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ABSTRACT

This paper proposes a super-resolution harmonic retrieval method
for uncorrelated strictly non-circular signals, whose covariance and
pseudo-covariance present Toeplitz and Hankel structures, respec-
tively. Accordingly, the augmented covariance matrix constructed by
the covariance and pseudo-covariance matrices is not only low rank
but also jointly Toeplitz-Hankel structured. To efficiently exploit
such a desired structure for high estimation accuracy, we develop a
low-rank Toeplitz-Hankel covariance reconstruction (LRTHCR) so-
lution employed over the augmented covariance matrix. Further, we
design a fitting error constraint to flexibly implement the LRTHCR
algorithm without knowing the noise statistics. In addition, perfor-
mance analysis is provided for the proposed LRTHCR in practical
settings. Simulation results reveal that the LRTHCR outperforms
the benchmark methods in terms of lower estimation errors.

Index Terms— low-rank Toeplitz-Hankel covariance recon-
struction, harmonic retrieval, non-circularity, augmented covariance.

1. INTRODUCTION

Harmonic retrieval of non-circular (NC) signals with multiple mea-
surement vectors (MMV) has attracted attention in recent years.
Many modulated signals used in communication and radar systems
are NC in nature such as BPSK, PAM signals and Pseudo-Noise
coded sequences, to name a few [1]. Conventional harmonic estima-
tion methods have been developed for processing and analyzing NC
signals [2–7], among which NC-MUSIC [2, 3] and NC-ESPRIT [4]
are popular subspace algorithms. While these methods enjoy en-
hanced resolution thanks to the enlarged manifold in NC scenarios,
they usually experience low sample efficiency especially in large-
antenna systems [8, 9]. In practice, their estimation performance
degrades dramatically under the compression scenario.

To overcome this problem, compressed sensing (CS) based al-
gorithms have been developed to take advantage of the sparsity of
sources [5–7]. Unfortunately, the on-grid CS solution in [5] suf-
fers from limited resolution accuracy due to the basis mismatch.
Although the solutions in [6, 7] are based on gridless atomic norm
minimization techniques, the solution in [6] can only work for odd-
dimensional manifolds, and the method designed in [7] ignores
the underlying structural information of covariance and pseudo-
covariance. In contrast, a covariance matrix reconstruction approach
(CMRA) is proposed for circular signals [10], which stems from
another type of gridless technique termed as low-rank structured

This work was supported in part by the NSFC grants #62271255,
#61871218, and #61801211, the US NSF grants #1939553, #2003211,
#2128596, #2136202, and #2231209, and the ASPIRE project #14926.

covariance reconstruction (LRSCR) and only deals with the covari-
ance matrix. Thus, existing LRSCR misses to utilize the manifold
enlargement for increased resolution. To the best of our knowledge,
there is still a lack of LRSCR-type method for NC signals by jointly
capturing the structures of both covariance and pseudo-covariance
for high estimation accuracy with high sample efficiency.

To fill this gap, we aim at a sample-efficient LRSCR-based
method for harmonic retrieval of NC signals, by jointly exploit-
ing the structural information of both the covariance and pseudo-
covariance matrices at the same time. To this end, we first construct
an augmented covariance matrix with the covariance and pseudo-
covariance matrices of NC signals, which holds a jointly Toeplitz-
Hankel structure in the uncorrelated strictly NC case. Then, we
develop a super-resolution harmonic retrieval solution under the
LRSCR framework, called low-rank Toeplitz-Hankel covariance
reconstruction (LRTHCR), which concurrently utilizes the low-
rankness and desired structure of the augmented covariance matrix
by solving a structured optimization problem. Further, a flexible
implementation and the performance guarantee of the proposed
LRTHCR method are provided under practical settings. Simulation
results verify the advantage of the proposed LRTHCR.

