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Abstract

Adaptive momentum methods have recently attracted a lot of attention for training of deep
neural networks. They use an exponential moving average of past gradients of the objective
function to update both search directions and learning rates. However, these methods are not
suited for solving min-max optimization problems that arise in training generative adversarial
networks. In this paper, we propose an adaptive momentum min-max algorithm that generalizes
adaptive momentum methods to the non-convex min-max regime. Further, we establish non-
asymptotic rates of convergence for the proposed algorithm when used in a reasonably broad
class of non-convex min-max optimization problems. Experimental results illustrate its superior
performance vis-a-vis benchmark methods for solving such problems.
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1 Introduction

Stochastic first-order methods are of core practical importance for solving numerous optimization problems
including training deep neural networks (DNN). Standard stochastic gradient descent (SGD) has become
a widely used technique for the latter task. However, its convergence crucially depends on the tuning and
update of the learning rate over iterations in order to control the variance of the gradient in the stochastic
search directions, especially for non-convex functions [IJ.

To alleviate these issues, several improved variants of SGD that automatically update the search directions
and learning rates using a metric constructed from the history of iterates have been proposed, including
adaptive methods [2] B, 4, 5] and adaptive momentum methods [0, [7]. In particular, ADAM belonging to the
second category enjoys the dual advantages of variance adaption and momentum direction [, [9] and hence
represents a popular algorithm to train DNNs.

There is a large body of literature on the theoretical and empirical benefits of adaptive momentum optimiza-
tion algorithms for convex [0} [7], smooth non-convex [10, 11 [12], and non-smooth non-convex settings [13].
[14] gives an analysis of an optimistic adaptive method that uses ADAGRAD [4] 5] for non-convex min-max
optimization. However, ADAGRAD-type methods are suited for sparse convex settings and their performance
deteriorates in (dense) non-convex optimization problems [I1]. These empirical findings necessitate the use
of adaptive momentum methods that incorporate knowledge of past iterations. It is important to notice that
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all these methods are designed for classical minimization problems. However, training DNNs such as Genera-
tive Adversarial Networks (GANSs) require solving a general class of min-max optimization problems [I5], [16]
which due to its difficulty, keeps other generative models attractive [17] [I8].

The goal of this paper is to generalize adaptive momentum methods to solve a general class of non-convez-
non-concave min-max problems. It develops an adaptive algorithm for solving min-max saddle point games
and theoretically analyzes its convergence rate. The performance of the developed algorithm is assessed on
training GANs.

The remainder of the paper is organized as follows. Section [2| provides the formulation of the min-max
problem, Section [3] describes the proposed algorithm and Section [] investigates its convergence properties.
Finally, Section [5] provides numerical results for training GANs.

2 Formulation of the Min-Max Optimization Problem
Consider the stochastic min-max saddle point problem

min max F(0, &) = Ben[f(6, a3 )], (1)
where 0 € RP', o € RP2, £ is a random variable drawn from an unknown distribution D, and F(0, ) is a
non-convex-non-concave function, i.e., it is non-convex in 6 for any given a and is non-concave in « for any
given 6.

Next, we introduce necessary notation and definitions. Throughout, y := (0, a) € RP* x RP2 and denote
the objective function of Game and its random realization by F(y) and f(y; &), respectively. Further,
VE(y) = [VeF(0,a), -V (0,a)] and Vf(y;§) = [Vof(0,;§), —Vaf(8,c;E)] denotes the correspond-
ing gradient and stochastic gradient of the objective function, respectively.

Definition 1 (Nash Equilibrium). A point (6*,a*) € RP* x RP2 is a Nash equilibrium of Game if
F0*,a) < F(0",a*) < F(0,a"), V(0,a)c R x RP2,

This definition implies that 6* is a global minimum of F(-,a*) and a* is a global maximum of F(6*,-).
In the convex-concave regime with F(6, ) being convex in 0 for any given « and concave in a for any
given 6, the Nash equilibrium always exists [I9] and there are several algorithms for identifying it [20] 21].
However, computing a Nash equilibrium point is NP-hard in general [22] [T9], and it may not even exist [23].
As a result, since we are considering the general non-convex-non-concave regime, we settle in computing a
first-order Nash equilibrium point [24] [25] defined next.

