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ABSTRACT

Phaseless super-resolution is the problem of recovering an un-
known signal from measurements of the “magnitudes” of the
“low frequency” Fourier transform of the signal. This prob-
lem arises in applications where measuring the phase, and
making high-frequency measurements, are either too costly or
altogether infeasible. The problem is especially challenging
because it combines the difficult problems of phase retrieval
and classical super-resolution. Recently, the authors in [1]
demonstrated that by making three phaseless low-frequency
measurements, obtained by appropriately “masking” the sig-
nal, one can uniquely and robustly identify the phase using
convex programming and obtain the same super-resolution
performance reported in [2]. However, the masks proposed
in [1] are very specific and in many applications cannot be di-
rectly implemented. In this paper, we broadly extend the class
of masks that can be used to recover the phase and show how
their effect can be emulated in coherent diffraction imaging
using multiple illuminations, as well as in direction-of-arrival
(DoA) estimation using multiple sources to excite the envi-
ronment. We provide numerical simulations to demonstrate
the efficacy of the method and approach.

Index Terms— Super-resolution, phase-retrieval, direction-

of-arrival, diffraction imaging, semidefinite relaxation.

1. INTRODUCTION

It is often difficult to obtain high-frequency measurements
in sensing systems due to physical limitations on the high-
est possible resolution a system can achieve. As an example,
the fundamental resolution limit in optical systems caused by
diffraction is an obstacle to observe sub-wavelength struc-
tures. Super-resolution is the problem of recovering the high-
frequency features of the signal using low-frequency Fourier
measurements. In addition, many measurement systems can
only measure the magnitude of the Fourier transform of the
underlying signal. The fundamental problem of recovering a
signal from the magnitude of its Fourier transform is known
as phase retrieval. Both of the aforementioned reconstruction
problems have rich history and occur in many areas in en-
gineering and applied physics such as astronomical imaging
[3,4], X-ray crystallography [5], medical imaging [6-8], and

optics [9]. A wide variety of techniques have been proposed
for super-resolution [2, 10—12] and phase retrieval [13—15]
problems.

Here we consider the phaseless super-resolution prob-
lem, which is the problem of reconstructing a signal using its
low-frequency Fourier magnitude measurements. Our work
is inspired by [1] where it was shown that using three phase-
less low frequency measurements, obtained by appropriately
“masking” the signal, one can uniquely and robustly identify
the phase using convex programming and obtain the same
super-resolution performance reported in [2]. While this is
a significant result, due to physical limitations in measuring
systems, it is not always possible to generate the mask ma-
trices required in [1]. The main contribution of this paper
is to broadly extend the class of masks that can be used to
recover the phase using convex programming. In addition,
we show how these masks can be implemented in coherent
diffraction imaging, using multiple illuminations, and direc-
tion of arrival estimation, using multiple sources to excite the
environment.

The organization of the paper is as follows. In Section
2, we mathematically set up the reconstruction problem and
present our main result. In Section 3, we describe the practical
significance of our result. Section 4 contains the details of the
proof. The results of the various numerical simulations are
presented in Section 5.

2. MAIN RESULT

Let x = (z[0],z[1],...,z[N — 1]) be a complex-valued sig-
nal of length N and sparsity k. Suppose we have a device that
can only measure the magnitude-squares of the 2K + 1 low
frequency terms of the N point DFT of x (one DC term and
K lowest frequencies on either side of it). Clearly, this is not
sufficient to generally recover x. The idea of masked phase-
less measurements is to obtain additional information by first
masking the signal and then measuring the magnitude-squares
of the 2K + 1 low frequency terms of its N point DFT. Math-
ematically, masking a signal is equivalent to multiplying it by
a diagonal “mask” matrix, say D [16, 17].