Notations: a, a and A denote a scalar, a vector and a ma-
trix, respectively. (·)T , (·)∗, and (·)H are the transpose, conjugate,
and conjugate transpose of a vector or matrix. diag(a) generates
a diagonal matrix with the diagonal elements constructed from a
and blkdiag([A1,A2]) returns the block diagonal matrix created by
aligning A1 and A2 along the diagonal direction. vec(·) stacks all
the columns of a matrix into a vector. subvec(A) returns a vector
of size N(N + 1)/2, which is subsampled from vec(A) by keep-
ing only subdiagonal elements of a square matrix A of size N ×N .
Ia is an a-size identity matrix and IΩ is generated from an identity
matrix by selecting its rows with indices Ω. T and H represent her-
mitian Toeplitz and symmetric Hankel matrices, respectively. ⊗ is
the Kronecker product. Rank(A) and Tr(A) denote the rank and the
trace of A, respectively. E{·} denotes expectation.

2. SIGNAL MODEL

Consider the problem of harmonic retrieval from a strictly NC sig-
nal. The NC signal of interest x(t) ∈ CM is a linear mixture of K
frequency components in the form of

x(t) =

K∑
i=1

si(t)a(fi) =

K∑
i=1

s′i(t)e
jϕia(fi),

= A(f)s(t) = AΦs′(t) t = 1, . . . , L,

(1)

where si(t) = s′i(t)e
jϕi is the complex exponential of the i-th

source signal at the t-th snapshot with real-valued amplitude s′i(t),IC
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f = [f1, . . . , fK ]T with fi ∈ (− 1
2
, 1
2
] consists of the digital fre-

quencies of x(t), and L is the number of snapshots. By strict non-
circularity, the phase terms ϕi of source signals are unchanged for
all snapshots t, unlike circular signals. The manifold matrix A =
A(f) = [a(f1), . . . ,a(fK)] is made of Vandermonde-structured
steering vectors a(fi) of size M :

a(fi) = [1, exp(j2πfi), . . . , exp(j2π(M − 1)fi)]
T . (2)

Further, s(t) = Φs′(t) = [s1(t), . . . , sK(t)]T with s′(t) =
[s′1(t), . . . ,s

′
K(t)]T and Φ=diag(ϕ)=diag([ejϕ1 , . . . ,ejϕK ]T ) be-

ing a diagonal matrix.
In many applications, x(t) is not observed directly, but through

subsampling or linear compression via a measurement matrix J ∈
CN×M with N ≤ M . Inflicted by an additive noise n(t), the single
measurement vector data y(t) ∈ CN is given by

y(t) = Jx(t) + n(t) = JAΦs′(t) + n(t). (3)

Then, the covariance and the pseudo-covariance of y(t) can be re-
spectively expressed as

Ry = E{y(t)yH(t)} = JRxJ
H +Rn,

Cy = E{y(t)yT (t)} = JCxJ
T ,

(4)

where Rx is the covariance matrix of x(t) given by

Rx = E{x(t)xH(t)} = ARsA
H = ARs′A

H , (5)

where Rs = E{s(t)sH(t)}, Rs′ = E{s′(t)s′T (t)} and Rs =
Rs′ = diag([r1, . . . ,rK ]T ) with ri = E{|si(t)|2} = E{s′2i (t)}>0
for uncorrelated sources. The pseudo-covariance matrix Cx of x(t)
is formed as

Cx = E{x(t)xT (t)} = ACsA
T = AΦ2Rs′A

T , (6)

where Cs = E{s(t)sT (t)} = ΦE{s′(t)s′T (t)}Φ = Φ2Rs′ .
In practice, Ry and Cy are approximated from finite snapshots

as R̂y = 1
L

∑L
t=1 y(t)y

H(t) and Ĉy = 1
L

∑L
t=1 y(t)y

T (t), re-
spectively. Then, the goal of harmonic retrieval of NC signals in this
paper is to recover {fi}i from R̂y and Ĉy jointly. Note that Cx = 0
and Cy = 0 for circular signals, which is a key difference from NC
signals.