Definition 2 (First-Order Nash Equilibrium (FNE)). A point y* € RP* xRP2 is a first-order Nash equilibrium
point of Game (1)), if VF(y*) = 0.

Note that at a FNE point, each player satisfies the first-order optimality condition of its own objective
function when the strategy of the other player is fixed [26] [27]. In practice, iterative algorithms are used for
computing a FNE for a stochastic problem. As a result, the performance of different iterative algorithms are
evaluated based on the following approzimate stochastic FNE definition.

Definition 3 (e-Stochastic First-Order Nash Equilibrium (SFNE)). A random variable y* is an approximate
SFNE (e-SFNE) point of Game (1)) if E [||VF(y*)||?] < €2, where the expectation is taken over the distribution
of the random variable y*.

The randomness of variable y* in Definition 3 comes from the use of iterative algorithms that have access
to stochastic gradients of the objective function (see, e.g., Algorithm ADAM? below). The objective of this
work is to find an e-SFNE point for Game using an iterative method based on adaptive momentum.



3 THE ADAM?3Algorithm

The proposed ADAptive Momentum Min-Max (ADAM?) algorithm comes with convergence guarantees
for solving a general class of non-convez-non-concave saddle point games defined in . It is obtained by
integrating AMSGRAD [7], a modified version of ADAM [6], with a stochastic extra-gradient method [2§].
As seen in Algorithm [1, ADAM?3 generates two sequences x;, and zj, where x; is an ancillary sequence

Algorithm 1: ADAptive Momentum Min-Max (ADAM?3)

Input : {ﬁlk}g:l,ﬁg,,@g €[0,1), m € N, and n € Ry;

Initialize Zo = Xp=IMg = Vg = do = Od.

for k=1:N do

zj = Xp—1 — Ndg_1; ‘
Draw & = (E,i, -, &) from D, and set g, = % Yt Vf(zi; &);
my, = By pmp—1 + (1 — B15) 8

Vi, = Bavi—1 + (1 — £2)8 © 8;

Vi = 53‘71k—1 + (1 — B3) max(Vg_1, V);

dk = \7;5 ® my;

X = Xg—1 — 1 dg;

end

®: Element-wise vector multiplication

and the stochastic gradient is only computed over the sequence of z;’s using a mini-batch of size m, i.e.,
g, = 1/m> " Vf(zy;€,). Using a mini-batch for estimating the gradient is a commonly used approach
and more details are available in [29] and references therein. After estimating the gradient, the algorithm
calculates the momentum direction, mg, as an exponential moving average of the past gradients. Then, my,
is adaptively scaled by the square root of the exponential moving average of squared past gradients V.
The following remarks about ADAM? are in order:

(1) The square and the maximum operators are applied element-wise. In some applications, to prevent
division by zero, we may add a small positive constant € to vy [I2]. Further, a mini-batch of size m is used
in each iteration to estimate the gradient’s value.

(2) ADAM? computes adaptive learning rates from estimates of the second moments of the gradients,
similar to [12]. In particular, it uses a larger learning rate compared to AMSGRAD and yet incorporates
the intuition of slowly decaying the effect of previous gradients on the learning rate. The decay parameter
B3 is an important component of ADAM?, that enables establishing its convergence properties similar to
AMSGRAD (B3 = 0), while maintaining the efficiency of ADAM.

4 Convergence Analysis
We start by positing the following assumptions:
Assumption A. For all x € R?,

1. B¢ [Vf(x,8)] = VF(x).
2. The function f(x,€&) has a Go-bounded gradient, i.e., ¥V &€ ~ D, it holds that |V f(x,&)]|cc < Goo < 00.

