respectively to carry out a fair comparison.

In Figure[7a we see that &048,1024) polar code has
almost the same block-error probability under SC decoding
as a(1024,512) modified polar code under CA-SCLD with
list size L = 2 and CRCA4 of (214). Similarly, in Figuré_4b
we see that §4096,2048) polar code has almost the same
block-error probability under SC decoding as @24,512)
modified polar code decoded under CA-SCLD with list size
L = 4 and CRCS of (210).

As mentioned earlier, our SCL decoder architecture is based

Modern communication standards sometimes allow veon the SC decoder df[[5]. In Tadle VIl we present the synthesis
long block-lengths to be used. The error-rate performaticeresults for the SC decoder of|[5] at block lengtNs= 2048
polar codes under conventional SC decoding is significantynd N = 4096 and compare them with that of our LLR-based
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TABLE VII happens because, in order to keep the path metric updated,
LLR-BASEDSC DECODER vS SCL DECODERSYNTHESISRESULTS e need to calculate the LLRs even for the frozen bits. As
sc CA-SCLD sc CA-SCLD disc.ussed in SectidnJIl, it is exactly these LLRs.that lead t
L =2, CRC4 L =4, CRC8 the improved performance of the SCL decoder with respect to
— (MH]\Zf) 280%8 1804274 ‘;00966 17092; the SC decoder. However, alternative and promising pruning
Lat. (qéyc,,bit) 2.05 2.54 2.06 2.59 approaches which have been recently introduced in the xionte
Lat. (Cyc.) | 4192 2596 8448 2654 of LL-based SCL decoding [22], [83], are fully applicable to
T/P (Mbps) | 425 334 391 306 LLR-based SCL decoding.
Area (mn?) | 0.78 0.88 1.51 1.78

VIIl. CONCLUSION

SCL decoder, when using the same TSM@m technology In this Work,. we introduced an LL_R-based path metric
and identical operating conditions. For all decoders, we ufPf SCL decoding of polar codes, which enables the imple-
P = 64 PEs per path an@) = 6 bits for the quantization of Mentation of a numerically stable LLR-based SCL decoder.

the LLRS. Moreover, we showed that we can simplify the sorting task of

First, we see that the SCL decoders occupy an approQ?—e S_CL decoder bY using a pruned radi-sorter WhiCh
mately 15% larger area than their SC decoder counterparfos>.(|0|0'tS the properties 9f the LLR.-t.)ased path metric. The
This may seem surprising, as it can be verified that an ééR-based F’ath metric is not specific to SCL decoding and
decoder for a code of lengthV requires more memory (LLR €& be applied to any other tree-search based decoder (e.g.,

and partial sum) than the memory (LLR, partial sum, and path ck .SC decoding [34)). .
reuni)redI by l;n)SCL decoder w?fcrs list sFi)zle Ifor ; code 02 t)aWe implemented a hardware architecture for an LLR-based

length N, and we know that the memory occupies the large F’L .deco%;ar and vr\]/e presentled siynt:\e&rs] reSl:]Its for vl?[lgus
fraction of both decoders. This discrepancy is due to the f Pt sizes. Our synthesis results clearly show that our )

that the copying mechanism for the partial sum memory aI sed SCLtﬁlecod”er h_a? a s(;gnifié:antl_y r;:]gh?tr thrtough_lpdt
the path memory still useé x L crossbars, which occupy ower area than all existing decoders in the literaturedireg

significant area. It is an interesting open problem to dep/ekBO a substantial increase in hardware efficiency of upSw.

an architecture that eliminates the need for these crassbar Finally, We_showed that ?‘dding the CRC ur_1it to the de-
c\?eder and using CA-SCLD is an easy way of increasing the

Moreover, we observe that both SC decoders can aChieﬁardware efficiency of our SCL decoder at a given block-error
a slightly higher operating frequency than their Correg;*30nprobability as the list size can be decreased. Specifically,

ing SCL decod Ith h the diff is | tBEn o
N9 €coders, althoug e difference is less B CA-SCLD at list sizeL = 2 has somewhat lower block-error

However, the per-bit latency of the SC decoders is aBoU " e L
smaller than that of the SCL decoders, due to the sorting s rrg)bablhtyand more than five times better hardware efficiency

involved in SCL decoding. The smaller per-bit latency of th an our standard SCLD at list side= 8.
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