3. PROPOSED METHOD

This section proposes a super-resolution harmonic retrieval method
with NC signals. We first construct an augmented covariance ma-
trix with the covariance and pseudo-covariance matrices. Then, we
develop an effective method to recover this augmented matrix from
compressive measurements by exploiting its inherent structural in-
formation and low-rankness. Finally, harmonic retrieval estimation
is conducted over the reconstructed augmented covariance matrix.

3.1. Low-Rank Toeplitz-Hankel Covariance Reconstruction

Define a compressed augmented measurement vector z(t) as

z(t)=

[
y(t)
y∗(t)

]
=J ′

[
x(t)
x∗(t)

]
+

[
n(t)
n∗(t)

]
=J ′xa(t)+n′(t),

(7)
where n′(t)=[nT (t),nH(t)]T , J ′=blkdiag([J ,J∗]) ∈ C2N×2M

is the augmented measurement matrix and xa(t)=[xT (t),xH(t)]T

is the augmented signal vector. Then, the compressed augmented
covariance matrix Rz of z(t) can be expressed as

Rz=E{z(t)zH(t)}=
[

Ry Cy

C∗
y R∗

y

]
=J ′RaJ

′H +Rn′ , (8)

where

Ra = E{xa(t)x
H
a (t)} =

[
Rx Cx

C∗
x R∗

x

]
(9)

denotes the augmented covariance matrix of xa(t) and Rn′ is the
covariance of n′(t). Note that Ra in (9) contains all the harmonic
information while having an enlarged steering vector of length
2M , which leads to enhanced resolution. Thus, we can retrieve
the frequencies {fi}i via NC-based methods, once Ra is obtained.
Moreover, the sample compressed augmented covariance R̂z is con-
structed by R̂y and Ĉy as R̂z = [R̂y, Ĉy; Ĉ

∗
y , R̂

∗
y]. Then, the task

boils down to obtaining an estimate of Ra from R̂z .
Assuming uncorrelated signal sources, (5) and (6) amount to

rij=

K∑
k=1

rke
j2π(i−j)fk , cij=

K∑
k=1

rke
j2ϕkej2π(i+j−2)fk , (10)

where rij and cij denote the element of Rx and Cx in the i-th row
and j-th column, respectively. From (10), it is obvious that Rx in (5)
and Cx in (6) are a positive semi-definite (PSD) hermitian Toeplitz
matrix and a symmetric Hankel matrix, respectively,

Rx = T, Cx = H. (11)

Substituting (11) into (9), we have

Ra =

[
T H

H∗ T∗

]
, (12)

which is a PSD, hermitian, and jointly Toeplitz-Hankel structured
matrix. Accordingly, Ra is not only a low-rank matrix with rank K,
but also holds an underlying Toeplitz-Hankel structure. Expanding
the LRSCR theory [11–14], the augmented covariance Ra in (12)
can be recovered by

R̃a =argmin
Ra

τRank(Ra) +
1

2

∥∥∥R̂z − J ′RaJ
′H

∥∥∥2

F

s.t. Ra ⪰ 0, Ra in (12),
(13)

where the first term imposes low rankness, the second least-squares
term minimizes the model fitting error based on (8), and τ is a reg-
ularization parameter to balance the model fitting error and the low
rankness.

The noncovexity of the objective function in (13) makes it an
NP-hard problem. To overcome this issue, we relax Rank(Ra) to
its convex cone, aka trace norm, which gives rise to the following
low-rank Toeplitz-Hankel covariance reconstruction (LRTHCR) for
augmented covariance matrix recovery

R̃a =argmin
Ra

τTr(Ra) +
1

2

∥∥∥R̂z − J ′RaJ
′H

∥∥∥2

F

s.t. Ra ⪰ 0, Ra in (12).
(14)