3. The function F' has bounded variance, i.e.,

Eep [[IVf(x,€) = VF(X)|?] = 0® < 0.



The above assumptions are fairly standard in the non-convex optimization literature [T}, [30]. Further, As-
sumption is slightly stronger than the assumption |V f(x,£)|| < G2 that is commonly used in the
analysis of stochastic gradient descent. However, Assumption is crucial for the convergence analysis of
adaptive methods [11, 14}, 12} [13].

Assumption B (Lipschitz Gradient). The function F is L-smooth, i.e.,
IVF(x) - VF(y)|| < LIx — y||, forall x,yeR%
The above assumption is standard and commonly used in the optimization literature [31] [32].
Assumption C (Minty condition). There exits x, € R? such that for any x € R? we have
(x — x4, VF(x)) > 0.

As explained in [33] [I4] and references therein, the Minty condition is a commonly used assumption in the
literature for analyzing non-convex min-max games and is weaker than other benchmark assumptions such
as pseudo-monotonicity or monotonicity [34].

Assumption D. For the point x* satisfying the Minty condition and all iterates k generated by Algorithm|[1}
we have ||x.|| < £ and ||x,]| < 2.

This assumption is required in the analysis of min-max saddle point games and has been used in [14}35]. This
assumption holds true in the training process of DNNs that have normalization layers in their structure [36],
37, 138].

Assumption E. In Algom’thm G2 < || ®o]lco-

This assumption is required in the analysis of adaptive methods [I3] [12] and can be easily satisfied in the
initialization step of the proposed algorithm. Next, we introduce lemmas used to establish the main result.

Lemma 1. [[39], Lemma 4.2] Let Assumptz'on @ hold. Then, in Algorithm we have |[my]lo < Goo
and | Ok |0 < G% for allk € {1---N}.

Lemma 2. Assume that v := 1,1/82 < 1 in Algorithm . Then, for each k € {1--- N} we have

o ? omu]l < 4/ L,
N

where ue := (1 — B3)(1 — B11)(1 — B2)(1 — 7).

The following Theorem [I] establishes the main result by providing an upper bound for the average norm of
the gradient of the objective function.

Theorem 1. Let Assumptions[AH{E] hold, and L, G, Gy, o be defined therein. In Algorithm[d] if we choose

vC
<GB /(B6L2G ). By = Bkt By < — L
IS o/ ( )s Bk = B P11 < NGE]

(1+r)K*G}

where k € (07 1) and C = m, then
N
1 9 Cl 020'2
— < 21
N EIVFEI < § + O @

for some positive constants C; and Cs.

Corollary 1. Under assumptions in Theorem if N > 3C1e72 and m > 3Co0%¢72, then there exists an
iterate z, k € {1,--- , N} that is an e-SFNE point of Game ,

Corollary 2. Algom'thm requires O(e~*) gradient evaluations of the objective function to find an e-SFNE
point of Game . This is consistent with other adaptive methods such as [T]]].
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5 Numerical Studies

(I) A Synthetic Data Experiment:

Simultaneous ADAM (S-ADAM) is one of most commonly used approaches for solving min-max problems
that are formulated using DNNs such as training GANs [15]. In this method, the minimization and the
maximization parameters are updated simultaneously using the ADAM algorithm [6]. However, this method
fails drastically in solving simple min-max problems. To better understand this issue, consider solving the
following simple stochastic min-max problem

o0 —a)+ (0% — a?) + kba, w.p 3,

3
(0 —a)+ (0% —a?) + kba, w.p 2, ®)

f(eaa):{

where ¢ > 1 and k& > 0. Some calculations lead to

c+2

Ff,a)= (0 — a) + (0* — o?) + kba.