Indeed, more than one mask is necessary if one wishes to
recover general signals from such measurements. Assuming
we have R masks, for 0 < r < R — 1, we will depict them



by D, = diag(d.[0],d,[1],...,d-[N — 1]). The problem we
are interested in is recovering x from the resulting collection
of low frequency masked phaseless measurements, viz.,

find T
Z[m,r] = |<fm7Drx>|2 (1)
and 0<r<R-1,

subject to
for —K<m<K

where (.,.) is the standard inner product operator, f,, is the
conjugate of the mth column of the N point DFT matrix and
Z|m,r] denotes the magnitude-square of the mth term of the
N point DFT for the rth mask. The index m is to be under-
stood modulo V, due to the nature of the N point DFT.

Of course there are two issues that arise with the above
problem: (1) designing a set of masks for which one can (up
to a global phase) uniquely, efficiently and stably identify the
signal and (2) developing an algorithm that can provably do
so. Both these issues were resolved in [1] where it is shown
that, under appropriate conditions, the following three masks

Do=1 , Dy=1+DWY | Dy=1—4iDV, (2
where the diagonal entries of D) are given by

d(l)[n] =e?™" %, n=0,1,...,N—1,

are sufficient to uniquely identify X = xx* using the convex
program

minimize (1X |1
Xesn
subject to Zm,r] = trace(D} fn 1, D X)

for — K<m<K and 0<r<R-1
X >0.

3
The above convex program is obtained by the standard
method of linearizing a quadratic-constrained problem by
lifting [18-24] the problem to the rank-one matrix X = xx*
and afterwards convexifying it by relaxing the rank one con-
straint to a non-negativity constraint. Since the matrix we
want to recover is sparse, the /;-norm is used as the objective
function.

2.1. Contribution

While the result of [1] is very nice, in many applications, the
masking matrix D) is difficult to implement. Therefore, it
is desirable to have more flexibility in the mask designs so
as to permit more applications. We herein propose a set of
5 flexible masks. The building blocks of these masks are the
diagonal matrices denoted by DW for0 <! < N —1, where
the diagonal entries are

d(l)[n] = ei%%, n=0,1,..., N —1.

We are now in a position to state our main result.

Theorem 2.1. The convex program (3) has a unique opti-
mizer, namely X = xx*, and thus x can be uniquely identified
(up to a global phase), if

1. A= min
0<i,j<k—1,i%]

0 <4 < k — 1 are the positions of the non-zero entries
of x, and C' is a numerical constant.

(t;—t;) mod N > % where t; for

2. y[-K],...
DFT of x.

,y[0], ..., y[K] # 0, where y is the N point

3. The following mask matrices are used:

Dy=DY =1 Dy =I+DW, D,=1—iD"

Ds=I1+D"  Dy=1-iDl).
“)
4. 1y and 5 are integers that satisfy
ged(li,l2) =1, [li] + [l2] < 2K. ()

As we shall presently see, the masks used in the theorem
are easy to implement in both DoA Estimation and Coherent
Diffraction Imaging setups.

3. APPLICATIONS

3.1. Phaseless Direction of Arrival Estimation

Consider the planar direction of arrival estimation setup de-
scribed in Fig. 1. Suppose there are M objects which can
reflect waves, with the mth object, for 0 < m < M — 1,

located at distance ., and angle 8,,, from the origin. A trans-

mitter positioned at location f% on the x-axis, where )\ is

the transmission wavelength, is used to transmit narrow-band
waves with center frequency f. = £, and a uniform linear
array (ULA) consisting of 2K + 1 receivers located along the

z-axis at (—£2,...,0,3 KXY is used for signal detec-
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tion. The direction of arrival estimation problem deals with

estimating 6,,,, for 0 < m < M — 1, from the received signal.
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Fig. 1. Direction of arrival estimation using a uniform linear
array.



If y denotes the narrow-band vector impinging on the re-
ceivers in the frequency domain, then we can write:

M-1
ylk] Z (pme;uwf"’" )eiw(k—l)sin@m7 (©6)
m=0
where p,, is the reflectivity of object m and w. = 27f,

[25]. We refer the reader to section 6.1 of [26] to follow
details of this formulation. If [ = 0, then the vector y rep-
resents the 2K + 1 low-frequency terms of the Fourier se-
ries of a signal having amplitudes p,e— = at locations
”"TO"”. Hence, direction of arrival estimation involves solv-
ing the classic super-resolution problem.