LRTHCR in (14) can be solved using off-the-shelf semi-definite pro-
gramming (SDP) based solvers, such as CVX [15].
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3.2. LRTHCR Implementation via Fitting Error Constraint

The regularization parameter τ in (14) is related to the noise statis-
tics, which is difficult to set when such statistics are unavailable
in practice. Given sufficient MMV, we design a fitting error con-
straint to reformulate the original Lagrangian form of (14) for flex-
ible implementation of the LRTHCR formula, where the fixed pa-
rameter for bounding the fitting error can be set without knowing
the noise statistics. To this end, we resort to converting covariance
and pseudo-covariance matrices to their vectorized forms to facili-
tate the design. Consider the noise n(t) modeled as circular Gaus-
sian noise with distribution N(0, diag(σ2)) having Rn=diag(σ2).
Let ry=vec(Ry) ∈ CN2

and cy=subvec(Cy) ∈ CN(N+1)/2. Then,
the definitions of Ry , Cy in (4) and Rx, Cx in (11) lead to

ry =(J∗ ⊗ J)vec(T) + vec(diag(σ2)),

cy =U(J ⊗ J)vec(H),
(15)

where U ∈ CN(N+1)/2×N2

is the selection matrix that satisfies
subvec(Cy) = Uvec(Cy). Since the compressed augmented co-
variance matrix Rz is constructed by Ry and Cy , we can construct
a vector containing all the information of Rz from ry and cy in the
form of

qy = [rT
y , c

T
y , c

H
y ]T . (16)

Similarly, the sample vector q̂y is constituted by r̂y = vec(R̂y) and
ĉy = subvec(Ĉy) as q̂y = [r̂T

y , ĉ
T
y , ĉ

H
y ]T , which also contains all

the information of R̂z .
According to the covariance matching estimation technique for

NC signals [16] [17], it can be shown that when the complex am-
plitude vector s(t) in (1) is an NC Gaussian random variable with
zero mean, the residual error q̂y−qy follows an asymptotic complex
normal (AsNc) distribution:

q̂y − qy ∼ AsNc(0,Rq,Cq), (17)

where Rq and Cq are the covariance and pseudo-covariance matri-
ces of q̂y − qy , respectively.

Then, for ease of determining the pre-fixed parameter for a fit-
ting error constraint, we ignore the effect of Cq and assume q̂y −qy

to follow an approximate normal (AN) distribution as q̂y − qy ∼
AN(0,Rq). Accordingly, R̂

− 1
2

q (q̂y − qy) ∼ AN(0, I
2N2+N

),

where R̂q is the estimate of Rq . Thus,
∥∥∥∥R̂− 1

2
q (q̂y − qy)

∥∥∥∥2

F

follows

an approximate Chi-squared (Aχ2) distribution:∥∥∥∥R̂− 1
2

q (q̂y − qy)

∥∥∥∥2

F

∼ Aχ2(2N2 +N). (18)

As a result, the following inequality holds with probability 1− p:∥∥∥∥R̂− 1
2

q (q̂y − qy)

∥∥∥∥2

F

≤ ηp, (19)

where the parameter ηp can be uniquely determined from (18) by the
degrees of freedom 2N2+N and a pre-fixed small deviation proba-
bility p ≪ 1, which is independent of noise variance σ2.

Adopting (19) into LRTHCR and having qy expressed in (16)
with (15), the least-squares term in the original objective function of
(14) can be recast into the constraint. Then, the proposed LRTHCR

can be implemented without knowing the noise statistics as

R̃a =argmin
Ra

Tr(Ra)

s.t. Ra ⪰ 0, Ra in (12)∥∥∥∥R̂− 1
2

q (q̂y − qy)

∥∥∥∥2

F

≤ η

qy in (16).