This problem has the following unique FNE

c+2

0%, a") = —
Since V2F(0,a) = 21 = 0 and VZF(0,a) = —2I < 0, this function is strongly-convex-strongly-concave and
many available algorithms [40, 41] can compute its FNE due to its special structure.
This case study shows that despite the simplicity of the problem, S-ADAM is unable to recover the single FNE
point of this function. We also compare the performance of S-ADAM with our proposed algorithm. To do the

comparison, we define e, = ”z"f;ﬂ*” such that zy = (0, o) and z, = (64, @) and Ry = %Zf;l |V E(z)|?

to measure the performance of different methods. We set the parameters at ¢ = 1010,k = 0.01, N = 107, =
1072,8; = 0,82 = 1/(1 4+ ¢?) and B3 = 0.1. All other parameters are initialized at zero. Figure |1| shows
the result of the experiment. We have assigned 2 different scales on the vertical dimension due to space
limitations. The left axis depicts the error rate, ey, and the right one the average norm of the gradient, Ry.
ADAM? converges to the only FNE point, while S-ADAM is unable to locate it. This shows that S-ADAM is
unreliable even for a simple strongly-convex-strongly-concave problem.
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Figure 1: Left/Right y-axis: Error rate, e; / Average norm of gradient, Ry. S-ADAM misses the
unique FNE point.

(IT) Training GANs with ADAM?3:
Algorithm [I] is used to train GANs on the publicly available CIFAR-10 data set, containing 60000 color
images of size 32 x 32 in 10 different classes (see https://www.cs.toronto.edu/~kriz/cifar.html).


https://www.cs.toronto.edu/~kriz/cifar.html

Models and tasks: The generator’s network consists of the input layer, 2 hidden layers and the output
layer. Each of the input and hidden layers consist of a transposed convolution layer followed by batch
normalization and a ReLU activation function. The output layer is a transposed convolution layer with
a hyperbolic tangent activation function. The network for the discriminator also has the input layer, 2
hidden layers and the output layer. Both the input and hidden layers are convolutional layers followed by
instance normalization and a Leaky ReLU activation function with slope 0.2. The output layer consists
only of a convolutional layer. The scripts containing the detail design of the networks, together with the
implementation of ADAM?3and its competitor Optimistic AdaGrad (OAdagrad) [14] in PyTorch, will be
available at https://github.com/babakbarazandeh.

The parameters are set to n = 0.5 x 1073, 8, = 0.5, B2 = 0.9 and 83 = 0.5, respectively and the batch size
to 64. Finally, the experiment runs for a total of 40,000 iterations. Figure [2] depicts the inception score of
the generated images, a metric that evaluates their quality [42]. It can be seen that ADAM? exhibits better
performance than OAdagrad at all iteration stages. Some generated samples are available at Figure

—— ADAM?
—— OAdagrad

Inception Score
B

0 1 2 3 4

. 4
Number of Iterations <19

Figure 2: Inception score for generated CIFAR-10 images using ADAM?and OAdagrad.
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Appendix
In this section, we provide proofs for Theorem [I| and required auxiliary lemmas.

Remark 1. For any set of vectors {a;},, b and ¢ in R? we have

M M
LID el <M Jlaill’,  2fac bl < fallbl,  3.[boell < bl

Lemma 2, Assume that v := f1,1/P2 < 1 in Algorithm . Then, for each k € {1--- N} we have

[0 % o mia ]| < 4/ 2,
<4

where uc 1= (1 — B3)(1 — B1,1)(1 — B2)(1 — ).

Proof. For each k € {1---N} and r € {1,--- ,d}, let © 2 and m,.; represent the values of the 7"

1
coordinate of vectors v, > and my, respectively. Then7 from the update rule of Algorithm |1 we
have
Up = B30rk—1 + (1 — B3) max (0 k-1, Vrk),

which implies that @, > (1 — 83)v, ;. Besides, it can be easily seen from the update rule of my,
and vy, in Algorithm [T] that

2
( ( H Bll) 1—51397«3)
-3 2 l=s+1

1M g1
k 1A
(1 - 62 E o 725

k k
mr,k:Z(H ﬁl,l) (1—=PB1,5)drs, and wep = (1—f2) Zﬁz ”35
s=1

l=s+1

Thus,

[

IN

1
Oy Moy fo— |2 < v,z

k=1 [ k-1 2
( Z ( H 61,l> gr,s)
< s=1 \I=s+1 (4)

