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Abstract

The widespread use of machine learning algorithms calls for automatic change detection algorithms
to monitor their behavior over time. As a machine learning algorithm learns from a continuous, possibly
evolving, stream of data, it is desirable and often critical to supplement it with a companion change
detection algorithm to facilitate its monitoring and control. We present a generic score-based change
detection method that can detect a change in any number of components of a machine learning model
trained via empirical risk minimization. This proposed statistical hypothesis test can be readily im-
plemented for such models designed within a differentiable programming framework. We establish the
consistency of the hypothesis test and show how to calibrate it to achieve a prescribed false alarm rate.
We illustrate the versatility of the approach on synthetic and real data.

1 Introduction

Statistical machine learning models are fostering progress in numerous technological applications, e.g., vi-
sual object recognition and language processing, as well as in many scientific domains, e.g., genomics and
neuroscience. This progress has been fueled recently by statistical machine learning libraries designed within
a differentiable programming framework such as PyTorch [19] and TensorFlow [1].

Gradient-based optimization algorithms such as accelerated batch gradient methods are then well adapted
to this framework, opening up the possibility of gradient-based training of machine learning models from a
continuous stream of data. As a learning system learns from a continuous, possibly evolving, data stream,
it is desirable to supplement it with tools facilitating its monitoring in order to prevent the learned model
from experiencing abnormal changes.

Recent remarkable failures of intelligent learning systems such as Microsoft’s chatbot [17] and Uber’s
self-driving car [15] show the importance of such tools. In the former case, the initially learned language
model quickly changed to an undesirable one, as it was being fed data through interactions with users. The
addition of an automatic monitoring tool can potentially prevent a debacle by triggering an early alarm,
drawing the attention of its designers and engineers to an abnormal change of a language model.

To keep up with modern learning machines, the monitoring of machine learning models should be au-
tomatic and effortless in the same way that the training of these models is now automatic and effortless.
Humans monitoring machines should have at hand automatic monitoring tools to scrutinize a learned model
as it evolves over time. Recent research in this area is relatively limited.

We introduce a generic change monitoring method called auto-test based on statistical decision the-
ory. This approach is aligned with machine learning libraries developed in a differentiable programming
framework, allowing us to seamlessly apply it to a large class of models implemented in such frameworks.
Moreover, this method is equipped with a scanning procedure, enabling it to detect small jumps occurring
on an unknown subset of model parameters. The proofs and more details can be found in Appendix. The
code is publicly available at github.com/langliu95/autodetect.
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Figure 1: Hlustration of monitoring a learning machine with auto-test.

Previous work on change detection. Change detection is a classical topic in statistics and signal
processing; see [2, 21] for a survey. It has been considered either in the offline setting, where we test the null
hypothesis with a prescribed false alarm rate, or in the online setting, where we detect a change as quickly
as possible. Depending on the type of change, the change detection problem can be classified into two main
categories: change in the model parameters [13, 10] and change in the distribution of data streams [16, 14, 9].
We focus on testing the presence of a change in the model parameters.

Test statistics for detecting changes in model parameters are usually designed on a case-by-case basis;
see [2, 7, 25, 8, 12| and references therein. These methods are usually based on (possibly generalized)
likelihood ratios or on residuals and therefore not amenable to differentiable programming. Furthermore,
these methods are limited to large jumps, i.e., changes occurring simultaneously on all model parameters,
in contrast to ours.

2 Score-Based Change Detection

Let Wh., := {Wi}7_, be a sequence of observations. Consider a family of machine learning models {Mjy :
6 € © C R?} such that Wy, = Mg(Wy.x_1) + €k, where {er}}_, are independent and identically distributed
(i.i.d.) random noises. To learn this model from data, we choose a loss function L and estimate model
parameters by solving the problem:

R 1<
0,, := argmin — Z L(Wk, M@(Wl:k_l)) )
0co Pt

This encompasses constrained empirical risk minimization (ERM) and constrained maximum likelihood
estimation (MLE). For simplicity, we assume the model is correctly specified, i.e., there exists a true value
0y € © from which the data are generated.

Under abnormal circumstances, this true value may not remain the same for all observations. Hence, we
allow a potential parameter change in the model, that is, § = 8, may evolve over time:

Wi = Mg, (Wig—1) + €k -

A time point 7 € [n — 1] := {1,...,n — 1} is called a changepoint if there exists A # 0 such that 6;, = 6y
for k <7 and 0 = 0y + A for k > 7. We say that there is a jump (or change) in the data sequence if such
a changepoint exists. We aim to determine if there exists a jump in this sequence, which we formalize as a
hypothesis testing problem.



(P0) Testing the presence of a jump

Hy:0,=0pforallk=1,...,n

H; : after some time 7, 0 jumps from 0y to 6y + A .

We focus on models whose loss L(Wjy, Mg(Wi.x—1)) can be written as —logpg(Wy|Wi.x—1) for some
conditional probability density py. For instance, the squared loss function is associated with the negative
log-likelihood of a Gaussian density; for more examples, see, e.g., [18]. In the remainder of the paper, we
will work with this probabilistic formulation for convenience, and we refer to the corresponding loss as the
probabilistic loss.

Remark. Discriminative models can also fit into this framework. Let {(X;,Y;)}?_, be i.i.d. observations,
then the loss function reads L(Yj, Mg(Xy)). If, in addition, L is a probabilistic loss, then the associated
conditional probability density is pg(Yi|Xk)-

2.1 Likelihood score and score-based testing

Let 1{-} be the indicator function. Given 7 € [n — 1] and 1 < s < ¢t < n, we define the conditional
log-likelihood under the alternative as

t

Es:t<97 A7 T) = Z 10gp0+A]l{k>'r}(Wk|Wl:k71) .
k=s

We will write £5.:(6, A) for short if there is no confusion. Under the null, we denote by £s.+(0) := £5..(0,0;n)
the conditional log-likelihood. The score function w.r.t. 6 is defined as Ss.1(0) := Vyls.+(0), and the observed
Fisher information w.r.t. 6 is denoted by Z..(0) := fvgeszt(e).

Given a hypothesis testing problem, the first step is to propose a test statistic R, such that the larger R,
is, the less likely the null hypothesis is true. Then, for a prescribed significance level o € (0, 1), we calibrate
this test statistic by a threshold rg := rq(«), leading to a test 1{R,, > ro}, i.e., we reject the null if R,, > ry.
The threshold is chosen such that the false alarm rate or type I error rate is asymptotically controlled by «,
i.e., limsup,,_, . P(R, > ro | Hy) < o. We say that such a test is consistent in level. Moreover, we want the
detection power, i.e., the conditional probability of rejecting the null given that it is false, to converge to 1
as n goes to infinity. And we say such a test is consistent in power.