(20)

3.3. Harmonic Retrieval

By solving the proposed LRTHCR in (14) or (20), we obtain the
estimate of the augmented covariance matrix R̃a. It is structured
and can be expressed as below by plugging (5) and (6) into (9)

R̃a =

[
Ã

Ã∗Φ̃−2

]
R̃s′

[
ÃH , Φ̃2ÃT

]
= HR̃s′H

H , (21)

where H = [ÃT , (Ã∗Φ̃−2)T ]T with Ã and Φ̃ being the esti-
mates of A and Φ, respectively. Given R̃a in (21), the NC-based
algorithms can be applied for harmonic retrieval, such as, the NC-
MUSIC [2, 3] and NC-ESPRIT [4]. Note that H equips with en-
larged steering vectors of length 2M compared with the original
A whose steering vectors are of length M . Hence, the proposed
method offers enhanced resolution.

4. PERFORMANCE GUARANTEE

This section presents theoretical analysis of the proposed LRTHCR
method by providing its performance guarantee under finite MMV
and additive white Gaussian noise, where n(t) in (3) satisfies
N(0, σ2IN ). Adopting J = IΩ as a random selection matrix, we
have J ′ = IΩ′ = blkdiag([IΩ, IΩ]) with Ω′ = Ω

⋃
(Ω + M),

and RΩ′ = IΩ′RaI
T
Ω′ . Suppose that Ω′ is a complete sparse ruler,

which is to ensure identifiability of Ra from RΩ′ [18]. We introduce
the noise estimate σ̂2I2N with σ̂2 being the smallest eigenvalue of
R̂z into (14), which leads to

argmin
Ra

τTr(Ra)+
1

2

∥∥∥R̂z−RΩ′−σ̂2I2N

∥∥∥2

F

s.t. Ra ⪰ 0, Ra in (12).
(22)

The introduction of the noise estimate σ̂2I2N is to deduce that the
solution of (22) can asymptotically approach the ground truth, as
stated by the following theorem.
Theorem 1: Let R⋆

a, σ2 be the ground truth, and R̃a be the optimal

solution to (22), respectively. Set τ ≥ (C1Tr(R⋆
Ω′) + C2σ

2)
√

lnL
L

for some constant C1 and C2. Then, with probability at least 1 −
5L−1, the solution R̃a to (22) satisfies∥∥∥R̃a −R⋆

a

∥∥∥
F
≤ τ

√
M(8

√
KM + 1). (23)

Proof: A sketch of proof is provided here due to page limit.
First, letting R̂L = R̂y−σ̂2I2N , according to the results of [19]

and Lemma 1 in [20], we have

τ≥2
∥∥∥R̂L−R⋆

Ω′

∥∥∥
F
≥ 2

∥∥∥R̂L−R⋆
Ω′

∥∥∥
2
, (24)

with τ defined in Theorem 1. Then, based on the optimality of R̃a to
(22), and Lemma 1 in [20], and applying some inequalities including
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Fig. 1. The normalized estimation error with respect to the number
of sources (sparsity level) K for various the number of measurement
vectors L for the proposed LRTHCR method with M=13, N=8,
SNR=10dB and Mt=300.

(24), triangle inequality, Cauchy-Schwartz inequality and ∥B∥∗ ≤√
K ∥B∥F for any hermitian matrix B with rank K [21], we have∥∥∥R̃Ω′−R⋆

Ω′

∥∥∥2

F
≤ 8τ

√
K

∥∥∥R̃a−R⋆
a

∥∥∥
F
+τ

∥∥∥R̃Ω′−R⋆
Ω′

∥∥∥
F
. (25)

In addition, based on the property of complete sparse rulers, we have∥∥∥R̃a −R⋆
a

∥∥∥
F
≤

√
M

∥∥∥R̃Ω′ −R⋆
Ω′

∥∥∥
F
. (26)

Finally, substituting (26) into (25), we can conclude the proof. □
Remark 1: Note that in Theorem 1 the observation set Ω′ is deter-
ministic for a given J = IΩ, and that 8

√
KM is much larger than 1.