— k;— )

1
(1—B2) ) By g2,
S=

_1 _1
where the first inequality follows since v, 2 < v, 2, for all r € [d] and the last inequality uses our
assumption that 8y ¢ <1 for all s > 1.

k-1
Now, let mg = ] pBi;. Since By, is decreasing, we get m, < Bk s=1 This, together with
l=s+1
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(3 abi)? < (35, a2)(3; b7) implies that

k—1 . 2 k—1 k—1 9
E: TsGr,s (E: ﬂé)(}: ngrs)
s=1 = ’

s=1

k=l k—s—1A N k=l k—s—1A
(-5 £ A7, (1-5) £ 432,
S= S=

1 k—1 k—1 ,n_sgzs
=5 (™) (Zﬁkslg>

s=1 s=1

IN

1 k—1 k-1

S@(Z )Z i

‘nk—s—1
s=1 s= 1ﬁ .
1 1 1

<
1-B21—=pB111—7y

where the last inequality follows from our assumption v = b é L < 1. Finally, substituting the above
inequality into yields the desired result. O

Lemma 3. For each k € {1---N} and r € {1,---,d}, let ¥, represent the value of the rh
coordinate of vector v,. Then, for the sequence of v’s generated by Algorithm [1 we have

N
1S9 = < Sy max (0,7 ) and

N
20 0 19— 1} < S o ma (950, 9w )
where p € R and the vector powers are considered to be element-wise.

Proof. [1l If p > 0, from the update rule of v in Algorithm [1] we have

N d N
Z H‘N’i — Vﬁ%” Z Z - vrk 1) = Z (ﬁf,k - @f,kfl)
k=1 k=1r=1 r=1k=1
d
S Zﬁf’]\h
r=1

where the first equality is due to the fact that for p > 0, each element of ¥/ is increasing in k and

the last inequality uses the telescoping sum. Now, we consider the case when p < 0. It can be
easily seen that
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2] For p > 0, it follows that

N 9 N d N d
ob &P ~p ~p =D =D ~p ~p
> ’ Vik Vi,k:—lHl <> (Ur,k: - ”r,k—l) e D, (”r,k - Ur,k—1) U N
k=1 k=1r=1 k=1r=1
d
~p ~ ~
< Z (UT,O - UT,N) UT,N
r=1
d
~p
< Z UT,OUT,N
r=1

Now, we consider the case when p < 0. It can be easily seen that

N N d N d

2
O 7 R S S AR N [N E=D D ) AR
k=1

k=1r=1 k=1r=1

Lemma 4. Under Assumptions[4] and [D} we have

X

Proof. Observe that

1 2 1
Vp_q0 (Xp—1 —Xa)|| — Vg0 (Xk — X)

2
) < 3D%dG .
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For arbitrary s pairs in , we have

1 1
<2D*/Go|vi | —¥i|h, (6)

where the first inequality follows from ||al| — ||b|| < [ja — b||, Assumption [D] and Lemma
As a result,

{

2 2

1 1
Vi1 0 (XK — X) Vi o (x0 — X4)

1 2
iy o (xpo —x)|| - \

2
) < 2D%dG o + ‘

1
o EELSEES
< 3D?%dG o,

where the first inequality follows from Lemma [3|and last inequality uses the same lemma, Assump-
tion [D] and the fact that d > 1. O

Theorem 1] Let Assumptions[AHE hold, and L, G, Go, o be defined therein. In Algorithm[1} if

we choose
Ve
<4/G3/(56L%2G ), d < ,
n= 0/( ) an 5171—\/6_’_1

23
where C' = %, then

1 N Cl 020'2
— Y E|VF 2=
N L EIVFGI < g+ = (7)

for some positive constants Cv and Cs.