Let us follow this procedure to design a test for Problem (P0). We start with the case when the change-
point 7 is fixed. A standard choice is the generalized score statistic given by

Rn(T) = S:+1:n(én)zn(én?T)_ls‘ﬂrl:n(én) s (1)

where In(én;T) is the partial observed information w.r.t. A [24, Chapter 2.9] defined as

ITJrl:n(én) - I’r+1:n (én)—rzltn(én)71-’ZT+1:n(én) . (2)
To adapt to an unknown changepoint 7, a natural statistic is R, := max,ep—1) Ra(7). And, given
a significance level «, the decision rule reads ¥y, («) := 1{Rjn > Hin(a)}, where Hy,(«) is a prescribed

threshold discussed in Sec. 3. We call Ry, the linear statistic and vy, the linear test.

2.2 Sparse alternatives

There are cases when the jump only happens in a small subset of components of y. The linear test, which
is built assuming the jump is large, may fail to detect such small jumps. Therefore, we also consider sparse
alternatives.

(P1) Testing the presence of a small jump:



Algorithm 1 Auto-test

: Input: data (W;)7_;, log-likelihood ¢, levels a; and g, and maximum cardinality P.
:fort=1ton—1do
Compute R, (7) in (1) using AutoDiff.
Compute R, (7, P;as) in (3).
end for
: Output: Yauto(@) = max{Ynn (@), Yscan(as)} in (4).

Hy:0p,=6yforallk=1,...,n
H; : after some time 7, 6 jumps from 6y to Oy + A,

where A has at most P nonzero entries .

Here P is referred to as the mazimum cardinality, which is set to be much smaller than d, the dimension of
6. We denote by T' the changed components, i.e., Ar # 0 and Agyr = 0.
Given a fixed T', we consider the truncated statistic

-1

Rn (7-7 T) = S-,——r-t,-];n (én)T [In (éna T)T,T} ST+1:TL (én)T .

Let 7, be the collection of all subsets of size p of [d]. To adapt to unknown T, we use

(T, Py a) = Hy(a) 'R, (7, T) ,
Ry, (7, P; ) e max p(@) "R, (7,T) (3)

where we use a different threshold H,(«) for each p € [P]. Finally, since 7 is also unknown, we propose
Rgcan (@) := max, cp,—1] Ry (7, P; ), with decision rule 9scan(c) := 1{Rscan() > 1}. We call Rycan(a) the
scan statistic and Yscan the scan test.

To combine the respective strengths of these two tests, we consider the test

7Jjauto(a) = max{wlin(al)7 1pscan(O‘s)} s (4)

with o; + as = «a, and we refer to it as the auto-test. The choice of a; and ay should be based on prior
knowledge regarding how likely the jump is small. We illustrate how to monitor a learning machine with
auto-test in Fig. 1.

2.3 Differentiable programming

An attractive feature of auto-test is that it can be computed by inverse-Hessian-vector products. That opens
up the possibility to implement it easily using a machine learning library designed within a differentiable
programming framework. Indeed, the inverse-Hessian-vector product can then be efficiently computed via
automatic differentiation; see Appendix A for more details. The algorithm to compute the auto-test is
presented in Alg. 1.

3 Level and Power

We summarize the asymptotic behavior of the proposed score-based statistics under null and alternatives.
The precise statements and proofs can be found in Appendix B.

Proposition (Null hypothesis). Under the null hypothesis and certain conditions, we have, for any subset
T C [d] and 1, € N such that 7,/n — X € (0,1),

Rn(Tn) —d X?i and Rn(Tan) —d X|2T| )
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where we denote by —q the convergence in distribution. In particular, with thresholds Hyy(cr) = qy2(cr/n)

and Hy(o) = qy2 (a/[(z)n(p + 1)2]), the tests Yun(), Yscan(@) and Yauo(r) are consistent in level, where
qp () is the upper a-quantile of the distribution D.

Most conditions in the above Proposition are standard. In fact, under suitable regularity conditions, they
hold true for i.i.d. models, hidden Markov models [3, Chapter 12|, and stationary autoregressive moving-

average models [11, Chapter 13].
The next proposition verifies the consistency in power of the proposed tests under fixed alternatives.

Proposition (Fixed alternative hypothesis). Assume the observations are independent, and the alternative
hypothesis is true with a fized change parameter A. Let the changepoint T, be such that 7,/n — X € (0,1).
Under certain conditions, the tests Yn (@), Yscan(@) and auio(a) are consistent in power.

4 Experiments

We apply our approach to detect changes on synthetic data and on real data. We summarize the settings
and our findings. More details and additional results are deferred to Appendix C.

Synthetic data. For each model, we generate the first half sample from the pre-change parameter 6
and generate the second half from the post-change parameter 61, where 6; is obtained by adding § to the
first p components of 8y. Next, we run the proposed auto-test to monitor the learning process, where the
significance levels are set to be o = 2a; = 2a, = 0.05 and the maximum cardinality P = |v/d]. We repeat
this procedure 200 times and approximate the detection power by rejection frequency. Finally, we plot the
power curves by varying 4. Note that the value at § = 0 is the empirical false alarm rate.

Additive model. We consider a linear model with 101 parameters and investigate two sparsity levels,
p =1 and p = 20. We compare the auto-test with three baselines given by the L, norm of the score
function for a € {1,2, 00}, where these baselines are calibrated by the empirical quantiles of their limiting
distributions. Note that the linear test corresponds to the Lo norm with a proper normalization. And
the scan test with P = 1 corresponds to the L., norm. As shown in Fig. 2, when the change is sparse,
i.e., a small jump, the auto-test and L, test have similar power curves and outperform the rest of the tests
significantly. When the change is less sparse, i.e., a large jump, all tests’ performance gets improved, with
the Lo, test being less powerful than the other three. This empirically illustrates that (1) the Lo, test work
better in detecting sparse changes, (2) the L; test and the Ly test are more powerful for non-sparse changes
and (3) the auto-test achieves comparable performance in both situations.

The proposed auto-test is calibrated by its large sample properties and the Bonferroni correction. This
strategy tends to result in tests that are too conservative, with empirical false alarm rates largely below 0.05.
We also use resampling-based strategy to calibrate the auto-test, i.e., generating bootstrap samples and
calibrating the test using the quantiles of the test statistics evaluated on bootstrap samples. The empirical
false alarm rates are around 0.065 for both p =1 and p = 20.



Table 1: Decision of the scan test on the TV-show application: each (row, column) pair stands for a
concatenation; “R” means reject and “N” means not reject. Red entries are false alarms.