Observe that, for a general [, the vector y represents the
2K + 1 low-frequency measurements of the same signal
which is masked by the matrix D). Theorem 2.1, coupled
with this critical observation, enables phaseless direction of
arrival estimation:

The mask Dy in Theorem 2.1 can be implemented by
putting an in-phase transmitter at the origin, D; and D3 by
using additional in-phase transmitters at —% and —%, re-
spectively, and Dy and D4 by using additional transmitters
that have /2 phase difference at those very locations. As a
result, if 5 strategically placed transmitters are used for trans-
mission, then there is no need to measure phase during re-
ception and the angles can be provably recovered by solving
(3). This is particularly useful in scenarios where measuring
phase reliably is either impractical or too costly.

Remark: This idea also extends to the co-prime array and
nested array setups described in [27] and [28], respectively.

3.2. Coherent Diffraction Imaging (CDI)

Consider the planar CDI setup described in Fig. 2. Let the
object and the detector be perpendicular to the z-axis, located
at z = 0 and © = d respectively, and 1(z) denote the one-
dimensional object which we wish to determine. The object
is illuminated using a coherent source incident at an angle 6
with respect to the z-axis.

source

S
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Fig. 2. A typical Coherent Diffraction Imaging setup.

Detection devices cannot measure the phase of the incom-
ing light waves (the frequency is too high), and instead mea-
sure the photon flux. The flux measurements at position 2’ on

the detector, denoted by I(z’), are well approximated by:

2
I(z') /%ﬁ(z)eiziz(*%*")dz : 7)

If & = 0, then the measurements provide the knowledge of
the Fourier magnitude-square of ¢(z). Section 6.2 in [26]
presents details of the above formulation. Therefore, diffrac-
tion imaging involves solving the phase retrieval problem.
Quite often, the approximation (7) only applies to positions
closer to z = 0. As a result, one needs to solve phaseless
super-resolution in order to recover the underlying object.

Ife = é, then the measurements correspond to the
Fourier magnitude-square of (z) masked by the matrix
D® . The equations are identical to those in the direction
of arrival setup. Hence, by using 5 strategic illuminations
(using sources placed at § = 0, %, %), one can provably
recover the object from the low-frequency Fourier magnitude
measurements by solving (3).

4. PROOF OF THEOREM 2.1

Let F' denote the N-point DFT matrix and F be the (2K +
1) x N submatrix of F, consisting of the rows —K < m <
K (understood modulo N). Also, let yx = Fxx denote
the 2K + 1 low frequency terms in the N-point DFT of x.
The proof involves two key steps: (1) the matrix yxyj is
uniquely determined by the set of constraints in (3) and (2)
given yg ¥y, the matrix xx* can be uniquely reconstructed
by minimizing || X||; under certain conditions.

We now provide the details for the first step. Consider the
following affine transformation Y = FxXFj. When mea-
surements are obtained using the masks proposed in Condi-
tion 3, the affine constraints of (3) can be rewritten in terms
of the variable Y as:

Y [m,m] :|yK[m]|27 for—- K <m<K ®)
Yim,m+ 1] =yx[mlyg[m+14], foo— K <m<K-1
Ym,m + 2] = yx[mlyx[m + 2], for — K <m < K — 5.

For the sake of brevity, we omit the details here. We refer
the interested readers to the proof of Theorem 3.1 in [1]. As
a result, the set of constraints in (3) can be viewed as a ma-
trix completion problem in Y. Define a graph G = (V, E)
on the vertices V = {-K,-K + 1,...,K — 1, K} such
that (m,m —ly),(m,m —lz) € Efor —-K < m < K. In
other words, the graph G contains an edge between vertices @
and j if the (7, j)th entry of Y is fixed by the measurements.
Since /; and [, are co-prime (Condition 4), the graph G is con-
nected. Additionally, every vertex has an edge with itself (i.e.,
all the diagonal entries are fixed by the measurements). By
using Corollary 4.1, we conclude that the matrix Y = yxyj
is the only feasible matrix (subject to Condition 2).