Proof. We divide the proof into four steps. In Step 1, we show that the gradient norm is bounded
by the norm of search direction and auxiliary variables x; and z;. Then in Steps 2 and 3, we give
upper bounds for these terms. Finally, in Step 4, we provide the convergence analysis.

Step 1 shows that under Assumption , we have

1 N 3 N
> llegl? < — > 1*Rik + Ry, (8)
N kz::l g Ni2(1— B11)%Gd kz::l
where
1 2
Ry = H_dk + (1= Bip)v,° ogy
Ry = |2k — xk)|* + 26 — x| 9)

13



Step 2

It follows from the update rule of x; in Algorithm [I] that

1
2

n(1 — Bk <‘7k o gk) =2z — X} + (Xp—1 — ndyg)
_1
— 2z +n(1 = Bik) (Vk *o gk) .

Now, using Remark [T, we get

1
S 2
Vk ng

1

2
n*(1 = Bix)? ‘ < 3 H_dk + (1= BrE)Vp* ogy

+3 (llzn — xel® + llze - x61]?) . (10)

_1
From Lemma we have ||V, ? |l > G5! which implies that

Now, it follows from the above inequality and @ that

1 2
v 2ogl| = Gllell

2
< 3n°Rix + 3Ray,

_1
(1= PGl < - 51?3 o

which gives .

establishes an upper bound for R;; defined in @ More specifically, we show
that

N 2 N
1 2df1 2 9
~ Y Rix < : 3 11
N 1*—-Nu41fn%4_NG3hﬂ”%”’ (1)

where u. is defined in Lemma 2| and €, = g;, — g
From the definition of dj in Algorithm [I} we have
_1 _1
dp = BV, omy—1 + (1 — B1x)V, * 08y (12)
Hence,
1 1 1 N
—di + (1= B1p)V,? ogy=—Prxvy* omy_1 + (1 — B1x)V, ° o (8 — 8k)

which implies that

2

[un

1 1
Ry = H—ﬁl,k% Pomy_ g+ (1 — 1)V, * o(gr — (8 + €r))

2 2

_1 _1
<267 4 ||V 2 omygy Vo€ (13)

+2ﬂ—ﬁmf'

Here, the equality is obtained since €, = g, — g, and the inequality follows from
Remark [l

14



For the first term on the R.H.S. of , it follows from Lemma [2[ that

Further, for the second term on the R.H.S. of , we have
1

where the inequality uses Remark the fact that each element of \7;5 is decreas-
1

1

V2 omy_g

2

d
< —. 14
= (14a)

3 2 b 2 52 9 _ 1
oer|| <[V, ll5llenll” < II¥o IS llexl]” <

2
< GTg)H%H : (14b)

Vi

ing in k and our assumption that ||V 2| < 1/Go.

Substituting (14a])—(14D) into (13), we obtain

243,

C

2
Ry < + — e *.
1k < G%H‘Ekn

Summing the above inequality over k = 1,--- , N and using the fact that Zszl ﬁi <
5%,1/(1 — k?), we obtain the desired result.
Step 3 provides an upper bound for R, defined in @ In particular, we show that for

n < /G3/(56L2G ), the following holds

1 %R _ 6D%Go  4nD (ﬁmGoo d Ggod> 561°dfB7 | Goo
N &= "F="NG, ' NGo Nuc(1 - k2)Gy

1—x V ue Go

28n2dG3, 282G on g B6N2Gae )
+ > B = Brp—1)’llgrll® + =g D llexll”.
3 3 ) ; 3
NG} NGy = GoN o
(15)
Let
1 1 1 1 T
Vi = [”f,k—pvik—p ’U;ll,k—l .

15



The update rule of xj, in Algorithm [T] implies that
-

1
‘ Vi o (xk — %)

1 1 1 1
—2 <\7;€‘1 0 (Xp—1 —X),NVj_4 © dk> +2 <{,;€11 o (Xp—1 —Xp),NVj_q © dk>

2

where the second equality follows since x_1 — x; — nd = 0.