F1 F2 M1 M2 S1 S2 D1 D2
F1 N N N N R R R R
F2 N N R N R R R R
MI N R N N R R R R
M2 N N N N R R R R
S1 R R R R N N R R
52 R R R R N N R R
DI R R R R R R N R
D2 R R R R R R N N

Text topic model. We consider a text topic model [20] and investigate the auto-test for different sample
sizes. This model is a hidden Markov model whose emission distribution has a special structure. We examine
two parameter schemes: (N, M) € {(3,6),(7,20)}, where N is the number of hidden states and M is the
number of categories of the emission distribution, and p is set to be 1. As demonstrated in Fig. 3, for the
first scheme, all tests have small false alarm rates, and their power rises as the sample size increases. For
the second scheme, the false alarm rate is out of control in the beginning, but this problem is alleviated as
the sample size increases. This empirically verifies that the auto-test is consistent in both level and power
even for dependent data.

Real data. We collect subtitles of the first two seasons of four TV shows—Friends (F), Modern Family
(M), the Sopranos (S) and Deadwood (D)—where the former two are viewed as “polite” and the latter two as
“rude”. For every pair of seasons, we concatenate them, and train the text topic model with N = |/n/100|
and M being the size of vocabulary built from the training corpus. The task is to detect changes in the
rudeness level. As an analogy, the text topic model here corresponds to a chatbot, and subtitles are viewed
as interactions with users. We want to know whether the conversation gets rude as the chatbot learns from
the data.

The linear test, i.e., the auto-test with oy = o and ag = 0, does a perfect job in reporting shifts in
rudeness level. However, it has a high false alarm rate (27/32). This is expected since the linear test may
capture the difference in other aspects, e.g., topics of the conversation. The scan test, i.e., the auto-test
with a; = 0 and as = a, has much lower false alarm rate (11/32). Moreover, as shown in Table 1, there are
only two false alarms in the most interesting case, where the sequence starts with a polite show. We note
that this problem is hard, since rudeness is not the only factor that contributes to the difference between
two shows. The results are promising since we benefit from exploiting the sparsity even without knowing
which model components are related to the rudeness level.

5 Conclusion

We introduced a change monitoring method called auto-test that is well suited to machine learning mod-
els implemented within a differentiable programming framework. The experimental results show that the
calibration of the test statistic based on our theoretical arguments brings about change detection test that
can capture small jumps in the parameters of various machine learning models in a wide range of statisti-
cal regimes. The extension of this approach to penalized maximum likelihood or regularized empirical risk
estimation in a high dimensional setting is an interesting venue for future work.
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Outline of Appendix

The outline of the appendix is as follows. Appendix A discusses implementation details of the proposed test
and its complexity analysis. Appendix B is devoted to prove the level and power consistency of the auto-test.
Appendix C provides addition experiment results on a times series model and a hidden Markov model.

A Implementation Detalils

For simplicity of the notation, we write S'izj = S,;:j(én) and i,;:j = L:j(én) throughout this section.

A.1 Algorithmic aspects

Recall that the computation of auto-test boils down to the computation of the linear statistic

Ry = Tg[lfi(u R, (T) = Tg[lj‘i(l] gj—&-l:ni-;wl'é‘r-l-l:n , (5)

where fnﬁ = Z:T — jl:rjl_;flbj:l:ra and the scan statistic

scan - — T):= AT : TjTT_l AT 7
Rocon = max ~ max Bo(rT)= max = max  [Sciinlrlnclrr(Seanlr (6)

where [Z,, -] 7% should be understood as {[Z, ,]7.7} .

To compulce these two statistics, a direct approach is to compute the full Fisher information matrices and
then invert them. Another approach consists in solving the linear system Z~1S by the conjugate gradient
algorithm. We refer to it as the AutoDiff-friendly approach.

In the following, we analyze the time and space complexity of these two approaches in the most general
case, that is, the sequence {Zy.;}7, does not admit a recursion that could simplify its computation. For
every t € [n], we assume the computational graph of the log-likelihood is of size tC with Cy > d. As a result,
computing Sy.; by AutoDiff takes O(tCh) time and O(tCy) space. Similarly, we assume the computational
graph of the score Sy is of size tCy. Then the time and the space complexity of computing flzt(ﬂ) are
O(tdCs) and O(tCs), respectively, if we call AutoDiff on S),e), for each k € [d], where {e;}¢_, is the
standard basis of R?. We usually have Cy > C; when £(6) is not linear in 6.

Computing the linear statistic using automatic differentiation. The main steps to compute the
linear statistic with the direct approach are summarized in Algorithm 2. The most time-consuming step is
the for loop in steps 5-9. For each 7 € [n — 1], steps 6-8 take time O(7C}), O(7dC3) and O(d?), respectively.
Therefore, the overall time complexity of Algorithm 2 is O(n?dCy + nd?). The most space-consuming steps

Algorithm 2 Linear statistic with the direct approach

Input: Data (Wy)}7_,, log-likelihood ¢, and MLE 0,,.
Compute Siin by calling AutoDiff on 81;n(én).
Compute Thm by calling d times AutoDiff on Shin.
Compute Z;}.
forr=1,...,.n—1do
Compute S1.r by calling AutoDiff on ElzT(én), and then compute S'Tﬂm =S1 — St
Compute fl;T by calling d times AutoDiff on 5’1;7.
Compute R, (7) in (5).
end for
Compute Ry, in (5).
: Output: Rjy,.

_ =
= O




Algorithm 3 Linear statistic with the conjugate gradient algorithm

Input: Data (Wy)}7_,, log-likelihood ¢, and MLE O,.

Compute 51 .n by calling AutoDiff on /4. n(9n)

Compute 7y .n by calling d times AutoDiff on Sl:n~

forr=1,...,n—1do
Compute 51 .+ by calling AutoDiff on /4. T(Hn), and then compute .§T+1m = Sim — Sty
Compute R, (7) in (7) by the conjugate gradient algorithm.

end for

Compute Ry, in (5).

Output: Rj,.

are to store the computational graph of Sy, with complexity O(nC53), and to store the full Fisher information
matrix with complexity O(d?). Consequently, the overall space complexity is O(nCy + d?).
We now investigate the AutoDiff-friendly approach. According to the Woodbury matrix identity, we have

Iy =Tir + I, -
The statistic R, (7) then reads
R, ( ) S-r+1 nI 17 ST-H m T+ Sr-i-l n 7'+1 n‘§7'+1!n : (7)

To compute f;ié’TH:m we apply the conjugate gradient algorithm to solve the problem

. aT
min {2:10 Tirx — STme}
Each iteration of the conjugate gradient algorithm requires evaluating 7y -+, which can be obtained by calling
AutoDiff on. STz with O(7Cs) time and O(7Cy) space. Moreover, it converges in M < d steps. As a result,
computlng 11 TST+1 . takes O(TMCs) time and O(7C5) space. The steps to compute IT+1 nSTH n i8S smular

since Ir+1 nk = I1 n&— I1 ~x. Hence, we may compute R);, as in Algorithm 3. The most expensive steps are
the computation of Z;.,, in step 3 and the for loop in steps 4-7. Step 3 takes O(ndCy) time and O(nCy + d?)
space. For each 7 € [n — 1], the steps within the for loop, as discussed above, take O(TMC3) time and
O(7Cs) space. Hence, the overall time and space complexities are O(n?MCy + ndCs) and O(nCy + d?).
Since M < d, it is clear that this approach is more efficient than the direct one.