The second step is a direct consequence of the two-
dimensional super-resolution theorem in [2] (subject to
Condition 1, also known as the minimum separation con-
dition) due to the fact that Y corresponds to the 2K + 1
two-dimensional low frequencies of the two-dimensional
signal X.

Corollary 4.1. Suppose G = (V, E) is an undirected graph
on'V = {vg,v1,...,0n_1}. Fore = (v;,v;) € E, define
A, € C™ ™ as the matrix with all entries zero except for
Ali, j], which is equal to 1. Also, for i = 0,1,...,n — 1,
define the matrix A; € C™"*" as the matrix that is zero every-
where except for Ali, i), which is equal to 1. Suppose z € C"
is a vector with non-zero entries. The matrix Z = zz* is the
unique solution of

find X
XeSn

subject to  trace(A; X) = |z[i]|?, for i=0,1,...,n—1
trace(A. X) = Z[j]z[i], for e = (v;,v;) € E
X=0

©)
if and only if G is connected.

Proof. The proof of this corollary is based on the method of
dual certificates. The details are omitted due to space con-
straints, and will be provided in the Appendix. O

5. NUMERICAL RESULTS

In this section, the performance of (3) is demonstrated
through numerical simulations.

Fig. 3. Probability of successful reconstruction for N =
20,11 = 2,lo = 3 and various choices of K and A, using
the masks defined in (4).

5.1. Noiseless setting

We choose N = 40, l; = 2 and Il = 3. The masks
{Dy, D1,D5, D3, D4} defined in (4) are used to obtain
phaseless low frequency measurements. Using parser YALMIP
and solver SeDuMi, we simulate 20 trials for various choices
of K and A. We first generate the indices of the support
of the signal so that the minimum separation condition is
satisfied. Signal values in the support are drawn from a stan-
dard normal distribution independently. The probability of
successful reconstruction of the signal by the semidefinite
program (3) as a function of K and A is depicted in Fig. 3.
The white region corresponds to a success probability of 1
and the black region corresponds to a success probability of
0. The plot shows that (3) successfully reconstructs signals
with high probability when K > %.
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Fig. 4. Mean-squared error (MSE) as a function of SNR for
N =40,y =2,l=3,K =14and A =8.

5.2. Noisy setting

A major advantage of semidefinite programming-based re-
construction is robustness to noise. In this part, we demon-
strate the performance of (3) in the noisy setting.

For each Z[m, r|, we add an i.i.d. standard normal noise
with appropriate variance. We first solve the program (3) by
replacing the equality constraints with appropriate inequality
constraints, and obtain the optimizer X. Then, we find its
best rank-one approximation, say Xx*. The estimate X is then
compared with the true solution x.

Weset N = 40,01 = 2,15 =3, K = 14 and A = 8.
By varying the SNR, we simulate 20 trials and compute the

ll&—x|I3

mean-square error E| B
2

4.

]. The results are depicted in Fig.

In the logarithmic scale, we see a linear relationship be-
tween the mean-squared error and SNR. This clearly shows
that the reconstruction is stable in the noisy setting.



(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

[9]

(10]

(11]

(12]

(13]

(14]

[15]

6. REFERENCES

K. Jaganathan et al., “Phaseless super-resolution using
masks,” IEEE International Conference on Acoustics,
Speech and Signal Processing, pp. 4039-4043, 2015.

E. J. Candes and C. Fernandez-Granda, ‘“Towards a
mathematical theory of super-resolution,” Communica-
tion on Pure and Applied Mathematics, vol. 67(6), pp.
906-956, 2014.

K. G. Puschmann and F. Kneer, “On super-resolution
in astronomical imaging,” Astronomy and Astrophysics,
vol. 436, pp. 373-378, 2005.

J. C. Dainty and J. R. Fienup, ‘“Phase retrieval and image
reconstruction for astronomy,” Image Recovery: Theory
and Applications, pp. 231-275, 1987.