Now, substituting x = x, into the above equality and rearranging the terms, we
get

1 2 1 2
' Vi1 0 (ze —xk)|| +|[Vi_y o (Xk-1 — 2k)
1 2 1 2
= oy o Gt = | = oy o G -
Ra 0,k

1 1
+on <v;;1 o (x5 — 21), 1 o (dp_y — dk)> | (16)

1
Since by our assumption [|V§ ||sc > Go, we have

2
, and

1
Gollzi — x| < ’ Vi1 (zk — Xk)

2

1
Gollxeot — 24 < \ ¥, o (xumr — 2)

16



We substitute the above lower bounds into to get

Roor . 21
lzg, — xp||® + [|xp_1 — z]> < =22 + 5

. 1
o o (Roak + Raok) (17)

Next, we provide upper bounds for the terms Rj ;1 and Ry 9 k.

Bounding Rj ;. It follows from the update rule of d in that

1 1
dp=dp — (1 = B1p)V, 2 08 + (1 = B i)V, 2 08
1
2

_1 _1
=BV P omg_1 + (1= B1p)(Vy,* — V%) 08
_1 _1
+ (1 =BV ogr + (1= Bir)vi 2 o (8 — 8k)- (18)

1
To find an upper bound for Ry 1 j, we first multiply each term in by v;_, and

1
then provide an upper bound for its inner product with v;}_; o (x, — z). From
Lemmas [T} 2] and Assumption [D], we get

1 1 _
<\7,§_1 o(xy —2g), Vi 0V, %0 mk1> < DGy ’ < DG oot/ duzt.

(19a)

_1
V2 omy g

Further,

1 1 _1 _1 _1 _1
<‘~’13—1 o(xx—2g), Vi1 0 (V2 =V 2)o0 gk> < DG|[(V), 2 =¥ 2)) o 8l
1 1
< DGOOH@kHOOH‘N’k ’ - Vk—21”1
1
-3

_1
< DGEOHV,C _Vk_ngla (19b)

where the second inequality is obtained from Remark [I] and the last inequality is
due to Assumption . From Assumption |C| we have

<\7,‘i‘_1 o (xs —2k), V% 0 gk> = (X4 — 2k, 8) < 0. (19¢)
Further,
(Vo be - a0 0 @ - 80) = (x - 2Be - ) = Ok (199)
Now, using 7, we obtain

1 _1
Ro1p < rpDGoo\/duz' + DG |97 % — v 2, |1 + Oy (20)

17



Bounding Rj > From the update rule of dj in , we get

_1 _1
dp —dp_1 =1V, > omy_1 + (1 = 1)V, * 08y
1 1

— Brg—1Vp 2 omy_o — (1 — 1 1)V, % 08y
1

_1
=1V 2 omg 1 — P11V, omy o

1 1 1 1
+ (1= B1p)(V,? =V 2+ 2 )08 — (1= Bre—1)V, 2 08

1 1 1 1
=iV 2 omy_1 — Brp—1V 2 omy o+ (1= Bip)(V,? — V%) o8

it 1
+ (1= Bip)v 2 o (g +€k) — (1= Brr—1)Vy 2 o (8r—1 + €x-1)

1 it 1
=BV P omy_1 — BV 2 omy o+ (1= B1p)(V,? =V, %) 08

1 1
+ (1= Prp)v 2 o€ — (1 — Brr—1)V, 2 © €k—1
1

1 1
+ (1= Brp—1)V, 2 o (8 — 8r—1) + (Bre—1 — B1p) V2| © 8- (21)