Computing the scan statistic using automatic differentiation. Computing the scan statistic
exactly may be exponentially expensive in the parameter dimension d, since it involves a maximization over
all subsets of [d] with cardinality p < P. Alternatively, we approximate the maximizer of maxp—, R, (7,T),
say Ty, by the indices of the largest p components in

o(T) == A:+1:ndiag{jn,7}7lgr+l:n . (8)

That is, we consider all T' with |T'| = 1, and approximate the maximizer T, by the union of the ones that
give the largest p values of R, (7,T). We show in Appendix B that this approximation is accurate if the
difference between the largest eigenvalue and the smallest eigenvalue of Z,, , is small compared to ||Sr+1.x, H2
Formally, we approximate Rgcan by
~ — & T -1
Rscan ~ Tg[lr?xl] sz1<a1§R (T T ,P) . Tér[lf‘i(l] E}ngag [STJan] [In T]TT ol p [S‘I’Jrl n] Trp> (9)
where T ,, corresponds to the largest p indices of v(7).
Note that, in order to compute the scan statistic in a similar fashion as the linear statistic, we may modify
the normalizing matrix [Z,, , ] as

[jlz‘r};’lT + [i.TJrl:n]%’lT . (10)

10
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Figure 4: (a) Running time versus sample size for linear models with d = 1000; (b) Running time versus
number of parameters for linear models with n = 10000; (c¢) Running time versus sample size for multi-
layer perceptrons with d = 1035 (r = 45); (d) Running time versus number of parameters for multilayer
perceptrons with n = 10000.

It can be shown that (10) converges to the same limit as fl:T under the null so that the calibration discussed
in Appendix B remains valid. Hence, for the direct approach, we need the following steps to compute Rgcay in
addition to Algorithm 2: 1) sort v(7) and obtain {77 p}pe[p], and 2) compute { R, (7, Tr )} pe(p), for each 7 €
[n—1]. For the AutoDiff-friendly approach, after we sort v(7), we can again compute [i'ltf]il,p,TW [S’TH:”]TW
by the conjugate gradient algorithm. Since P < d, the time complexity and space complexity of the linear
statistic dominate the ones of the scan statistic.

When the observations {W},}7_, are independent, the score SLT and information fl;T can be computed
recursively in the direct approach. As a result, computing the auto-test with the direct approach will be
more efficient if n > d.

A.2 Running times

We then compare empirically the running time of the two approaches. For simplicity, we focus on applying
them to compute ff,llz for some randomly generated vector z € R?. We consider two models: 1) a linear
model Y = 0T X + ¢ with log-likelihood (up to a constant) £(6) = —(Y — T X)? (or quadratic loss), where
6 € R% 2) a multilayer perceptron (MLP) with the following structure: zo — x1 = o(Ayzg + b1) — 29 =
Aszy + by, where o € R” is the input vector, A; € R™*"/2l b ¢ RI'/2 Ay, € RIVAX1 and by, € R.
Hence, there are d = r[r/2] + 2[r/2] + 1 parameters in this model. The loss function is again chosen as the
quadratic loss. For each of the two models, we generate n i.i.d. observations from this model and use the
two approaches (“Direct” and “Ours”) to compute ff,llz For the conjugate gradient algorithm, we set the
target accuracy to be 1077 and set the maximum number of iterations to be 2d. For each pair of (n,d),
we repeat the experiment 5 times and report the average running time with standard error in Fig. 4. The
experiments are performed on a machine with 32 2.8GHz Intel Core i9 CPUs.

For the linear model, the information matrix is well-conditioned, so it took strictly less than d iterations
for the conjugate gradient algorithm to converge. This contributes to the significant improvement on the
running time compared to the direct approach. As for the MLP, the information matrix is ill-conditioned,
so it usually took the conjugate gradient algorithm the maximum number of iterations, i.e., 2d, to converge.
In fact, the running time of the AutoDiff-friendly approach is about twice larger than the direct approach.
Note that this time could be potentially reduced by computing the inverse-matrix-vector product inexactly.

A.3 Examples

Example 1 (Text topic model). The text topic model introduced in [20] is a hidden Markov model with tran-
sition probability ¢ and emission probability g, supported respectively on finite sets [N] and [M]. Moreover,
it satisfies the so-called Brown assumption: for each observation X € [M], there exists a unique hidden state
H(X) € [N] such that g(X|H(X)) > 0 and g(X|h) = 0 for all h # H(X). The authors proposed a class of
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spectral methods to recover approximately the map A up to permutation. Consequently, the log-likelihood can
be computed as

0a(0) =Y log q(He[Hi—1) +log g(Xi|Hx)
k=1

where X is assumed to be known.

Example 2 (Time series model). Consider an autoregressive moving-average (ARMA) model:
r q
Xe=) ¢iXeite+ Y picmi
i=1 i=1

where {e:} are i.i.d. standard norm random variables. Let 0 = (¢;p). Assume that r > q and Xi., is
completely known. Then the log-likelihood reads:

1 n
0 (0) = —5 Y g+C,

t=r+1

where ey = Xy — Y i ¢iXyi — D iy PiCt—i-

Example 3 (Hidden Markov model). Suppose that observations (Yy)j_, are from a hidden Markov model
(HMM)

Xk ~ Q(kal, ) and Yk ~ G(Xk, -),

where G and @ are the transition distribution and emission distribution, respectively. For simplicity, we
write ¢z = Q(z,2") and gi(x) = G(x,Yy). Its log-likelihood function can be computed by the normalized
forward recursion [6, Chapter 3/: €,,(0) = >, _, logcy where, recursively,

M

Cr = Z Prk—1(Th—1)Gay 1,20 9k (Tk)

Tp—1,2x=1

M
o) = ¢ " Z Or—1(Th—1)ay_1 2 9k (1), VR € [M]
fEk,1:1
with initial conditions
M
co =Y go(zo)v(o)
zro=1

do(0) = ¢y ' go(zo)v(z0), Vg € [M] .

B Theoretical Results and Proofs

B.1 Null hypothesis

This section is devoted to determine thresholds for the linear test, scan test, and auto-test so that they are
consistent in level. For this purpose, we first derive the limiting distribution of R, (7,) for any sequence
(Tn)n>1 such that 7,,/n — X € (0,1). We then determine the thresholds based on the limiting distribution.