R. P. Millane, “Phase retrieval in crystallography and
optics,” JOSA A 7, vol. 3, pp. 394411, 1990.

H. Greenspan, “Super-resolution in medical imaging,”
Comput. J., vol. 52, pp. 43-63, 2009.

M. Dierolf et al., “Ptychographic x-ray computed to-
mography,” Nature, vol. 467, pp. 436440, 2010.

J. Kennedy et al., “Super-resolution in pet imaging,’
Medical Imaging, IEEE Transaction on, vol. 25(2), pp.
137-147, 2006.

A. Walther, “The question of phase retrieval in optics,”
Journal of Modern Optics, vol. 10(1), pp. 41-49, 1963.

R. O. Schmidt, “Multiple emitter location and signal pa-
rameter estimation,” Antennas and Propagation, IEEE
Transactions on, pp. 276280, 1986.

R. Roy and T. Kailath, “Esprit-estimation of signal pa-
rameters via rotational invariance techniques,” Acous-
tics, Speech and Signal Processing, IEEE Transactions
on, pp. 984-995, 1989.

G. Tang et al., “Compressed sensing off the grid,” In-
formation Theory, IEEE Transaction on 59, vol. 11, pp.
7465-7490, 2013.

J. R. Fienup, “Phase retrieval algorithms: a compari-
son,” Applied optics, pp. 2758-2769, 1982.

K. Jaganathan, Y. C. Eldar, and B. Hassibi, “Phase
retrieval:  An overview of recent developments,’
arXiv:1510.07713, 2015.

Y. Shechtman et al., “Phase retrieval with application to
optical imaging,” IEEE Signal Processing Magazine 32,
vol. 3, pp. 87-109, 2015.

[16]

[17]

(18]

[19]

(20]

(21]

(22]

(23]

[24]

[25]

[26]

[27]

(28]

E. J. Candes, X. Li, and M. Soltanolkotabi, ‘“Phase re-
trieval from coded diffraction patterns,” Applied and
computational Harmonic Analysis, 2014.

K. Jaganathan, Y. C. Eldar, and B. Hassibi, “Phase re-
trieval with masks using convex optimization,” IEEE In-
ternational Symposium on Information Theory Proceed-
ing, pp- 1655-1659, 2015.

M. X. Goemans and D. P. Williamson, “Improved ap-
proximation algorithms for maximum cut and satisfia-
bility problems using semidefinite programming,” Jour-
nal of the ACM(JACM),, vol. 42(6), pp. 1115-1145,
1995.

I. Waldspurger and et al., “Phase recovery, maxcut
and complex semidefinite programming,” Mathemati-
cal Programming,, vol. 149, pp. 47-81, 2015.

K. Jaganathan, S. Oymak, and B. Hassibi, “Sparse phase
retrieval: convex algorithms and limitations,” "IEEE In-
ternational Symposium on Information Theory Proceed-
ing”, 2013.

E. J Candes, T. Strohmer, and V. Voroninski, “Phaselift:
Exact and stable signal recovery from magnitude mea-
surements via convex programming,” Communications
on Pure and Applied Mathematics, vol. 66, no. 8, pp.
1241-1274, 2013.

R. Balan, P. Casazza, and D. Edidin, “On signal recon-
struction without phase,” Applied and Computational
Harmonic Analysis, vol. 20, no. 3, pp. 345-356, 2006.

S. Oymak and et al., “Simultaneously structured models
with application to sparse and low-rank matrices,” IEEE
Transactions on Information Theory, vol. 61, no. 5, pp.
2886-2908, 2015.

S. Bahmani and J. Romberg, “Efficient compressive
phase retrieval with constrained sensing vectors,” in Ad-
vances in Neural Information Processing Systems, 2015,
pp. 523-531.

T. E. Tuncer and B. Friedlander, “Classical and modern
direction-of-arrival estimation,” Academic Press, 2009.

Kishore Jaganathan,  “Convex programming-based
phase retrieval: Theory and applications,” Ph.D. Dis-
sertion, California Institute of Technology, 2016.