Our algorithm yields reliable estimate of Ra as long as L is on the
order of (Tr(R⋆

Ω′) + σ2)2M2K. The MSE in (23) diminishes as L
increases, and as L → ∞, the ground truth R⋆

a can be exactly recov-
ered, which means that the estimate R̃a of the proposed LRTHCR is
statistically consistent in L. Moreover, since the frequency estimates
can be uniquely determined by the optimal solution of our LRTHCR,
the estimates {f̃i}i are statistically consistent in L.

5. NUMERICAL SIMULATIONS

This section presents numerical results to evaluate the performance
of the proposed LRTHCR solution. Existing methods such as the
conventional NC-MUSIC [3] and the CMRA (equivalent to the
LRSCR) [10] with the MUSIC algorithm are run for frequency re-
trieval as benchmarks, while the Cramer-Rao bound (CRB) under
full observation is also provided [22]. The NC-MUSIC is em-
ployed for the proposed LRTHCR method for harmonic retrieval.
The peak searching step is set to be 10−4 when the peak search-
ing operator is needed. The root mean squared error (RMSE) is
used to measure the estimation accuracy of harmonic retrieval as

RMSE = 1
K

∑K
k=1

(
1

Mt

∑Mt
n=1(f̃

n
k − fk)

2
) 1

2 , where Mt and f̃n
k

denote the number of the Monte-Carlo trials and the estimates of fk
in the n-th trial, respectively.

First, we conduct an experiment to test the proposed LRTHCR
by evaluating the influence of the number of measurement vec-
tors L on the recovery of the augmented covariance matrix Ra

in terms of the average normalized estimation error defined as
E
{∥∥∥R̃a −R⋆

a

∥∥∥
F

}
/E

{
∥R⋆

a∥F
}

. The frequencies {fi}i are se-

lected uniformly from (− 1
2
, 1
2
], and each source signal si(t) is

generated with ϕi being selected uniformly from (0, π] and s′i(t)
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Fig. 2. RMSE versus SNR for the proposed LRTHCR, CMRA, NC-
MUSIC and CRB with M=7, N=4, K=4, L=300 and Mt=300.
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Fig. 3. RMSE versus number of measurement vectors L for the pro-
posed LRTHCR, CMRA, NC-MUSIC and CRB with M=7, N=4,
K=4, SNR=0dB and Mt=300.

randomly drawn from N(0, 1). We set τ =
√

lnL
L

. As shown in
Fig. 1, the average normalized estimation error decreases for a fixed
sparsity level K as L increases, and decreases for a fixed L as K
decreases, which verifies the result of Theorem 1.

Next, we evaluate the estimation performance of the proposed
LRTHCR for harmonic retrieval. We consider J = IΩ with selec-
tion indices Ω = {1, 2, 5, 7} and there are four equal-power uncor-
related source signals with f = [−0.3, 0, 0.2, 0.4] and ϕ being se-
lected uniformly from (0, π]. To implement the proposed LRTHCR,
ηp is determined with p = 0.01. We compare the RMSE of differ-
ent algorithms versus the SNR with L = 300. Fig. 2 indicates that
the conventional NC-MUSIC cannot achieve desired performance
under the compression scenario, whereas the proposed LRTHCR
achieves the best performance among these methods. Fig. 3 presents
the RMSE performance of these approaches for different L, which
reveals a similar trend as that shown in Fig. 2.

6. CONCLUSION

This paper develops a super-resolution harmonic retrieval method for
NC signals. An augmented covariance matrix is formed with covari-
ance and pseudo-covariance matrices, which presents an important
Toeplitz-Hankel structure for the uncorrelated strictly NC source sig-
nals. To fully utilize this desired structural information, a LRTHCR
solution is proposed and employed for augmented covariance matrix
reconstruction from compressive measurements, followed by NC-
based subspace algorithms for harmonic retrieval. Simulation results
validate the merit of the LRTHCR method with higher estimation
performance beyond existing benchmarks.
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