Assumption 1. Let Wy, ..., W, be a time series with a correctly specified model {pg : € © C R%}. Suppose
that the true parameter 0y € int(©) (the interior of ©), and that the following assumptions hold:

12



Al :  © contains an open neighborhood ©g on which £,(0) := logpe(W1, ..., W,,) is twice continuously
differentiable and |n=1V3e,(0)| aﬁs‘ MWh,...,W,) = 0,(1) for every 0 € Oy.

A2 : —V20,(00)/n —, To where Ty € R is positive definite.
A3 : The MLE 0, exists and \/n(6, — 0o) —a N'(0,Z5) (convergence in distribution).
A4 : The normalized score can be written as a sum of a martingale difference sequence, up to an o,(1)

term, w.r.t. to some filtration {Fi}icz, that is,

Zn(ao):%sn(eo) fv(,e Z —+op(1)

where E[Mg|Fr—1] = 0,Vk € [n]. In addition, this martingale difference sequence satisfies the Lindeberg
conditions:

A4-(a) : n VY0 E[MyM | Fi_1] —p Lo and
A4-(b) : Ve>0and a € REn™' Y] | E [(o Mp)?*1{|a" My| > /ne}|Fr-1] =, 0.
A useful sufficient condition for Assumption A4 is given below.

Lemma 1. Assume that the normalized score can be written as

Zw,

where { My }ren, is a stationary and ergodic martingale difference sequence w.r.t. its natural filtration, then
Assumption A/ holds true.

Proof By stationarity, there exists a fixed measurable function f : R*® — R> such that, for all £ € N,
E[Mi M, [My—1, My, ...] = f(My_1,Mg_3,...)

almost surely. Due to the ergodicity of My, the series N} = f(My—1,My_o,...) is also ergodic so that
Ny —a.s. E[N1], i.e., the condition A4-(a) holds true. Similarly, given ¢ > 0,

= %ZE [(a" M2 L {|a" My| > ¢} [Fro1] —as. Gle)

for any o € R, where G(c) = E[(a" M;)?|1 {|aTM1‘ > c}] can be arbitrarily small by setting ¢ to be large.
Hence, for any § > 0 and any o € R%, there exists a constant cq and an integer N > 0 such that Vn > N,
we have G, (cg) < 0 almost surely. To verify the condition A4-(b), note that G, (c) is decreasing in ¢, so, for
every € > 0, there exists M > 0 such that n > M implies

1 n
E ZE [OéTMlgul {‘OéTMk‘ > 6\/5} |fk_1] < Gn(CO) <4

almost surely. As d is arbitrary, we know that the condition A4-(b) holds. W

Remark. Under suitable regularity conditions, Assumption 1 holds true for i.i.d. models, hidden Markov
models [3, Chapter 12|, and stationary autoregressive moving-average models [11, Chapter 13].

Proposition 1 (Null hypothesis). Under Assumption 1, we have, for any 1, € Ny such that 7,/n — X €
(0,1),

n

Tn(n —7)

STn+1:n(én) —d N(O,Io) .
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In particular,

Rn(Tn) = STn-'rl n(é ) (éna Tn) 1STn,+1:n(én) —d X?l
Ry (10, T) = [Sr, 41: n( )] Z n(9n§Tn)]:liﬁlil“[srrﬂrl:n(én)]T —d X\QT\v for any T C [d] .

We start by showing that the partial observed information In(én;Tn) defined in (2) is a consistent
estimator of Zy with proper normalization.

Lemma 2. Under assumptions A1-A3, we have, for any 1, € Ny such that 7,/n — X € (0,1),
n ~
————— T2 (0n;m) —p Lo -
Tn(n —15) (Oni ) = To

Proof According to Assumption Al and Taylor’s theorem, we obtain

%vafn(é ) — V20, (60) H < 7Hv3e

I

where H?n — 90H < H Let E,, be the event {én € Op}. By Assumption A3, it holds that P(E,) — 0,

and thus

*HVQ () = V36u(00)|| < 1M (W1, W)

b, — 90H +o,(1) = 0p(1) .
Consequently, by the triangle inequality, we get

1
angen(an) -Ty —p 0 .

1 1
< = [[V5a(0n) = Vita(00)]| + angen(ao) -

This yields —V2£,,(8,,)/n —, To. It follows that

1 A 1 A 1 A A
I‘rn+1:n(0n) = - vgg‘r,,ﬁrl:n(en) = - [Vggln(en) - VZE]JT-,L (9n>]

n—="Tn n—"Tn n—"Tp
1 A
_>P ﬁIO— ﬁz() —IO .

Recall that Z, (6,; 7)) = Zr, 410 (0n) — Ly 110 (00) T Z1on (00) " L1 410 (0r), We can derive

n

. 1 1
Y T b)) oy ~Te— [~ —1) Ty =Ty .
Ta(n —7) ( T)_>p)\ 0 ( ) 0 0

A
]

To derive the asymptotic distribution of the score STnH;n(én), we will express it as a linear combination
of the normalized scores Z;, (0) := S1.~, (60)/+/Tn and Z,,(600) := S1.,(00)/+/n, and then prove its asymptotic
normality by the following lemma.

Lemma 3. Under Assumption A/, we have, for every sequence T, € Z4 such that 7,,/n — X € (0,1),

()t )

Moy Io

Moreover, if /n(0,, — 60) = Iy ' Z,(00) + 0,(1), then

0., — 0o Azt 7ot
Vi Za) e (0 (M 2
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Proof According to Cramér-Wold device, it is sufficient to show that for any (a',b") € R??

0"\ 2 b Zy = N (0,Ma+b) To(a+b) + (1 — A)b Tob), asn — oo .
n

We will prove this by the Lindeberg theorem for martingales. In fact,

T [T T, % M N~ M
'\ 2, 4 Zn_Z(a+b)\/ﬁ+ > b\/ﬁ.

k=1 k=1,+1

Let Wy, = (a+b) " My, if k € [1,]; and W, . = b" My, if k € {7, +1,...,n}. Then {W,, 1, Fi ez is also a
martingale difference sequence. Additionally,

1 — 1 & 1
=S CERW2 [ Feoa] = = (a+b) TE[MpM, | Feo1](a +b) + Z b E[M M, | Fr—1]b
o= nk—l k=71p+1

= n Tnza EMkMk |]:k 1]( +2b ];b-r MkMk |]:k 1]

—p Aa' To(a+2b) + b Tob = Ma +b) " To(a+b) + (1 — A\)b  Zob ,

and, for any ¢ > 0,

*ZE 2L Wak| > ev/n)| Fr—i]

ZE[ (@ + 073" 20+ 072> V)| Faa| + 5 3 B |0700) 10000 > )

k=71,+1

—p 0,

by Assumption A4-(b). Therefore, the statement (11) holds by invoking the Lindeberg theorem for martin-
gales. Moreover,

r <éﬁ - 90> B <Iol\/§zfn +op(1)> _ (Io;/A 91> (@Z> +o,(1)