P. P. Vaidyanathan and P. Pal, “Sparse sensing with co-
prime samplers and arrays,” Signal Processing, IEEE
Transactions on, vol. 59, no. 2, pp. 573-586, 2011.

P. Pal and P. P. Vaidyanathan, “Nested arrays: a novel
approach to array processing with enhanced degrees of
freedom,” Signal Processing, IEEE Transactions on,
vol. 58, no. 8, pp. 4167-4181, 2010.



7. PROOF OF COROLLARY 4.1

Proof. The proof is based on the method of dual certificates.
Let’s define matrix W € C™*" as follows:

X Wy

4,j:(viv;)EE

W =

We define W;; for 0 < 4,7 < n — 1 as follows:

*

Wij = wijwy;, wij = Z[jle; — z[iley,

Where e; € C™ is a standard basis vector that has 1 in
1 — th entry and 0 everywhere else. We will show that W has
the following properties:

1. W>=o,

2. trace(WZ) =0,

3. rank(W) =n — 1.

W is a positive semidefinite matrix because it is the sum

of W;; and W;; = w;;w;; = 0. In order to show properties 2
and 3, we show the following:

yWy=0% y=az forsome a € C.

One can write:

Y Wiy = Z

1,5:(vi v )EE

yWy= >

4,5:(vi v )EE

Therefore,

y Wy =0 < ylilz[j] —yljlzlil = 0, V(i,j) e E (10)

If G is connected and the entries of z are non-zero, (10) is
valid if and only if y = az for some o € C. This shows that
rank(W) =n — 1. Also,

trace(WZ) = trace(Wzz") = 2*Wz = 0.

Next, let’s use the above properties to prove Corollary 4.1.
We want to show that the matrix Z is the unique solution of

find X
Xesn

subject to  trace(A; X) = |2[i]|?, for i =0,1,..
trace(A. X) = z[j]z[i], for e = (v;,v;) € E
X>0

,n—1

an

The dual of this optimization problem is

lyla)z[]—ylj]=Li]|*

n—1
maximize  — Z M| 2[i]|* = Z (i i 2[512[0] + a5 2[d] 2 [5])
AEC™, ueClEl — .
i=0 ,5:(viv;)EE
n—1
subject to (pijAe + fiijAS) = 0

Z NA; + Z
i=0 i,j:e=(vy,v;)EE
(12)
For 0 < i < n — 1 define N (i) as the set of neighbors
of node v; in G. If we choose A\f = > ) |2[4]|* and

pi; = Z[j]2[i], then we have:

jiGEN(

n—1
W= Z ATAi + Z (17 jAe + 17 jAT)
=0 i,j:e=(v;,v;)EE

Property 1 of the matrix W, ensures that W > 0 which
is the dual feasibility. Property 2 is the complimentary slack-
ness. These two properties prove that Z = zz* is an optimal
solution for (11).

Now suppose there is another solution, namely Z + H,
Where H € S™ is an n x n Hermitian matrix. Let T, denote
the set of Hermitian matrices of the form

T, ={zh*+ hz* : h € C"},

and T;- be its orthogonal complement. In other words,
T, is the tangent space at zz* to the manifold of Hermitian
matrices of rank one. H can be decomposed as two parts Hr,
and Hrp., which are the projections of / onto the subspaces
T, and T, respectively. In order to be an optimal solution H
should satisfy

trace(W H) = trace(W Hr,) + trace(W Hp1) = 0. (13)

Property 2 ensures that trace(W Hr,) = 0, therefore
trace(WHp.1) = 0. Since H is positive semidefinite its
projection onto 7 is also positive semidefinite. Hri =0
together with properties 2 and 3 lead to

trace(WHrp.) =0 < Hypo = 0.

Therefore, it remains to show that Hy, = 0. In order to be
a feasible point, 7, must satisfy the following conditions:

trace(A;Hr,) =0, for 1 =0,1,...,n—1

14
trace(AcHr,) =0, for e = (v;,v;) € E. 19

It is easy to check that the only matrix in 7, which satis-
fies the above conditions is 0. Therefore, H = 0 and Z = zz*

is the unique solution of (11).
O
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