Next, we focus on providing upper bounds for

1
Rooy =1V} o (dr — d—1)||* < nGoolldy — dy—1]|*.

Observe that

2 2

1

_1 _1
2 + Hﬁ1,k—1vk21 omy_o

B1rVy, 2 omy_q

-1 2 -1 2 2dB7 ;4
< 2max ‘51,1&71C Pomy 1| ,||—Brr-1V, > omy_o < ———, (22a)
Uc
where the inequality follows from Lemma [2] Using Remark [T, we get
T Ik U B P .
(CEE TR S ETN I AR e e A L
(22b)
where the last inequality uses Assumption . Similarly,
-3 SIS S 2
(R AR ARSI e A RN
L2
< —sllzn1 — =z, (22¢c)
Gt
-—3 2 21573 |12 2
(B = Brk—1)V 21 0 ll” < (Brk — Bre—1)" 1V 21 15 |l
(Big — Brr-1)?
< [EAle (22d)

Gj

18



By taking the norm of , using Remark 1] and (22a))—(22d)), we get

Ro 2

_1 _1
o <nldi- dj—1[|* < 14ndBLj_yust + G2 |9, 2 — v 23
o0

nL?
t (llzxr = zl1?)
0

n
+ ﬁ(ﬁl,k — Brr—1)llgxl?

7
t 5 (llexl? + llenall?) - (23)
By substituting and into , we obtain

Ry ok
lzi — i [|* + [|xk—1 — z]|* < o

2 — T S |
+ (772) (51,kDGoo\/ dug' + DGX ||, 2 — v, 2|l + @k>

14 2G _ N_l N_l

S (245t + Gl - AR

140G

— = (LQHZk — 21|+ Bk — 51,k—1)2Hng2)
GO

147%G o

2 2
+ =gz (leel + llew-1]®) .

Now, summing the above inequality over k, we obtain

28n212G o | 28 2L2
1= 2700 ) S Iy — gy (1= L Zuzk—xku
GO k=1

D? 2n (D D 2
< 3 dGOO + sz)( Bl,lGoo d G + Z@k)

- Go 11—k uc
28n2dBE 1 Goo  1472dG3,
ue(1 — /{2)G’0 G}
147G o0 2877 Goo
T Z (Bi — Brr—1)*llewll® + Zn =: R.H.S.. (24)

Here, we used Lemma, [3| and the fact that
N N N
Doz —zeal? <2 llzw — e+ 2 Ixp-1 — 2|
k=1 k=1 k=1

N N
=23z — el + 2> lIxi — 2%, (25)
k=1 P

where the inequality follows from Remark [Ijand the equality uses our assumption
X0 = 2o — 0.
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Now, by our choice of step size n in the beginning of Step 3, we have 1 —
(2872L%Gwo)/G3 > 1/2. Thus, (9) together with implies that

1 Y N 2
> Rap = (It =zl + 1z —xel)”) < RHS.,
k=1

which gives .

Step 4 (Convergence Analysis) In this step, we combine the results from the previous
steps to establish an error bound for N~' "N E|/g,||>. To do so, by substituting
and into and simplifying the terms, we obtain

6n dﬁl 1 61202  18D2%dG o
21— IE 2 <
12nD (5171000 d N G?,Od)
NGo\ 1—k Vu. Gy
1680°dfAT | Goe  8472dG3,
T Nw(l-sHG, | NG}

1 i 84(1 — k) B2 1n*Goc g+ 16872Gog0
N  Gir*(1+r) Sk Gdm
(26)
Here, we used the fact that
N N o2
E lz @k‘| =0, and E [Z ||6k||2‘| =
k=1 k=1 m
by Assumptions [T and respectively.
Now, it follows from that
3202
Ellg, | < 2L
Z el < =+ 22,
where
84(1 — k)83 1n*G oo
B = n2(] — 2-2 _ : ’
0 n ( 5171) 0o G8/12(1 +/€)
B, OPdAE1 | 18D%AGe,  16817dfE, G
U w1 — K2) Go uc(1 — K2)Go
84n?dG?3, N 12nD (51,16100 d N Ggod)
Gg Go 1—x \ ue Gy )’
617  168n°Gs
By=—5+—r— (27)
G G
(L4r)*G and pick 811 < VG Then, dividing both sides by

Next, define C = m
By gives us the desired result.

VC+1
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(b) OAdagrad

Figure 3: Generated CIFAR-10 Samples
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