0 — 6o Iyt Zn + 0p(1) L,

DN A A
N (0< ira

Proof of Prop. 1 Since 6,, maximizes the log-likelihood function, it must satisfy the first order optimality
condition, i.e., S1.,(6,) = 0. Then by Assumption A3 and Taylor expansion,

~ ~ 1 ~
Zn(00) = Zn(0,) — Vo Z,(05)T (0, — 0) = fvez (02) T/, — 00)
where 0} is between 6, and én It follows that 6} —, 0y and
1 * 1 *
—%VQZH(QH) = _Evﬁn(an) =1y + Op(l) (12)
by a similar argument as in Lemma 2. Note that \/ﬁ(én —00) = O,(1), we obtain
V(O — 60) = I Z(60) + 0p(1) - (13)
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We then express the score S. 1., as a linear combination of the normalized scores Z, (6y) and Z,(6p).
By Lindeberg theorem for martingales [23, Chapter 4.5] and Cramér-Wold device [4], Assumption A4 implies
Zn(00) —a N(0,Zp), and thus Z,(0g) = O,(1) as n — co. It follows that

STn-i-l:n(én) _ STn+1:n(90) 1 T N7
m - \/TL —, + \/TL —, VGSTn-l-l:n(en)(en 90)

_ Srginf) | (VoS1n(07) — VoSir, (0:))

\/{E(én - 90)

n—Tp n(n —1,)
-
. Srn+1:n(6‘0) n Zn(a;kL) . Tn Z‘rn (9;) -1 o .
- — + [ n— T, \/ﬁ \/m \/TTL (IO Zn(go) + p(l))v by (13)
—— (ZO) ( %_ =i : A) 10Ty Za(0) + 0p(1), by (12)

N
== TR 200+ [ 200+ =2 (00) + 0,(1)
VA

=T Zr, (00) + 1%/\2 (00) +op(1) .

Now by Lemma 3, we have

n

Tn(n —75)

- 1 A 2 A2 1 A2
S‘rnJrl:n(en) _>dN (07 |:X1 Y - Xl Y + Xl — )\]IO> =—d N(O,Io) . (].4)

Therefore, by Lemma 2 and (14), we have R, (7,,) —a x5 and Ry, (7, T') —4 X|2T|' |

Note that the linear statistic is the maximum of R, (7) over 7 € [n—1], so we use the Bonferroni correction
to compensate for multiple comparisons. This gives the threshold Hyn(a) = g2 (c/n)—the upper (o/n)-

quantile of x2. Similarly, since the asymptotic distribution of R,,(r,T) with T’ € T,, is X;,% and |7,| = (i), the
Bonferroni correction leads to the threshold Hy(a) = g,z (a/[(z)n(p + 1)?]), where (p + 1)? is required to

guarantee an asymptotic a level. In fact, we only need 3° 5 1/(p + 1)2 < 1 for controlling the level. Other
corrections are possible, but the former provides small thresholds when the change is sparse.

Corollary 4. Under Assumption 1, the three tests ¥auto, Viin, Wscan are consistent in level with thresholds
defined above.

Proof Let Eqg and Py be the expectation and probability distribution under the null hypothesis. We have

Boltin(a)] =Fo {_max, R,(r) > Hinfa) } < ZPO ") > g (a/n) Z% D=atoll)
and
Eo[thscan ()] = (é?fﬁ r%algccrpne%H( Q) 'R, (1, T) > 1)
Ry(7,T) )
S P ( >1
= ;’T;’ 0 (a/((Z) (p+1)%))
< ) < o(1) < a+o(l) .
1p<PT;- p+ ;; p+1
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For a = a; + ay, the autograd-test has false alarm rate
Eo[¢(a)] < Eo[thin(cu)] + Eo[thscan ()] < o + s +0(1) = a+o(1) .

Therefore, the three proposed tests are all consistent in level. H

B.2 Fixed alternative hypothesis
Under fixed alternative hypothesis, we make the following assumptions.

Assumption 2. Let Wi,...,W,, be an independent sample and {py : 0 € © C R} be a family of density
functions. Suppose that there exists 7, € [n—1] such that Wy,..., W, ~ Doy, Wi 41, .-, Wy ~ pg, (01 # 6p),
and T,/n — X € (0,1). Moreover, suppose that the following assumptions hold:
A1 : F(9) := ADxkrL(po,|lpe) + ADk1(pe, |pe) has a minimizer 0* € int(©), where A = 1 — X and Dk, is
the KL-divergence.
A’2 :  © contains an open neighborhood ©* of 0* for which

A2-(a) : £(0) :=£(0)z) :=logpy(x) is twice continuously differentiable in 0 almost surely.
A2-(b) : ijk€(9|x) exists and satisfies }V?jké(ﬂx)‘ < M;ji(x) for 8 € ©* and i, j, k € [d] almost surely
with Bg, M, (W) < oo forl € {0,1}.
A8 : Ey, [Vgé(e*)] = VyEy, [f(@)”gzg* =5 forle {O, 1}.
A’ o Ko [-V320(0%)] = I} is positive definite for | € {0,1}.
Proposition 2 (Fixed alternative hypothesis). Under Assumption 2, there exists a sequence of MLE such
that 0,, —, 6* and, for any 7,/n — X € (0,1),
wRa(7a) —p (AST)T(Z) 71 (XSY) (15)

where T* = NI} — NI} (AT +XIf)_1 NI is a positive definite matriz.

Proof Among all solutions of the likelihood equation Vy/,,(0) = 0, let 6,, be the one that is closest to 0*
(this is possible since we are proving the existence). We firstly prove that 0, —p 0*. For € > 0 sufficiently
small, let B. = {6 € R? : [|§ — 6*|| < ¢} C ©* and bd(B.) be the boundary of B.. We will show that, for
sufficiently small ¢,

P(£,(0) < £,(0%),¥0 € bd(B:)) — 1 . (16)
This implies, with probability converging to one, £, () has a local maximum (also a solution to the likelihood

equation) in B, and thus ,, € B.. Consequently, P(||6,, — 0*| > &) — 0.
To prove (16), we write, for any 6 € bd(B;), that

L16(0) = a(6°)] = 0~ 07TVl — 56— 07)T (=1 930,(07) ) (0 0"

d d d
b ST 0 0100~ 0) (0 — 0Vl (B)

i=1 j=1 k=1
=:Di+Dy+ D3 ,

where 0,, € B, satisfies H?n — 0"
law of large numbers,

Dy =y (0—0%)" [\Eg, [Vol(6%)] + XEq, [Vo£(0%)]]
= (0 —6")" Vo [AEg, [(0)] + XEq, [£(0)]]],_,-,
= —(0—60")"Vo [ADk1(po, [Pe) + ADkc1.(po, [Ip6)] | -
=0,

< ||@ — 0*||. Let us bound D1, D2, and D3 separately. Note that, by the

by Assumption A’3
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where the last equality follows from Assumption A’l. Moreover, by Assumption A’4,
1 - 1
Dy —p =5 (0~ 0*)" (\Ig + NI7) (0 — 0%) < —iAmmeZ :

where Ay is the smallest eigenvalue of AT + A\Z;. If we set e small enough such that bd(B.) C ©*, then
we have, by Assumption A’2

1 n _
|D3| < o Z 0; — 07|05 — 07| [0 — 0% Z |Vijel(0|W1)|, by triangle inequality
n
ijk =1
a1y . .
<5200 2o Mun(W), by 16— 07 < 6 — 67| =<
ijk =1
3
[3) —
v g > (AEgy [Miji(W)] + AEg, [M;6(W)])
ijk

Hence, for any given 6 > 0, any € > 0 sufficiently small, any n sufficiently large, with probability larger
than 1 — ¢, we have, for all § € bd(B;),

|D1‘ < 53, D2 < */\min52/4; |D3| S AES R

where A > 0 is a constant. It follows that,

Ami Ami Ami
D D D 3 A3_ min 2 _ A 1 _ Z\min 2 0 if min
1+ Do+ D3 <e’+ Ae —45 (( +1)e 4>5< , 18<74(A+1)’

and thus (16) holds.
Now, following a similar argument as in Lemma 2, we obtain

]. N ]- * N Ok
E 'rnJrl:n(en) = g TnJrlin(a ) + Op(l) _>P )\Sl

1. 1 o o
ST (O Tn) = —To(07570) + 0p(1) —p NI} — NI} (NI + 0T7) NI =17
n n

where Z* is positive definite since both Z; and Z7 are positive definite. This implies

L) = (Esniin) (St} (L5t =, GsiT@) ()
]

To show the power consistency of the proposed tests, it suffices to prove Hyi,(a)/n = o(1) and H,(a)/n =
o(1) for all p € [P]. For this purpose, we recall a concentration inequality valid for x? distributions introduced
in [5].

Lemma 4. Let W be a chi-square random variable with degrees of freedom d, that is, W ~ XZ- Then, for
all x > 0,

HD{W2d+2\/alTr:+2x}ge—m .

Corollary 5. Suppose that Assumption 2 is true and ST # 0, then the three tests Yauto, Viin, Vscan are
consistent in power.
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Proof According to Lemma 4, we have, for any a € (0,1),

Hiin () = gy2(a/n) < d +2v/dlog(n/a) + 2log(n/a) |
and thus Hjy,(a)/n — 0. Recall from Prop. 2 that
Ra(r) =y ()T (T7) 7 (385)
If ST # 0, then it follows from the positive definiteness of Z* that
(i) = 1) = P (R > Hisn(a)) > P (iRn(m > ith(a)> 1

Analogously, we get

@) =g (o () o+ 12) ) <+ 2{ptog [(D)ato+ v2/a]} 4 2108 [ (D)o + 127a] |

which implies Hp(a)/n — 0. Therefore, it follows that P(1)scan () = 1) — 1, and subsequently, P(¢auto (@) =
H—1.1

B.3 Local alternative hypothesis

Under local alternative hypothesis, we make the following assumptions.

Assumption 3. Let Wi,...,W,, be an independent sample and {py : § € © C R} be a family of density

functions. Suppose that there exists T, € [n—1] such that Wy, ..., Wy~ pgy, Wr 41,..., Wy ~ pg, in which
6, = 0p+hn='/2 with h # 0, and T/ — X € (0,1). Moreover, suppose that the following assumptions hold:
A”1 : © contains an open neighborhood ©¢ of 6y for which

A71-(a) : () :=L(0)z) := logpg(x) is twice continuously differentiable in 6 almost surely.

A71-(b) : V2 l(0]x) exists and satisfies ‘V?jkﬁ(ﬂx)‘ < M;ji(x) for 0 € ©g and i,j,k € [d] almost
surely with Eo, M, (W) < o0.

A2 0 Ko, [Vel(0o)] = VoEe, [£(0)][0=0, = So-

A7 ;K [Vel(00)Vel(0) "] = Eg, [—V2L(00)] = Lo is positive definite.

Proposition 3 (Local alternative hypothesis). Under Assumption 3, there exists a sequence of MLE 0,,
such that

n A~

mzn(en; Tn) —p Lo (17)
V0, — 00) —a Ny (Wb, I3 ) (18)
T(+_7_)ST”+1:TL(9AH) —d Nd(\/ﬁ Ioh,I()) . (]_9)

In particular,
Ry(1) —a X3(ANR T Ioh)
R (70, T) —=a Xir| (/\X[IOM;[IO];}T[IO}L]T> :
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Proof In this proof we firstly analyze the behavior of the score statistic under the null hypothesis, then
we use Le Cam’s third lemma (e.g., [22]), to attain the asymptotic distribution of the test statistic under
local alternatives.

Under Py := Pp,, an argument similar to the one in Prop. 2 implies that there exists a sequence of MLE
such that 6, —p 6o, then (17) directly follows from the proof in Lemma 2. Furthermore, by Assumption
A”1-(a) and the mean value theorem, there exists 8, such that |8, — 6o/ < [|0n — 6o]|, and

0= %Sln(én) = %Slzn(eo) + %V051n(§n)\/ﬁ(én — 90) .

Since 6, —p 0o, we have 0,, — 6 and thus, by Assumption A”1-(b),
1 — 1
Evf)sl:n(on) = EVOSl:n(GO) + Op(l) = 710 + O;D(l) .

Therefore,

\/ﬁ(én 0 ) \FSl n(eo) + Op Z 90 —|— Op ,

where 31(00) = IO_1VQ€,'(00).
We then prove the local asymptotic linearity of the log-likelihood ratio. We denote the joint probability

measure of Wy, ..., W, under the local alternative as Pé:‘a)n. It holds that
lo d]PéZ:gn =/ (0,) — ¢ (0o)
g dpgo Tn+1:n\Yn n+1:n\Y0

1
= (Hn - HO)TST,I,—&-l:n(GO) + i(en - QO)TVGSTn-l-l:n(eO)(Gn - 90) + 010(1)

h' 1. +VoSr +1:n(0 1 A
= %Sﬂﬂrl:n(aO) + *hTwh + Op(l) = hTﬁSnﬁl:n(eO) - §hTI‘Jh + Op(l) .

For any a € R?, it follows from the multivariate Central Limit Theorem [4] that

T /(6, — 69) 1 [Z (aT56(90)> N Z (z}éé?g%)] - (g) +0,(1)

(Tn) [ p—

dP =
log £P+gf" v | i=T,+1
0 a'Iita XaTh
—aNa ((—02/2> ’ ( Aa'h o? ’
where 02 := Ah " Zyh. Hence, the assumptions of Le Cam’s third lemma are fulfilled, and we conclude that,

under P( ")

a (0, —00) —=a N (XaTh, aTIo_la)

By the Cramér-Wold device, the statement (18) holds.
Notice that, under Py,,

1

W

~ 1 _ o
S‘m«kl:n(en) = TST,le:n(eO) - )\IO\/E(QTL - 90) + Op(l)

Z —XS;(6y) + Zn: AS;(00)| +o0p(1) .

1=Tn+1

3\
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An analogous argument gives, under IP’((,;"G)

1
vn
which yields (19). Now, the asymptotic distributions of R, (7,) and R, (7,,T) follows immediately from the
continuous mapping theorem. Ml

Srn+1:n(én) —d Nd()\xzoh, /\XIO) ,

B.4 Approximation in the scan statistic

Recall that, in the computation of the scan statistic, we approximate the maximizer of maxre7, R, (7,T)
by the indices of the largest p components in v(7) := Sry1.:(0n) T diag(Zy (0p; 7)) Srs1:n(6y). The next
lemma verifies that this approximation is accurate when the difference between the largest eigenvalue and
the smallest eigenvalue of Z,,(6,,;7) ! is small compared to ||S;+1.n(6n)]|?.

Lemma 5. Let o € R?, and A € R be a symmetric positive definite matriz. Consider the optimization
problem:

T* = argmax f(T)= argmax oz;[ATj]*lozT, p € [d] .
TCl[d],|T|=p TCld],|T|=p

Let 0 < M (A) < -+ < Ag(A) be the eigenvalues of A, and T be the indices of the largest p components
in diag(A)~1a®?, where a®? is the element-wise power. Then we have |f(T*) — f(T)] < 2[A\(4)7! —
Aa(A) ] .

Proof Define g(T) := aj.diag(A7.r) 'ar. According to the definition of 7', we have, for any |T| = p,

g(T) < g(T'). In particular, we have g(T*) < ¢g(T'). This implies that

0< f(T%) = f(T) < f(T") = g(T") + g(T) = (1)

and thus it suffices to bound |f(T) — g(T)| for every |T| = p.
On the one hand, note that

F(T) = 9(T) = af Aplpar — ag(diag(Ar,r) " ar < M(An)) lar | = api oz

where amax 1= max;¢[q) ai;- By the Courant-Fischer-Weyl min-max principle, we have 0 < A1 (A) < A (A7),
which implies A,(A7}) = Ai(Arr) ™" < A(A)~!. Moreover, since 0 < Ai(A) < amax < Aa(A), we have
azl > X\g(A)~L Tt follows that

F(T) = g(T) < (A" = Xa(A) M lla]”
On the other hand, we can obtain, similarly,
9(T) = f(T) < [ami, = MAZD] lol* < P (A) ™ = Xa(A) ™ [lod?

with amin := min;e(q) a;;. Therefore, we have

0 < f(T*) = f(T) <2\ (A)" = Aa(A) 7 [la*
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Figure 5: Power versus magnitude of change for HMMs with N hidden states (left: N = 3; right: N = 7).

C Additional Experimental Results

In this section, we give additional experimental results investigating and comparing the performance of the
linear test, the scan test and the auto-test on synthetic data. We use three different types of lines to represent
three tests, and different colors to indicate different sample sizes. Note that all the statistics are computed
only for 7 € [n/10,9n/10] to prevent encountering ill-conditioned Fisher information matrix.

Hidden Markov model. We consider HMMs with N € {3,7} hidden states and normal emission
distribution. The transition matrix is sampled in the following way: each row (the distribution of next state
conditioning on current state) is the sum of vector (2N)~'1x and a Dirichlet sample with concentration
parameters 0.51, where 1y is an all one vector of length IN. All entries in the resulting vector are positive
and sum to one. Given the state k € {0,...,N — 1}, the emission distribution has mean k and standard
deviation 0.01 + 0.09%/(N — 1) so that they are evenly distributed within [0.01,0.1]. Since each row of the
transition matrix must sum to one, we only view entries in the first N — 1 columns as transition parameters.
The post-change transition matrix is obtained by subtracting ¢ from the (1,1) entry and adding ¢ to the
(1, N) entry.

Results are shown in Fig. 5. When N = 3, three tests have almost identical performance. When N =7,
the change becomes sparser, and subsequently, the scan test and the auto-test outperform the linear test. In
both cases, the three tests show consistent behavior as the sample size increases.

Time series model. We then consider two autoregressive-moving-average models—ARMA(3,2) and
ARMA(6,5). For the resulting time series to be stationary, we need to ensure that the polynomial induced by
AR coefficients has roots within (—1,1). We take the following procedure: we firstly sample py € {3, 6} values

that are larger than 1, say A1,..., Ay, then use the coefficients of the polynomial fo(z) = [[5°,(z — A1)
as AR coefficients; MA coefficients are obtained similarly. Furthermore, the post-change AR coefficients are
created by adding d to those py values and extracting the coefficients from fi(z) = ]2, (z — (A, +8)71).

The error terms follow a normal distribution with mean 0 and standard deviation 0.1. Note that for ARMA
models we do not have exact control of ||A|| /\/p, so readers need to be careful about the range of z-axis in
Fig. 6.

As demonstrated in Fig. 6, the scan test works fairly well for these two ARMA models. However, the
linear test and the auto-test have extremely high false alarm rate. This problem gets more severe as the
sample size increases, and hence is not due to the lack of accuracy of the maximum likelihood estimator.

Restricted screening components. To investigate the high false alarm rate problem in Fig. 6, we
consider the same two ARMA models with the restriction that we only detect changes in the AR coefficients.
As presented in Fig. 7, all three tests are now consistent in level, and the linear test and the auto-test
are slightly more powerful than the scan test. This suggests that this problem is caused by the non-
homogeneity of model parameters. Indeed, in the experiments in Fig. 6, the derivatives w.r.t. AR coefficients
are significantly larger than the ones w.r.t. MA coefficients. This results in ill-conditioned information matrix
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Figure 6: Power versus magnitude of change for

Figure 7: Power versus magnitude of change for
ARMA(3,2) (left) and ARMA(6,5) (right).

ARMA models with restricted components (left:
ARMA(3, 2); right: ARMA(6,5)).

and subsequent unstable computation of the linear statistic. On the contrary, the scan statistic only inverts
the submatrix of size p X p, whose condition number is much smaller. In fact, the parameters selected by the
scan statistic are all AR coefficients in our experiments. Therefore, the scan statistic can produce reasonable
results even if the parameters are heterogeneous. We note that in such situations we can select a small (or
even zero) significance level for the linear part in the auto-test to obtain reasonable results.
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